3anucKu HAYYHBIX
cemuuapos I[IOMMU
Tom 552, 2026 r.

S. Elistratov, A. Podivilov, T. Iuzhakov, D. Vetrov

DIRECTIONAL NOISE AND IMPLICIT BIAS IN LION

ABsTRrRACT. Lion is a novel optimization method that has outper-
formed traditional optimizers like Adam across a variety of tasks.
Despite its empirical success, the reasons behind Lion’s superior-
ity remain unclear. In this paper, we investigate the mechanisms
contributing to Lion’s enhanced performance, focusing on the struc-
tured noise introduced by the use of the sign function in gradient
updates. We characterize this noise by the angle of rotation between
a vector and its signum. We inject this noise as a random fixed-angle
rotation into normalized updates and analyze how the performance
of this method compares to that of Lion. We also provide a theo-
retical analysis showing how this directional noise modifies the op-
timizer’s implicit bias by shifting the induced sharpness/curvature
penalty from the gradient direction toward the orthogonal compo-
nent. We demonstrate that this method has stronger performance
than Lion in our setting. This approach reveals a relationship be-
tween the learning rate and the noise specific to the Lion method,
providing insights into its improved performance metrics. Addition-
ally, we identify an effect we term “momentum tracing” in neural net-
works with normalization layers and ReLU activations, which can
significantly destabilize the training process. Our analysis demon-
strates that the rotation noise inherent in Lion mitigates the nega-
tive impact of “momentum tracing”, leading to more stable learning.
These findings offer theoretical justification for Lion’s effectiveness
and suggest avenues for developing more robust optimization algo-
rithms.

§1. INTRODUCTION

Modern optimization methods leverage various properties of neural net-
works to enhance convergence toward solutions with superior performance.
The loss landscape of neural networks possesses distinct characteristics
that define criteria for effective optimization, and a substantial body of
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work links these characteristics to generalization and implicit regulariza-
tion. In this view, the optimizer is not merely a computational primitive:
by shaping training dynamics, it influences which regions of parameter
space are reached and which solutions ultimately generalize.

One of the earliest and most widely adopted optimizers specifically de-
veloped for neural networks is Adam [12]. This method utilizes first and
second-order momentum estimates to stabilize the training process. Sev-
eral studies have demonstrated how these mechanisms help the optimizer
converge to regions that offer better generalization [18, 7, 4]. In addition to
adaptive methods, fixed-step approaches that modify the update geometry
have also been explored for neural networks. Norm (S)GD normalizes the
gradient, optimizing in its direction at each iteration with a step size equal
to the learning rate [14, 16, 23]|. Another method, Sign (S)GD, applies the
sign function to the update direction. This results in each parameter being
adjusted by + the learning rate, depending on the sign of the correspond-
ing gradient component [15, 13, 2, 20]. However, these methods have shown
inferior performance and have not gained widespread adoption, although
they have been utilized in other learning paradigms.

A novel method, Lion [6], was developed through programmatic search
within a symbolic representation of optimizer space. Lion integrates var-
ious mechanisms from earlier methods, such as the sign function, decou-
pled weight decay, momentum, and decoupling momentum tracking from
the parameter update. The authors demonstrated that Lion outperforms
Adam across a broad spectrum of CV and NLP tasks. However, due to
Lion’s novelty, there remains a limited systematic understanding of why
its update rule can be advantageous and in which regimes its design choices
improve stability and generalization.

The use of the sign function in Lion leads to optimization that does
not strictly follow the true gradient direction. This can be interpreted as
the introduction of a specific type of noise into the optimization process.
While optimization with a fixed step size in the gradient direction, as in
Norm SGD, may seem more logical, it has been observed to result in poorer
model performance. This paper aims to explore why Lion exhibits superior
performance and how the noise introduced by perturbing the gradient
direction helps stabilize the learning process.

We characterize this noise via the angle between the gradient and its
sign. Such noise can be synthetically introduced into the Norm SGD op-
timizer by applying random rotations with a fixed angle to the gradient
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update as a form of regularization. Moreover, we theoretically justify how
the noise can impact implicit bias properties of the optimizer. This char-
acterization allows us to identify a relationship between the learning rate
and the effective noise level specific to Lion, and to explain why Lion may
achieve better performance despite using a direction that is only a coarse
proxy for the gradient.

