3anucKu HayYHBIX
cemuuapos [IOMMU
Tom 551, 2026 .

T. A. Kozlovskaya

SOME DECOMPOSITIONS OF THE CACTUS GROUP
ON 4 STRANDS

ABsTRACT. We study the commutator subgroup Jj of the cactus
group J4 on four strands and obtain generators and defining rela-
tions for it. We show that Jj has a presentation with three genera-
tors and two defining relations. We also decompose Jj as an HNN
extension with base group Zs * Zs * Z and infinite cyclic associated
subgroups.

We prove that the pure cactus group PJy is both an HNN ex-
tension of a free group and an amalgamated free product of a free
group and an infinite cyclic group over a cyclic subgroup.

1. INTRODUCTION

Cactus groups were introduced by S. L. Devadoss [5] as quasibraid
groups and by Davis et al. [4] as mock reflection groups. They were later
shown to control coboundary categories in the same way that braid groups
control braided categories [8]. The name cactus group comes from the
cactus-like shape of the corresponding moduli spaces. Coboundary cat-
egories arise in the study of crystals of finite-dimensional reductive Lie
algebras and, more generally, of representations of coboundary Hopf alge-
bras.

For n > 2, the cactus group J,, is generated by

Sp,q» I<p<qg<n,

with the following defining relations:
2

Spg =1
Sp.gSm,r = Sm,rSp.qs for [p,q] N [m,r] = ;
Sp.qSm,r = Sptq—r,p+q—mSp,q> for [m,r] C [p,q].
The generator s, , can be represented diagrammatically by the braid
on n strands in which the strands p,p+ 1,...,q intersect at one common
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point, and reverse their order after that point. Some generators and rela-
tions of Jy are depicted in Fig. 1. The induced permutation of the strands
gives an epimorphism

s: J, — S,

defined on generators, in one-line notation, by
Spq— (1,2,...,p—1,¢,q—1,...,p+1,p,g+1,¢+2,...,n).

The kernel ker(s) of this map is called the pure cactus group and is denoted
by PJ,. By [8, Theorem 9|, P.J,, is isomorphic to the fundamental group of
the real locus Mg n+1 (R) of the Deligne-Mumford compactification of the
moduli space of rational curves with n + 1 marked points [5]. In particu-
lar, My 5 (R) is homeomorphic to the connected sum of five real projective
planes (see [6], Example 2.5). Thus P.J, is isomorphic to the fundamental
group of this surface:

2.2 2 2 9
<o¢1,oz2,043,a4,oz5 | ajosaz00s = 1>.

For n = 2, J3 is cyclic of order 2 and PJs is trivial. For n = 3, J3 is
the infinite dihedral group and PJ3 is the infinite cyclic group generated
by (312313)3. The first non-trivial pure cactus group is therefore PJy.

Hama and Ichihara [7] constructed an action of PJy on the hyperbolic
plane and a Dirichlet polygon for this action. As a corollary, they gave an
alternative proof that PJy is the fundamental group of the connected sum
of five real projective planes.

Bellingeri, Chemini, and Lebed [2] studied several algebraic properties
of J, and PJ,. They solved the word problem for .J,, proved that J,
has no odd torsion, and showed that elements of order 2* occur for all k
when n is sufficiently large. They also proved that P.J, is torsion-free and
that J, and PJ, have trivial center for n > 2 and n > 3, respectively.
Their Reidemeister—Schreier computation gives the following presentation
of PJy [2, Appendix Al:

PJy = (a,b,c,d,t|t(bdad)t™" =cb"a""c).

1.1. Overview of results. We show that P.J, is an HNN extension of a
free group and also an amalgamated free product of a free group and an
infinite cyclic group over a cyclic subgroup (Theorem 4.1).

Commutator subgroups are a classical source of information about a
group. For braid groups they have been studied extensively; see e. g. [9, 1].

