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EXISTENCE OF A LOCALIZED WEDGE MODE IN
TOPOGRAPHIC WAVEGUIDES WITH

A RIGHT-ANGLED TRIANGULAR RIDGE

Abstract. We prove the existence of a localized wedge mode in
a homogeneous isotropic elastic topographic waveguide formed by
an elastic half-space with an attached triangular ridge whose inte-
rior angle is π

2
. Using a variational method, we construct a suitable

trial function and show that, in the short-wavelength regime, for all
admissible non-zero values of Poisson’s ratio, the Rayleigh quotient
for this function lies strictly below the threshold of the essential
spectrum of the elasticity operator.

Dedicated to the memory of our teacher, Professor V. M. Babich

§1. Introduction

Elastic waves localized near geometric features of a free surface, such
as ridges and wedges (see Fig. 1), have long been of interest in seismology,
nondestructive testing, and surface acoustic wave technology. Such topo-
graphic waveguides can support guided modes whose energy is localized
near the ridge edge and whose phase velocity is lower than the Rayleigh-
wave velocity cR of the corresponding flat elastic half-space [1].

The first studies of wedge and topographic waveguides were based main-
ly on numerical methods [2–5]. Subsequent analytical studies at the phys-
ical level of rigor employed asymptotic and approximate methods, includ-
ing geometrical-acoustics (ray) approaches, thin-plate approximations, and
perturbation techniques; see, for example, [6–13]. These works provided
qualitative and quantitative descriptions of wedge modes and their de-
pendence on the geometry and material parameters of the elastic solid,
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in particular, the Poisson ratio σ = λ
2(λ+µ) , where λ and µ are the Lamé

constants.

φ

Figure 1. Topographic waveguide.

A rigorous mathematical approach to topographic waveguides was de-
veloped by Bonnet–Ben Dhia, Duterte, and Joly [14]. They formulated the
problem in terms of a family of self-adjoint spectral problems for the cross-
section of the waveguide and related guided modes to discrete eigenvalues
below the threshold c2Rk

2 of the essential spectrum of the elasticity opera-
tor, k is the wave number. For triangular topographic perturbations, they
proved that, for any prescribed positive integer m, a sufficiently small inte-
rior angle φ and a sufficiently large wavenumber k guarantee the existence
of at least m guided modes [14].

The result was subsequently extended by Babich [15], who proved the
existence of a localized mode for arbitrary acute interior angles φ < π

2 in
the high-frequency regime. Thus, the right-angle configuration φ = π/2 is
the limiting case not covered by this theorem.

The importance of the angle was already emphasized by Bonnet–Ben
Dhia, Duterte, and Joly in their discussion of open questions [14]. They
specifically raised the question of the maximum angle below which a lo-
calized mode exists, at least at high frequencies. In that work, they noted
numerical and semi-analytical indications [16, 17] suggesting that this an-
gle might be slightly larger than π

2 for some values of the Poisson ratio.
They also pointed out the close connection with the problem of localized
waves in an infinite elastic wedge, which is mathematically distinct from
a topographic waveguide because the latter is a compact perturbation of
a half-space [14].
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The related spectral problem for an infinite elastic wedge has also been
treated rigorously: existence of localized wedge modes has been proved for
various ranges of the interior angle φ and material parameters [18–21].
These results, however, concern an unbounded angular domain and there-
fore differ from the topographic waveguide problem considered here: the
infinite wedge mode is dispersion-free, whereas a topographic waveguide
with a substrate exhibits dispersion due to the finite size of the ridge,
which introduces a characteristic length scale.

Apart from the rigorous spectral-theoretic studies, finite and truncated
wedge configurations have also been investigated from the applied point
of view. Sokolova et al. [22] studied weak dispersion of wedge acoustic
waves caused by deviations from an ideal infinite wedge, including trunca-
tion, coatings, and local modifications of the material properties. Vatulyan
and Parinova [23] considered elastic waves in a finite-height wedge with
a clamped base and analyzed its wave characteristics using approximate
variational and Ritz methods. These studies concern finite or perturbed
wedge structures but do not address the rigorous existence problem for a
triangular ridge attached to an elastic half-space with a free surface.