Furthermore, we identify an effect that we term momentum tracing,
observed in both Lion and Norm SGD when they are applied to neural
networks that include normalization layers and ReLU (or GELU) activa-
tions. This effect can lead to destabilization of the training process. Our
study investigates how the structured noise introduced by Lion mitigates
the negative impact of this effect, contributing to more stable learning.

An earlier version of this work appeared in the NeurIPS Workshop on
Optimization for Machine Learning (OPT 2024)!. The present paper sub-
stantially extends that version with additional theoretical analysis.

§2. BACKGROUND

Optimization in deep learning is complicated by highly nonconvex loss
landscapes that exhibit scale symmetries and flat directions (especially in
the presence of normalization), as well as by the use of stochastic gradients.
As a result, the choice of optimizer and update geometry can significantly
affect both optimization speed and the implicit bias toward solutions with
better generalization. Classical momentum methods and adaptive-moment
methods such as Adam [12] are widely used because they stabilize training
through temporal averaging; in adaptive methods, this is complemented
by coordinate-wise scaling. In contrast, a different line of work modifies
the update geometry more directly, for instance by normalizing gradients
or by applying quantization-like operators that alter the update direction.
Lion optimizer. Lion [6] is a recent optimizer discovered by programmatic
search in the symbolic space of update rules. It incorporates several mecha-
nisms that improve optimization dynamics, including decoupled weight de-
cay and a sign-based update direction, and it decouples momentum track-
ing from the parameter update.

1https ://opt-ml.org/papers/2024/paper128.pdf
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Definition 1. The update rule of Lion is

Myp1 = Pamy + (1 — o) VL(wy),

(1)
wig1 = (1= nA\)we + 7 sign(Bimesr + (1 — B1)VL(wy)),
where n s the learning rate, A is the weight decay coefficient, m; denotes
the momentum, and w; are the network parameters.

Empirically, the original Lion study reports improvements over Adam
across a broad range of vision and language tasks [6]. The update is also
computationally lightweight, since the final direction is a component-wise
sign map and does not require second-moment accumulation.

Lion is naturally related to fixed-step methods that use a transformed
gradient direction. In Sign (S)GD, the update direction is sign(V.L(w)),
which results in coordinate-wise steps of magnitude n and is often moti-
vated by robustness and communication efficiency [15, 13, 2, 20]. In Norm
(S)GD, the gradient is normalized and the iterate moves in the normalized
gradient direction with step size 7 [14, 16, 23]|. These methods explicitly
decouple step length from gradient magnitude, but may also introduce
a mismatch between the true gradient direction and the applied update,
which can be understood as a form of structured perturbation to descent
dynamics.

Recent follow-up work has begun to reduce the gap between Lion’s em-
pirical success and its theoretical understanding. The authors of the paper
[8] analyze Lion through a constrained-optimization lens and derive explicit
stochastic nonconvex convergence-rate guarantees with dimension depen-
dence. The paper [11] extend the convergence analysis to both centralized
and distributed regimes, and study variance-reduced Lion variants with im-
proved rates; they additionally analyze communication-efficient distributed
implementations that employ 1-bit (sign) compression. From a comple-
mentary dynamical-systems perspective, [5] develops a Lyapunov-function
analysis for a continuous-time variant of Lion and introduces the Lion-XC
family, in which the non-differentiable sign(-) operator is replaced by a
subgradient mapping of a convex function; the paper interprets Lion as a
principled method for a bound-constrained objective :

1
minL(w) st ] < 5, (2)
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where A is the weight decay hyperparameter. While this constrained in-
terpretation provides an important structural explanation of Lion’s dy-
namics, similar implicit or explicit constraint viewpoints can also arise
for more classical optimizers under decoupled weight decay and related
regularization mechanisms; by itself, it does not yet fully explain the con-
sistently superior empirical performance reported for Lion across diverse
deep-learning workloads.

On the algorithmic side, several variants replace the discrete sign step
with smooth bounded nonlinearities to improve stability while preserv-
ing Lion’s memory /computation profile. For example, RLion [19] proposes
to substitute sign(-) with an arctan-based bounded mapping and reports
competitive performance on vision benchmarks. Finally, practical studies
emphasize Lion’s sensitivity to configuration and the need for careful, prin-
cipled hyperparameter tuning when comparing to strong baselines such as
AdamW, suggesting that part of Lion’s apparent advantage can be contin-
gent on matching training protocols and tuning budgets.

