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HOMOTOPY SIMILARITY OF MAPS.
MAPS OF THE CIRCLE

ABsTrRACT. We describe the r-similarity relation and finite-order
invariants on the homotopy set [S1,Y] = m1(Y).

§1. INTRODUCTION

This paper continues [4], and we adopt the notation and conventions
thereof. Here we are mainly interested in the set [S*, Y] = 71 (Y); in Part [,
however, we consider a more general case. Let X and Y be cellular spaces,
with X compact. Let X be equipped with maps p: X — X V X (comulti-
plication) and v: X — X (coinversion). The set YX carries the operations

aVb

(a,b) — (axb: X 5 X v X Z25Y)
and
a— (@ XL X 5Y).
We suppose that the set [X,Y] is a group with the identity 1 = [ﬂ})ﬂ, the
multiplication
[a][b] = [a * b,
and the inversion
[a] ™! = [a].
Under these assumptions, we call (X, u,v;Y) an admissible couple.
Put
(X, V] ={ae[X,Y][1Xa}.
We get the filtration
X Y] =X, Y]V 2 [X,Y]® ...
We prove that the subsets [X, Y]+ are normal subgroups and form
an N-series (Theorems 4.1 and 4.3), and the equivalence

a~b < albelX Y]tV
holds (Theorem 4.2).

Key words and phrases: r-similar loops, equation in a nilpotent group.
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In Part II, we concentrate on the case X = S! (with the standard p
and v), when [X,Y] = m1(Y). We prove that

m (V) =4y m (V)
(Theorem 6.2). Here, as usual,
G:’YlGQ’}/QG:_)...

is the lower central series of a group G.

For a homotopy invariant (i. e., a function) f: 71 (Y) — L, where L
is an abelian group, its order ord f € {—00,0,1,...,00} is defined (see
[4, §1]). We prove that ord f = deg f (Theorem 7.2). Recall that, for a
function f: G — L, where G is a group, its degree deg f is defined (see §7).

Do invariants of order at most = distinguish elements of 71 (Y") that are
not r-similar? In general, the answer is negative. For r > 3, there is a
group G and an element g € G\ ,+1G such that, for any abelian group L
and function f: G — L of degree at most r, one has f(1) = f(g) (see
[5] for » = 3 and [3, Ch. 2|). Take a cellular space Y with m1(Y) = G.
Then, by Theorems 6.2 and 7.2, the homotopy classes 1 and ¢ in 7 (Y)
are not r-similar, but cannot be distinguished by invariants of order at
most 7.

In Appendix, which does not depend on the rest of the paper, we prove
group-theoretic Theorem 12.1, which we need for the proof of the above-
mentioned Theorem 6.2.

Parr 1

In this part, we discuss operations over coherent ensembles of maps
between arbitrary spaces (§§ 2 and 3) and give our results concerning an
arbitrary admissible couple (§4).

§2. COMPOSITIONS

Let X, Y, X', and Y’ be spaces and k: X’ — X and h: Y — Y’/ be
maps. Introduce the homomorphisms

k#t <YX> — <YX/>, <a>+» <a o k>7
and
hy: (YX) = <Y/X>, <a>+— <hoa>.
2.1. Lemma. We have
k#(<yX>(r+1)) C <YX’>(T+1) and h#(<yX>(r+1)) C <Y/X>(r+1).
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Proof. Take an ensemble A € (YX)(r+1),
To show that k#(A4) € (YX)"+1) we take T' € Sub,(X’) and check
that k% (A)|7. = 0. We have the commutative diagram

k7

) (YX)Y<—5  (yXy 4
?T/l \L?Ik(T/)
! # ’
(A (YT a (YR - Alyypry=0

where ¢ = k|7 (7). Since k(T") € Sub,.(X), we have Al = 0. By the
diagram, k% (A)|7 = 0.

To show that hy(A) € (YYD e take T € Sub,(X) and check
that hy(A)|7r = 0. We have the commutative diagram

A v — " vy m
?lT\L l?T
o=alr YTy —F vy e
We have A|r = 0. By the diagram, hy(A)|r = 0. O

2.2. Corollary. Leta,b € Y™ satisfy a ~ b. Then the relation aok ~ bok
holds in YXl, and the relation hoa ~ hob holds in Y’ .

