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�1. Ââåäåíèå è ïðåäâàðèòåëüíûå ñâåäåíèÿ

Â ðàáîòå ïðîäîëæàåòñÿ èçó÷åíèå ðàçëè÷íûõ ïîäêëàññîâ êëàññà íå-
âûðîæäåííûõ H-ìàòðèö, ñîäåðæàùèõ ïîäêëàññ ìàòðèö, îáëàäàþùèõ
ñòðîãèì äèàãîíàëüíûì ïðåîáëàäàíèåì (SDD ìàòðèö). Îñíîâíîé ïðåä-
ìåò èçó÷åíèÿ äàííîé ðàáîòû � ýòî òàê íàçûâàåìûå S-DZ ìàòðèöû, ãäå
S � íåïóñòîå ñîáñòâåííîå ïîäìíîæåñòâî ìíîæåñòâà èíäåêñîâ. Â çàâè-
ñèìîñòè îò ìíîæåñòâà S, ìû áóäåì ðàçëè÷àòü äâà òèïà S-DZ ìàòðèö.

Â ñòàòüå ðàññìàòðèâàþòñÿ ñîîòíîøåíèÿ ìåæäó S-DZ ìàòðèöàìè è
íåêîòîðûìè ðàíåå ââåäåííûìè ïîäêëàññàìè êëàññà íåâûðîæäåííûõ
H-ìàòðèö, òàêèõ êàê ìàòðèöû Äàøíèöà�Çóñìàíîâè÷à (DZ ìàòðèöû),
ââåäåííûå â ðàáîòå [1], S-SDD ìàòðèöû (ñì. [10]), SDD1 ìàòðèöû,
ïðåäëîæåííûå â ðàáîòå [14] è èçó÷àåìûå â [6, 9, 11], S-SDD1 ìàòðèöû,
ââåäåííûå â [7], à òàêæå S-OB ìàòðèöû, êîòîðûå áûëè îïðåäåëåíû è
èññëåäîâàëèñü â [3].

Òàêæå â ðàáîòå ïîëó÷åíû âåðõíèå îöåíêè äëÿ l∞-íîðìû îáðàòíûõ ê
íåâûðîæäåííûì S-DZ ìàòðèöàì, íîâûå ìíîæåñòâà ëîêàëèçàöèè ñîá-
ñòâåííûõ çíà÷åíèé êâàäðàòíûõ ìàòðèö è íîâûå âåðõíèå îöåíêè äëÿ
ïåððîíîâñêîãî êîðíÿ íåîòðèöàòåëüíîé ìàòðèöû.

Â ðàáîòå èñïîëüçóþòñÿ ñëåäóþùèå îáîçíà÷åíèÿ.
Ïóñòü A = (aij) ∈ Cn×n, ãäå n > 1. ×åðåç 〈n〉 = {1, . . . , n} îáîçíàåòñÿ

ìíîæåñòâî èíäåêñîâ, à åñëè S � ïîäìíîæåñòâî ìíîæåñòâà 〈n〉, òî S̄ =
〈n〉\S � ýòî äîïîëíåíèå S â 〈n〉, à |S| � ìîùíîñòü ìíîæåñòâà S.

Àáñîëþòíûå ñòðî÷íûå ñóììû ìàòðèöû A = (aij) îáîçíà÷àþòñÿ ÷å-
ðåç

ri(A) =
∑

j∈〈n〉\{i}

|aij |, i = 1, . . . , n,

Êëþ÷åâûå ñëîâà: S-DZ ìàòðèöû, DZ-ìàòðèöû, S-OB ìàòðèöû, S-SDD ìàòðè-
öû, S-SDD1 ìàòðèöû, H-ìàòðèöû, l∞-íîðìà îáðàòíîé, ìíîæåñòâà ëîêàëèçàöèè
ñîáñòâåííûõ çíà÷åíèé, ïåððîíîâñêèé êîðåíü, âåðõíèå îöåíêè.
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è
Ri(A) = |aii|+ ri(A), i = 1, . . . , n.

×åðåç

rSi (A) =

{∑
j∈S,
j 6=i
|aij |, i ∈ S,∑

j∈S |aij |, i /∈ S,
i = 1, . . . , n,

è
RSi (A) = |aii|+ rSi (A), i = 1, . . . , n,

îáîçíà÷àþòñÿ ÷àñòè÷íûå àáñîëþòíûå ñòðî÷íûå ñóììû ìàòðèöû A, ñî-

îòâåòñòâóþùèå íåêîòîðîìó ïîäìíîæåñòâó S ⊆ 〈n〉, òàê ÷òî r
〈n〉
i (A) =

ri(A) è R
〈n〉
i (A) = Ri(A), i = 1, . . . , n.

Òàêæå ìû èñïîëüçóåì îáîçíà÷åíèÿ

rji (A) = ri(A)− |aij | è Rji (A) = Ri(A)− |aij |, j 6= i i, j = 1, . . . , n.

Spec A � ýòî ñïåêòð êâàäðàòíîé ìàòðèöû A, ò.å. ìíîæåñòâî âñåõ åå
ñîáñòâåííûõ çíà÷åíèé.

Åñëè A � íåîòðèöàòåëüíàÿ êâàäðàòíàÿ ìàòðèöà (íåîáÿçàòåëüíî íå-
ïðèâîäèìàÿ), òî åå ïåððîíîâñêèé êîðåíü, ρ(A), � ýòî ïîëîæèòåëüíîå
ñîáñòâåííîå çíà÷åíèå, ðàâíîå ñïåêòðàëüíîìó ðàäèóñó ìàòðèöû A, ò.å.

ρ(A) = max
λ∈Spec A

|λ| ∈ Spec A.

×åðåç
RA = {i ∈ 〈n〉 : |aii| > ri(A)}

îáîçíà÷àåòñÿ ìíîæåñòâî èíäåêñîâ ñòðîê ìàòðèöûA, îáëàäàþùèõ ñòðî-
ãèì äèàãîíàëüíûì ïðåîáëàäàíèåì, èãðàþùåå âàæíóþ ðîëü â èññëåäî-
âàíèè ïîäêëàññîâ êëàññà íåâûðîæäåííûõ H-ìàòðèö.

Íàïîìíèì, ÷òî ýëåìåíòû ìàòðèöû ñðàâíåíèÿM(A) = (mij) äëÿ A
îïðåäåëÿþòñÿ ïî ôîðìóëå

mij =

{
|aii|, i = j,
−|aij |, i 6= j.

Åñëè S, T ⊆ 〈n〉 � íåïóñòûå ïîäìíîæåñòâà ìíîæåñòâà 〈n〉, òî
A[S, T ] = (aij)i∈S

j∈T
è A[S] = (aij)i,j∈S � ãëàâíàÿ ïîäìàòðèöà ìàòðèöû

A ñ íîìåðàìè ñòðîê è ñòîëáöîâ èç S.
Åñëè S � íåïóñòîå ñîáñòâåííîå ïîäìíîæåñòâî 〈n〉 è ïîäìàòðèöà A[S]

ÿâëÿåòñÿ íåâûðîæäåííîé, òî ÷åðåç A/S îáîçíà÷àåòñÿ äîïîëíåíèå ïî
Øóðó ïîäìàòðèöû A[S] â A, ò.å.

A/S = A[S̄]−A[S̄, S]A[S]−1A[S, S̄].
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In � ýòî åäèíè÷íàÿ ìàòðèöà ïîðÿäêà n > 1.

Íèæå ìû èñïîëüçóåì ñëåäóþùèå îïðåäåëåíèÿ.

Îïðåäåëåíèå 1.1. Ìàòðèöà A = (aij) ∈ Cn×n, ãäå n > 2, èìååò
ñòðîãîå äèàãîíàëüíîå ïðåîáëàäàíèå (ÿâëÿåòñÿ SDD ìàòðèöåé), åñëè

|aii| > ri(A), i = 1, . . . , n.

Îïðåäåëåíèå 1.2 ( [10, 15]). Ïóñòü A = (aij) ∈ Cn×n, ãäå n > 2,
è ïóñòü S ⊆ 〈n〉 � íåïóñòîå ïîäìíîæåñòâî ìíîæåñòâà èíäåêñîâ.

Òîãäà A ÿâëÿåòñÿ S-SDD ìàòðèöåé, åñëè âûïîëíåíû ñëåäóþùèå äâà

óñëîâèÿ:

|aii| > rSi (A) äëÿ âñåõ i ∈ S

è[
|aii|−rSi (A)

] [
|ajj |−rS̄j (A)

]
>rS̄i (A)rSj (A) äëÿ âñåõ i∈S è âñåõ j∈ S̄.

Îïðåäåëåíèå 1.3 ([8, 13]). Ìàòðèöà A = (aij) ∈ Cn×n, ãäå n > 2,
ÿâëÿåòñÿ ìàòðèöåé Îñòðîâñêîãî�Áðàóýðà (OB ìàòðèöåé), åñëè

|aii| |ajj | > ri(A) rj(A), i 6= j, i, j = 1, . . . , n.

Îïðåäåëåíèå 1.4 ([1], ñì. òàêæå [2]). Ìàòðèöà A = (aij) ∈ Cn×n, ãäå
n > 2, íàçûâàåòñÿ DZ ìàòðèöåé, åñëè ñóùåñòâóåò i ∈ 〈n〉 òàêîå, ÷òî
ïðè âñåõ j 6= i, j ∈ 〈n〉, ñïðàâåäëèâî íåðàâåíñòâî

|aii|
[
|ajj | − rij(A)

]
> |aji| ri(A). (1.1)

Åñëè A óäîâëåòâîðÿåò óñëîâèþ (1.1), òî ìû ãîâîðèì, ÷òî A ÿâëÿåò-

ñÿ DZ(i) ìàòðèöåé.