To summarize, Lion can be viewed as a member of the broader family
of sign- and norm-based update rules, and recent work provides multi-
ple complementary interpretations (constrained/composite optimization,
Lyapunov analyses, and algorithmic smooth variants). In the remainder
of this paper, we focus on a specific mechanism that is not fully isolated
by these viewpoints: the direction perturbation induced by sign(-) and its
interaction with momentum and common architectural components (nor-
malization layers and rectifying activations). This perspective motivates
our angle-based characterization of the induced noise and the synthetic
construction that injects comparable perturbations into Norm SGD, en-
abling controlled experiments and analysis.

§3. ROTATION NOISE

Most loss function landscape (LFL) theories work with rotation-
invariant constructions, such as the spectral norm of the Hessian. From
the rotation-invariant perspective, the choice of basis for the sign opera-
tion is effectively random. The sign operation itself can be interpreted as a
form of random rotational noise injection into the gradient direction. This
interpretation seems reasonable since noise in loss function gradients plays
a crucial role in neural network optimization [17]. We begin by analyzing
this noise distribution theoretically.
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Figure 1. A histogram of the rotational noise sampled uni-
formly from the sphere S6000000

Definition 2. We define Lion Noise Injection (LNI) on a vector v
as follows: sample an orthonormal basis B uniformly, express v in the
coordinates of B, and then apply the sign function to these coordinates.

Alternatively, we can describe LNI as follows: LNI(v) = wg+/dim(v),
where wp is a normalized vector along the bisector of the hyperoctant
to which v belongs, with respect to a sampled basis B. To analyze the
noise distribution, we can reformulate the procedure: instead of sampling
a basis, we can fix a basis and sample a vector v uniformly from the sphere
— this gives an equivalent rotational noise distribution. This distribution is
spherically symmetric, and in high dimensions the angle between (v) and
LNI(v) concentrates around a constant; see Figure 1. Indeed, the limiting
angle can be computed explicitly. Fix d and sample x ~ Unif(S?~1). Write

z = g/|lgll> with g; % A’(0,1). Then

cos @ = (z, sign(z _ [ 9 sienlg) :Z?:1 lgil _llglls
I s <|gl2’ vd > Vdlgla Vgl

By the law of large numbers, 1(|g|l; — E|g1| = \/2/7 and %HQHQ —
VEg? =1, hence cos — /2/m and therefore

0 — arccos( g) ~ 0.6466 rad,

which matches the peak near 0.647 radians in Figure 1.

A significant distinction between this model and practice is that in prac-
tice, the distribution of gradient components tends to have heavy tails [21].
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Figure 2. Multiple runs of Lion with different learning
rates on ResNet9 trained for 200 epochs on CIFAR100.
(Left:) Lion runs with larger learning rates correspond to
larger angles. (Center:) The angle by which Lion’s sign
operation rotates the update vector. The observed angles
exceed the theoretical estimate (which is based on the
assumption that the gradients are uniformly sampled from
the sphere).

This implies that gradient directions are concentrated near the hyperoc-
tant’s border rather than being uniformly distributed over the sphere.

As shown in Figure 2, Lion does exhibit the degenerate angle prop-
erty, although the observed angle consistently exceeds the theoretical esti-
mate. A heavy-tailed gradient implies that a small number of coordinates
attain unusually large magnitudes, so L2 norm becomes dominated by
these few large entries (quadratic amplification), while the L1 norm in-
creases only linearly. Consequently, |V L(w)|l1/||VL(w;)|l2 decreases as
tail-heaviness (or coordinate sparsity /inequality) increases, which in turn
reduces cos(6;) = ||VL(wy)||1/(Vd||VL(w;)|]2) and yields a larger typi-
cal angle. Moreover, the angle depends heavily on the learning rate. This
suggests that the learning rate may influence the angle through its effect
on tail behavior. Prior work has shown that SGD iterates in deep net-
works exhibit heavy-tailed behavior [21], and that in analytical models the
heaviness of these tails increases with the learning rate [9], suggesting a
principled link between step size and tail behavior.

Consider the following optimization scheme that mirrors Lion (see Def-
inition 1).