Proof. There is an ensemble A € (YX),
A = Z Ui <Aj>,
i

where a; ~ a, such that A = <b>. By Lemma 2.1, k#(A) = <bo k>
and hy(A) = <hob>. Since all the maps of k#(A) are homotopic to a o k,
we get a ok ~ bo k. Since all the maps of h4(A) are homotopic to h o a,
we get hoa ~ hob. O

§3. JOINING COHERENT ENSEMBLES
Let X1, X5, and Y be spaces. Introduce the homomorphism
(V): (YX1> ® (YX2> — (YXaVX2) <a> ® <b> +— <a V b>.
3.1. Lemma. For p,q > 0, we have
(V)(YX1)(P) @ (yX2) (@) C (yXivXe)(pta),
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Proof. Take A € (YX)() and B € (Y*2)(@, We show that
(V)(A® B) € <YX1sz>(p+q).

Take T € Subpiqe—1(X1 V X2). We check that (V)(4A ® B)|r = 0. We
have T' = T} V T, for some finite subspaces T; C X;, where i = 1,2. We
obtain the commutative diagram

aop (YX) @ yXe)y P yXivXay  (gyaen)

?|T1®?|T2\L \L?lT

2

Al @Blr, (YT @ (Y1) —— - (YT, (V)(A®B)|r
We have
T, € Subp_l(Xl) orly € Subq_l(Xg).
Thus A|p, =0 or Bl|p, = 0. By the diagram, (V)(A ® B)|r = 0. O

§4 SIMILARITY FOR AN ADMISSIBLE COUPLE
Let (X, p,v;Y) be an admissible couple.

4.1. Theorem. The subset [X,Y]"+1) C [X,Y] is a subgroup.

Proof. To show that the subset [X, Y}(’"‘H) is closed under multiplication,
we take a,b € YX such that § ~ a and § <~ b and check that § ~ a * b.
There are ensembles D, E € (YX),

D= Zui<di> and FE = 2:’l)j<6j>7
i J

where d; ~ 9§ and e; ~ 9, such that D = <a> and E = <b>. Consider the
maps
ayb,diyej: XvX—>Y
and the ensemble F € (YXVX),
F= Z 'LLin<dZ‘ z €5>.
i,J

Then

<aVb>—F = (y)(<a> (9] <b>) — (z)(D X E)

= (V)((<a> — D) ® <b>) + (V)(D ® (<b> — E)) € (YXVX) (1),
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where the membership in (YXVX)("*+1) holds by Lemma 3.1. Since all the
maps of F' are null-homotopic, we get § ~ a V b. Since a xb = (aV b) o p,
Corollary 2.2 yields § ~ a * b.

Take a € YX such that § <~ a. Since a' = a o v, Corollary 2.2 then

yields § ~ af. Thus [X, Y]+ is closed under inversion. O
4.2. Theorem. For a,b € [X,Y], we have
a’lb < albe[X, VD, (1)

Proof. 1t suffices to check the implication
™ i
a~b = cxa~cx*b

for a,b,c € YX. Given an ensemble A € (YX),
A= Zui<ai>,

where a; ~ a, such that A = <b>, consider the ensemble F € (Y XVX),

F = Zui<czai>.
%

We have

<cVb>—F=(V)(<c>® (<b>— A)) € <YXVX>(T+1),
where the membership in (Y XVX)(+1) holds by Lemma 3.1. We thus ob-
tain F = <cVb>. Since cVa; ~ cVa, we get cVa ~ cVb. Taking composition
with j, we get ¢ % a ~ ¢ b by Corollary 2.2. O

Theorems 4.1 and 4.2 imply that the relation ~ on [X,Y] is an equiva-
lence, which is a special case of [4, Theorem 8.1 (note that we did not use
it here).

One can prove similarly that

a’b <= balelX,V]D, (2)

It follows from (1) and (2) that the subgroup [X,Y]"+1) C [X,Y] is nor-
mal. This is a special case of the following theorem.
Let [, ] denote the group commutator.

4.3. Theorem. Put M* = [X,Y]®) C [X,Y]. Then [MP?, M9] C MP+4,
Proof. Introduce the map

(injov)V(inzor)Ving Ving

(3)
CXE S XVXVXVX

X VX,
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where
3). I pVid x pVidx Vid x
w: X 2 XV —XVXVX ——XVXVXVX
(4-fold comultiplication). For a,b € Y, we have
[(a¥b) o ¢] = [[al, [0]] 3)

in the group [X,Y].