Îïðåäåëåíèå 1.5 ([3]). Ïóñòü A = (aij) ∈ Cn×n, ãäå n > 2, è ïóñòü S
� íåïóñòîå ñîáñòâåííîå ïîäìíîæåñòâî ìíîæåñòâà 〈n〉. Ìàòðèöà A
íàçûâàåòñÿ S-OB ìàòðèöåé (S-Ostrowski�Brauer), åñëè ïðè âñåõ i ∈ S
è âñåõ j ∈ S̄ âûïîëíÿþòñÿ ñëåäóþùèå äâà óñëîâèÿ:

|aii|
[
|ajj | − rS̄j (A)

]
> ri(A) rSj (A),

|ajj |
[
|aii| − rSi (A)

]
> rj(A) rS̄i (A).

Â ðàáîòå [14] áûëî ïðåäëîæåíî ñëåäóþùåå îáîáùåíèå SDD ìàòðèö.
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Îïðåäåëåíèå 1.6 ( [14]). Ìàòðèöà A = (aij) ∈ Cn×n, ãäå n > 2,
íàçûâàåòñÿ SDD1 ìàòðèöåé, åñëè âûïîëíÿåòñÿ óñëîâèå

|aii| > pi(A) ïðè âñåõ i /∈ RA,

ãäå

pi(A) =
∑

j∈RA, j 6=i

|aij |
rj(A)

|ajj |
+ rRAi (A), i = 1, . . . , n. (1.2)

Çàìåíÿÿ â (1.2) ìíîæåñòâî RA íà ïîäìíîæåñòâî S ⊆ RA, ìû ïðè-
õîäèì ê ñëåäóþùåìó áîëåå îáùåìó îïðåäåëåíèþ, ïðåäëîæåííîìó â
ðàáîòå [7].

Îïðåäåëåíèå 1.7 ([7]). Ïóñòü A = (aij) ∈ Cn×n, ãäå n > 2, è ïóñòü

S ⊆ RA. Òîãäà A íàçûâàåòñÿ S-SDD1 ìàòðèöåé, åñëè

|aii| > pi(A,S) ïðè âñåõ i ∈ S̄,

ãäå

pi(A,S) =
∑

j∈S, j 6=i

|aij |
rj(A)

|ajj |
+ rS̄i (A), i = 1, . . . , n. (1.3)

Íàì òàêæå ïîíàäîáèòñÿ ñëåäóþùåå îïðåäåëåíèå.

Îïðåäåëåíèå 1.8 ([7]). Ïóñòü A = (aij) ∈ Cn×n, ãäå n > 2, è ïóñòü S
� íåïóñòîå ñîáñòâåííîå ïîäìíîæåñòâî ìíîæåñòâà 〈n〉. Ìû ãîâîðèì,

÷òî A ÿâëÿåòñÿ S-SSDD ìàòðèöåé, åñëè S ⊆ RA è äîïîëíåíèå ïî Øó-

ðó M(A)/S ìàòðèöû ñðàâíåíèÿ M(A) èìååò ñòðîãîå äèàãîíàëüíîå

ïðåîáëàäàíèå.

Íèæå ìû ïðèâîäèì äâå èçâåñòíûå âåðõíèå îöåíêè äëÿ íîðìû îá-
ðàòíîé ‖A−1‖∞ ê S-OB è S-SDD ìàòðèöå A.

Òåîðåìà 1.1 ( [4]). Ïóñòü A = (aij) ∈ Cn×n, ãäå n > 2, � S-OB
ìàòðèöà, ∅ 6= S  〈n〉. Òîãäà

‖A−1‖∞ 6 max
i∈S,j∈S̄

max

{ |aii|+ rSj (A)

|aii|[|ajj | − rS̄j (A)]− ri(A) rSj (A)
,

|ajj |+ rS̄i (A)

|ajj |[|aii| − rSi (A)]− rj(A) rS̄i (A)

}
.
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Òåîðåìà 1.2 ( [12]). Ïóñòü A = (aij) ∈ Cn×n, ãäå n > 2, � S-SDD
ìàòðèöà, S � íåïóñòîå ñîáñòâåííîå ïîäìíîæåñòâî ìíîæåñòâà 〈n〉.
Òîãäà

‖A−1‖∞ 6 max
i∈S, j∈S̄

max{|aii| − rSi (A) + rSj (A), |ajj | − rS̄j (A) + rS̄i (A)}
[|aii| − rSi (A)] [|ajj | − rS̄j (A)]− rS̄i (A) rSj (A)

.

Ñòàòüÿ ïîñòðîåíà ñëåäóþùèì îáðàçîì. Â ñëåäóþùåì §2 ìû îïðå-
äåëÿåì S-DZ ìàòðèöû ïåðâîãî è âòîðîãî òèïîâ è èññëåäóåì èõ ñâîé-
ñòâà. Òàì æå ðàññìàòðèâàþòñÿ ñîîòíîøåíèÿ ìåæäó S-DZ ìàòðèöàìè è
íåêîòîðûìè äðóãèìè êëàññàìè ìàòðèö. Â ÷àñòíîñòè, ìû ïîêàçûâàåì,
÷òî åñëè S ⊆ RA, òî S-DZ ìàòðèöû îäíîâðåìåííî ÿâëÿþòñÿ êàê S-
SDD, òàê è S-SDD1 ìàòðèöàìè, è, êðîìå òîãî, îíè ñîâïàäàþò ñ S-OB
ìàòðèöàìè, òàê ÷òî S-DZ ìàòðèöû ïåðâîãî òèïà çàâåäîìî ÿâëÿþòñÿ
íåâûðîæäåííûìè H-ìàòðèöàìè. Òàêæå ìû äåìîíñòðèðóåì íà ïðèìå-
ðàõ ÷òî ïðè S * RA ñîîòâåòñòâóþùèå S-DZ ìàòðèöû íå îáÿçàíû áûòü
äàæå íåâûðîæäåííûìè. Â §3, îñíîâûâàÿñü íà ðåçóëüòàòàõ, óñòàíîâ-
ëåííûõ â §2, è íà òåîðåìàõ 1.1�1.2, ìû ïîëó÷àåì è ñðàâíèâàåì ìåæäó
ñîáîé âåðõíèå îöåíêè äëÿ íîðìû ‖A−1‖∞ îáðàòíîé ê S-DZ ìàòðè-
öå A ïðè S ⊆ RA. Çàòåì ìû âûâîäèì âåðõíþþ îöåíêó äëÿ ‖A−1‖∞
â òîì ñëó÷àå, êîãäà S � ïðîèçâîëüíîå íåïóñòîå ñîáñòâåííîå ïîäìíî-
æåñòâî ìíîæåñòâà èíäåêñîâ, íî íà ãëàâíóþ ïîäìàòðèöó A[S] ìàòðè-
öû A íàêëàäûâàåòñÿ äîïîëíèòåëüíîå óñëîâèå. Îòäåëüíî ðàññìàòðèâà-
åòñÿ ÷àñòíûé ñëó÷àé {i}-DZ ìàòðèö, êîòîðûå ñîâïàäàþò ñ DZ(i) ìàò-
ðèöàìè, i ∈ 〈n〉. Â §4 íà îñíîâå ðåçóëüòàòîâ î íåâûðîæäåííîñòè S-DZ
ìàòðèö ìû ïîëó÷àåì ìíîæåñòâà ëîêàëèçàöèè ñîáñòâåííûõ çíà÷åíèé
êâàäðàòíûõ ìàòðèö. Íàêîíåö, â §5 ñ ïîìîùüþ ðåçóëüòàòîâ §4 óñòàíàâ-
ëèâàþòñÿ íîâûå âåðõíèå îöåíêè äëÿ ïåððîíîâñêîãî êîðíÿ íåîòðèöà-
òåëüíîé ìàòðèöû.

�2. S-DZ ìàòðèöû

Ââåäåì ñëåäóþùåå îïðåäåëåíèå.

Îïðåäåëåíèå 2.1. Ïóñòü A = (aij) ∈ Cn×n, ãäå n > 2, è ïóñòü S
� íåïóñòîå ñîáñòâåííîå ïîäìíîæåñòâî ìíîæåñòâà 〈n〉. Áóäåì ãî-

âîðèòü, ÷òî A ÿâëÿåòñÿ S-DZ ìàòðèöåé (ìàòðèöåé S-Äàøíèöà�
Çóñìàíîâè÷à), åñëè íåðàâåíñòâî

|aii|
[
|ajj | − rS̄j (A)

]
> ri(A) rSj (A) (2.1)
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âûïîëíåíî ïðè âñåõ i ∈ S è âñåõ j ∈ S̄.

Çàìåòèì, ÷òî äîïîëíÿþùèå äðóã äðóãà ïîäìíîæåñòâà S è S̄ âõîäÿò
â (2.1) ðàçëè÷íûì îáðàçîì.

ßñíî, ÷òî èç îïðåäåëåíèÿ 2.1 ñëåäóåò, ÷òî åñëè RA 6=〈n〉 è S̄∩RA 6=∅,
òî S ⊆ RA è S̄ ⊇ RA. Â ïðîòèâîïîëîæíîì ñëó÷àå, êîãäà S ∩ RA 6= ∅,
íåîáõîäèìî S̄ ⊆ RA è S ⊇ RA. Òàêèì îáðàçîì, îäíî èç ïîäìíîæåñòâ
S èëè S̄ äîëæíî ñîäåðæàòüñÿ â RA, òàê ÷òî RA 6= ∅.