Definition 3. Define Enim (Evolved Noise Injection Momentum) as an
algorithm that modifies Lion by replacing the sign operation with LNI. The
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update rule of Enim:
mip1 = Bamy + (1 — B2) VL(wy)
wyp1 = (1 = nA)wg +n LNI(B1myq1 + (1 — B1)VL(wy))

where 1 is the learning rate, \ is the weight decay coefficient, m is mo-
mentum, w s the network weights.

3)

To test whether this view of the sign operation is reasonable, we compare
Lion directly to Enim. We calibrate Enim’s noise injections to match Lion’s
empirically observed sign noise. More precisely, for each learning rate we
first select an angle matching Lion’s sign operation angle (observed at this
learning rate). Then, at each iteration, we rotate the update vector by this
angle in a random direction and normalize it to match Lion’s step size. The
right panel of Figure 3 shows that Enim with matched noise injections
performs slightly better than Lion (see the right panel of Figure 2 for
reference). Enim also appears less sensitive to the choice of the learning rate
(Figure 3). One possible explanation lies in the temporal correlation of the
directional error. In Lion, the update direction is a deterministic function
of the momentum via the sign operator, so any angular bias relative to
the true gradient is systematic and persists across steps; changing the
learning rate therefore scales this persistent drift, making performance
sensitive to its value. In Enim, the rotation is resampled independently at
each step, so the directional error has near-zero mean and weak temporal
correlation; varying the learning rate then primarily scales variance rather
than coherent bias, yielding a broader range of stable learning rates.

The natural question then becomes how different noise angles interact
with Enim’s performance and to what extent we can enhance its perfor-
mance by varying the noise. See the left panel of Figure 3 (an analogous
graph for noise is presented in the Appendix). As it turns out, the angles
observed empirically for Lion yield near-optimal performance for Enim, at
least in our small-scale CIFAR100 setting. One important observation is
that the optimal noise angle for Enim increases when we increase the learn-
ing rate. This is counterintuitive from the perspective of LFL theories, as
both angle growth and learning rate growth make positive contributions to
the noisiness of the optimization process. One explanation for this phenom-
enon lies in several effects described below. The first, less dramatic effect,
is that for small learning rates and large angles, Enim may not reach its
best performance within the 200-epoch training budget. The second effect,
which we term “momentum tracing”, is discussed in the next section. For
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Figure 3. Enim’s performance on ResNet9 trained for 200
epochs on CIFAR100, with noise angles matching those
empirically observed for Lion’s sign operation. The right
panel (together with the right panel of Fig. 2) shows that
Enim performs on par with or better than Lion, even with-
out additional noise angle tuning.

Enim, we observe that large noise angles soften this effect, preventing the
optimization process from destabilizing.

On the other hand, several intriguing properties regarding the implicit
bias of the Enim and Lion optimizers can be formally derived. Let us
consider the Taylor expansion of the loss function following a single update
step of the simplified Lion optimizer, w’ = w — nsign(g):

2

L(w') = L(w) — g sign(g) + = sign(g) Hsign(g),  (4)

where g = VL(w) denotes the gradient and H = V?L(w) represents the
Hessian matrix. Because of the sharpness term (the second-order compo-
nent governed by the Hessian), gradient-based methods cannot guarantee
a strictly monotonic decrease in the loss over a single step for an arbi-
trary objective function. In practice, however, these algorithms typically
converge successfully — a phenomenon largely attributed to their implicit
regularization properties. Standard gradient descent, for example, induces
an implicit regularization penalty proportional to |[VL||3, a fact formally
established via backward error analysis [3, 22]. Over numerous optimiza-
tion steps, this implicit bias steers the optimizer toward minima where the
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second-order sharpness remains small, effectively preventing the loss from
diverging. To elucidate how this stabilizing effect manifests within the Lion
framework, we can reformulate the sign operator by decomposing the up-
date step into what we term Lion Noise Injection (LNI) components. This
yields a vector parallel to the true gradient g, coupled with an orthogonal
rotation noise vector &:

sign(g) = cg+ &, where ¢g'&=0. (5)
The scalar coefficient ¢ emerges naturally when we take the inner product
with ¢:
. gl
9" sign(g) =clglz +97¢ = llgli = cllgl} = c= TR (6)
2

Furthermore, since the squared fs-norm of any d-dimensional sign vector
evaluates exactly to d, invoking the Pythagorean theorem yields:

d = ||sign(9)[13 = llegll3 + [1€]13. (7)