Take a,b € VX such that 9°~" a and 9 ‘~' b. We show that

ﬂ p"ri—l (ayb) o C
There are ensembles D, E € (YX),

D= Zui<di> and FE = Zvj<ej>,
i J

where d; ~ g and e; ~ 9, such that D P=" cg> and E =" <b>. Consider
the ensemble F € (YXVX)

F = Zui<dizb> + Zuj<ayej> — Zuiv]«di z€j>~
. -

J 0]
We have
<aVbs> — F = (V)((<a> — D) ® (<b> — E)) € (YXVX)(pta),
where the membership in (Y XVX)(P+4) holds by Lemma 3.1. Thus

F pta-1 <aV b>.

By Lemma 2.1,
FF) L ((aVb)o (s,

By (3), all the maps of (#(F) are null-homotopic. Thus we get

97 (@ Vb) o (. O

Parr 11

In this part, we consider the group [S!,Y] = m(Y).
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§5. MANAGING AN ENSEMBLE OF MAPS S! =Y
For n > 0 and a group G, introduce the function
M:G" = G, (g1,---,Gn) = g1 - - gn-
For K C (n), let wx: G™ — G¥ be the projection.
5.1. Lemma. Consider an ensemble A € <Y51>,
A= Z U;<Qyi>,
il

such that A = 0. Then, for some n > 1, there exist elements z; € m (Y)",
fori € I, such that [a;] = M(z;) and the element

Z = wi<z> € (m(Y)") (4)
icl
satisfies (wi)(Z) = 0 in (m (Y)E) for all K C (n) with |K| < r.
Proof. Take a finite subspace D C S! consisting of n > 2 points. It
cuts S* into closed arcs By, k € (n). A continuous function v: B, — Y

with v(0By) = {Yy } has the (relative to 0By) homotopy class [v] € 71 (Y).
For a map w: S' — Y with w(D) = {9}, we have

n

[w] = [Jwls,] ()

k=1
in 1 (Y) (we assume that By are oriented and numbered properly).
By [4, Corollary 6.2], we may assume that A % 0 for some open cover I'

of S'. We suppose that D is chosen dense enough so that each By is
contained in some Gy € I'. Put

v=\/s"
iel
Let U be the quotient of V' by the identifications in;(z) ~ in;(x) for € By,

and 4,j € I such that a; =|g, aj. The space U is a graph. Let h: V — U
be the projection. Introduce the maps

ei: St LN VAN 54
There is a map ¢q: U — S! such that goe; =idg:. Put
b= \/ai: VY.

i€l
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There is a map a: U — Y such that b = a o h. Clearly, a; = a o e;.
Put D = ¢~ (D) C U. The subspace D is finite. The map alp is null-
homotopic because the inclusion D = U is. Extending the homotopy, we
get a map a: U — Y such that @ ~ a and (D) = {9y }. Put

/di :Eioei: Sl —Y.
Clearly, a; ~ a; and @;(D) = {y }. Put
zi = ([aiB ) we(n) € m(Y)™
We have

n

7 (%) ~
la;] = [@:] = [](@ils,) = M(z),
k=1
where (%) follows from (5). For k € (n) and 4, j € I, we have the implication

ai=lgya; = l|ailp] = [a;l5,] (6)

because the premise implies that e; =|p, e; and thus a@; =|p, @;.
Consider the element Z € (m1(Y)") given by (4). Take K C (n). Put

G(K) = {Fytu | Gr e 5"

keK
By (6), we have the implication
ai =lgrya; = wk(zi)=wk(2;)

Suppose that [K| < 7. Then Algx) = 0 because A % 0. Thus

(wi)(2) = o. O

§6. SIMILARITY ON 71(Y)
6.1. Lemma. Let G be a group. Consider an element Z € (G™),
Z = Z U;<Zi>,
iel
where I has a distinguished element 0 and ug = 1. Suppose that
(wr)(Z) =0 for all K C (n) with |K| < r
and M (z;) € vr41G for all i # 0. Then M(zp) € ¥r+1G.
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Proof. We have z; = (21, .. ,2in), where z;, € G. Take distinct

g1,---,9m € G
that include all the z;;. We have

m
Zik = Hgl[ZikigL]
=1
and thus

M(Zz) — f[ ﬁgl[zik:gl]_

k=11=1
Hereafter, given a condition C, the integer [C] is 1 under C and 0 otherwise.
By Theorem 12.1, for some ¢ > 0, there are rational polynomials P;(X),

X = (Xr1)ken), 1e(m) J € (9),

of degree at most r and integers d; > 0 such that, for any collection

T = (xkl)ke(n),le(m)a Ty € Z,

we have the equivalence

[[IIo* €viniG <= (Pi(2) €d;zZ, j € (q)).