In the present paper, we consider a homogeneous isotropic elastic half-
space with an attached finite triangular ridge whose interior angle is φ= π

2 .
We prove the existence of a localized waveguide mode in the short-wave-
length regime for every admissible non-zero Poisson ratio. The proof is vari-
ational. We develop a variational construction adapted to the right-angle
geometry, which extends the general variational strategy of [21,24,25] with
an ansatz specific to the right-angle case, and establish, for sufficiently large
wavenumbers k, a Rayleigh quotient strictly below the essential-spectrum
threshold c2Rk

2. This implies the existence of a discrete eigenvalue of the
elasticity operator below the threshold and hence of a localized wedge
mode.

§2. Problem Statement. A result due to V. M. Babich

We assume that K is a domain in

R3 = {(x1, x2, x3) : xi ∈ R, i = 1, 2, 3},

described by the inequality x2 < f(x1), where f(x1) is a nonnegative con-
tinuous function defined for x1 ∈ R and vanishing outside a finite interval
[l, L]. Moreover, the graph of f(x1) for l ⩽ x1 ⩽ L is assumed to consist of
two rectilinear segments [lV ] and [V L] (f(l) = f(L) = 0, V = (x0, f(x0)),
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x0 ∈ (l, L), f(x0) > 0) forming an angle φ at V . The domain K is a topo-
logical product, K = Ω×R, where Ω is called the cross-section of a homo-
geneous isotropic elastic topographic waveguide, defined by x2 < f(x1) in
the (x1, x2)-plane.

Let U = (U1,U2,U3) be a solution to the system of equations of the
theory of elasticity in K with traction-free boundary conditions on ∂K
(see [26, Chap. 3]) in the form

U(x1, x2, x3, t) = U(x1, x2, x3)e
−iωt,

where ω > 0 is a given oscillation frequency. Then for the displacement
vector function U = (U1,U2,U3) we obtain the boundary value problem:

L(∂1, ∂2, ∂3)U = ρω2U in K,

N (∂1, ∂2, ∂3)U = 0 on ∂K,
(1)

where ρ > 0 is the constant density of the material, and ∂m = ∂
∂xm

. With-
out loss of generality, we set ρ = 1 throughout the paper. The differential
expressions in (1) are defined component-wise by the following relations
for n = 1, 2, 3: (

L(∂1, ∂2, ∂3)U
)
n
= −∂mσnm[U],(

N (∂1, ∂2, ∂3)U
)
n
= σnm[U]νm,

(2)

where ν = (ν1, ν2, ν3) is the unit outward normal vector to ∂K (obviously,
ν3 = 0). Here and henceforth, summation from 1 to 3 is implied over
repeated indices.

In (2), σnm[U] denotes the components of the stress tensor

σnm[U] = λ∂ℓUℓδn,m + µ
(
∂mUn + ∂nUm

)
,

where δn,m is the Kronecker delta, and the Lamé constants λ and µ satisfy
the inequalities λ+ 2

3µ > 0 and µ > 0.
The solution to problem (1) is sought in the form

U(x1, x2, x3) = u(x1, x2)e
ikx3 ,

which describes an elastic wave propagating along the ridge edge of the
waveguide K, where k > 0 is the wave number. The problem then reduces
to the system

L(∂1, ∂2, ik)u = ω2u in Ω,

N (∂1, ∂2, ik)u = 0 on ∂Ω.
(3)
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Henceforth, it is assumed that in all formulae, ∂3 should be replaced by
ik.

Since the wedge modes are localized in the vicinity of the edge, the
vector function u = (u1, u2, u3) should decay at infinity.

