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ABsTrACT. In this work, we continue the line of research initiated
in [9], which introduced the model of half-duplex communication
complexity. In contrast to the classical model of communication
complexity due to [18], the half-duplex model restricts the parties so
that at any moment each of them can either speak or listen, but not
both simultaneously, as in communication via a walkie-talkie. This
model is motivated by questions arising in the study of the KRW
conjecture.

Addressing the open problems posed in [9], we establish lower
bounds for the disjointness function in all considered variants of the
half-duplex model, and prove upper bound in the half-duplex model
with zero. We further show lower and upper bounds on the half-
duplex complexity of the Karchmer—Wigderson games for count-
ing functions and for the recursive majority function, adapting and
extending techniques from classical communication complexity. In
addition, we introduce the notion of non-deterministic half-duplex
communication complexity and prove bounds relating it to non-
deterministic communication complexity in the classical model.

A preliminary version of this work appeared in [6], and some of
the results were subsequently refined in [5]. The present journal ver-
sion significantly extends the conference version and includes a new
section on Karchmer—Wigderson games for threshold and majority
function.

§1. INTRODUCTION

1.1. Background. Communication complexity is a powerful tool with
applications in algorithms, circuit complexity, proof complexity, and many
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ADVANCES IN THE HALF-DUPLEX COMMUNICATION COMPLEXITY 101

other areas of theoretical computer science. In the classical model of com-
munication complexity introduced by Yao [18], two players, Alice and Bob,
try to compute f(x,y) for some function f, where Alice only knows z and
Bob only knows y. The players can communicate by sending bits to each
other, one bit per round, and at the end of the communication, both play-
ers must know the result f(x,y). The essential property of this classical
model is that in each round of communication, one player sends a bit, and
the other receives it.

There are many extensions of this basic two-party communication
model, such as randomized communication complexity, non-deterministic
communication complexity, various types of multiparty communication
models, etc. In [9], the authors suggested considering a communication
model where the players speak over a half-duplex channel. A well-known
example of half-duplex communication is talking using a walkie-talkie: one
has to hold a “push-to-talk” button to speak to another person, and the
other has to keep it released to listen. If two persons try to speak simulta-
neously, then they do not hear each other. Formally speaking, every round,
each player chooses one of three actions: send 0, send 1, or receive. There
are three different types of rounds: a classical round, when one player sends
some bit while the other one receives, a wasted" round, when both players
send bits (these bits get lost), and a silent round, when both players re-
ceive. In [9], the authors defined three variations of the half-duplex model
based on what happens in silent rounds: half-duplex models with silence,
with zero, and with adversary (see Section 2 for more information).

It turned out that the communication complexity in the half-duplex
models not only differs from the classical case, but also behaves differently.
For example, in the classical case, the equality function, the disjointness
function, and the inner product function have complexity n + 1, meaning
that all three are the hardest functions. In the half-duplex models with
silence and with zero, the equality is less complex than the other two.

The original motivation for the half-duplex communication models
comes from the study of the Karchmer—-Wigderson games [11] for the mul-
tiplexer relation [7]. In [15], results from the half-duplex communication
complexity were used to prove a lower bound on a composition of the
universal relation with the Karchmer-Wigderson game for some function.

IIn the original paper, this type of rounds is called spent. We believe that wasted is
a better term for it.
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EQ, 1P, DISJ,, KWuiopa,,
Dhd >n/logh >n/2 >n/logh * > logn *
s | <n/logh+ o(n) <n/2+0(1) < 2logsn  x
Dhd >n/log3 > n/log(2/(3 —/5)) >n/log3 x| >1.439logn *
0 | < n/log3+ o(n) <3n/4+o(n) *| <3logzn x
D >n/log2.5 >n/log(7/3) >n/log25 x| =2logn

Table 1. Lower and upper bounds for the communication
problems considered in [8].

The authors suggest that a better understanding of the half-duplex com-
munication complexity might help to achieve new bound in the study of
the KRW conjecture [10] and even prove a supercubic lower bound on the
De Morgan formula size of an implicit function.

We continue the research started [9], and close some open questions from
it regarding the complexity of the disjointness function. We also study the
complexity of the Karchmer-Wigderson games for the counting functions
and for the recursive majority function. In addition, we define the non-
deterministic half-duplex communication complexity and prove bounds
connecting it to the classical non-deterministic communication complexity.

1.2. Overview of results. For a communication problem P, let ng(P),
Dy4(P), and D"¥(P), denote the (deterministic) half-duplex communica-
tion complexity of P with silence, with zero, and with adversary, respec-
tively (see Section 2 for formal definitions). Table 1.2 contains a summary
of lower and upper bounds for the communication problems considered
in [9], the bounds proved in this paper are marked with *.

In addition to the bounds in Table 1.2, we prove the following upper
bounds for special cases of the counting function,

D" (KWyops, ) < 3logzn, D' (KWyops,) < 2.47logn,

ng(KWMODlln) < 3.481ogn,

and for the recursive majority function,

D" (KWreeraj, ) < D§¥(KWReenaj, ) < 2logs 7.
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For arbitrary p > 7, we prove that ng(KWMODpn) < 1.16 {1 + log, gw .
log n. For threshold function we show upper bound,

DI (KWrar, ) < logs(n) + (k — 2) - logs (log, ()
+ (k= 1) -logg(k — 1) + k* — 2.

We also show that the lower bounds for KWyiope, in Table 1.2 apply for
KWiiopp, for arbitrary p in all three models.

In Section 5, we introduce non-deterministic half-duplex communication
complexity. Let N"(f), NA¥(f), and N"*(f) denote the non-deterministic
half-duplex communication complexity of f with silence, with zero, and
with adversary, respectively. For any function f : {0,1}"x{0,1}"™ — {0, 1},
we show that

NeA(f) = N(f)/log 5 + ©(log N(f)),

No?(f) = N(f)/log 3 + ©(log N(£)),

NPA(f) = N(f)/log3,

where N(f) denotes the classical non-deterministic communication com-
plexity.

1.3. Organization of this paper. In Section 2, we review the half-
duplex communication models. In Section 3, we prove lower and upper
bounds for the disjointness function in various half-duplex models. Then, in
Section 4.1, we prove lower and upper bounds on the Karchmer Wigderson
games for the counting functions. In Section 4.2, we prove upper bounds
on the Karchmer-Wigderson games for recursive majority, majority and
threshold function. In Section 5, we define the non-deterministic half-
duplex communication complexity and prove bounds connecting it to the
classical non-deterministic complexity. Section 6 contains open problems.

§2. HALF-DUPLEX COMMUNICATION COMPLEXITY

We expect that the reader is familiar with the standard definitions of
communication complexity that can be found in [13]. It will be necessary to
understand that a communication protocol can be described by a binary
tree, where every node has an associated combinatorial rectangle of all
input pairs (x,y) such that if the players are given x and y, then the
communication goes through this node. Finally, we expect the reader to
understand why the rectangles associated with the leaves of the protocol
tree are monochromatic.
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Let’s assume that the players have some synchronizing mechanism, e.g.,
synchronized clocks, that allows them to understand when each round
begins. In the half-duplex communication, every round, each player chooses
one of three actions: send(0), send(1), or receive. So, there are three
different types of rounds.

e A classical round: one player sends some bit and the other one
receives it.

o A wasted round: both players send bits, and these bits get lost.

e A silent round: both players receive.