k=11=1
Order the set (n) x (m) totally. We have
P](X) = Z Pj'(lzzll...ksngklll ...stls

0<s<r,
(k17l1)<m§(/€57l3)

for some ngzill...ksls € Q. Then
Zuipj (([zik = 91])ke(m), 1e(m))
il
_ P(s) . _ t (i) 0
= > ortsdeat, D ilzik = gu,, L€ ()] =0,
0<s<r, i€l
(k1,01) <. (K bs )
where (x) holds because the inner sum is zero, which is because
(wr)(Z) =0 for K = {ki,...,ks}.
Since M (z;) € vr4+1(G) for ¢ # 0, we have

Pi(([zik = g1 ke(n), 1e(m)) € d;Z (8)
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for ¢ # 0. Since up = 1, it follows from (7) that (8) holds for i = 0 too.

Thus M(Zo) € ’)/r+1(G). O
6.2. Theorem. LetY be a cellular space. Then the equality

m (V) =y, m (V) (9)
holds.

Proof. The inclusion D in (9) follows from Theorem 4.3. To prove the
inclusion C, we take a € YS" such that 9 ~ a and check that

[a] € Yr41m (V).
There is an ensemble D € (Y5'),

D = Zui<di>,

where d; ~ 9, such that D = <a>. By Lemma 5.1 applied to the ensem-
ble <a> — D, there are, for some n > 1, elements z,w; € 7 (Y)™ such
that M(z) = [a] and M (w;) =1 in m1(Y) and, putting

W = Zui<wi> S <7T1(Y)n>v

we have (wg)(<z>—W) =0 for all K C (n) with |K| < 7. By Lemma 6.1,
M(2) € yrpam (Y),

which is what we need. O

§7. FINITE-ORDER INVARIANTS ON 71(Y)

For a group G, the abelian group (G) equipped with the standard ring
structure is the group ring of G. Let Ag C (G) be the augmentation ideal,
i.e., the kernel of the ring homomorphism (called the augmentation)

<G> — Z, <g>+— 1.
7.1. Lemma. Let G be a group and take Z € (G™) such that (wk)(Z) =0
in (G for all K C (n) with |[K| < r. Then the element (M)(Z) € (G)
belongs to Agﬂ.
Proof. For K C (n), consider the function

ex: GN — G, (96 )ker = (Gk)ke(n)s
where g equals g if £ € K and 1 otherwise, the composition

pr: G" =5 GRS G
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and the homomorphism Sk : (G") — (G™),

S = > (=1)Hp).
LCK
If K ={ki,... .k}, ki <...<k, then
(<M> [¢] SK)(<(gk)k€(n)>) = (1 — <9k1>) e (1 — <gkt>)
in (G). Thus

Im((M) o Sk) C Ag. (10)
We have
> (IS = 3 ()3T ()Mo =
KC(n) KC(n) LCK
= Y EOEC Y =0 ).
LC(n) KC(n):KDL

The inner sum equals (—1)"[L = (n)]. Thus
> (D)EISK = () = id(gny.
KC(n)

For L C (n), |L| < r, we have (pp)(Z) = (er)((wr)(Z)) = 0. There-
fore S (Z) =0 if |K| < r. We get

Z= (-1)¥sk(2) = > ()¥Elsk(2).
KC(n) KC(n):|K|>r+1
Thus
(M)(Z) = > ()EIM) 0 Sk)(2).

KC(n):|K|>2r+1
By (10), (M)(Z) € A 0

A function f: G — L, where L is an abelian group, gives rise to the
homomorphism

Jrf: <G> — L, <g> > f(g)

We define deg f € {—00,0,1,...,00}, the degree of f, as the infimum
of r € Z such that +f|Ag+1 = 0 (adopting A%, = (G) for s < 0).

7.2. Theorem LetY be a cellular space, L be an abelian group and

fim¥)—=1L
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be a homotopy invariant (i.e., a function). Then
ord f = deg f.

Proof. We suppose f # 0 omitting the zero case.

First, suppose that ord f < r (r > 0). We show that deg f < r. It
suffices to check that

FH((1 = <)) - (1= <[ar4])) = 0
for any ai,...,a,41 €YS . Put W= S1Vv...V S (r+ 1 summands) and
g=a1V...Na41: W =Y.