The variational (weak) formulation of the problem (3) refers to the
integral identity

aΩ(ik;u, v) :=

∫
Ω

σnm[u]∂mvn dx1dx2 = ω2(u, v)Ω, v ∈
(
H1(Ω)

)3
, (4)

where bar stands for complex conjugation and (·, ·)Ω for the natural in-
ner product in

(
L2(Ω)

)3. The quadratic form aΩ(ik;u, u) in
(
L2(Ω)

)3 with
domain

(
H1(Ω)

)3 is symmetric, positive and closed. Therefore, the bound-
ary value problem (3) is associated with an unbounded positive definite
self-adjoint operator A(ik) in the space

(
L2(Ω)

)3 (see, e.g., [27, Chap. 10]).
If u ∈ (L2(Ω))3 is a nontrivial eigenfunction of the operator A(ik),

k > 0, then the function U(x1, x2, x3, t) = u(x1, x2)e
−iωt+ikx3 , ω > 0, will

be called a localized wedge mode. This paper provides a rigorous proof of
the existence of localized wedge modes.

According to the variational principle, the lower bound of the spectrum
of the operator A(ik) is equal to inf

(H1(Ω))3
Φ(u), where

Φ(u) :=
aΩ(ik;u, u)

(u, u)Ω
(5)

is the Rayleigh quotient.
It is shown in [14] that the essential spectrum of this operator coincides

with the ray [c2Rk
2,+∞). Consequently, only discrete spectrum may occur

below the threshold ω2
R = c2Rk

2. If this spectrum is non-empty, the corre-
sponding eigenvector generates a localized wedge mode propagating along
the edge with a velocity less than cR.

To prove the existence of the discrete spectrum, it suffices to present a
function utest ∈ (H1(Ω))3 such that

Φ(utest) < c2Rk
2. (6)

In [15], to construct this test function, the coordinate system was intro-
duced as shown in Fig. 2. On the interval [0, d], the part of the boundary
∂Ω that does not lie on the X1-axis is the rectilinear segment described by
the equation X2 = X1tan(φ), 0 < φ < π

2 .
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Figure 2. Waveguide cross-section. Domains Ω1 and Q.

The test function was chosen as

utest
k (X1, X2) =

η(X1)u
R(X2), in Ω1,

0, in Ω \ Ω1,
(7)

where Ω1 is the triangle (see Fig. 2):

0 ⩽ X1 ⩽ d, 0 ⩽ X2 ⩽ X1tanφ,

η(X1) =

1, if 0 ⩽ X1 < d
′
,

0, if X1 > d,
(8)

is the cut-off function defined for X1 ⩾ 0,

0 < d
′
< d, d, d

′
= const, η ⩾ 0,

dη

dX1
⩽ 0, η ∈ C∞(R+),

and
UR = e−iωt+ikx3uR(X2), (9)

is the Rayleigh wave [1] traveling in the direction (0,0,1) and leaving the
plane X2 = 0 free of stresses.

It turns out that

Φ(utest
k ) = c2Rk

2 − ck +O(1), k → +∞, (10)

where c > 0 for φ < π
2 . Then (10) implies (6) for k sufficiently large.

This proves the existence of a localized wedge mode for φ < π
2 and for all

admissible values of the Poisson’s ratio σ.
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In the right-angle case (φ = π/2), the constant c in (10) vanishes,
rendering the given proof inapplicable (see [18, Remark 2], [19, 21]). Our
main result, which covers this case, is formulated in the next section.

§3. A generalization of V. M. Babich’s result

Theorem 1. Let φ = π/2 and σ ̸= 0. Then A(ik) has at least one eigen-
value in the interval (0, c2Rk

2) for all sufficiently large k.

Proof. As in [15], we place the origin at the ridge vertex V and direct
the X1- and X2-axes along the two sides of the ridge cross-section. The
transformation from (x1, x2) to (X1, X2) is a translation to V followed by
a rotation.