The abelianization J2 = J,,/J! is Z;‘a("*”, so J/, is finitely presented. We
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compute the first non-trivial case, namely Jj. In Corollary 3.1 we obtain
the presentation

Jy={a,bc|b® =1, (crab " ca ') =1).
We also decompose Jj as an HNN extension with base group Zs * Zs * Z
and infinite cyclic associated subgroups (Corollary 3.2):
Jy = <a,b,g,e | ¥=1,¢°=1, aea” ! = beg>.

The base group is <b,g, e ’ =1, ¢>= 1>, the stable letter is a, and the
associated subgroups are (e) and (beg). These decompositions yield nor-
mal forms for elements of J; and PJy, and hence for elements of Jy. They
are the Britton normal form for HNN extensions and the standard normal
form for amalgamated free products. They reduce concrete word compu-
tations and related structural questions for these low-dimensional cactus
groups to calculations in free groups, free products, and cyclic subgroups.
Appendix A contains GAP code which reproduces the computation of the
presentation of Jj.

2. BASIC DEFINITIONS

St St Sas Sas
2
( 313) =e

Figure 1. Some generators and relations in Jy.

$14812=834514

Chemin and Nanda [3] and Zimireva [11] independently proved that
the cactus group J,, is generated by a; = sy, for ¢ = 2,...,n, with the
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following defining relations: first, a? = 1; second,
(aiakajak)z =1
for i < j and i + j < k; third,
AjQpAj0 = Q45— kAjAi45 kA5
for
4<j+2<i<n, j<k<i, 2<i+j—k<n, and 2k <i+j.
In particular, J4 has the presentation
2 _ 2 _ 2 _ 2 _ 2 _ .2 _
S12 = 823 = 834 = 813 = 824 = S14 = €
512, 523, S34, _ _ —
$13, 824, 514 512534 = 534512, S$12513 = 513523, 523524 = 524534,
b b
812514 = 514534, 523514 = 514523, S13514 = 514524

in the standard generators, and the presentation

<a2,a3,a4 ‘ a2 =a2=a2 =1, (asaz)" =1, a4 (azagas) = (CL36L26L3)CL4>

in the generators a;.

3. COMMUTATOR SUBGROUP J}
For n = 2, we have Jy = Zy and J} = {1}. For n = 3, the group
Js = <a2,a3 ‘ a% = a% = 1>
is the infinite dihedral group, and J} is infinite cyclic, generated by (agaz)?;
moreover,
Jb = J3 ) Js 2 Ly @ Ty,

Thus J} is the first non-trivial case.

We compute a presentation of J; by the Reidemeister—Schreier method
(see [10, Section 2.3]). The abelianization J¢* = J;/Jj is generated by the
images b; of a;, for i = 2,3,4, with the commutativity relations and

b2 =b2 =03 =1.
Thus J$° has the eight elements
1, b2, b3, by, babs, baby, bsby, babsby.
Choose the Schreier transversal
Ay = {1, a2, a3, a4,a2a3, 0204, a304, 20304 }.
Then Jj is generated by the Schreier generators
Sya =Aa-(Aa)™,
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where A\ € Ay, a € {az,a3,a4}, and Aa denotes the representative of the
coset JyAa in Ay.
For A =1,

For \ = as,

Sus.as = G2az - (@zaz) ' = 1,

Sa2,a3 = a20as3 - (0@&3)71 = a20as - (agag)il = ].,

Saz,a4 — as04 - (a2&4)_1 = ag0y4 - (a2a4)_1 =1.

For A = a3,

Saz,as = 0302 - (@3az) "' = azas - (a2a3)71 = ((13(12)2,

Sug.as = azas - (@zaz) ' =1,

Sas.as = asas - (@3a1)"" = azay - (azas)™' = 1.

For \ = ay,

Sas.ar = Qaas - (@1a3) ' = asas - (azas) ™' = (asaz)?,

Sasas = asaz - (@az) " = asas - (azas) ' = (asa3)?,

Sa47a4 = aqQq - (a4a4) 1 = aqQq - (CL4(I4)_1 =1.