Â òîì ñëó÷àå êîãäà S ⊆ RA, ìû áóäåì ãîâîðèòü, ÷òî A ÿâëÿåòñÿ
S-DZ ìàòðèöåé ïåðâîãî òèïà, à â òîì ñëó÷àå êîãäà S̄ ⊆ RA, ìû áóäåì
ãîâîðèòü, ÷òî A ÿâëÿåòñÿ S-DZ ìàòðèöåé âòîðîãî òèïà. ßñíî, ÷òî ïðè
ëþáîì S ⊂ 〈n〉, S 6= ∅, 〈n〉, âñÿêàÿ SDD ìàòðèöà ÿâëÿåòñÿ è S-DZ
ìàòðèöåé êàê ïåðâîãî, òàê è âòîðîãî òèïîâ. Âîîáùå ãîâîðÿ, êàê áóäåò
ïîêàçàíî íèæå, S-DZ ìàòðèöû ïåðâîãî è âòîðîãî òèïîâ ñóùåñòâåííî
ðàçëè÷íû.

Çàìåòèì, ÷òî èç îïðåäåëåíèÿ 2.1 íåìåäëåííî ñëåäóåò, ÷òî åñëè A �
S-DZ ìàòðèöà, òî aii 6= 0 ïðè âñåõ i ∈ S, à òàêæå

|ajj | − rS̄j (A) > 0 ïðè âñåõ j ∈ S̄. (2.2)

Îòñþäà ñëåäóåò, ÷òî

aii 6= 0 ïðè âñåõ i ∈ 〈n〉.

Â òîì ñëó÷àå, êîãäà A åñòü S-DZ ìàòðèöà ïåðâîãî òèïà, ò.å. S ⊆ RA,
ìû èìååì |aii| > ri(A) > rSi (A), òàê ÷òî â äîïîëíåíèå ê (2.2) ìû òàêæå
èìååì

|aii| − rSi (A) > 0 ïðè âñåõ i ∈ S. (2.3)

Èòàê, îáå ãëàâíûå ïîäìàòðèöû A[S] è A[S̄] S-DZ ìàòðèöû A ïåðâîãî
òèïà èìåþò ñòðîãîå äèàãîíàëüíîå ïðåîáëàäàíèå.
S-DZ ìàòðèöû ïåðâîãî òèïà òàêæå ìîãóò áûòü îõàðàêòåðèçîâàíû

ñëåäóþùèì îáðàçîì.

Òåîðåìà 2.1. Ïóñòü A=(aij)∈Cn×n, ãäå n>2. Åñëè ∅ 6=S⊆RA, òî
ìàòðèöà A ÿâëÿåòñÿ S-DZ ìàòðèöåé òîãäà è òîëüêî òîãäà, êîãäà

ïðè âñåõ j ∈ 〈n〉, âûïîëíåíî âêëþ÷åíèå

Sj :=
{
i ∈ 〈n〉 : |aii|

[
|ajj | − rS̄j (A)

]
> ri(A) rSj (A)

}
⊇ S. (2.4)

Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà íåîáõîäèìîñòè äîïóñòèì, ÷òî
A ÿâëÿåòñÿ S-DZ ìàòðèöåé. Ïîñêîëüêó S ⊆ RA, òî ïðè ëþáîì j ∈ S
íåðàâåíñòâî (2.1) çàâåäîìî âûïîëíåíî ïðè âñåõ i ∈ S. Ñëåäîâàòåëüíî,
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Sj ⊇ S. Ñ äðóãîé ñòîðîíû, åñëè j ∈ S̄, òî (2.1) âûïîëíåíî ïî îïðåäå-
ëåíèþ. Èòàê, A óäîâëåòâîðÿåò óñëîâèþ (2.4) ïðè âñåõ j ∈ 〈n〉, ÷òî è
äîêàçûâàåò íåîáõîäèìîñòü.

Äîñòàòî÷íîñòü óñëîâèÿ òåîðåìû î÷åâèäíà. �

Ðàññìîòðèì ñîîòíîøåíèÿ ìåæäó S-DZ è íåêîòîðûìè äðóãèìè êëàñ-
ñàìè ìàòðèö.

Çàìåòèì ñïåðâà, ÷òî ïðè S = {i}, i ∈ 〈n〉, íåðàâåíñòâî (2.1) ïðèíè-
ìàåò âèä

|aii|
[
|ajj | − rij(A)

]
> ri(A) |aji|.

Ñëåäîâàòåëüíî, A ÿâëÿåòñÿ DZ(i) òîãäà è òîëüêî òîãäà, êîãäà îíà ÿâ-
ëÿåòñÿ {i}-DZ ìàòðèöåé.

Ïîñêîëüêó, êàê èçâåñòíî, OB ìàòðèöû ÿâëÿþòñÿ DZ ìàòðèöàìè
(ñì., íàïðèìåð, [7]) è, î÷åâèäíî, ñîäåðæàò SDD ìàòðèöû, òî ñïðàâåä-
ëèâû ñëåäóþùèå âêëþ÷åíèÿ:

{SDD} ⊂ {OB} ⊂ {DZ} =
⋃
i∈〈n〉

{{i}-DZ} ⊂
⋃

∅ 6=S 〈n〉

{S-DZ}. (2.5)

Ñ äðóãîé ñòîðîíû, êàê ñëåäóåò èç ïðèâîäèìûõ íèæå òåîðåì 2.2 è 2.3,
åñëè S ⊆ RA, òî

{S-DZ} ⊂ {S-SDD} ∩ {S-SDD1}. (2.6)

Òåîðåìà 2.2. Ïóñòü A = (aij) ∈ Cn×n, ãäå n > 2, ÿâëÿåòñÿ S-DZ
ìàòðèöåé, ãäå ∅ 6= S  〈n〉. Åñëè S ⊆ RA, òî A ÿâëÿåòñÿ S-SDD
ìàòðèöåé.

Äîêàçàòåëüñòâî. Ââèäó (2.2) è (2.3), äëÿ òîãî, ÷òîáû óáåäèòüñÿ, ÷òî
A åñòü S-SDD ìàòðèöà, îñòàåòñÿ ëèøü óáåäèòüñÿ, ÷òî ïðè âñåõ i ∈ S è
âñåõ j ∈ S̄ âûïîëíåíî íåðàâåíñòâî[

|aii| − rSi (A)
] [
|ajj | − rS̄j (A)

]
> rS̄i (A) rSj (A). (2.7)

Äëÿ ýòîãî çàìåòèì ñïåðâà, ÷òî, êàê ëåãêî ïðîâåðèòü,

ri(A)

|aii|
>

rS̄i (A)

|aii| − rSi (A)
äëÿ âñåõ i ∈ RA. (2.8)

Òåïåðü, èñïîëüçóÿ (2.1) è (2.8), ïðè j ∈ S̄ è i ∈ S ⊆ RA ìû âûâîäèì:

|ajj | − rS̄j (A) >
ri(A)

|aii|
rSj (A) >

rS̄i (A) rSj (A)

|aii| − rSi (A)
,

÷òî è äîêàçûâàåò (2.7). �
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Èñêîìîå ñîîòíîøåíèå ìåæäó S-DZ è S-SDD1 ìàòðèöàìè óñòàíàâ-
ëèâàåòñÿ â ñëåäóþùåé òåîðåìå.

Òåîðåìà 2.3. Ïóñòü A = (aij) ∈ Cn×n, ãäå n > 2, ÿâëÿåòñÿ S-DZ
ìàòðèöåé ïðè ∅ 6= S  〈n〉. Åñëè S ⊆ RA, òî A ÿâëÿåòñÿ S-SDD1

ìàòðèöåé è, ñëåäîâàòåëüíî, òàêæå è SDD1 ìàòðèöåé.

Äîêàçàòåëüñòâî. Ñïåðâà çàìåòèì, ÷òî åñëè RA ⊆ S̄ è j ∈ RA, òî
rSj (A) 6= 0. Äåéñòâèòåëüíî, â ïðîòèâíîì ñëó÷àå ìû áû èìåëè ðàâåíñòâî

rS̄j (A) = rj(A) > |ajj |,

êîòîðîå ïðîòèâîðå÷èëî áû (2.2). Ñëåäîâàòåëüíî, ïðè j ∈ RA, èñïîëü-
çóÿ îïðåäåëåíèå (1.4) è (2.1), ìû âûâîäèì:

pj(A,S)=
∑
k∈S

|ajk|
rk(A)

|akk|
+rS̄j (A)<

∑
k∈S

|ajk|
|ajj |−rS̄j (A)

rSj (A)
+ rS̄j (A)= |ajj |.

Â òîì æå ñëó÷àå êîãäà j ∈ S̄∩RA, ìû èìååì j ∈ RA, îòêóäà ñëåäóåò,
÷òî

pj(A,S) =
∑
k∈S

|ajk|
rk(A)

|akk|
+ rS̄j (A) 6 rSj (A) + rS̄j (A) = rj(A) < |ajj |.

Òàêèì îáðàçîì, pj(A,S) < |ajj | äëÿ âñåõ j ∈ S̄, ò.å. A ÿâëÿåòñÿ S-
SDD1 ìàòðèöåé. Íàêîíåö, êàê ëåãêî ïîíÿòü, âñÿêàÿ S-SDD1 ìàòðèöà A
ÿâëÿåòñÿ è RA-SDD1 ìàòðèöåé, ò.å. SDD1 ìàòðèöåé, ÷òî è çàâåðøàåò
äîêàçàòåëüñòâî. �

Êàê èçâåñòíî (ñì., íàïðèìåð, [10,15] è [7]), êàê S-SDD, òàê è S-SDD1

ìàòðèöû ÿâëÿþòñÿ íåâûðîæäåííûìè H-ìàòðèöàìè. Ñëåäîâàòåëüíî,
èç êàæäîé èç òåîðåì 2.2 è 2.3 íåìåäëåííî âûòåêàåò ñëåäóþùèé ðå-
çóëüòàò.