Let p: S* — W be the (r 4+ 1)-fold comultiplication and Ag: W — W,
ford € {0,1}" " C Z™*! be as in [4, §3]. Consider the ensemble A € (YS'),
A=Y (-1)<a(d)-,

de{0,1}7+1
where

L Ql P A(d) q

a(d): S =>W — W =Y.
Clearly,
a(d)] = [ar]®" . . [ays]

in m(Y). By [4, Lemma 3.1], A = 0. We have
A= <la]s) (U= <fapa]=) = Y (=DM (@] ® - fara) )

de{0,1}7+1t
= Y (—)¥f(a@) 2o,
de{0,1}7+1

where () holds because ord f < r.
Second, suppose that deg f < r (r > 0). We show that ord f < r. Take

an ensemble A € <YSI>,
A= Z Uz<Qi>,

il
such that A = 0. We should show that
> uif([ai]) =0.
iel
By Lemma 5.1, for some n > 1, there exist elements

ZiEﬂ'l(Y)n, i €1,
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such that [a;] = M(z;) and the element Z € (7w (Y)") given by (4) satis-
fies (Wi )(Z) = 0 in (m1 (Y)E) for all K C (n) with |K| < r. We have

Y wif(lai]) = *F(M)(2)).

iel
By Lemma 7.1, (M)(Z) € A;T(ly). Since deg f <7, Tf(M)(Z))=0. O

APPENDIX

In this Appendix, which is algebraic and does not depend on the rest
of the paper, we prove Theorem 12.1.

§8. CULTURED SETS

Let E be a set. Consider the Q-algebra QF of functions F — Q. A cul-
ture on E is a filtration ® = (®4)s>0 of QF by Q-submodules
o C® C...CQ"7
such that
1ledy and ;P C Pyyy.
A set equipped with a culture is called a cultured set. The culture of a
cultured set E is denoted by ®F.

A way to define a culture on a set E is to choose a collection of
pairs (u;, 5;), where u; € QF is a function and s; > 1 is a number called
the weight, and to let ®, be spanned by all products u;, ...u;, (p > 0)
with 83, +...+ 55, < 5. We define the cultured set

o (11)

S1...8m
as Q™ with the culture given by the collection (&, s;), ¢ € (m), where

&: Q" —=Q
is the ith coordinate. Hereafter, we put (m) = {1,...,m}. The cultured

set
Z:Z...sm
is defined similarly. We put Qs = Q! and Z, = Z!..
A function g: E — F between cultured sets is called a cultural morphism
if the induced algebra homomorphism ¢#: QF — QF satisfies

g (@f) C oF

for all s. A function
g: Qgimsm - Q?I'“tn
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is a cultural morphism if and only if it has the form

9@, Tm) = (Pj(@1, - Tm)) je(n)
where P; is a rational polynomial of degree at most ¢; with respect to its

arguments having weights s1, ..., s,,. Cultural maps

m n
Zg, s, — L, 4

s tn

are characterized similarly (their coordinate polynomials need not have
integer coefficients).

Cultured sets and cultural morphisms form a category with products.
We have

m n _ nm-+n m
5 X QP 4, = and Z7)

n __ mm+n
81...8mt1...tn X Ztl...t - Z

< 8m < Sm n S81...8mt1...tn"

A cultural morphism g: F — F is called a cultural immersion if
g#(fl)f) = ®F for all s.
Then a function f: D — E, where D is a cultured set, is a cultural mor-
phism if the composition
pLESF
is. If the composition
ELFL G

of two cultural morphisms is a cultural immersion, then g is.

§9. THE TRUNCATED FREE ALGEBRA A/A("+1)

Consider the algebra A of rational polynomials in non-commuting vari-
ables Ty, ...,T,. It is graded in the standard way,

A:@Ay

s>0

Introduce the ideals A®) C A,

AY =P A,

t>s
We fix 7 > 0 and consider the algebra A/A" T Let T; € A/ATY
be the image of T}. An element w € A/ A"V has the form

w= Z wz(f)zil T,

§20,41,...,05
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where wl(f)z € Q are uniquely defined for s < r and arbitrary for greater s.

Introduce the group
U=1+AD/ATTD C (A/A+D)>
with the filtration by subgroups
U=u»ou®o. ..
where
U =14+ A4 /A0+D

S
and U =1, s > 7 + 1. We have [U®), U®] C
inclusion v,U C UG holds.

We equip the set U with the culture given by the collection of pairs

<r+1,
UG+ In particular, the

(Z(f)l,s), 1<s<r, i1,...,is € (n),
where
E)U=Q  uey) U Q
for
u= > YT, T,
20, j1,.-0jt

with u(®) = 1. Clearly, the cultured set U is a special case of (11).
For a group G, let Mg: G x G — G be the multiplication.