In [9], the authors considered the following three variations of this model.

o The half-duplex communication model with silence. In a silent
round, both players receive a special symbol silence, so it is pos-
sible for both players to distinguish a silent round from a classical
one.

e The half-duplex communication model with zero. In a silent round,
both players receive 0, so the players can not distinguish a silent
round from a classical round where the other player sends 0.

e The half-duplex communication model with adversary. In a silent
round, each player receives arbitrary bit, not necessarily the same
as the other player.

In the half-duplex model with zero, there is no need to send zeros — a
player can choose to receive instead and the other player will not notice
the difference.

In the classical case a communication protocol is described by a binary
tree with labels. A communication of players on inputs (z,y) corresponds
to a root-to-leaf path in this tree. After every round each player knows
what the other player’s action was, and that allows them to determine
the next node of the path. Unlike the classical case, in the half-duplex
communication models a player does not always know what the other
player’s action — the information about it can be “lost”, i.e., in a wasted
round a player do not know what the other player’s action was. If we
extend the definition of a classical protocol for the half-duplex models
then in some rounds a player might not know how to choose the next node
of the path. That is why in the half-duplex case, a protocol is described
by two trees — one for each player. The protocol trees have arity 5 in
the half-duplex model with silence, arity 3 in the model with zero, and
arity 4 in the model with adversary. The arity of the tree correspond
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to a number of different events a player can observe: sent (0), sent (1),
received(0), received(1), and silence. In the half-duplex model with
silence all five events are possible, in the half-duplex model with zero there
is no silence and the players never send 0, in the half-duplex model with
adversary a silence is not possible. For the formal definition of the half-
duplex communication protocols see [9]. It should be noted that despite
the differences, every node of a half-duplex protocol tree has an associated
rectangle of inputs, and every leaf rectangle is monochomatic.

The minimal number of rounds that is enough to solve a communication
problem R on all inputs defines the communication complexity of R. For
the classical communication model, we denote it by D(R), for the half-
duplex models with silence, with zero, and with adversary, we denote it by
D" (R), D} (R), and D"¥(R), respectively.

§3. BOUNDS FOR THE DISJOINTNESS FUNCTION

The disjointness function DISJ, : {0,1}" x {0,1}"™ — {0,1} is defined

by
DISJ,(z,y) =1 < Vie[n]:x; #1Vy #1.

This is one of the hardest functions in the classical communication model -
it has communication complexity exactly n + 1. In other words, the trivial
protocol where Alice sends all her bits to Bob, Bob computes the result
and then sends it back to Alice, is optimal. This is not the case in the
half-duplex models. In [9], the authors prove an upper bound n/2 + O(1)
on DISJ,, in the half-duplex model with silence (Theorem 16 in [9]). In this
section we prove lower bounds for DISJ,, in all three half-duplex models,
and an upper bound in the model with zero. We start with the lower
bounds.

Theorem 1. For alln € N,
D (DISJ,) > n/log5, DEY(DISJ,) > n/log3,
D" (DISJ,) > n/log2.5.

To prove this theorem, we will need the following folklore property of
communication protocols for DISJ,,. For a Boolean vector = € {0,1}", let
Z denotes its complement, i.e. Z; = 1 — x; for all ¢ € [n].

Lemma 1 ( [13]). Let z,y € {0,1}" and = # y. The pair of inputs (z,T)
and (y,y) do not belong to the same monochromatic rectangle of DISJ,,.
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Proof. Note that DISJ, (x,z) = DISJ,(y,y) = 1. Consider a rectangle
containing (x,Z) and (y, 7). Due to combinatorial rectangle properties it
necessarily contains also (x, ) and (y,z). If y C « then DISJ, (z,7) = 0;
otherwise, DISJ,,(Z,y) = 0. Hence this rectangle is not monochromatic.

O

This property of DISJ,, allows us to define a sub-additive measure u(R)
that is equal to the number of pairs (z,Z) in rectangle R. In [9], a special
framework was developed specifically for such measures, the rectangle elim-
ination technique. The following lemma allows us to get a lower bound by
showing that for every protocol the measure of the root rectangle is large
while the measures of all leaf rectangles are small. We say that some rec-
tangle of inputs R is good for a protocol II if restricting the problem to R
allows the players to omit the first round of II.

Lemma 2 (Lemma 10 in [9]). Let p be some sub-additive measure on
rectangles such that (X XY) = u, and for any leaf rectangle Ry, u(R;) <
we- If for any rectangle R there is always a good subrectangle for function
f I R of measure at least o - u(R) then the depth of the protocol is at least

logy/q &=
Now we are ready to prove Theorem 1.

Proof of Theorem 1. For the first two lower bounds it is enough to use
the fooling set method [13]. There are 2" pairs (z, ), and hence there are
at least 2™ 1-monochromatic rectangles, that gives a lower bound on the
number of leaves in the protocol. It remains to note that the protocol trees
in the half-duplex models with silence and with zero have arities 5 and 3,
respectively.

The third lower bound requires a little bit more effort. The same argu-
ment would prove only n/2 lower bound which is trivial. Instead, we use
the rectangle elimination technique. For that we will use the fact that for
any protocol solving DISJ,, on some rectangle R there is a set of five good
rectangles covering each element of R twice. Hence, one of these rectan-
gles has measure at least 2/5 - u(R) and we can reduce the problem to it
(for more details see [8, Theorem 13]). Application of Lemma 2 for p and
a = 2/5 concludes the proof. O

Now we proceed to proving an upper bound for DISJ,, in the half-duplex
model with zero. In order to show a protocol with %n + o(n) rounds, we
start with a less efficient protocol and then improve it. Let us remind that
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Case 1 Case 2
Block | Alice Bob Block | Alice Bob
00 receive | send (1) 00 receive | receive
01 send (1) | receive 01 send(1) | send(1)
10 receive | receive 10 receive | receive
11 receive | receive 11 receive | receive
Case 3

Block | Alice Bob

00 send(1) | receive

01 receive | receive

10 receive | send (1)

11 receive | receive

Table 2. The first stage of the half-duplex protocol for
DISJ,, with zero.

in the half-duplex model with zero there is no need to send zeros, so the
players never do it.

Theorem 2. For all n € N, D}%(DISJ,,) < 5n/6 + O(logn).

Proof. W.l.o.g., we assume that n is even. Consider the following protocol.
Alice and Bob split their input strings into blocks of size 2, so each player
has n/2 such blocks. Let #(ab) denotes the number of blocks ab among the
blocks of Bob. Note that one of the following cases holds:

(1) #(00) = n/6, then £(01) + #(10) + 4(11) < n/2 —n/6 = n/3,

(2) #(01) > n/6, then £(00) + #(10) + 4(11) < n/2 —n/6 = n/3,

(3) #4(00) + £(01) < n/3.
At the beginning Bob must check which of the cases applies and tell Alice
using two bits of communication. Further communication depends on it.
We will show that in all the cases the players can solve the problem using
at most 5n/6 + O(logn) rounds. The communication will be divided into
two stages. In the first stage, Alice and Bob process their input considering
one pair of corresponding blocks per round. Each round they act as it is
described in Table 3. Alice and Bob need to be able to determine the
situations when the corresponding blocks intersect, that is, to distinguish
block pairs (01,01), (01,11), (11,01), (11,10), (11,11), (10,10), (10,11)
from others.
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Case 1. After n/2 rounds, Bob tells Alice whether he ever has received 1
while processing a block 11 or 01. If he has, then the corresponding block
of Alice was 01, and hence their inputs intersect. This corresponds to
identifying (01,01) and (01, 11). Further, Alice tells Bob whether she ever
has a silent round while processing 11. If she has, then the corresponding
block of Bob was one of 01, 10 or 11, and hence their inputs intersect,
so the players identified block pairs (11,01), (11,10), and (11,11). If any
intersecting blocks have been found, the players stop the communication
and output 0. Otherwise, they proceed to the second stage.