Ñëåäñòâèå 2.1. Ïóñòü A ∈ Cn×n, ãäå n > 2, ÿâëÿåòñÿ S-DZ ìàò-

ðèöåé ïåðâîãî òèïà, ò.å. S ⊆ RA, ∅ 6= S  〈n〉. Òîãäà A ÿâëÿåòñÿ

íåâûðîæäåííîé H-ìàòðèöåé.

Çàìåòèì, ÷òî óòâåðæäåíèå ñëåäñòâèÿ 2.1 ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì
(ïðè S(j) = S äëÿ âñåõ j ∈ S̄) òåîðåìû 3.2 ðàáîòû [5].

Êðîìå òîãî, êàê áûëî ïîêàçàíî â ðàáîòå [7], êàê S-SDD, òàê è S-
SDD1 ìàòðèöû ÿâëÿþòñÿ S-SSDD ìàòðèöàìè. Ñëåäîâàòåëüíî, èç òåî-
ðåì 2.2 è 2.3 òàêæå âûòåêàåò ñëåäóþùèé ðåçóëüòàò.
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Ñëåäñòâèå 2.2. Ïóñòü A ∈ Cn×n, n > 2, � S-DZ ìàòðèöà ïåðâîãî

òèïà, ò.å. S ⊆ RA, ∅ 6= S  〈n〉. Òîãäà A ÿâëÿåòñÿ S-SSDD ìàòðè-

öåé.

Äëÿ ïîëíîòû èçëîæåíèÿ, íèæå ìû ïðèâîäèì äîêàçàòåëüñòâî ñëåä-
ñòâèÿ 2.2, îñíîâàííîå íåïîñðåäñòâåííî íà îïðåäåëåíèè 2.1.

Äîêàçàòåëüñòâî. Ïîëîæèì

v = (vi)i∈S :=M(A[S])−1|A[S, S̄]| e.
Òîãäà, î÷åâèäíî,

M(A[S])v = |A[S, S̄]|e. (2.9)

Ïîñêîëüêó S ⊆ RA, òî ìû èìååì

M(A[S])e > |A[S, S̄]|e,
è, ââèäó (2.9),

M(A[S])e >M(A[S])v.

Ñëåäîâàòåëüíî, â ñèëó ìîíîòîííîñòè SDDM-ìàòðèöûM(A[S]), ñïðà-
âåäëèâî íåðàâåíñòâî

v < e. (2.10)

Ñ ïîìîùüþ (2.9) è (2.10) ìû âûâîäèì:

|aii|vi =
∑

k∈S, k 6=i

|aik|vk + rS̄i (A) 6 rSi (A) + rS̄i (A) = ri(A), i ∈ S.

Îòñþäà ñëåäóåò, ÷òî

vi 6
ri(A)

|aii|
, i ∈ S. (2.11)

Ïî îïðåäåëåíèþ S-DZ ìàòðèöû, íåðàâåíñòâî

|ajj | − rS̄j (A) > rSj (A)
ri(A)

|aii|
(2.12)

âûïîëíÿåòñÿ äëÿ âñåõ i ∈ S è âñåõ j ∈ S̄. Ñëåäîâàòåëüíî, â ñèëó (2.12)
è (2.11), äëÿ âñåõ j ∈ S̄ è íåêîòîðîãî i0 ∈ S, òàêîãî ÷òî

ri0(A)

|ai0i0 |
= max

k∈S

rk(A)

|akk|
,

ìû èìååì

|ajj | − rS̄j (A) > rSj (A)
ri0(A)

|ai0i0 |
>
∑
k∈S

|ajk|
rk(A)

|akk|
>
∑
k∈S

|ajk|vk
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= {|A[S̄, S]|v}j =
{
|A[S̄, S]|M(A[S])−1 |A[S, S̄]| e

}
j

j ∈ S̄.

Òåì ñàìûì ïîêàçàíî, ÷òî äîïîëíåíèå ïî ØóðóM(A)/S ÿâëÿåòñÿ SDD
ìàòðèöåé, òàê ÷òî A åñòü S-SSDD ìàòðèöà. �

Ðàññìîòðèì ñîîòíîøåíèå ìåæäó S-DZ è S-OB ìàòðèöàìè. Èç îïðå-
äåëåíèé 1.5 è 2.1 íåìåäëåííî ñëåäóåò, ÷òî A ÿâëÿåòñÿ S-OB ìàòðèöåé
òîãäà è òîëüêî òîãäà, êîãäà îíà îäíîâðåìåííî ÿâëÿåòñÿ S-DZ è S̄-DZ
ìàòðèöåé. Èòàê,

{S-OB} = {S-DZ} ∩ {S̄-DZ}.
ßñíî, ÷òî ëþáàÿ SDD ìàòðèöà ÿâëÿåòñÿ S-OB äëÿ ëþáîãî íåïóñòîãî
ñîáñòâåííîãî ïîäìíîæåñòâà S ìíîæåñòâà èíäåêñîâ. Òàêèì îáðàçîì, â
äîïîëíåíèå ê (2.5) è (2.6) ìû òàêæå èìååì:

{SDD} ⊂ {S-OB} = {S-DZ} ∩ {S̄-DZ}.

Ïîñêîëüêó S-OB ìàòðèöà îäíîâðåìåííî ÿâëÿåòñÿ êàê S-DZ, òàê è
S̄-DZ ìàòðèöåé, òî ìû çàêëþ÷àåì, ÷òî ëèáî S ⊆ RA è A åñòü S-DZ
ìàòðèöà ïåðâîãî òèïà, ëèáî S̄ ⊆ RA è A åñòü S̄-DZ ìàòðèöà ïåðâî-
ãî òèïà. Â îáîèõ ñëó÷àÿõ, A ÿâëÿåòñÿ íåâûðîæäåííîé H-ìàòðèöåé ïî
ñëåäñòâèþ 2.1. Êðîìå òîãî, ïîñêîëüêó A ÿâëÿåòñÿ S-SDD ìàòðèöåé
òîãäà è òîëüêî òîãäà, êîãäà îíà ÿâëÿåòñÿ S̄-SDD ìàòðèöåé, òî èç òåî-
ðåìû 2.2 íåìåäëåííî âûòåêàåò ñëåäóþùèé ðåçóëüòàò.

Ñëåäñòâèå 2.3. Åñëè A ∈ Cn×n, ãäå n > 2, ÿâëÿåòñÿ S-OB ìàòðèöåé

äëÿ íåêîòîðîãî íåïóñòîãî ïîäìíîæåñòâà S  〈n〉, òî A ÿâëÿåòñÿ è

S-SDD ìàòðèöåé.

Àíàëîãè÷íî, ïðèìåíÿÿ òåîðåìó 2.3, ìû íåìåäëåííî ïðèõîäèì ê ñëå-
äóþùåìó ðåçóëüòàòó.

Ñëåäñòâèå 2.4. Åñëè A ∈ Cn×n, ãäå n > 2, ÿâëÿåòñÿ S-OB ìàòðèöåé

äëÿ íåïóñòîãî ïîäìíîæåñòâà S  〈n〉, òî A � ëèáî S-SDD1 ìàòðèöà,

åñëè S ⊆ RA, ëèáî S̄-SDD1 ìàòðèöà, åñëè S̄ ⊆ RA.

Èç ñëåäñòâèÿ 2.3, êàê è èç ñëåäñòâèÿ 2.4, âûòåêàåò, ÷òî ëþáàÿ
S-OB ìàòðèöà ÿâëÿåòñÿ íåâûðîæäåííîé H-ìàòðèöåé, ÷òî ïåðâîíà-
÷àëüíî áûëî óñòàíîâëåíî â ðàáîòå [3]. Óòâåðæäåíèÿ ñëåäñòâèé 2.3 è
2.4 ïî-âèäèìîìó ÿâëÿþòñÿ íîâûìè.

Òåïåðü ìû ïîêàæåì, ÷òî ïðè S ⊆ RA âñÿêàÿ S-DZ ìàòðèöà â äåé-
ñòâèòåëüíîñòü åñòü S-OB ìàòðèöà è íàîáîðîò.
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Òåîðåìà 2.4. Ïóñòü A = (aij) ∈ Cn×n, ãäå n > 2, è ïóñòü S ⊆ RA.
Òîãäà A ÿâëÿåòñÿ S-DZ ìàòðèöåé òîãäà è òîëüêî òîãäà, êîãäà îíà

ÿâëÿåòñÿ S-OB ìàòðèöåé.

Äîêàçàòåëüñòâî. Ïîñêîëüêó êàæäàÿ S-OB ìàòðèöà, î÷åâèäíî, ÿâëÿ-
åòñÿ S-DZ ìàòðèöåé, òðåáóåòñÿ äîêàçàòü òîëüêî îáðàòíîå óòâåðæäå-
íèå. Ïîýòîìó ïðåäïîëîæèì, ÷òî A � S-DZ ìàòðèöà. Íóæíî ïîêàçàòü,
÷òî äëÿ âñåõ i ∈ S è âñåõ j ∈ S̄, íàðÿäó ñ (2.1), ìàòðèöà A òàêæå
óäîâëåòâîðÿåò íåðàâåíñòâó

|ajj |[|aii| − rSi (A)] > rj(A) rS̄i (A). (2.13)

Äåéñòâèòåëüíî, ïðè i ∈ S ⊆ RA è j ∈ S̄ èç (2.1) ñëåäóåò, ÷òî

|aii| |ajj | > |aii|rS̄j (A) + ri(A) rSj (A)

> ri(A) rS̄j (A) + ri(A) rSj (A) = ri(A) rj(A).
(2.14)

Âû÷èòàÿ |ajj |rSi (A) èç îáåèõ ÷àñòåé (2.14), äëÿ âñåõ i ∈ S è âñåõ j ∈ S̄
ìû âûâîäèì:

|ajj |(|aii| − rSi (A)) > ri(A) rj(A)− |ajj |rSi (A)

= rSi (A)(rj(A)− |ajj |) + rS̄i (A) rj(A).