9.1. Lemma. The function
My:UxU—U
is a cultural morphism.
Proof. Given u,v € U,
u = Z ugf.)“’iSTil .. T;, and v= Z v](‘f?..jtle .. .Tjt

530, 01,...yis 20, 51,00Js
with ©(® = v =1, we have

— (s) @ il Il
uv = E w0 5 Ty T Ty T,
§20, 01,
t20, 41,5t

(s)

i1...0g

)
e T
and ¢, respectively. In the last expression, the monomial in 7T'; has de-

gree s+ t, and its coefficient is ugf) ot and thus has degree s + t.

Gs " J1---Jt

We consider u and vj(f with s,¢ > 0 here as variables of weights s
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Thus the total coefficient of each monomial in T'; of some degree z > 0 in
(s) ()

this series is a polynomial in u;’ ; and v;’ ; of degree at most z. g
9.2. Lemma. For u € U, the function
E,:Zs — U, T — u”,

is a cultural morphism. Moreover, it extends to a cultural morphism
E,: QU
Proof. We have u =1+ w in A/A(T'H) for some w € A(S)/A(T'H),

w= > wl [T T,

t28,11,...,%¢

For x € Z, we have

E.(z)=v"=(14+w)"= Z (x)wp

p=0 p

_ (t1) (tp) x
= Z Z wili,---,iul . ’wipfp.»,imp (p) - T,

p20 t128,411,...,01¢q

tp>s, Iplseensipty,

where

T=T .T .T
Consider z here as a variable of weight s. In the last expression, the mono-
mial in T; has degree t; + ...+ t,, which is at least ps. Its coefficient is a
rational multiple of ( ;) and thus a polynomial in x of degree at most ps.
Thus the total coefficient of each monomial in T; of some degree z > 0 in
this series is a polynomial in x of degree at most z.

The extension F,, exists automatically. O

i11 v - Q1eg v ip1 "'Tiptp‘

§10. THE FREE NILPOTENT GROUP N

Recall that we fix numbers n and r. Let F be the free group on the
generators Z1, ..., Z,. Consider the free nilpotent group N = F /v, F.
Put NG = YN CN, s>1.

Following Magnus, consider the homomorphism

Hereafter, the bar denotes the projection to the proper quotient group. The
homomorphism p exists because v, 41U = 1. The quotient N(*) /N1 is
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abelian and finitely generated. Since p(N*)) C ~,U C U®), there is a
homomorphism
o) NG /NEFD A,
such that
p(h) =14 0®(R) (mod ACHD), heN®.

By Magnus [2] (see also [6, Part I, Ch. IV, Theorem 6.3]), N(*) = p=1(U®)).

It follows that ¢(®) are injective and N) /NG+D are torsion-free and thus

free abelian. It follows that there is a filtration
N=N'DON*D...ON/ DNt =1

such that N) = N7s for some 1 = j; < ... < jry1 = ¢+ 1 and N7/ NI+
are infinite cyclic. For j < n+1, we choose N7 to be the subgroup generated
by Zj,...,Zn and N, Put
s=max{s| s <j} e

Clearly, 1 < sy < ...<s;<r, 81 =...=8, =1, and NV C N The
subgroups N7 C N are normal. ~

For each j € (g), choose an element b; € N/ such that b; gener-
ates N7 /N7*1_ In doing so, we put

bi=Z;,  jen).

The collection (by,...,b,) is a “Mal’cev basis” [1, 4.2.2]. For j € (¢ + 1),
the function

B It NI (x5, mg) = b7 b2,

is bijective. We put
B=p:79 = N.
The elements o(%3)(b;) € A are linearly independent.

Any group G carries the immanent culture ® with ®; consisting of all
functions G — Q of degree at most s (see §7). If N is equipped with its
immanent culture,

B:Zi, , >N
becomes a culture isomorphism. The proof is omitted.

10.1. Lemma. The composition
. . J RN
ez N S,

where p! = plni, is a cultural immersion.
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Introduce the projections
p: QI 4 Q, (..., 2q) = zj,
and
R: Q7+t 5 Q177, (j...,zq) = (Tjs1,...,Zq)-

Proof. We show that 17 is a cultural morphism by backward induction
on j. For j = ¢ + 1, the assertion is trivial. Take j < ¢. Since v/ € N(3),
we have p(b/) € U%3). We have the decomposition
W = 2, x 28 Muxu%u

where E,;,,): 2 — p(b;)*. The followmg functions are cultural morphisms:

E,4,) by Lemma 9.2, 7! by the induction hypothesis, and My by
Lemma 9.1. Thus the function 7’ is a cultural morphism.