In the second stage, to identify the remaining two block pairs (10, 10)
and (10,11), Alice needs to distinguish zeros she received when Bob was
processing 10 or 11, and zeros she received when Bob was processing 01.
Bob sequentially (starting from his first silent round) goes through all his
blocks 01, 10, 11 corresponding to silent rounds. When he processes 10 and
11, he sends 1, and when he processes 01, he sends 0. Alice knows how many
bits Bob will send her, since he sends one bit for every silent round. Alice
simultaneously processes her blocks corresponding to the silent rounds.
Now for every such block she knows whether Bob has 10 or 11. If she
receives 1 having 10 then they identified (10,10) and (10,11). At the end
of the protocol, Alice needs one more round to tell Bob whether she has
found an intersection.

The complexity of the first stage is n/2 + O(1), the complexity of the

second stage is n/3 + O(1), so the total complexity is 5n/6 + O(1).
Case 2. After n/2 rounds, Bob tells Alice whether he has ever received 1
while processing 11. If he has, then Alice had 01 in the corresponding block,
and hence their inputs intersect, so the players identified (01,11). After
that, Alice tells Bob whether she has ever received 1 while processing 11.
If she has, then they identified (11,01). Next, Bob tells Alice the number
of rounds where he sent 1. Alice compares it with the number of rounds
where she received 1. If these two numbers are equal, then there were no
wasted rounds in the first stage, otherwise the players identified a block
pair (01,01). If any intersecting blocks have been found, the players stop
the communication and output 0. Otherwise, they proceed to the second
stage.

In the second stage, to identify the remaining four block pairs (10, 10),
(10,11), (11,10) and (11,11), Alice needs to distinguish zeros received
when Bob was processing 10 or 11 from zeros received when Bob was



ADVANCES IN THE HALF-DUPLEX COMMUNICATION COMPLEXITY 109

processing 00. Bob sequentially goes through all his blocks 00, 10, 11 cor-
responding to silent rounds. When he processes 10 and 11, he sends 1, and
when he processes 00, he sends 0. Similarly to the previous case, if she
receives 1 having 10 or 11 then they identified one of the desired pairs of
blocks. At the end of the protocol Alice needs one more round to tell Bob
whether she has found an intersection.

The complexity of the first stage is n/2 + O(1), the complexity of the
second stage is n/3 + O(logn), so the total complexity is 5n/6 + O(logn).
Case 3. After n/2 rounds, Bob tells Alice if there was a silent round cor-
responding to his block 11. If there was such a round, the Alice had 01,
10 or 11 in the corresponding block, so the players identified block pairs
(01,11), (10,11), and (11, 11). Next, Alice tells Bob if she has ever received
1 while processing 10 or 11. If she has, then Bob had 10, and hence they
identified a block (10, 10) or (11, 10). If any intersecting blocks have been
found, the players stop the communication and output 0. Otherwise, they
proceed to the second stage.

In the second stage, to identify the remaining two block pairs (01,01)
and (11,01), Alice needs to distinguish zeros received while Bob was pro-
cessing a block 00 and zeros received while Bob was processing a block
01. Bob sequentially goes through all his blocks 00 and 01 corresponding
to silent rounds. When he processes a block 01, he sends 1, and when he
processes 00, he sends 0. Similarly to the previous cases, if Alice receives
1 while processing 01 or 11, she identifies one of the desired block pairs.

The complexity of the protocol in this case is 5n/6 + O(1). O

The protocol proposed in Theorem 2 can be improved if we notice that
reiterating over a part of the blocks that happens in the second stage can
be reduced to solving disjointness problem on smaller inputs.

Theorem 3. For all n € N, D}%(DISJ,,) < 3n/4 + O(log® n).

Proof. We are going to modify the protocol from the proof of Theorem 2.
In the modified protocol, the players consider the same three cases, and
they have the same first stages in all cases. The second stage is different.
Instead of reiterating all blocks corresponding to silent rounds, Alice and
Bob reduce this problem to solving disjointness on strings of size at most
n/3, and then run the same protocol for disjointness recursively. Thus, we
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get the following bound

[ogs ()]
D;Y(DIST,) < Y.

=0

2
530 + O(log” n)

= n 3n
<> AT O(log? n) = s O(log? n).
1=0

It remains to understand how the second stage works in each of the cases.
Case 1. To identify two block pairs (10,10) and (10,11), Bob writes down
a string x’ that has one bit for every silent round: 1 for a block 10 or
11, and 0 for 01. Similarly, Alice writes down a string y’ that has one bit
for every silent round: 1 for a block 10, and 0 for other blocks. It is not
hard to see, that DISJ(z’,y’) = 0 if and only if there was a silent round
corresponding to (10, 10) or (10,11).

Case 2. To identify four block pairs (10, 10), (10,11), (11,10) and (11, 11),
Bob writes down a string #’ that has one bit for every silent round: 1 for a
block 10 or 11, and 0 for 00. Similarly, Alice writes down a string y’ using
the same rules. It is each to verify, that DISJ(z’,y") = 0 if and only if there
was a silent round corresponding to one of the desired block pairs.

Case 3. To identify the remaining two block pairs (01,01) and (11,01),
Bob writes down a string 2’ that has one bit for every silent round: 1 for
a block 01, and 0 for others (at this point, he already knows that there
were no silent rounds corresponding to 11). Similarly, Alice writes down
a string ¢’ that has one bit for every silent round: 1 for a block 01 or 11,
and 0 for 10. And again, it is not hard to see, that DISJ(2’,y’) = 0 if and
only if there was a silent round corresponding (01,01) and (11,01). O

§4. BouNDS ON THE KARCHMER—WIGDERSON GAMES

The seminal work of Karchmer and Wigderson [11] established a cor-
respondence between De Morgan formulas for non-constant Boolean func-
tion f and communication protocols for the Karchmer-Wigderson game
for f. De Morgan formula is a Boolean formula over the De Morgan ba-
sis {A,V,—}, where — operation is only applied to input variables. The
Karchmer—Wigderson game for Boolean function f : {0,1}" — {0,1} is
the following communication problem: Alice gets an input = € {0,1}"
such that f(z) = 0, and Bob gets an input y € {0, 1}" such that f(y) = 1.
Their goal is to find a coordinate i € [n] such that z; # y;. The Karchmer—
Wigderson game for f can be considered as a communication problem for
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the Karchmer—Wigderson relation for f:

KWy ={(z,y,9) | z,y € {0,1}",i € [n], f(z) =0, f(y) = 1L, @ # yi}-
Karchmer and Wigderson showed that the communication complexity of
KW/ is exactly equal to the formula depth complexity of f. This obser-
vation allows us to use communication complexity methods for proving
formula depth lower bounds.