Òåì ñàìûì íåðàâåíñòâî (2.13) óñòàíîâëåíî äëÿ âñåõ i∈S è âñåõ j∈RA.
Òåïåðü äëÿ äîêàçàòåëüñòâà òîãî ôàêòà, ÷òî A åñòü S-OB ìàòðèöà,

îñòàåòñÿ ëèøü çàìåòèòü, ÷òî ïðè i ∈ S ⊆ RA è j ∈ S̄ ∩ RA íåðàâåí-
ñòâî (2.13) âûïîëíÿåòñÿ î÷åâèäíûì îáðàçîì.

Òåîðåìà äîêàçàíà. �

Îáðàòèìñÿ ê S-DZ ìàòðèöàì âòîðîãî òèïà.
Ñëåäóþùàÿ òåîðåìà îáîáùàåò òåîðåìó 2.2 íà ñëó÷àé ïðîèçâîëüíî-

ãî S, ∅ 6= S  〈n〉, íî ïðè óñëîâèè, ÷òî íà ïîäìàòðèöó A[S] S-DZ
ìàòðèöû A íàêëàäûâàåòñÿ äîïîëíèòåëüíîå óñëîâèå.

Òåîðåìà 2.5. Ïóñòü A= (aij)∈Cn×n, ãäå n>2, è ïóñòü ∅ 6=S 〈n〉.
Åñëè

rSi (A) = 0 ïðè âñåõ i ∈ S, (2.15)

òî A ÿâëÿåòñÿ S-DZ ìàòðèöåé òîãäà è òîëüêî òîãäà, êîãäà îíà ÿâ-

ëÿåòñÿ S-SDD ìàòðèöåé.
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Äîêàçàòåëüñòâî. Ïóñòü ñïåðâà A ÿâëÿåòñÿ S-DZ ìàòðèöåé. Ïîêà-
æåì, ÷òî îíà ÿâëÿåòñÿ S-SDD ìàòðèöåé. Ââèäó (2.15), ïðè âñåõ i ∈ S
âûïîëíåíî ðàâåíñòâî

ri(A) = rS̄i (A), i ∈ S,

è èç îïðåäåëåíèÿ 2.1 ñëåäóåò, ÷òî ïðè âñåõ i ∈ S è âñåõ j ∈ ~S ìû èìååì:[
|aii| − rSi (A)

] [
|ajj | − rS̄j (A)

]
= |aii|

[
|ajj | − rS̄j (A)

]
> ri(A) rSj (A) = rS̄i (A) rSj (A).

Òàêèì îáðàçîì, äëÿ äîêàçàòåëüñòâà òîãî, ÷òî A ÿâëÿåòñÿ S-SDD ìàò-
ðèöåé, îñòàåòñÿ ëèøü çàìåòèòü, ÷òî, â ñèëó (2.15),

|aii| − rSi (A) = |aii| > 0 ïðè âñåõ i ∈ S.

Ïðîòèâîïîëîæíîå óòâåðæäåíèå äîêàçûâàåòñÿ ñëåäóþùèì îáðàçîì.
Ïðè i ∈ S è j ∈ S̄, â ñèëó (2.15), äëÿ S-SDD ìàòðèöû A èìååò ìåñòî
ñîîòíîøåíèå

|aii|
[
|ajj | − rS̄j (A)

]
=
[
|aii| − rSi (A)

] [
|ajj | − rS̄j (A)

]
> rS̄i (A) rSj (A) = ri(A) rSj (A),

òàê ÷òî A � S-DZ ìàòðèöà. �

Çàìå÷àíèå 2.1. Åñëè S = {i}, ãäå i ∈ 〈n〉, è A ÿâëÿåòñÿ S-DZ ìàò-
ðèöåé, òî, î÷åâèäíî, rSi (A) = 0. Ñëåäîâàòåëüíî, òåîðåìà 2.5 ìîæåò
ðàññìàòðèâàòüñÿ êàê îáîáùåíèå òîãî î÷åâèäíîãî ôàêòà, ÷òî DZ(i) ìàò-
ðèöû � ýòî â òî÷íîñòè {i}-SDD ìàòðèöû.

Èç òåîðåìû 2.5 ìû íåìåäëåííî ïîëó÷àåì ñëåäóþùèé ðåçóëüòàò, ïðè-
ìåíèìûé, â ÷àñòíîñòè, ê S-DZ ìàòðèöàì âòîðîãî òèïà.

Ñëåäñòâèå 2.5. Ïóñòü A ∈ Cn×n, ãäå n > 2, � S-DZ ìàòðèöà è

ïóñòü ∅ 6= S  〈n〉. Åñëè A óäîâëåòâîðÿåò óñëîâèþ (2.15), òî îíà

ÿâëÿåòñÿ íåâûðîæäåííîé H-ìàòðèöåé.

Òåì íå ìåíåå, êàê ïîêàçûâàþò ñëåäóþùèå ïðèìåðû, â îáùåì ñëó÷àå
S-DZ ìàòðèöà âòîðîãî òèïà íå îáÿçàíà áûòü íå òîëüêî íåâûðîæäåííîé
H-ìàòðèöåé, íî äàæå è ïðîñòî íåâûðîæäåííîé.



S-DZ ÌÀÒÐÈÖÛ 151

Ïðèìåð 2.1. Ïóñòü

A1 =

 2 0 −1
−4 4 −2
−2 −2 2, 5


è ïóñòü S = RA1 = {2, 3}, òàê ÷òî S̄ = RA1 = {1}.

Ïîñêîëüêó

|a22|[|a11| − rs̄1(A1)] = 4 · 2 = 8 > 6 = r2(A1) rS1 (A1)

è

|a33|[|a11| − rs̄1(A1)] = 2, 5 · 2 = 5 > 4 = r3(A1) rS1 (A1),

òî ìû çàêëþ÷àåì, ÷òî A1 � S-DZ ìàòðèöà. Îäíàêî îíà íå ÿâëÿåòñÿ íè
S-SDD ìàòðèöåé, íè SDD1 ìàòðèöåé. Äåéñòâèòåëüíî,[
|a11| − rS̄1 (A1)

] [
|a33| − rS3 (A1)

]
= 2 ·(2, 5−2) = 1 < 2 = rS1 (A1) rS̄3 (A1),

à òàêæå

p2(A) = |a21|
r1(A1)

|a11|
+ rS2 (A1) = 4 · 1/2 + 2 = 4 = |a22|,

è

p3(A) = |a31|
r1(A1)

|a11|
+ rS3 (A1) = 2 · 1/2 + 2 = 3 > |a33|.

Áîëåå òîãî, A1 íå ÿâëÿåòñÿ äàæå è S̄-SSDD ìàòðèöåé, òàê êàê åå
äîïîëíåíèå ïî Øóðó

A1/S̄ =

[
4 −4
−2 1, 5

]
íå ÿâëÿåòñÿ SDD ìàòðèöåé.

Äàëåå, ïîñêîëüêó íè îäíà èç ñòðîê äîïîëíåíèÿ ïî Øóðó A1/RA1

íå èìååò ñòðîãîãî äèàãîíàëüíîãî ïðåîáëàäàíèÿ, îíî íå ìîæåò áûòü
íåâûðîæäåííîé H-ìàòðèöåé, òàê ÷òî è ñàìà ìàòðèöà A1 òåì áîëåå íå
ÿâëÿåòñÿ íåâûðîæäåííîé H-ìàòðèöåé.

Êàê ïîêàçûâàåò ñëåäóþùèé ïðèìåð, S-DZ ìàòðèöà âòîðîãî òèïà
ìîæåò áûòü âûðîæäåííîé.

Ïðèìåð 2.2. Ïóñòü

A2 =

 2 0 −1
−4 4 −2
−1 −2 2, 5


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è ïóñòü S = RA2
= {2, 3}, S̄ = RA2

= {1}. Ïîñêîëüêó

|a22|
[
|a11| − rS̄1 (A2)

]
= 4 · 2 = 8 > 6 = r2(A2) rS1 (A2)

è

|a33|
[
|a11| − rS̄1 (A2)

]
= 2, 5 · 2 = 5 > 3 = r3(A2) rS1 (A2),

òî A2 ÿâëÿåòñÿ S-DZ ìàòðèöåé âòîðîãî òèïà. Ïðè ýòîì detA2 = 0, ò.å.
ìàòðèöà A2 âûðîæäåííàÿ.

�3. Âåðõíèå îöåíêè äëÿ ‖A−1‖∞
Â ýòîì ïàðàãðàôå ìû óñòàíàâëèâàåì è ñðàâíèâàåì âåðõíèå îöåí-

êè äëÿ l∞-íîðìû îáðàòíûõ ê S-DZ ìàòðèöàì è, â ÷àñòíîñòè, ê DZ
ìàòðèöàì.