Recognizing that the angle 6 between the raw gradient and its signum is

formally defined by cos(8) = %, we can rewrite the squared norm of
gill2

the parallel component as follows:

2
2 20012 _ ||9||% —d llgllx — dcos2(0 8
2 2

Given that d = d cos?(0) + ||€]3, the squared magnitude of the orthogonal
noise vector £ inherently simplifies to:

|1£]13 = d — dcos®(0) = dsin?(6). (9)

Now, let us examine the second-order sharpness penalty, P(w), originating
from the Taylor expansion:

Pw) = %2(69+£)TH(69+€) = %2 (Pg"Hg+2c¢"Hg+ ¢ HE) . (10)

This penalty fundamentally depends on the specific realization of the rota-
tion noise vector £. Within the Enim optimizer, £ acts as isotropic random
rotation noise sampled from the (d — 1)-dimensional orthogonal subspace.
Taking the expectation over this noise distribution, the linear cross-term
naturally vanishes due to the zero-mean property of £ (i.e., E[¢] = 0):

E[2c¢ " Hg] = 0. (11)
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To evaluate the quadratic noise component E[¢ T H¢], we apply the lemma
proven in Appendix C:

2 2 T
E[¢THE] = %Tr (PLHP') = % (Tr(H) - 9”;|T|29> L (12

To clarify the geometric intuition underpinning this regularization, we

-~
define h, = 219 as the directional sharpness (capturing the curvature
g llgll3

Tr(H)—h
% as the aver-

strictly along the gradient’s trajectory), and h, =
age orthogonal sharpness (representing the mean curvature across all d—1
dimensions perpendicular to the gradient). By substituting these defini-
tions alongside our previously derived norm identities, ||cg||3 = d cos?(6)
and [|€]|2 = dsin®(0), the expected sharpness penalty for Enim elegantly
reduces to:
n*d Coos
Phnim (W) = 5 [COSQ(Q)hg +sin?(0)h |. (13)

This formulation explicitly demonstrates that the rotation noise angle 6
operates as a continuous mixing weight. Whereas standard normalized gra-
dient descent (§ = 0) strictly penalizes local directional sharpness (hg), the
injection of rotation noise (6 > 0) shifts a portion of the implicit penalty
toward h . By penalizing h |, the algorithm effectively restrains the trace
of the Hessian, actively steering the optimization trajectory toward flat-
ter minima in all directions, which are widely associated with superior
generalization capabilities.

Since in the random-basis (LNI) view the sign-induced residual & 1|
g: is approximately isotropic in the subspace orthogonal to g¢; (i.e.,

;
E[&&) | gi) o< I— IIQ;fltlé ), Lion can be modeled as Enim with a time-varying

0;, and the same expected curvature-mixing implicit regularizer follows.
Empirically, Enim is on par with Lion when 6 is calibrated to match Lion’s
observed angle, supporting the view that Lion’s gains are largely explained
by this directional-noise mechanism. This automatic adaptation of € is in-
duced by the geometric constraints of the update itself: the sign(-) operator
restricts the attainable update directions to the vertices of a discrete hy-
percube. This biases the trajectory toward a specific class of minima. As
training enters these regimes, the effective angle between the true gradient
and its signum changes accordingly, manifesting as an adaptive level of
directional noise.

Moreover, the empirical relationship between the learning rate and the
rotation angle (Figure 2) strongly aligns with this theoretical result. A




DIRECTIONAL NOISE AND IMPLICIT BIAS IN LION 145

larger learning rate drastically amplifies the sharpness penalty via its qua-
dratic scaling. Simultaneously, large learning rates in neural networks are
known to drive trajectories into regimes characterized by heavy-tailed gra-
dients [9]. As established, our heavy-tail proxy metric — the ¢; /{5 gradient
norm ratio — is directly related to the rotation angle. Heavy-tailed gra-
dients typically arise in landscape regimes where a small number of top
Hessian eigenvalues dominate the spectrum. In such regions, the sharp-
ness strictly along the gradient direction is vastly larger than the average
orthogonal sharpness (hy > hy). If § were small, the massive h, term
would cause the quadratically scaled penalty to explode, leading to di-
vergence. To maintain stability, the optimization dynamics are implicitly
constrained to sparse gradient regimes that geometrically yield a larger
rotation angle #. This shift inherently shrinks cos?(#) and grows sin?(8),
effectively dampening the impact of the dominant directional sharpness h
and safely dispersing the regularization burden over the surrounding loss
landscape corresponding to k. Overall, the theoretical role of rotation
noise bridges the geometry of the sign operator with the known properties
of heavy-tailed gradient dynamics.