In this section, we prove bounds on the half-duplex communication

complexity of the Karchmer—Wigderson games for the counting function
MODp,, : {0,1}™ — {0,1}, defined by

MODp,(z) =0 < z1+...+ 2, =0 mod p,

and for the recursive majority function RecMaj,, : {0,1}™ — {0, 1}, defined
by

RecMaj,, (21, ..., 2,) = Maj3(RecMaj%(ac1, ),
RecMaj%(x%_H, . ,x%n),
RecMajy (222 41, .- Tn)),

where Maj, : {0,1}3 — {0,1} is majority of three bits, and n is a power
of three. And for threshold function THRy, : {0,1}™ — {0, 1} defined by

THRy, (7)) =1 <= Zz > k.
=1

A sgpecial case of the threshold function is the majority function defined
by

Maj,, = THRaz ;, .
This does not immediately imply any bounds for De Morgan formulas — the
correspondence between formulas and protocols works only for the classical
model. On the other hand, better understanding of the half-duplex model
might help to prove bounds in the classical case as it was done in [15].

4.1. Counting function. We start with lower bounds for MODp,, func-
tions. In the classical case, a lower bound on the communication complexity
of the Karchmer — Wigderson game for some function f corresponds to a
lower bound on De Morgan formula depth complexity of f. For MOD2,,
the parity function, we have the tight bound 2 log n: the lower bound is due
to the famous work of Khrapchenko [12], and the upper bound is straight-
forward by implementing binary search. The method of Khrapchenko can
also be used to prove 2logn — O(1) lower bounds for MODp,, for arbitrary
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p. In [9], the authors proved 2logn lower bound for KWyop2, in the half-
duplex model with adversary. We use similar ideas to prove general lower
bounds for MODp,, in all the half-duplex models.

Theorem 4. For anyp > 2 andn € N,
DY (KWiionp,) > logn — O(1),
D{HKWyopp, ) > 1.439log n,
D"(KWiopy, ) = 2logn — O(1).

Remark 1. In earlier versions of this paper and in the conference ver-
sion [6], this theorem states better lower bounds that were erroneously
obtained by using an analysis that does not work for any distribution on
the inputs.

We prove this theorem using the information-theoretic approach
from [9]. For basic definitions of information theory, we refer to [4]. We
show that there is a probability distribution over the inputs of Alice and
Bob, such that at the beginning of the communication each player has
uncertainty roughly logn bits about the input of the other player. At the
end of the communication (for this specific distribution) each player nec-
essarily knows the input of the other player. This means that during the
protocol each player learns roughly logn bits of information. For the clas-
sical communication model, this would be enough to show the 2 log n lower
bound, because in every round one of the players learns at most one bit of
information and the other learns nothing, so there must be at least 2logn
rounds. In the half-duplex communication, the situation is more compli-
cated — in silent rounds both players might learn some information. To
estimate the amount of information the players learn during half-duplex
communication, we prove upper bounds on it similar to upper bounds
proved in [9, Theorems 18, 21, and 24].

Proof. Let (X,)Y) be a pair of jointly distributed ran-
dom variables where X is wuniformly distributed on the set
{z € {0,1}" | MODp,,(z) = 0,n/4 < ||z||1 < 3n/4}, that corresponds
to Alice’s inputs of Hamming weight between n/4 and 3n/4, and Y
is obtained from X by flipping one 0 bit uniformly at random. Thus,
H(Y | X) = log(n/4) and H(X | V) > log(n/4). Before any communica-
tion takes place H(Y | X) + H(X | V) = 2logn — O(1) . Given inputs
from the distribution (X,)) the players have to find the unique bit of
difference.
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Let P be a protocol for MODp,,. W.l.o.g., we assume that all the leaves
of P are on the same depth. For any natural k, let I1% and II% be the
marginal distributions over Alice’s and Bob’s partial transcripts after run-
ning P for k rounds induced by (X,)). If the protocol P has depth d,
then H(Y | X,119) + H(X | Y,11%) = 0. That the players have to learn
at least 2logn — O(1) bits in d rounds. If they can learn at most « bits of
information in every round, then d > 2 logn — O(1).

Now we need to upper bound the amount of information that can be
learned in one round. That is to show that the amount of information the
players learn in k£ rounds is upper bounded by ak for some constant «,

IX 0% | V) +1(Y: T4 | X) < ak.

We will induct on k: the number of rounds. For k = 0, there is only one
possible partial transcript for either player, the empty transcript, and thus
the result is immediate. Now suppose that this is true for some k. Let 551“
and 5}}“ be the marginal distributions over which event each player will
observe (sent(0), sent (1), received(0), received (1), and silence).
Note that

(X T | V) = I(x : 10, €57 | )
=I(X 1% | V) +I(X: g5 p,115).

Thus, it suffices to show that I(X : EET1 | Y, %) +1(V : 4T | X, 11%) <a.
By definition of mutual information,

(X Egt [, I0p) = H(EG™ | Y. 1) — H(EG™ | X, Y, 11p)

= H(EG | Y, 11p).

The second term here is zero because values of X and ) unambiguously
determine the entire protocol. So it is enough to bound H(EET | Y, 11%) =
Ey[H(EF" |V =y} =)

Let .A]ZH and A%H be the marginal distributions over players actions
(send(0), send(1), and receive) in round k + 1. Note that A% is a
function of J and I1%. If for some pair (y,7) Bob sends, i.e. A% =
send(0) or A% = send(1), then H(ER™ | Y = y, 1% = 7) = 0. For the
sake of brevity we use r as a shortcut for action receive.

H(EG™ | Y, ) = H(EG™ | Y, I, AF™)
= Pr[ART =] H(EET | Y, 1Tk, AR = 1),



114 Y. 1. DEMENTIEV ET AL.

Given that Bob receives, his event is determined by the action of Alice,
thus

H(ES | V10, G = 1) = HAGT | 9, A5 = 1)
< HART | AT = 7).
This gives us the following bound.
I 10 | V) = H(EE™ | V1) < PrAl™ = ] H(AR | A5 = ).
The same argument works for 1() : I1% | X') and hence we get,
IX:TO5 | V) + 1Y T4 | &) < Pr[As™ = o] H(ART | AL =)
T+ PAY = 0] BT | A =),

Now let a, and b, denote the probabilities that Alice and Bob receive
in round k + 1, respectively. In addition, let po., pir, Dro, Pr1, and Py,
denote the probabilities of all the possible situations in round & + 1 (po,
corresponds to a situation where Alice sends 0 and Bob receives, and so
on). The right hand side of the above inequality can be rewritten as follows.

r br r br rr br
b - Por . log + bir log + Prr log
br Por br Pir br DPrr

+ar. pﬂlog&+lﬂlog&+prrlogar .
Ay DPro Ay Pr1 Ay Drr

Numerical analysis of this expression with all the necessary restrictions
shows that its maximum is at most 2, hence I(X : 1% | V) + I(Y : T |
X) < 2k. That gives (2logn —O(1))/2 = logn — O(1) lower bound for the
half-duplex model with silence.

For the half-duplex model with zero, we can use the same analysis, but
the players never send 0. So at the end, we maximize

br' (plr lOg br +p'rr ].Og br ) +a, - (prl .log&_i_prr IOg Gy )
by P1ir b, Drr Ay Pr1 Qp Drr
Numerical analysis shows that the maximum of this expression is slightly
less then 1.389. That gives 2logn/1.389 > 1.4391logn lower bound for the
half-duplex model with zero.
Finally, in the half-duplex model with adversary, for any distribution on

the inputs, the players can learn at most one bit per round [8, Theorem 24|,
that concludes the proof. O




ADVANCES IN THE HALF-DUPLEX COMMUNICATION COMPLEXITY 115

Round 1 Round 2
Case | Alice Bob Case | Alice Bob
1 receive | receive 1 send O | send 1
2 receive | receive 2 send 1 send 0O
3 send O | send 1 3 receive | receive
4 send 1 send 0O 4 receive | receive

Table 3. The half-duplex protocol for KWyiop2, with silence.