Let Q = {(X1, X2) ∈ R2 : 0 ⩽ X1 ⩽ l, 0 ⩽ X2 ⩽ L} be the fixed
rectangle (see Fig. 2). We introduce two smooth cut-off functions. Let
η ∈ C∞(R+) be a non-increasing function satisfying

η(X1) = 1, 0 ⩽ X1 < l′, η(X1) = 0, X1 > l,

where 0 < l′ < l, l
′
, l = const, and let ζ ∈ C∞(R+) be a non-increasing

function satisfying

ζ(X2) = 1, 0 ⩽ X2 < L′, ζ(X2) = 0, X2 > L,

where 0 < L′ < L, L
′
, L = const. Both cut-off functions are assumed to

be non-negative, η ⩾ 0, ζ ⩾ 0.
Define the test function by

vtestk (X1, X2)=

{
η(X1)ζ(X2)u

R(X2)+k−1/2W (kX1, kX2), (X1, X2)∈Q,

0, (X1, X2)∈Ω\Q,
(11)

where k is a large parameter, and uR(X2) = (0, uR
2 (X2), u

R
3 (X2)) is the

Rayleigh wave profile (9) corresponding to the wavenumber k. We write
uR(X2) = UR(kX2), where UR is the fixed exponentially decaying profile.

The function W = (W1,W2,W3), to be chosen below, is smooth up to
the boundary of the closed first quadrant {Y1 ⩾ 0, Y2 ⩾ 0} and W (Y1, Y2)
has compact support contained in [0, l′]× [0, L′]. The trace of W on Y1 = 0
is not assumed to vanish. The support of W (kX1, kX2) is contained in
[0, l′/k]× [0, L′/k]. Hence, for all sufficiently large k, both cut-off functions
η, ζ are identically equal to one on this support. In particular, on the
support of W (kX1, kX2), the first term in (11) coincides with uR(X2).
The cut-off functions ensure that the zero extension in (11) introduces no
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jump across the artificial sides X1 = l and X2 = L of Q, which lie in the
interior of Ω. Thus, vtestk ∈ (H1(Ω))3.

Substituting (11) into the Rayleigh quotient (5), it suffices to show that

Φ(vtestk ) < c2Rk
2,

which is equivalent to
Bk(v

test
k , vtestk ) < 0, (12)

where
Bk(u, v) := aΩ(ik;u, v)− c2Rk

2(u, v)Ω.

Put

v0,k(X1, X2) = η(X1)ζ(X2)u
R(X2), Wk(X1, X2) = W (kX1, kX2).

Here and below, the subscript k in Wk denotes the scaled function. Nu-
merical subscripts denote vector components, so that Wk,j(X1, X2) =
Wj(kX1, kX2). Then

vtestk = v0,k + k−1/2Wk.

Expanding the quadratic form in (12) yields

Bk(v
test
k , vtestk )=Bk(v0,k, v0,k)+2k−1/2 ReBk(v0,k,Wk)+k−1Bk(Wk,Wk).

(13)
We first estimate the first term in (13). Introduce the constants

Iη =

∞∫
0

η2(X1) dX1, Jη =

∞∫
0

|η′(X1)|2 dX1, IR =

∞∫
0

|UR(Y2)|2 dY2.

Recall that uR(X2) denotes the Rayleigh wave profile, i.e., the solution of
the wave propagation problem in the elastic half-space X2 > 0 along the
traction-free boundary X2 = 0, decaying as X2 → +∞, see [26, Ch. 3].
Applying the product rule to η(X1)ζ(X2)u

R(X2) and using the integral
identity (4) for the Rayleigh wave uR(X2), we obtain

Bk(v0,k, v0,k) = µJη

∞∫
0

ζ2(X2)
(
|uR

2 (X2)|2 + |uR
3 (X2)|2

)
dX2

+ Iη

∞∫
0

|ζ ′(X2)|2
[
(λ+ 2µ)|uR

2 (X2)|2 + µ|uR
3 (X2)|2

]
dX2.
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Here the terms containing η′ and ζ ′ enter separately, and no mixed η′ζ ′-
term arises, since the first component of uR vanishes.