§4. MOMENTUM TRACING

Most modern neural networks incorporate normalization layers, such as
Batch Normalization [10] and Layer Normalization [1], followed by ReLU
or similar activations. When the preactivation feature map components
are negative, ReLU outputs zero, resulting in no backpropagation signal
through those components. Consequently, the corresponding components
of the bias term in the normalization layer receive zero gradient.

After the gradient becomes zero, these components continue to update
in the direction of momentum for an extended period until the gradient
becomes non-zero again or the momentum value diminishes to numerical
precision limits. If the momentum components associated with the bias
term of the normalization layers are negative, a positive feedback loop can
occur. In this scenario, the bias components shift further into negative val-
ues, reducing the preactivation values even more, which in turn maintains
zero gradients.

By the moment when the gradient signal suddenly reappears (e.g., due
to skip-connections), the weight values contributing to the correspond-
ing activation may have shifted into suboptimal regions, causing abrupt
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Figure 4. A display of Lion divergence with ResNet18 on
CIFAR-10 . (Center left:) A number of BN biases with
a near-zero momentum that receive a non-zero gradient
on the current iteration. (Center:) Blue — a 95 quantile of
networks’ parameters values. Under Lion-weight decay dy-
namics weights converge to +5 = +1/X when their gradi-
ents are identical to zero. (Center right:) Cosine similarity
between 5% largest weights and their updates converges
to 1 as the weights converge to 1/\.

changes that destabilize the training process. We term this effect “momen-
tum tracing”. With both convolutional and linear layers multiple parame-
ters lose the gradient signal when the corresponding BatchNorm activation
outputs zero.

This effect can occur with any optimization method. However, in meth-
ods like Adam, the magnitude of the update for a component decreases
rapidly at a geometric progression rate of approximately [31/+/82, where
commonly used values are f; = 0.9 and Sy = 0.999. This rapid decay
prevents the optimizer from pushing the weights too far into suboptimal
regions. In contrast, methods like Norm Gradient Descent (Norm GD) with
momentum and decoupled momentum mechanisms similar to Lion exhibit
a slower decay of the momentum component, typically with go = 0.99.
In Lion, the momentum decay rate is similar to that of Norm GD, but
due to the use of the signum function, the method can take larger update
steps for a component, which would be expected to lead to even greater
destabilization. However, the noise introduced by the method reduces the
frequency of zero gradients.

A distinctive aspect of Lion here is that decoupled weight decay com-
bined with a sign update induces a natural saturation scale for coordinates
with vanishing gradients. For a coordinate with g; = VL(w;) = 0, any
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steady state w11 = w; must satisfy

1
0 = wip1 — wp = —nAwg + n sign(mey) = wy € {:I:)\} .

Hence, if a parameter spends several iterations with (approximately)
zero gradient while sign(m;) remains persistent, Lion drives it toward
+1/A. This is reflected in Figure 4 (center), where large-magnitude param-
eters cluster near 5 = +1/A, and in Figure 4 (right), where the cosine
similarity between the largest weights and their updates approaches 1 as

In experiments with Enim, momentum tracing is most noticeable when
the noise is set to zero and with large learning rates. The larger the learn-
ing rate, the more significant the steps the optimizer takes in the direction
of momentum when the gradient has diminished. Introducing noise by ro-
tating the update direction by a random fixed angle can result in gradients
becoming non-zero earlier, preventing the optimizer from taking excessive
steps in the momentum direction.