Now we proceed to the upper bounds. First, we will consider a few
special cases of the counting function, and then we will prove the general
upper bound for arbitrary p > 7. The following two theorems establish
upper bounds for MOD2,, in the half-duplex models with silence and with
zero. Both protocols use the idea of ternary search but in a slightly different
manner.

Theorem 5. For all n € N, ng(KWMODQn) < 2logg n.

Proof. Alice and Bob split their input strings into three equal parts and
compute MOD2,, for the resulting substrings. There are four possible cases
for each player.

e Parities of Alice’s substrings: 1) 000; 2) 011; 3) 101; 4) 110.

e Parities of Bob’s substrings: 1) 111; 2) 100; 3) 010; 4) 001.
Using two rounds of communication the players determine which pair of
corresponding substrings have different parities, and then repeat the pro-
tocol recursively for these substrings of size n/3. That gives the desired
bound, D"*(MOD2,,) < 2logsn + O(1). These two rounds are described
in Table 4.1.

If one of two rounds was silent, i.e., the players received the symbol
of silence, then they know that the first substrings have different parities.
Otherwise, if none of the rounds was silent, then there were no wasted
rounds (if the first was wasted, then the second was necessarily silent, and
vice versa, if the second was wasted, then the first was silent). In this case,
the players know that they have the same parity of the first substrings,
and each player have sent one bit that was received by the other player.
Moreover, these bits correspond to the parities of the second substrings.
So, both Alice and Bob know the parities of the first two substrings of
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the other player’s input, hence both players know the parities of all the
substrings. O

Theorem 6. For all n € N, D) (KWyiops, ) < 3log; n.

Proof. Similarly to the proof of Theorem 5, Alice and Bob split their input
strings into three equal parts and compute MOD2,, for all the resulting
substrings. There are the same four possible cases for each player as in
the proof of Theorem 5. The players use three rounds to determine which
pair of corresponding substrings have different parities, and then repeat
the protocol recursively for these substrings of size n/3. That gives the
desired bound DA¥(MOD2,,) < 3logs n + O(1).

In the first round, Alice and Bob send 1 if they both have Cases 1,
otherwise they receive.

e If the first round was silent (i.e., both players received 0) then they
both know that none of them has Case 1. In the second round,
Alice sends 1 if her first substring is even (Case 2), otherwise she
receives. Bob does the reverse, he sends 1 if his first substring is
odd (Case 2), otherwise he receives. The third round is similar,
Alice and Bob send 1 in their Cases 3, otherwise they receive.

o If at least one of them sent 1 in the first round, then again both
know about it. Alice sends 1 if her first substring is odd, otherwise
she receives. Bob does the reverse, he sends 1 if his first substring
is even, otherwise he receives. In the third round, the players do
the same for the second substrings.

If the second or the third rounds were silent, then, respectively, the first
or the second substrings have different parities. Otherwise, the third sub-
strings have different parities. O

The next theorem considers the MOD3,, function. In the classical case,
the best known upper bound for it is 2.881logn [3]. We show a simple
upper bound based on the idea of ternary search.

Theorem 7. For all n € N, D" (KWyops, ) < 3loggn + O(1).

Proof. Similarly to the protocols for MOD2,,, Alice and Bob split their
inputs into three equal parts and for all the resulting substrings compute
the number of ones modulo 3. Then they spend three rounds to find a
pair of corresponding substrings with different remainders modulo 3, and
run the protocol recursively on these substrings. Thus, we get the de-
sired bound. In the first two rounds, Alice sends her remainders for the
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first and the second substrings naturally encoded in a ternary alphabet
{0,1,silence}. Bob compares the received numbers with the remainders
of his first two substrings, decides on which part they should proceed, and
sends this number to Alice in the third round using the same encoding. O

Next, we consider the MOD5,, function. The best known upper bound
in the classical case is 3.475logn [3]. For this and for all the following
upper bounds for MODp,, functions, we adapt the prefix code technique
used in [3].

Theorem 8. For all n € N, ng(KWMODE}n) < 247logn.

Proof. Alice and Bob split their inputs into two parts: the first of length
en, and the second of length (1 — €)n, and compute the remainder for
every resulting substring, that is the number of ones modulo 5. During the
protocol the players will narrow the search area from the current string to
one of its substrings repeatedly. At the beginning of the communication,
Alice sends the remainder of her first substring to Bob. Then the players
speak in turns, starting with Bob, sending each other pairs (r,b), where r
is a remainder and b is a bit flag. Every turn, the speaking player does the
following.

e (except for the very first turn) If b = 0 in the previous message then
the player narrows the search area to the first substring, otherwise
the player narrows the search area to the second substring. The
player subdivides the new search area into two parts in proportion
e:(l—e).

e The player choose one of the substrings and narrows the search
area to it. If the remainder r received in the previous message
is equal to the remainder of the first substring, then the player
chooses the second substring, otherwise the player chooses the first
one. The player subdivides the new search area into two parts in
proportion ¢ : (1 — ¢).

e The player sends message (r,b), where r is the remainder of the
first substring of the current search area, and b is set to 1 if and
only if the second substring was chosen in the previous step.

It remains for us to discuss, how exactly the pair (r,b) is encoded. The
encoding is the key ingredient of this technique. We are going to use the
following prefix-free code in ternary alphabet:
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b\r | 0 1 2 3 4
0 00 01 Os 10 11
1 s00 | s01 | sOs | 810 | s11

Note that “s” stands for “silence”. The code is chosen such that every
message with b = 0 has encoding of length 2, and every message with b =1
has encoding of length 3. To estimate the number of rounds, we need to
solve the following system of recurrent relations, where T'(n) stands for the
number of rounds.

T(n) =2+ 1T(en) T(n) =2login
{T(n) =3+T((1—-¢)n) = {T(n) =3log 1 n

From 2 = loé‘(’%;) we get € < 0.57, and hence T'(n) < 2.466 log n. O

Following [3], we use the same methods for the MOD11,, function with
the best known upper bound is 4.93logn in the classical case.

Theorem 9. For alln € N, Dfd(KWMODu") < 3.48logn.

Proof. The proof is almost identical to proof of Theorem 8. The players
use a prefix-free encoding, such that every message with b = 0 has encoding
of length 3, and every other message has encoding of length 4.

b\r 0 1 2 3 4 5 6 7 8 9 10
0 000 | 001 | 010 | O11 00s | 0sO | O1s | Os1 Oss 100 101
1 s000 | s001 | s010 | sO11 | s00s | sO0sO | sO1s | sOsl1 | sOss | s100 | s101

That leads to the following system of recurrent relations:

T(n) =3+ T(en) T(n) =3login
{T(n) =4+T({(1-¢e)n) = {T(n) =4log_1_n

From 2 = logl?%is) we get € < 0.55, and hence T'(n) < 3.48logn. O

To generalize the previous results, we prove a general bound for MODp,,

for arbitrary p > 7.

Theorem 10. For all p > 7 and n € N, D" (KWyop,,) <
1.16 [1 +logg 51 - logn.

Note that this upper bound is not useful for some p, e.g., for p € {7,8,9}
this bound gives 3.48 log n, while regular binary search requires only 3 log n.
Moreover, in the classical case, the corresponding bound [3] is surpassed
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by the upper bound on all symmetric functions [2] starting with some p.
We expect that the similar happens in the half-duplex model with silence.