Ñïåðâà ðàññìîòðèì ñëó÷àé S-DZ ìàòðèö ïåðâîãî òèïà. Â ýòîì ñëó-
÷àå èç òåîðåì 2.4 è 1.1 íåìåäëåííî âûòåêàåò ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 3.1. Ïóñòü A = (aij) ∈ Cn×n, ãäå n > 2, ÿâëÿåòñÿ S-DZ
ìàòðèöåé è ïóñòü S ⊆ RA � íåïóñòîå ñîáñòâåííîå ïîäìíîæåñòâî

ìíîæåñòâà èíäåêñîâ 〈n〉. Òîãäà

‖A−1‖∞ 6 max
i∈S, j∈S̄

max

{ |aii|+ rSj (A)

|aii|[|ajj | − rS̄j (A)]− ri(A) rSj (A)
,

|ajj |+ rS̄i (A)

|ajj |[|aii| − rSi (A)]− rj(A) rS̄i (A)

}
. (3.1)

Ïîñêîëüêó, â ñèëó òåîðåìû 2.2, S-DZ ìàòðèöà ïåðâîãî òèïà ÿâëÿåòñÿ
S-SDD ìàòðèöåé, òî âåðõíþþ îöåíêó l∞-íîðìû åå îáðàòíîé òàêæå
ìîæíî ïîëó÷èòü, ïðèìåíèâ îöåíêó òåîðåìû 1.2. Â ýòîì ñëó÷àå ìû
ïðèõîäèì ê ñëåäóþùåìó ðåçóëüòàòó, äîïîëíÿþùåìó òåîðåìó 3.1.

Òåîðåìà 3.2. Ïóñòü A = (aij) ∈ Cn×n, ãäå n > 2, ÿâëÿåòñÿ S-DZ
ìàòðèöåé è ïóñòü S ⊆ RA � íåïóñòîå ñîáñòâåííîå ïîäìíîæåñòâî

ìíîæåñòâà 〈n〉. Òîãäà

‖A−1‖∞6 max
i∈S, j∈S̄

max{|aii|−rSi (A)+rSj (A), |ajj |−rS̄j (A)+rS̄i (A)}[
|aii|−rSi (A)

] [
|ajj |−rS̄j (A)

]
−rS̄i (A) rSj (A)

. (3.2)

Ñðàâíèì îöåíêè òåîðåì 3.1 è 3.2 äëÿ îáðàòíûõ ê S-DZ ìàòðèöàì
ïåðâîãî òèïà. Äëÿ ýòîãî ìû âîñïîëüçóåìñÿ ñëåäóþùåé òåõíè÷åñêîé
ëåììîé, êîòîðàÿ óñòàíàâëèâàåòñÿ íåïîñðåäñòâåííîé ïðîâåðêîé.
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Ëåììà 3.1. Ïóñòü A = (aij) ∈ Cn×n, ãäå n > 2, � S-DZ ìàòðèöà,
ïóñòü S ⊆ RA � íåïóñòîå ñîáñòâåííîå ïîäìíîæåñòâî 〈n〉 è ïóñòü

i ∈ S, j ∈ S̄.
(i) Åñëè |aii| − ri(A) > |ajj | − rj(A), òî

|aii|+ rSj (A)

|aii|[|ajj |−rS̄j (A)]−ri(A) rSj (A)
>

|aii| − rSi (A) + rSj (A)

[|aii|−rSi (A)]
[
|ajj |−rS̄j (A)

]
−rS̄i (A) rSj (A)

;

(ii) åñëè |aii| − ri(A) 6 |ajj | − rj(A), òî

|ajj |+ rS̄i (A)

|ajj |[|aii|−rSi (A)]− rj(A)rS̄i (A)
>

|ajj |−rS̄j (A)+rS̄i (A)}
[|aii|−rSi (A)]

[
|ajj |−rS̄j (A)

]
−rS̄i (A)rSj (A)

.

Òåïåðü ìû ãîòîâû ïîêàçàòü, ÷òî îöåíêà òåîðåìû 3.2 ïî êðàéíåé ìåðå
íå õóæå, ÷åì îöåíêà òåîðåìû 3.1.

Òåîðåìà 3.3. Ïóñòü A = (aij) ∈ Cn×n, ãäå n > 2, ÿâëÿåòñÿ S-DZ
ìàòðèöåé ïåðâîãî òèïà, ãäå ∅ 6= S  〈n〉. Òîãäà, âîîáùå ãîâîðÿ, îöåí-
êà (3.2) ÿâëÿåòñÿ áîëåå òî÷íîé, ÷åì îöåíêà (3.1).

Äîêàçàòåëüñòâî. Ââèäó ëåììû 3.1, äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà
æåëàåìûõ óòâåðæäåíèé, îñòàåòñÿ ëèøü çàìåòèòü, ÷òî

|aii| − rSi (A) + rSj (A) > |ajj | − rS̄j (A) + rS̄i (A)

òîãäà è òîëüêî òîãäà

|aii| − ri(A) > |ajj | − rj(A). �

Èñïîëüçóÿ òåîðåìû 2.5 è 1.2, ìû ëåãêî ïîëó÷àåì ñëåäóþùèé ðåçóëü-
òàò, ïðèìåíèìûé ê S-DZ ìàòðèöàì îáîèõ òèïîâ.

Òåîðåìà 3.4. Ïóñòü A = (aij) ∈ Cn×n, ãäå n > 2, ÿâëÿåòñÿ S-DZ
ìàòðèöåé äëÿ íåïóñòîãî ñîáñòâåííîãî ïîäìíîæåñòâà S ìíîæåñòâà

èíäåêñîâ 〈n〉. Åñëè

rSi (A) = 0 äëÿ âñåõ i ∈ S, (3.3)

òî

‖A−1‖∞ 6 max
i∈S, j∈S̄

max{|aii|+ rSj (A), |ajj | − rS̄j (A) + ri(A)}

|aii|
[
|ajj | − rS̄j (A)

]
− ri(A) rSj (A)

. (3.4)

Çàìåòèì, ÷òî äëÿ S-DZ ìàòðèöû A ïåðâîãî òèïà, óäîâëåòâîðÿþùåé
óñëîâèþ (3.3), îöåíêà (3.4), âîîáùå ãîâîðÿ, óëó÷øàåò îöåíêó òåîðå-
ìû 3.1.
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Ðàññìîòðèì òåïåðü ÷àñòíûé ñëó÷àé DZ ìàòðèö. Ïîäñòàâëÿÿ S = {i}
â îöåíêó (3.1), ìû íåìåäëåííî ïîëó÷àåì ñëåäóþùóþ âåðõíþþ îöåíêó
äëÿ îáðàòíîé ê DZ ìàòðèöå ïåðâîãî òèïà.

Ñëåäñòâèå 3.1. Ïóñòü A = (aij) ∈ Cn×n, ãäå n > 2, ÿâëÿåòñÿ DZ(i)

ìàòðèöåé, ãäå i ∈ RA. Òîãäà

‖A−1‖∞ 6 max
j 6=i

max

{
|aii|+ |aji|

|aii|
[
|ajj | − rij(A)

]
− ri(A) |aji|

,

|ajj |+ ri(A)

|aii| |ajj | − ri(A) rj(A)

}
. (3.5)

Ñ äðóãîé ñòîðîíû, â òîì ñëó÷àå, êîãäà S = {i} ⊆ RA, èç òåîðåìû 3.2,
òàê æå êàê è èç òåîðåìû 3.4, ìû ïîëó÷àåì ñëåäóþùèé ðåçóëüòàò, óñòà-
íîâëåííûé â ðàáîòå [2].

Ñëåäñòâèå 3.2 ( [2, òåîðåìà 4.2]). Ïóñòü A = (aij) ∈ Cn×n, ãäå n > 2,

ÿâëÿåòñÿ DZ(i) ìàòðèöåé è i ∈ RA. Òîãäà

‖A−1‖∞ 6 max
j 6=i

max

{
|aii|+ |aji|

|aii|
[
|ajj | − rij(A)

]
− ri(A) |aji|

,

|ajj | − rij(A) + ri(A)

|aii|
[
|ajj | − rij(A)

]
− ri(A) |aji|

}
. (3.6)

Ïîëîæèì

pi(A) = |aii| − ri(A), i ∈ 〈n〉.

Â ñèëó òåîðåìû 3.3, â òîì ñëó÷àå êîãäà S = {i}, i ∈ RA, îöåíêà (3.6)
ÿâëÿåòñÿ, âîîáùå ãîâîðÿ, áîëåå òî÷íîé, ÷åì îöåíêà (3.5). Ñ äðóãîé ñòî-
ðîíû, îöåíêà (3.5) ïî êðàéíåé ìåðå ñòîëü æå òî÷íà, ñêîëü è ñëåäóþùàÿ
îöåíêà, ïîëó÷åííàÿ â ðàáîòå [2, ñì. (4.17) è (4.21)]:

‖A−1‖∞ 6 max

{
1

pi(A)
, max
j 6=i

|aii|+ |aji|
|aii|

[
|ajj | − rij(A)

]
− ri(A) |aji|

}

= max

 1

pi(A)
, max

j 6=i:
pi(A)>pj(A)

|aii|+ |aji|
|aii|

[
|ajj | − rij(A)

]
− ri(A) |aji|

 . (3.7)
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Äåéñòâèòåëüíî, êàê íåòðóäíî óáåäèòüñÿ, îöåíêó (3.5) ìîæíî çàïè-
ñàòü â âèäå

‖A−1‖∞ 6 max

{
max
j 6=i:

pi(A)>pj(A)

|aii|+ |aji|
|aii|

[
|ajj | − rij(A)

]
− ri(A) |aji|

,

max
j 6=i:

pi(A)6pj(A)

|ajj |+ ri(A)

|aii| |ajj | − ri(A) rj(A)

}
. (3.5a)

Íàêîíåö, ïîñêîëüêó, êàê ëåãêî âèäåòü,

1

pi(A)
>

|ajj |+ ri(A)

|aii| |ajj | − ri(A) rj(A)
,

åñëè pi(A) 6 pj(A), òî ìû ìîæåì çàêëþ÷èòü, ÷òî, âîîáùå ãîâîðÿ, îöåí-
êà (3.5a) (à ñëåäîâàòåëüíî òàêæå è îöåíêà (3.5)) ÿâëÿåòñÿ áîëåå òî÷íîé,
÷åì îöåíêà (3.7).