Since UR decays exponentially, there exists β > 0 such that |UR(Y2)| ⩽
Ce−βY2 . The condition ζ(X2) = 1 for 0 ⩽ X2 ⩽ L′ therefore gives
∞∫
0

ζ2(X2)|uR(X2)|2 dX2=
1

k

∞∫
0

ζ2(Y2/k)|UR(Y2)|2 dY2=
IR
k
+O

(
e−2βkL′

k

)
.

Moreover, since ζ ′ is supported in [L′, L], we have
∞∫
0

|ζ ′(X2)|2
[
(λ+ 2µ)|uR

2 (X2)|2 + µ|uR
3 (X2)|2

]
dX2 = O

(
e−2βkL′

k

)
.

Consequently,

Bk(v0,k, v0,k) =
µJηIR

k
+O

(
e−2βkL′

k

)
= O(k−1). (14)

For the last term in (13), the change of variables Y1 = kX1, Y2 = kX2

shows that each derivative ∂1, ∂2, ∂3 contributes a factor k, whereas the
Jacobian yields k−2. Since W has fixed compact support, it follows that

aΩ(ik;Wk,Wk) = O(1), k2(Wk,Wk)Ω = O(1),

and hence
k−1Bk(Wk,Wk) = O(k−1). (15)

We now evaluate the mixed term in (13). Since η = ζ = 1 on the support
of Wk for all sufficiently large k, we have

Bk(v0,k,Wk) = Bk(u
R,Wk).

Using the integral identity (4) and the fact that the Rayleigh wave
uR(X2) satisfies

L(0, ∂2, ik)uR = c2Rk
2uR for X2 > 0, N (0, ∂2, ik)u

R = 0 at X2 = 0,

we obtain

Bk(u
R,Wk) = aΩ(ik;u

R,Wk)− c2Rk
2(uR,Wk)Ω

=

∫
∂Ω

σnm[uR]νmWk,n dΓ = −
∞∫
0

σ11[u
R](0, X2)Wk,1(0, X2) dX2.

(16)
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Since the stress scales linearly with k, there exists a function Σ11, inde-
pendent of k, such that

σ11[u
R](0, X2) = kΣ11(kX2).

Changing variables to Y2 = kX2 in (16), we obtain

Bk(u
R,Wk) = −

∞∫
0

Σ11(Y2)W1(0, Y2) dY2. (17)

Define

B[W ] = −Re

∞∫
0

Σ11(Y2)W1(0, Y2) dY2.

Combining (17) with the estimates for the first and last terms in (13),
given by (14) and (15), respectively, we arrive at

Bk(v
test
k , vtestk ) = 2k−1/2B[W ] +O(k−1). (18)

By construction, B[W ] is independent of k. The function Σ11(Y2) is non-
zero for all Y2 ⩾ 0, provided that the Poisson’s ratio σ ̸= 0. Consequently,
by choosing the function W , B[W ] in (18) can be made negative, and thus
inequality (12) will be satisfied for sufficiently large k. This completes the
proof.

Note that if the Poisson’s ratio σ = 0, then the Rayleigh wave (9) would
satisfy the traction-free boundary conditions on the face X1 = 0 as well
as on X2 = 0. In this case, we were unable to prove the existence of a
localized waveguide mode, and we conjecture that it does not exist, see
also [18,19,21].

Moreover, the variational construction presented here suggests exten-
sions to a wider class of cross-sectional domains in which a flat boundary
segment supporting a Rayleigh wave meets another boundary segment
at a right angle. The same argument applies to such domains, provided
that the boundary contribution in this construction remains non-zero and
the essential-spectrum threshold c2Rk

2 is preserved. This is consistent with
Babich’s observation in [15, §5] that the result for acute angles extends
to a wide class of domains whose boundary contains an angle and whose
essential spectrum has the same threshold.
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