Proof. The protocol is similar to the protocol from the proof of Theo-
rem 8. The prefix-free code is chosen such that for b = 0 the encoding
starts with 0 or 1, and for b = 1 the encoding starts with s. The length of
the encoding for b = 0 is [logg %p], for b=11s 1+ [logs p|. Thus, we get
the following system:

T(n)=1+[logg 2]+ T(en) T(n)=(1+logs §])log1 n
T(n)=1+/[logs p]+T((1—¢)n) T(n)=(1+4[logs p]) log_1_n

1+ [logg 8] loge
14 [logzp]  log(l—e¢)

Note that the right hand side of the last equation decreases with e, and

A . o 1+[log, 2
the left hand side increases with p. So it is easy to see, that %ggz;ﬂ]

[2,1], and thus € € [0.5,0.55). That gives us the desired bound T'(n) <
1+ |—log3 %‘|
logﬁl55

logn < 1.16 [1 + logs & - log n. O
4.2. Threshold and majority function.

4.2.1. Recursive majority function. To conclude this series of results, we

consider the recursive majority function RecMaj,,. In the classical case,
its communication complexity is known to be bounded between 2logs;n
and 3logs n [14]. The structure of this function is ideal for implementing
a ternary search. So, given the fact that the half-duplex model with si-
lence allows the players to send messages encoded in ternary, the following
theorem is straightforward.

Theorem 11. Forn € N that is a power of 3, ng(KWReCMajn) < 2logs n.

Proof. The players split their input strings into three equal parts and
implement a ternary search with two rounds per iteration. Every iteration,
Alice sends the index of a substring with RecMaj,, = 1 (there is at most
one such substring), or 0 if all substrings have RecMaj,, = 0. Bob chooses
a substring with RecMaj,, = 1 among the other two substrings and sends
its number back to Alice. O

The same upper bound holds in the half-duplex model with zero.
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Theorem 12. For all n € N that is a power of 3, ng(KWReCMajn) <
2logs n.

Proof. The players split their input strings into three equal parts and
implement a ternary search. Each iteration consists of two rounds. In the
first round, Alice is silent if her first substring has RecMaj,, = 0, otherwise
she sends 1, while Bob is silent if his first substring has RecMaj,, = 1,
otherwise he sends 1. In the second round they repeat it for the second
substrings. Note that not both rounds can be wasted, since Alice has at
most one substring with RecMaj, = 1. If one of the rounds was silent
then the players narrow the search area to the corresponding substrings.
Otherwise, they continue with the third substrings. O

4.2.2. Threshold function. We now consider the Karchmer — Wigderson
game for the threshold function

THRiq(z) =1 < > 2> k.
i=1

In the game KWryg, ,,, Alice receives an input 2 such that Z?zl x; >k,
and Bob receives an input y such that Y., y; < k. Their goal is to find
an index i with x; # y;:

KWTHRk,n = {(xvya Z)‘Jf € THRI;;(I)ay S THR;;(O),JZ% 7& yz}

In the classical communication model, it is known that the com-
munication complexity of the threshold function is bounded above by
O(log, (k**nlogy(n))) [1], and bounded below by logQ([gjnlogQ(%))
[17]. In half-duplex models, only special cases are known: upper bounds
in the silence model and lower bounds in all three models. In [19], the
following lower bounds were proved:

(1) DYK W, ) > 5,

(2) D! (KWrng, ) > 0.711ogy(n),

(3) Dy (KWrir, ) = logy(n)
These bounds were obtained via an information-theoretic approach. The
same work also presented the following upper bounds:

(1) D! (KWrag, ,) < logs(n) + logs(logs(n)) + 6,

(2) DY (KWrag, ,) < logs(n) + logs(logs(n)) + 8,

(3) Dy(KWrnr,,) < logs(n) + 3logs(logg(n)) + 12
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The proofs are based on ternary search supplemented with additional in-
formation about the structure of the players’ inputs, which the players
exchange during the protocol. Developing these ideas, we prove a gen-
eralized upper bound stated in Theorem 14. Moreover, under additional
restrictions on the players’ inputs, we obtain improved bounds in all three
half-duplex models. To state these results, we first introduce several defi-
nitions.

Definition 1. A hypergraph G;, = (V(Gh), E(G})) consists of a vertex
set V(Gp) and a set of hyperedges E(Gr) = {ei1,...,en}, where each
e; CV(Gy) and |e;| > 2 for all ¢ € {1,...,m}.

Definition 2. A hypergraph G, is called k-uniform if every hyperedge
contains exactly k vertices.

Definition 3. The degree of a vertex v in a hypergraph G}, is the number
of hyperedges containing v and is denoted by degg, (v).

Definition 4. The codegree of two distinct vertices u and v is the number
of hyperedges that contain both u and v and is denoted by codeg, (u,v).

Definition 5. The chromatic index x(Gp) of a hypergraph G}, is the
minimum number of colors needed to color the hyperedges so that any two
intersecting hyperedges receive different colors.

We will use the following bound on the chromatic index of a hypergraph,
which can be viewed as an analogue of Vizing’s theorem. Define

D(Gp) = uenx}?éh)degch (v),

d(Gh) = in d
(Gn) = min | degg, (v),
C(Gh) = X codegg, (u,v).

Theorem 13 (Pippenger and Spencer [16]). For any k > 2 and 6 > 0,
there exists &' > 0 and ng such that if a k-uniform hypergraph G}, satisfies

(1) d(Gpr) = (1 =0")D(Gh),
(2) C(Gp) < 8'D(Gh),
then for any such Gy on n vertices with n > ny one has
X(Gn) < (14 6)D(Gp).
Theorem 14. For n > 2,
DL (KW iR, ) < logy n+(k—2) logs (logy, n)+(k—1)*logy (k—1)+k*—2.
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Proof. Note that Alice can keep only k ones in her string, replacing the
rest with 0, and then it is necessary and sufficient for the players to find a
position index ¢ such that z; =1 and y; = 0.

Before describing the algorithm for finding the required position, let
us describe a tree structure that will help the players do this. Each player
divides their input string into & substrings and for each substring computes
THR;,=. The players will repeat the previous step for each new substring
until its length becomes 1. As a result, the players will have a tree where
each vertex contains the value of THR; » for the corresponding substring
of length %, where i is the level number in the tree. Note that each player
will have their own tree, corresponding to the player’s input. Denote these
trees as T4 and T'p, respectively. Also note that finding a differing bit is
the same as finding a leaf number where Alice’s tree has 1 and Bob’s tree
has 0.

After constructing T4 and T'g, the players run an iterative procedure. In
each iteration they move from the current trees to a pair of corresponding
subtrees in which Bob has fewer ones in the leaves. Therefore, the number
of iterations is at most k — 1.

We now describe one iteration.

e Bob finds the first level I§ in the current tree at which there are
at least two vertices labeled with 1, and sends [’ to Alice. He
encodes [F in ternary and transmits it using logs(log;, n) rounds
as follows: ternary digit 0 corresponds to the action send 0, digit
1 corresponds to send 1, and digit 2 corresponds to receive (i.e.,
sending the special silence symbol).

e Alice inspects level [ in her tree. Let us distinguish the following
cases.

(1) Alice has exactly one 1-vertex at level [F. Alice informs
Bob of this in one round by sending 0. Then, for each level up
to I¥, Alice tells Bob which child to follow in order to reach her
unique 1-vertex. After that, the players replace T4 and Tg by
the corresponding subtrees rooted at these vertices (denote
them by 7% and Tj) and repeat the iteration on (77,Tp).
This requires [’ - log;(k) rounds. Note that the number of
1-leaves in Bob’s new tree decreases by at least one.
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< k — 2 ones k ones

Figure 1. Case 1.