Â çàâåðøåíèå ýòîãî ïàðàãðàôà ïðåäñòàâèì âåðõíþþ îöåíêó äëÿ îá-
ðàòíîé ê DZ(i) ìàòðèöå âòîðîãî òèïà, ãäå i ∈ RA. Â ýòîì ñëó÷àå, ïî
òåîðåìå 3.4, ìû èìååì

‖A−1‖∞ 6 max
j 6=i

max{|aii|+ |aji|, |ajj | − rij(A) + ri(A)}
|aii|

[
|ajj | − rij(A)

]
− ri(A) |aji|

. (3.8)

Ïðèíèìàÿ âî âíèìàíèå, ÷òî ïðè i ∈ RA è j 6= i èìåþò ìåñòî íåðàâåí-
ñòâà

pi(A) 6 0 < pj(A),

ìû çàêëþ÷àåì, ÷òî îöåíêà (3.8) ðàâíîñèëüíà îöåíêå

‖A−1‖∞ 6 max
j 6=i

|ajj | − rij(A) + ri(A)

|aii|
[
|ajj | − rij(A)

]
− ri(A) |aji|

, (3.8a)

ïðåäëîæåííîé â ðàáîòå [2, ñì. (4.15)].

�4. Ìíîæåñòâà ëîêàëèçàöèè ñîáñòâåííûõ çíà÷åíèé

Â ýòîì ïàðàãðàôå ïðåäñòàâëåíû ìíîæåñòâà ëîêàëèçàöèè ñîáñòâåí-
íûõ çíà÷åíèé, ïîëó÷åííûå íà îñíîâå ðåçóëüòàòîâ î íåâûðîæäåííîñòè
ìàòðèö, ïîëó÷åííûõ â §2.

Ïóñòü

Γi(A) = {z ∈ C : |z − aii| 6 ri(A)}, i ∈ 〈n〉,
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� êðóãè Ãåðøãîðèíà, à äëÿ çàäàííîãî ïîäìíîæåñòâà ∅ 6= T  〈n〉 ìû
ïîëàãàåì

ΩTpq(A) :=
{
z ∈ C : |z − aqq|

[
|z − app| − rTp (A)

]
6 rq(A) rT̄p (A)

}
,

p ∈ T, q ∈ T̄ .

Â ðàáîòå [3] íà îñíîâå íåâûðîæäåííîñòè S-OB ìàòðèö áûë ïîëó÷åí
ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 4.1. Ïóñòü A=(aij) ∈ Cn×n, ãäå n>2, è ïóñòü ∅ 6=S  〈n〉.
Òîãäà

Spec A ⊆
⋃
i∈S,
j∈S̄

{
ΩSij(A) ∪ ΩS̄ji(A)

}
. (4.1)

Ñëåäóþùàÿ òåîðåìà âûòåêàåò èç íåâûðîæäåííîñòè S-DZ ìàòðèö
ïåðâîãî òèïà.

Òåîðåìà 4.2. Ïóñòü A= (aij)∈Cn×n, ãäå n>2, è ïóñòü ∅ 6=S⊆〈n〉.
Òîãäà

Spec A ⊆
⋃
i∈S

Γi(A) ∪

⋃
j∈S̄

ΩS̄ji(A)

 . (4.2)

Äîêàçàòåëüñòâî. Çàìåòèì ñïåðâà, ÷òî â òîì ñëó÷àå, êîãäà S = 〈n〉,
âêëþ÷åíèå (4.2) ñâîäèòñÿ ê òåîðåìå Ãåðøãîðèíà. Ïîýòîìó äàëåå áóäåì
ïðåäïîëàãàòü, ÷òî S 6= 〈n〉.

Åñëè λ ∈ Spec A, òî ìàòðèöà Bλ := λIn−A ÿâëÿåòñÿ âûðîæäåííîé.
Ñëåäîâàòåëüíî, ââèäó ñëåäñòâèÿ 2.1, åñëè S 6= ∅, 〈n〉 è S ⊆ RBλ , òî Bλ
íå ìîæåò áûòü S-DZ ìàòðèöåé. Îòñþäà ñëåäóåò, ÷òî
• ëèáî S * RBλ , ò.å. |λ−aii| 6 ri(A) äëÿ íåêîòîðîãî i ∈ S, ÷òî îçíà÷àåò,
÷òî

λ ∈
⋃
i∈S

Γi(A),

• ëèáî ïðè íåêîòîðûõ i ∈ S è j ∈ S̄ èìååò ìåñòî íåðàâåíñòâî

|λ− aii|
[
|λ− ajj | − rS̄j (A)

]
6 ri(A) rSj (A),

ò.å.

λ ∈
⋃

i∈S, j∈S̄

ΩS̄ji(A).
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Òàêèì îáðàçîì,

Spec A ⊆

{⋃
i∈S

Γi(A)

}
∪

 ⋃
i∈S, j∈S̄

ΩS̄ji(A)


=
⋃
i∈S

Γi(A) ∪

⋃
j∈S̄

ΩS̄ji(A)

 . �

ßñíî, ÷òî ïðè âñåõ i ∈ S è j ∈ S̄ ìû èìååì:

Γi(A)∩Γj(A) ⊆ ΩSij(A)∩ΩS̄ji(A) ⊆ ΩSij(A)∪ΩS̄ji(A) ⊆ Γi(A)∪Γj(A), (4.3)

è èç (4.3) ëåãêî ñëåäóåò, ÷òî⋃
i∈S, j∈S̄

{
ΩSij(A) ∪ ΩS̄ji(A)

}
⊆
⋃
i∈〈n〉

Γi(A),

à òàêæå, ÷òî

⋃
i∈S

Γi(A) ∪

⋃
j∈S̄

ΩS̄ji(A)

 ⊆ ⋃
i∈〈n〉

Γi(A).

Çíà÷èò, ìíîæåñòâà ëîêàëèçàöèè ñîáñòâåííûõ çíà÷åíèé (4.1) è (4.2) ÿâ-
ëÿþòñÿ ïîäìíîæåñòâàìè ìíîæåñòâà êðóãîâ Ãåðøãîðèíà

Γ(A) =
⋃
i∈〈n〉

Γi(A).

Èç òåîðåì 4.1 è 4.2 ìû íåìåäëåííî ïîëó÷àåì ñëåäóþùèå áîëåå òî÷-
íûå ðåçóëüòàòû.

Ñëåäñòâèå 4.1. Ïóñòü A ∈ Cn×n, ãäå n > 2. Òîãäà

Spec A ⊆
⋂

∅6=S 〈n〉

⋃
i∈S,
j∈S̄

{
ΩSij(A) ∪ ΩS̄ji(A)

}
.

Ñëåäñòâèå 4.2. Ïóñòü A ∈ Cn×n, n > 2. Òîãäà

Spec A ⊆
⋂

∅ 6=S 〈n〉

⋃
i∈S

Γi(A) ∪

⋃
j∈S̄

ΩS̄ji(A)

 .
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Â ñëåäóþùåé òåîðåìå, âûòåêàþùåé èç ñëåäñòâèÿ 2.5, ïðåäñòàâëåíî
ìíîæåñòâî ëîêàëèçàöèè ñîáñòâåííûõ çíà÷åíèé, çàâèñÿùåå îò ðàñïî-
ëîæåíèÿ íóëåâûõ ýëåìåíòîâ â ìàòðèöå. Òî÷íåå ãîâîðÿ, ýòà òåîðåìà
ïðèìåíèìà ê ìàòðèöàì, óäîâëåòâîðÿþùèì óñëîâèÿì (2.15).

Òåîðåìà 4.3. Ïóñòü A ∈ Cn×n, ãäå n > 2, è ïóñòü ∅ 6= S ( 〈n〉. Åñëè
ïîäìàòðèöà A[S] ÿâëÿåòñÿ äèàãîíàëüíîé, ò.å.

ri(A[S]) = rSi (A) = 0, i ∈ S, (4.4)

òî

Spec A ⊆
⋃

i∈S, j∈S̄

ΩS̄ji(A).

Äîêàçàòåëüñòâî. Â ñèëó ñëåäñòâèÿ 2.5, âûðîæäåííàÿ ìàòðèöà Bλ =
λIn −A, êîòîðàÿ óäîâëåòâîðÿåò óñëîâèþ

rSi (Bλ) = rSi (A) = 0, i ∈ S,

íå ìîæåò áûòü S-DZ ìàòðèöåé. Ñëåäîâàòåëüíî, ïðè íåêîòîðûõ i ∈ S
è j ∈ S̄ íåîáõîäèìî âûïîëíåíî íåðàâåíñòâî

|λ− aii|
[
|λ− ajj | − rS̄j

]
6 ri(A) rSj (A).

Ýòî îçíà÷àåò, ÷òî

λ ∈
⋃

i∈S, j∈S̄

ΩS̄ji(A),

÷åì è çàâåðøàåòñÿ äîêàçàòåëüñòâî. �

ßñíî, ÷òî äëÿ ìàòðèö, óäîâëåòâîðÿþùèõ óñëîâèþ (4.4), òåîðåìà 4.3
îäíîâðåìåííî óëó÷øàåò ðåçóëüòàòû êàê òåîðåìû 4.1, òàê è òåîðåìû 4.2.