For each j € (q), choose a linear functional ¢;: Ay, — Q such that the

value ¢;(0(*1) (b)) equals 1 for k = j and 0 for all other k with s, = s;.
Given j < ¢+ 1 and z = (zj,...,24) € Z977T!, we have

i (x) = p(B(2)) = p(b]” ... bg*) = p(b]7) ... p(bg).

Assume j < ¢. Then
W(x)=1+ Z 2,0 (b)) (mod AL+ /4D
k>jisk=s;
in A/ATTY and
() = p(b)™ 1’ TH(R(2)).
Note that, for any linear functional F': As;, — Q, the composition
Fl: U A/A0+) 24 5,

is a cultural morphism. For ¢ € Q, we have

(cpj)! (W (z)) = cxj, T = (zj,...,34) € ZTITL

We show that the function 77 is a cultural immersion by constructing a
cultural morphism

67 U — QL It

such that 67 o)/ is the inclusion

Zq ]+1 Qq J+1.
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Backward induction on j. Let #9%! be the unique function U — QV.
Take j < ¢q. Introduce the cultural morphism

(=4))! Eyv;)

L:U Qs; u

where Ep(bj) is given by Lemma 9.2. Given x = (zj,...,1,) € Z977T1 we
have L(n?(z)) = p(b;)~%. Introduce the cultural morphism

o U EY s My 2 ga

Sj+1-+-8q

Hereafter, X combines two morphisms with one source into a morphism to
the product of their targets. We have

0' (1 () = 07 (L (2))’ () = 07 (p(b) ™" () =

=" (T (R(2))) = R(=).
Put
Qq J+1_

RS TRREAEN ng x QLI

We get
07 (1 (2)) = (651 (17 (2)),0' (1P (2))) = (2, R(2)) = =. O

10.2. Lemma. Define a function m? by the commutative diagram

74~ J+1 X 79~ J+14>Zq J+1
Sj--+Sq 8j--+Sq Sj-+-Sq

ﬂjxﬂfl J{ﬂj
M

NI x NI el NI

Then the function m? is a cultural morphism. It extends to a cultural
morphism

md - @q J+1 Qq J+1 @q J+1_

The coordinate polynomials of m’ are known as the “multiplication
polynomials” [1, 4.2.2].
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Proof. We have the commutative diagram

LI ) g I — ]
BIxp7 J/ l 59
NI x NI M NI
pj ><pj l lpj
Ux U Mu U

Here My is a cultural morphism by Lemma 9.1. It follows from Lemma 10.1
that the composition in the left column is a cultural morphism. Since the
composition in the right column is a cultural immersion by Lemma 10.1,
m/ is a cultural morphism.

The extension M/ exists automatically. O

10.3. Lemma. Given an element h € N7, define a function efl by the
commutative diagram

q—j+1
ZS]‘ ...Sq
J
h iﬂ?
—h® :
Zs, = NJ.

J
Then the function efl s a cultural morphism. It extends to a cultural mor-
phism
& Qs — QI
The coordinate polynomials of e?l are a specialization of the “exponen-
tiation polynomials” [1, 4.2.2].

Proof. The composition
Z,, Sy ga-itt B oni 2
Sj Sj...Sq

sends x to p(h)® and thus coincides with E, ), which is a cultural mor-
phism by Lemma 9.2. Since p’ o 87 here is a cultural immersion by
Lemma 10.1, efl is a cultural morphism.

The extension é\i exists automatically. O
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§11. CULTURAL VIEW OF A SUBGROUP OF N
Let K C N be a subgroup. For each j € (g), the image of NN K in the
—d;
quotient N7 /NJ*1 is generated by b for some d;

11.1. Lemma. There exists a cultural morphzsm
f: le...Sq - le
such that
BHEK)=fHd1Z x ... x d,7Z)
as subsets of Q1.

The morphism f constructed in the proof is a cultural isomorphism,
its jth coordinate f; depends on the first j coordinates of the argument
only, and, for x € Z9, f;(z) € Z if fi(x) € dixZ for all k < j. The proof of
these properties is omitted.