(2) Alice has at least two l-vertices at level [J. Let ¢
be the first level in Alice’s tree at which the number of 1-
vertices becomes at least two. Then I§' < I&. We consider two
subcases.

Subcase 5! < IF. Alice informs Bob of this in one round
by sending 1 (see Figure 2). At level [{' Bob has exactly one
1-vertex (by the choice of I¥), while Alice has at least two.
Therefore, there exists a vertex at level [ where Alice has
label 1 and Bob has label 0.

To find such a vertex, for each level up to l5' —1 Alice tells Bob
which child to follow so that they reach a vertex labeled 1 in
T4. Bob then transmits to Alice the labels of the k children of
the corresponding vertex in Tp (as a bit string of length k),
which takes k rounds. After receiving this information, Alice
chooses a child where she has label 1 and Bob has label 0; once
such a child is fixed, Alice can direct Bob to a differing leaf
in the corresponding subtree. Communicating the remaining
path to a leaf takes (log, n — I3') - logs(k) rounds.

Hence, the total number of rounds in this subcase is

(logg. 1 — 1)) - logs (k) + (1§ — 1) - logg (k) + k = logz(n) — logs (k) + k.
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Figure 2. Case 2.

Subcase 5! = IF. Alice informs Bob of this case in one round
by choosing the action receive (see Figure 3). Alice leads Bob
to the subtree rooted at the (unique) 1-vertex at level I§' — 1,
which takes (15! — 1) - logs (k) rounds. Then Bob transmits to
Alice the labels of the k children of the corresponding vertex
in Tg in k rounds.

If the received bit string contains no ones, then Alice can
immediately specify a path to a differing leaf; this requires
(log,, n — I§") - logs (k) rounds. Otherwise, Bob additionally
transmits to Alice, for each 1 in the string, the number of
1-leaves in the corresponding subtree; this requires at most
(k—1)-logs(k —1) rounds. Alice then chooses a child at level
I whose subtree contains more 1-leaves in T4 than in Tp
(such a child exists since initially Alice has more ones than
Bob). Alice communicates the index of this child in logs(k)
rounds, and the players replace Ty, T by the corresponding
subtrees 1% ,Ty and continue. Note that the number of 1-
leaves in Bob’s new tree decreases by at least one.

Hence, the number of rounds in this subcase is at most

(18" — 1) -logs (k) + k + (k — 1) - logg(k — 1).

e Finally, consider the extreme situation when the players have al-
ready reached level log; n. Then they are considering a block of k
leaves of the original trees in which Alice has more ones than Bob.
Bob transmits the labels of his k leaves to Alice in k rounds, and
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q ones pones,p>q

Figure 3. Case 3.

then Alice identifies an index where she has 1 and Bob has 0 and
communicates this index to Bob in logs (k) rounds. Thus, this case
requires k + logs (k) rounds.

e The players repeat the above iteration (with updated trees) until

they find a leaf corresponding to a differing bit.

We now bound the total number of rounds.

(1)

Let [§,17, ..., 1] be the sequence of levels at which the players stop.
Since the players ultimately traverse a root-to-leaf path, we have
7_, I¥ =log;, n. Communicating a child index at each level costs
logs (k) rounds, hence specifying the full path costs at most log, n-
logs (k) = logs(n) rounds.
During the protocol, Bob sends to Alice at most k& —2 values of the
form [P. Each such value is at most log;, n and can be transmitted
in at most logs(log, n) rounds. Thus, this contributes at most (k —
2)-logs(log;, n) rounds. In addition, Alice uses at most k—2 rounds
to indicate which case applies. Altogether, this part costs at most
(k —2) - logs(logs, n) + k — 2 rounds.
In Cases 2 and 3, Bob transmits to Alice the labels of k children
(cost k rounds), and in Case 3 he may also transmit the numbers
of 1-leaves (cost at most (k —1) -logs(k — 1) rounds). These trans-
missions occur at most £ — 1 times, hence their total cost is at
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most
k—1
Z((k —4) - logg(k — i) + k:) < (k—1)% logg(k — 1)+ k- (k—1).

i=1

(4) Combining the bounds above, the total number of rounds is at
most

logs(n) 4+ (k — 2) - logs(log,, n) + (k — 1)%- logs(k —1) + k2 —2,

which proves the theorem. O

This bound can be improved under additional restrictions on the play-
ers’ inputs. Namely, assume that Alice receives a string € THRy ,,(1) 71,
Bob receives a string y € THR ,,(0)~!, and the following two conditions
hold:

(1) if y; =1, then z; =1,
(2) S0y =k and Yy =k~ L.
Theorem 15. If the following conditions hold:
(].) nyz = 1, then Tr; = 1,
2) Y zi=kand Y jyi=k—1,
then the following bounds are achieved:
(1) DI (KWrag, ) < logs(k(n — k + 1)),
(2) Dg*(KWrnR,,,) < logy(k(n — & +1)),
(3) DM (KWrag, ) < logy(k(n —k +1)).

Proof. We describe a general construction that allows the players to find
a differing bit within the claimed number of rounds. Before the communi-
cation starts, the players construct a graph G that captures the possible
inputs and the location of the differing bit.

Given their inputs, the players form the sets of indices of ones: X C
{1,2,...,n} for Alice and Y C {1,2,...,n} for Bob. By the assumptions,
| X| =k, |Y|=k—1,and Y C X. Therefore, there exists a unique index
i€ X\ 'Y such that 2; = 1 and y; = 0, and the players’ goal is to identify
this index.

Define the graph G as follows. The vertex set consists of all k-subsets
of [n]:

V(G)={S Cn]:|S| =k}
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Figure 4. Example construction for n = 4 and k = 3.
Here each clique has size n — k41 = 2. Vertices represent
possible sets of indices of ones in Alice’s input, and edges
represent, possible sets of indices of ones in Bob’s input.
Each edge is labeled by the intersection of the endpoint
sets.

Two vertices U, W € V(G) are connected by an edge if and only if |[UNW| =
k — 1, that is,

E(G) = {(UW):UW eV(G), [UnW|=k—1}.

Vertices of G correspond to possible inputs of Alice. An edge (U, W) cor-
responds to a possible input of Bob, namely the (k — 1)-set U N W. Fix
such a (k — 1)-set E. Then the family of all k-sets that contain F has size
n — k + 1, and any two of them are adjacent; hence it forms a clique of
size n — k + 1. Moreover, each vertex U belongs to exactly k such cliques,
since U contains exactly k distinct (k — 1)-subsets.

After constructing G, the players color the cliques. For this, we view
the family of cliques as a hypergraph G}, on the same vertex set V(G),
where each hyperedge corresponds to a clique of G. To apply Theorem 13,
we use the following lemma.

Lemma 3. The hypergraph Gy, satisfies the conditions of Theorem 13,
namely:

(1) Gy, is m-uniform,
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(2) d(Gr) > (1 - §)D(Gy),

(3) C(Gh) < 8'D(Gy).

Proof. We verify the conditions one by one.

(1) By construction, each hyperedge corresponds to a clique induced
by a fixed (k — 1)-set, hence it contains exactly m = n —k + 1
vertices. Therefore, GG, is m-uniform.

(2) Each vertex U € V(G}y) belongs to exactly k hyperedges (one for
each (k — 1)-subset of U). Thus d(G)) = D(Gy) = k, and the
inequality holds for any ¢’ > 0.