§5. CONCLUSION

In this work, we analyzed the characteristics of the specific sign noise

introduced by the Lion optimizer. We demonstrated that Lion adapts the
rotation noise in accordance with the learning rate to stabilize the training
process, which can significantly impact model performance. Additionally,
we introduced a novel optimization method that employs random rota-
tions of the gradient update at fixed angles, serving as a tool for analyzing
Lion’s behavior. Finally, our theoretical analysis shows that the rotation
angle provides a controllable degree of freedom that modulates the opti-
mizer’s implicit bias by tuning the balance between directional sharpness
and average sharpness across directions.
Future work. We plan to delve deeper into the mechanisms of Lion supe-
rior performance related to noise injection and per-element fixed step size.
In addition, we will conduct a more systematic study of the loss-landscape
geometry around solutions favored by Lion and assess how these empirical
signatures align with our theoretical characterization of implicit bias.
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Figure 5. For larger learning rates, reducing the noise
level leads to a sharp deterioration in performance. Enim
also appears less sensitive to the learning rate than Lion.

APPENDIX A. ROTATION ANGLE DEPENDENCE

Specified effects were better visible for methods with momentum and
affine transform in normalization layers. Figure 5 explores the joint depen-
dence of performance on learning rate and rotation angle. We observe that
for larger learning rates, reducing the noise level leads to a rapid degra-
dation in performance. Moreover, the empirically observed Lion angles lie
close to the ridge of near-optimal performance.

In contrast to Lion, Enim exhibits a broader plateau of stable learning
rates, which is consistent with its weaker temporal correlation in directional
error.

APPENDIX B. MOMENTUM TRACING

The momentum tracing effect is amplified in architectures with normal-
ization layers and ReLU activations. Figure 6 shows that for large learning
rates and small rotation angles, the number of zero gradient components
increases substantially. In these coordinates, the update direction can re-
main aligned with the accumulated momentum over many steps.

Under decoupled weight decay and sign-based updates (Lion), this can
drive parameters toward the saturation scale +1/\ and reinforce zero-
gradient regimes due to activation-induced gradient suppression. Introduc-
ing rotation noise reduces the persistence of such coordinates, weakening
temporal bias accumulation and improving stability.
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Figure 6. (Left:) Relationship between learning rate, noise
and average number of zero components in gradient.
The more zero components gradient have, the more the
method can be destabilized due to momentum tracing.
(Right:) Distribution of bias term in batch normalization
layer. Most components are negative, which could lead to
positive feedback loop.

ApPPENDIX C. LEMMA

Lemma 1 (Expected Curvature of Orthogonal Noise). Let g € RY\ {0}
be a fized gradient vector and H € R¥*? be a symmetric Hessian matriz.
Let ¢ € R? be a random noise vector with a fized squared norm ||€||3,
isotropically distributed in the (d — 1)-dimensional subspace orthogonal to
g (i.e., "¢ =0). Then:

, ; a
E[¢THE] = %Tr(PLHPl) = c|l|£_“21 <TY(H) - g|g|29>
2

.
where P+ =1 — ﬁ’;’T 1s the orthogonal projection matriz onto the subspace
2

perpendicular to g.

Proof. Because ¢ is zero-mean and isotropic within the (d—1)-dimensional
subspace defined by the projection matrix P, its covariance matrix is
strictly proportional to P':

E[¢¢] = cPt
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To find the scalar ¢, we take the trace of both sides. For the left side, using
the cyclic property (Tr(AB) = Tr(BA)):
Tr(E[EE']) = E[Tx(¢€T)] = E[Tr(€ " €)] = [|€]l3

For the right side, the trace of a projection matrix equals the dimension
of its image subspace:

Tr(cPL):c-T&“(I—ﬁjnT%) :c(d—W) =c(d—1)

l€ll3

-1~ Thus, the exact covariance matrix is

Equating these gives ¢ =
Ty _ €l pi
B¢ = 1P
Since €T H¢ is a 1 x 1 scalar, it equals its own trace. Using the linearity
of expectation and the cyclic property of the trace:

E[¢"HE) = E[Te(¢THE)] = B[Tr(HEET)] = Te(HE[EST))

Substituting the covariance matrix from Step 1:
d—1 d—1
Because Pt is symmetric and idempotent ((P+)? = P*), applying the
cyclic property yields Tr(HP+) = Tr(HP+P+) = Tr(P+HP'), which
proves the first equality.
Substitute the explicit definition of P+ into Tr(H P):

ey (i (1 5} = o - (5200

Applying the cyclic property to the second term (Tr(Hgg') = Tr(g" Hg))
yields:

Hgg" TH TH
Tr( 99 > =9 29 — Ty(HPY) =Te(H) - L2
lgll 19113 913

|
2
Multiplying this expanded trace by the covariance scalar !f_“f completes

the proof. O
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