Proof. For each j € (¢ + 1), we construct a cultural morphism
fj @q J+1 — Qq*jﬂ

SJ...Sq

such that
(BN NEK) = () U dZ x ... x dZ)
as subsets of Q977+, Backward induction on j. Let f2t1: Q° — Q° be

the unique function. Take j < gq.
Case dj = 0. Then N N K C N7t1. Put

+1 —j idx f7H - +1
f] s J Qsj X Zjﬁl...sq — QS]‘ X 5J+1 Qq J .

Take z = (zj,...,24) € Q47T We have
r€Z779 and fi(z) e N N K
— 2€0xZ77 and BT (R(z)) e NPT N K
< ;=0 and f/T'(R(2)) €dj11Z x ... x d,Z
= fl(z) €0xdjp1Z x ... x d,Z.

Case d; # 0. Choose an element k € N/ N K such that k = b;
in N7 /NJ+1, Consider the cultural morphisms

Qq ]+1 _ /di; Q Qq J+1
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where —p/d;: (zj,...,xq) — —x;/d; and é\i is given by Lemma 10.3, and
= (Qq ]+1 xid , Qq J+1 x Qq J+1

Qq J+1
R s
vﬁ(@gjfl Sq
P o
Sj+1 Sq)7
where M/ is given by Lemma 10.2. Put
f Qq ]+1 = 5@ Qq ]+1
Sj S]+1 :
Take z = (zj,...,24) € d;Z x Z779. Then
k%l g7 (1) e NI+
and
kB (@) = B (y),
where y € Z477+1,
y = (e (—x;/d;), @)
Thus p(y) = 0 and
kil gl (x) = B (y) = BT (R(y)) = B/ (R(WI (8 (—25/d)), 2)))-
Take z = (zj,...,24) € Q4771 Put
y = (@ (~a;/d;),x) € Q7T
and y' = R(y) € Q?7. We show that
p(y) =0 (12)
and
z = (& (z;/d;),y). (13)

Since y depends on z polynomially, (12) and (13) are equalities of certain
rational polynomials in the coordinates of x. Thus it suffices to consider
the case x € d;Z x Z%7. Then, as shown above, y € Z97T1 p(y) = 0,

and

kil % 81 (z) = B7(y).
Thus

B () = k™3l B (y),
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which implies (13). It follows from (12) and (13) that
(zj€d;jZ and y € 2977) = awed;ZxZ7.
We have f'(z) = f/+1(y’) and
r €779 and p(z) e NV N K
r€d;Zx2979 and k~%/% 8 () e NN N K
z; €d;Z, y € 2977, and B (y) e NP N K
z; € d;Z and fITN(y) €dj1Z % ... x dyZ
zj €d;Z and f'(z) € dj1Z X ... X d,Z
fi(x) €d;Z % ...xd,Z. O

[ A

§12. DEFINING 7,4+1G BY EQUATIONS AND CONGRUENCES

12.1. Theorem. Let G be a group and g1,...,9, € G. Fix r > 0. Then,
for some q > 0, there are rational polynomials
Pj(le"‘,Xn)a ]6((]),
of degree at most r and integers di,...,dq > 0 such that
g1t ...gir € v1G =  Pj(x) € d;Z for j € (q)
for any x = (x1,...,2,) € Z™.
The polynomials P; constructed in the proof have the following inte-

grality property: for x € Z", P;j(z) € Z if Py(x) € dyZ for k < j. The
check is omitted.

Proof. We use the constructions of the previous sections of this Appendix
for the given n and r. In particular, we let the required ¢ be the size of the
Mal’cev basis of N, the free nilpotent group of rank n and class r. Consider
the homomorphism

t: N — G/v+1G, Zi— 7,

Put K = Kert C N. By Lemma 11.1, there are integers di,...,d; > 0 and
a cultural morphism f: Qf , — Q%  such that

BHK)=fHdiZ x ... x d,7Z)
as subsets of Q7. Define the required polynomials P; by the equality
f(x1, . 20,0,...,0) = (Pj(2)) je(q) x=(x1,...,2,) €Q".
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Since s; = ... = s, = 1, the degree of P; is at most s;, which does not
exceed r. Given z = (z1,...,T,) € Z", we have

g% gt mod v, G =t(Z) ... Z") = t(B(x, . .., 20,0,...,0))
in G/7v-+1G and thus
g1 gn" € Ve G

<~ B(z1,...,2,,0,...,0) € K

<~ f(:cl,...,xn,O,...,O)Edle...xqu

< Pj(z) € d;Z for j € (q). O
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