(3) We claim that C'(G},) = 1. Suppose, towards a contradiction, that

there exist two distinct vertices U, W contained together in two
distinct hyperedges F;1 and Fs. Let e; and ey be the corresponding
(k — 1)-subsets of [n] defining E; and Es. Since U € Ey N Ey,
we have ey C U and es C U, hence |e; Neg| = k — 2. Let e =
e1 Neg and write e; = eU {a1} and e; = eU {as} with a1 # as.
Since U contains both e; and e; and has size k, it must be of the
form U = eU {aj,a2}. The same argument applies to W, giving
W =eU{a1,a2} = U, a contradiction. Hence any two vertices are
contained together in at most one hyperedge, and so C(Gy) = 1.
Taking &' = + yields C(Gy) < 8'D(Gy,). O

By Theorem 13, for sufficiently large n the hyperedges of G; can be
properly colored with & colors. Equivalently, the cliques of G can be colored
with k colors so that any two cliques sharing a vertex receive different

colors.

After the coloring is fixed, Bob sends to Alice the color of the clique
corresponding to his input y. Then Alice sends Bob the index (within this
clique) of her vertex. This identifies the unique index i € X\ Y, and hence
the differing bit.

Therefore:

(1)

(2)

(3)

In the half-duplex silence model, the players transmit numbers in
ternary, requiring at most logs(k) 4 logs(n — k 4+ 1) rounds, hence
D (KW, ) < logs(k(n — k +1)).

In the half-duplex zero model, the same strategy uses binary en-
codings and requires at most log, (k) +log,(n—k+1) rounds, hence
DY (KWrag, ,,) < logy(k(n — k +1)).

In the half-duplex adversary model, the players also use binary
encodings, giving D!*(KWrng, ) < logy(k(n — k +1)). 0
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Note that in the adversary model, the obtained upper bound under the
above restrictions matches the corresponding lower bound.

Corollary 1. DZd(KWTHka) =logy(k(n — k+1)).

Similar bounds can be obtained for the special case of the threshold

function when £ = 3.

Corollary 2. If the following conditions hold:

(1) ify; =1, then z; =1,

2 Yrjzi=2and Yy =2 -1,
then the following bounds hold:

(1) DY (KWaraj,) < 2log(n),

(2) Dg?(KWaraj,) < 2logy(n),

(3) DI (KWhaj, ) < 2logy(n).

Moreover, in the half-duplex adversary model, the upper bound coin-

cides with the lower bound.

Corollary 3. DZd(KWMajn) = 2logy(n).
In the half-duplex zero model, the obtained bound can be improved.

Theorem 16. If the following conditions hold:
(1) ify; =1, then z; =1,
(2) Y, wi=% and Y, yi= 1 - 1,
then
D{H(KWaraj, ) < 3logs(n).

Proof. Since the players’ input strings differ by exactly one 1, they have
different parity. Therefore, we can apply the protocol from Theorem 6 in [6]
and obtain the desired bound. O

§5. NON-DETERMINISTIC HALF-DUPLEX COMPLEXITY

The standard definition of the non-deterministic communication com-
plexity does not involve any communication at all, so it is applicable to
the half-duplex model without any changes. Let X and Y be non-empty
finite sets.

Definition 6. We say that a function f : X x Y — {0,1} has non-
deterministic communication protocol of complexity d if there are two
functions A : X x {0,1}¢ — {0,1} and B : Y x {0,1}¢ — {0,1}, such
that
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o V(z,y) € f71(1) 3w € {0,1}?: A(z,w) = By, w) = 1,
o V(z,y) € f71(0) Vw € {0,1}: A(z,w) # 1V B(y,w) # 1.
The non-deterministic communication complexity of f, denoted N(f), is

the minimal complexity of a non-deterministic communication protocol
for f.

There is also an alternative definition of the non-deterministic commu-
nication complexity that uses communication between players [15].

Definition 7. We say that a function f : X x Y — {0,1} has privately
non-deterministic communication protocol of complexity d if there is a
function f : (X x {0,1}*) x (Y x {0,1}*) — {0,1} of (deterministic)
communication complexity at most d such that

o V(z,y) € f7H(1) Jwz, wy € {0,1}: Ji((l‘,wx), (y,wy)) = 1,

hd V(z,y) € fﬁl(o) wa,wy € {Ov 1}* : f((x,wx), (y’wy)) =0.
The privately non-deterministic communication complezity of f is the min-
imal depth of a privately non-deterministic communication protocol for f.

This alternative definition of non-deterministic communication uses pri-
vate witnesses instead of a public one, and hence the players need to com-
municate. In the classical case, Definition 6 and Definition 7 are equivalent
(see [15] for more details). We think that this way of defining it is the right
way to define the non-deterministic half-duplex communication complexity.
So, we define it by replacing the communication model in Definition 7 with
the half-duplex models. Let N¢(f), Nb¢(f), and N"(f) denotes the non-
deterministic half-duplex communication complexity of f with silence, with
zero, and with adversary, respectively. We are going to prove bounds that
connect the classical non-deterministic communication complexity with the
non-deterministic half-duplex communication complexity.

Let’s start with the lower bounds.

Theorem 17. For any function f : X xY — {0,1},
N(f) = N(f)/log5,  Ng“(f) = N(f)/log3, Ng(f) > N(f)/log3.

Proof. In the half-duplex model with silence, the protocol is a pair of trees
of arity 5. The following (classical) non-deterministic protocol can simulate
any non-deterministic half-duplex protocol II with silence. Alice and Bob
publicly guess a root-to-leaf path 74 in the tree of II corresponding to
Alice. Alice checks that this transcript is a valid transcript for her input.
Bob checks that there exists a root-to-leaf path 7 in his tree that is a valid
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transcript for his input, and at the same time 75 matches w4 (in all rounds
where Alice receives in 74, Bob in w5 does the corresponding action, and
in all rounds where Alice sends, Bob receives the corresponding bit or sends
some bit). If IT has complexity d, then the length of the description of 4
is [d -log5]. This gives us the first lower bound.

Similarly, in the half-duplex model with zero, the protocol is a pair of
trees of arity 3. The same reasoning shows that for any non-deterministic
half-duplex protocol II with zero of complexity d, there exists a (classical)
non-deterministic protocol of complexity [d - log 3].

In the half-duplex model with adversary, we can consider only such
transcripts where the players always receive zeros in silent rounds. Thus,
the lower bound for the half-duplex model with zero applies. O

The upper bounds are based on the upper bounds for the equality func-
tion. We do not know any non-trivial upper bounds for the equality in the
half-duplex model with adversary, so we last upper bound is trivial.

Theorem 18. For any function f : X xY — {0,1},

N2 (f) < N(f)/logh + O(log N(£)),
NG?(f) < N(f)/log3 + O(log N(f)),
Ny < N(f).

Proof. For any (classical) non-deterministic protocol II, Alice and Bob
can privately guess a public witness w and then check that they both
guessed the same witness. This requires solving the equality problem on
strings of length N(f). Together with the upper bounds on the equality [8,
Theorems 15 and 19], this gives us the desired bounds. ]

§6. OPEN PROBLEMS

In addition to the open questions in [9], we state the following open
problems.

(1) Prove new lower bound for disjointness using information-theoretic
methods.

(2) Prove an upper bound for the KW game for MODp,, in the model
with zero.

(3) Prove better upper bound for RecMaj,, in the model with silence.
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