Â òîì ÷àñòíîì ñëó÷àå, êîãäà |S| = 1, èç òåîðåìà 4.3 âûòåêàåò ñëå-
äóþùèé ðåçóëüòàò.

Ñëåäñòâèå 4.3. Ïóñòü A = (aij) ∈ Cn×n, ãäå n > 2. Òîãäà ïðè ëþáîì
i ∈ 〈n〉 èìååò ìåñòî âêëþ÷åíèå

Spec A ⊆
⋃
j 6=i

Ω
〈n〉\{i}
ji (A)

=
⋃
j 6=i

{
z ∈ C : |z − aii|

[
|z − ajj | − rij(A)

]
6 ri(A) |aji|

}
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è, ñëåäîâàòåëüíî,

Spec A ⊆
⋂
i∈〈n〉

⋃
j 6=i

Ω
〈n〉\{i}
ji (A)

=
⋂
i∈〈n〉

⋃
j 6=i

{
z ∈ C : |z − aii|

[
|z − ajj | − rij(A)

]
6 ri(A) |aji|

}
.

Äîêàçàòåëüñòâî. Ïîëîæèì S = {i} è ïðèìåíèì òåîðåìó 4.3. �

�5. Âåðõíèå îöåíêè äëÿ ïåððîíîâñêîãî êîðíÿ

Â ýòîì ïàðàãðàôå ìû èñïîëüçóåì ðåçóëüòàòû §4 äëÿ ïîëó÷åíèÿ
âåðõíèõ îöåíîê ïåððîíîâñêîãî êîðíÿ íåîòðèöàòåëüíîé ìàòðèöû.

Íàì ïîíàäîáèòñÿ ñëåäóþùàÿ òåõíè÷åñêàÿ ëåììà.

Ëåììà 5.1. Ïóñòü A = (aij) ∈ Cn×n, n > 2, � íåîòðèöàòåëüíàÿ

ìàòðèöà è ïóñòü ∅ 6= S  〈n〉. Åñëè

ρ(A) ∈ ΩS̄ji(A), (5.1)

ãäå i ∈ S, j ∈ S̄, òî

ρ(A)6ϕS̄ji(A) :=
1

2

{
aii+R

S̄
j (A)+

[(
aii−RS̄j (A)

)2
+4ri(A) rSj (A)

]1/2}
. (5.2)

Äîêàçàòåëüñòâî. Ó÷èòûâàÿ, ÷òî

ρ(A) > max
i∈〈n〉

aii,

èç (5.1) ìû ïîëó÷àåì, ÷òî

(ρ(A)− aii)
(
ρ(A)− ajj − rS̄j (A)

)
6 ri(A) rSj (A),

èëè

ρ(A)2 −
(
aii + ajj + rS̄j (A)

)
ρ(A) + aii

(
ajj + rS̄j (A)

)
− ri(A) rSj (A) 6 0,

èëè

ρ(A)2 −
(
aii +RS̄j (A)

)
ρ(A) + aiiR

S̄
j (A)− ri(A) rSj (A) 6 0. (5.3)

Òåïåðü äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà îñòàåòñÿ çàìåòèòü, ÷òî îöåí-
êà (5.2) ñëåäóåò èç êâàäðàòè÷íîãî íåðàâåíñòâà (5.3). �

Ââèäó ëåììû 5.1, èç òåîðåìû 4.1 ìû íåìåäëåííî ïîëó÷àåì ñëåäóþ-
ùèé ðåçóëüòàò.
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Òåîðåìà 5.1. Ïóñòü A ∈ Cn×n, ãäå n > 2, � íåîòðèöàòåëüíàÿ ìàò-
ðèöà è ïóñòü ∅ 6= S ( 〈n〉. Òîãäà

ρ(A) 6 max
i∈S, j∈S̄

max
{
ϕSij(A), ϕS̄ji(A)

}
. (5.4)

Àíàëîãè÷íî, èç òåîðåìû 4.2 è ëåììû 5.1 âûòåêàåò ñëåäóþùåå óòâåð-
æäåíèå.

Òåîðåìà 5.2. Ïóñòü A ∈ Cn×n, n > 2, � íåîòðèöàòåëüíàÿ ìàòðèöà
è ïóñòü ∅ 6= S ( 〈n〉. Òîãäà

ρ(A) 6 max
i∈S

max

{
Ri(A), max

j∈S̄
ϕS̄ji(A)

}
. (5.5)

ßñíî, ÷òî îöåíêè (5.4) è (5.5) ìîæíî óëó÷øèòü ñëåäóþùèì îáðàçîì.

Ñëåäñòâèå 5.1. Ïóñòü A ∈ Cn×n, ãäå n > 2, � íåîòðèöàòåëüíàÿ

ìàòðèöà è ïóñòü ∅ 6= S ( 〈n〉. Òîãäà

ρ(A) 6 min
S:∅ 6=S(〈n〉

max
i∈S, j∈S̄

max
{
ϕSij(A), ϕS̄ji(A)

}
. (5.6)

Ñëåäñòâèå 5.2. Ïóñòü A ∈ Cn×n, ãäå n > 2, � íåîòðèöàòåëüíàÿ

ìàòðèöà è ïóñòü ∅ 6= S ( 〈n〉. Òîãäà

ρ(A) 6 min
S:∅6=S(〈n〉

max
i∈S

max

{
Ri(A), max

j∈S̄
ϕS̄ji(A)

}
. (5.7)

Èç òåîðåìû 5.2 ìû òàêæå âûâîäèì ñëåäóþùèé ðåçóëüòàò.

Ñëåäñòâèå 5.3. Ïóñòü A ∈ Cn×n, n > 2, � íåîòðèöàòåëüíàÿ ìàò-

ðèöà è ïóñòü ∅ 6= S ( 〈n〉. Åñëè

max
i∈S

Ri(A) 6 min
j∈S̄

Rj(A), (5.8)

òî

ρ(A) 6 max
i∈S, j∈S̄

ϕS̄ji(A). (5.9)

Äîêàçàòåëüñòâî. Ïðÿìàÿ ïðîâåðêà ïîêàçûâàåò, ÷òî ïðè i ∈ S è j ∈ S̄
ìû èìååì:

max
{
Ri(A), ϕS̄ji(A)

}
=

{
Ri(A), åñëè Ri(A) > Rj(A),

ϕS̄ji(A), åñëè Ri(A) 6 Rj(A).

Ñëåäîâàòåëüíî, íåðàâåíñòâî (5.9) âûòåêàåò èç (5.8). �
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Îöåíêà (5.9) òàêæå íåìåäëåííî âûòåêàåò èç òåîðåìû 4.3 è ëåì-
ìû 5.1, åñëè ïîäìàòðèöà A[S] äèàãîíàëüíà, òàê ÷òî ñïðàâåäëèâà ñëå-
äóþùàÿ òåîðåìà.

Òåîðåìà 5.3. Ïóñòü A ∈ Cn×n, ãäå n > 2, � íåîòðèöàòåëüíàÿ ìàò-
ðèöà è ïóñòü ∅ 6= S ( 〈n〉. Åñëè

rSi (A) = 0 äëÿ âñåõ i ∈ S,

òî

ρ(A) 6 max
i∈S, j∈S̄

ϕS̄ji(A).

Â çàâåðøåíèå äàííîé ðàáîòû ðàññìîòðèì ÷àñòíûé ñëó÷àé òåîðå-
ìû 5.3, â êîòîðîì S = {i}. Â ýòîì ñëó÷àå, î÷åâèäíî, rSi (A) = 0, òàê
÷òî òåîðåìà 5.3 ïðèìåíèìà è ïðèâîäèò ê ñëåäóþùåìó óòâåðæäåíèþ.

Ñëåäñòâèå 5.4. Ïóñòü A ∈ Cn×n, ãäå n > 2, � íåîòðèöàòåëüíàÿ

ìàòðèöà. Òîãäà

ρ(A) 6 min
i∈〈n〉

max
j 6=i

ϕ
〈n〉\{i}
ji (A)

= min
i∈〈n〉

max
j 6=i

1

2

{
aii +Rij(A) +

[(
aii −Rij(A)

)2
+ 4ri(A) aji

]1/2}
. (5.10)

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, åñëè S = {i}, òî S̄ = 〈n〉 \ {i},
rSj (A) = aji è R

S̄
j (A) = Rij(A), òàê ÷òî

ϕS̄ji(A) =
1

2

{
aii +Rij(A) +

[(
aii −Rij(A)

)2
+ 4ri(A) aji

]1/2}
,

è òðåáóåìàÿ îöåíêà (5.10) ñëåäóåò èç òåîðåìû 5.3. �
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Kolotilina L. Yu. S-DZ matrices � a new subclass of the nonsingular
H-matrices.

The paper introduces into consideration the so-called S-DZ matrices of
two types, which generalize the Dashnic�Zusmanovich (DZ) matrices and
contain the SDD matrices. It is established that the S-DZ matrices of the
�rst type form a subclass of both the S-SDD and S-SDD1 matrices and
actually coincide with the S-OB matrices, implying that the S-DZ matrices
of the �rst type are nonsingular H-matrices, whereas S-DZ matrices of the
second type can be singular. Some upper bounds for the l∞-norm of the
inverse of an invertible S-DZ matrix are derived, compared, and applied
to DZ matrices. Also new eigenvalue inclusion sets, related to S-DZ and
DZ matrices, and new upper bounds for the Perron root of a nonnegative
matrix are presented.
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