For \ = asqas,

—1
Sasas,as = 20302 - (Gza3a2) " =

(
Sazag,as = 020303 - (a2a3a3)_1 =1,
Sazag,as = 120304 - (a2a3a4)*1 =1

For A = asay,

Sapas.an = A2a4as - (Gaa3az) ' = (azay)?,

Susas.as = A2a4a3 - (Gaasaz) " = az(asaz)as,

-1
Sasas,ar = 020404 - (G302a1) " = 1.

For \ = asay,

[

Sasas,a; = 30402 - (A304G2) " = 430402040302,

Susanas = azaqaz - (@zagaz) ' = (azaq)?,

-1
Sa3a4,a4 = asaqagq - (a3a4a4) =1.
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For \ = asasay,
Sasasas,as = 2030402 - (@20301G3) " = azazasasasas,
Sazasas,as = 2030403 - (@2a30103) " = as(azas)’as,
Sa2a3a4,a4 = Q20a30404 * (m)_l =1

Hence J} is generated by

Sas,az’ Sa4,a27 Sa47a37 Sa2a3,a2’ Sa2a4,a2,

Sa2a4,a37 Sa3a4,a2a Sa3a4,a37 Sa2a3a4,a2a Sa2a3a4,a3-

To obtain defining relations for Jj, we use the Reidemeister rewriting
process 7. It rewrites words in the generators of Jy representing elements

of J; as words in the Schreier generators. For a reduced word
€ € Ev —
w=ujtus?...uyy, e ==x1, wu € {as, a3, a4},
set

_ €1 €2 Ev
T(UJ) T MEkiyur Mkoyus T Mk uy

where k; is the representative of the (j —1)st initial segment of wife; =1
and of the jth initial segment of w if ¢; = —1. By [10, Theorem 2.9], the

group J} is defined by relations
rux =T(AT, ATh A€ Ay,

where r,, is the defining relation of Jj.
For the relation 71 = asas, the rewriting process gives

T = SL(QS&Q,&Q =1.
Conjugating r1 by the coset representatives gives
T1,ay = agrlagl =1,

—1 —1
Tl,a3 = @3T103 = Sl,assasyazs@asyaz l,as Sa37a25a2a37a2 =1,

Tl,a4 = a4r1a21 = Sl,a4Sa4,aQSa2a4,a2 1_’;4 = Sa4,a2 Sa2a4,a2 = 17
Tl,a0a4 = a2a4r1a21a2_1 = a2a4,azsa4,a2 =1,
Tl,a2a3 = 012@37'167'3_1012_1 = Sazasﬂzsaa#w =1,
Tl,a3a4 = a3a4r1a21a§1 = Sa3a4,a25a2a3a4,a2 = 1a

-1 -1 -1
T1azazas = G20304710; A3 Gy = Sayazas,azSasas,az = 1-
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Conjugating ro = agas gives

—1 —1
T2,a9 = A27209 ~ = A2a30309 ~ = 1’
—1
79,45 = 437205 =1,
—1
T2,(l4 - a‘4r2a4 = Sa4,a3Sa3a4,a3 = 17
-1 -1
T2,a0a4 = A2047T20,4 Qg = Sa2a4,a35a2a3a4,a3 =1,
-1 -1
T2,a0a; = (2037203 Gy =1,
-1 -1
T2,a3a4 = A3Q4T20Q,4 Q3 = Sa3a4,a3sa4;a3 =1,

-1 -1 -1
T2,aza5as = 020304720, 03 G5 = Sayazay,asSasas,as = 1-

Conjugating r3 = aqa4 gives

-1 -1
73,05 = 027305 2040405 =1,
-1
73,45 = 037305 = 1,
-1
T30, = Q4730 = 1,

-1 -1
7"37(12@4 —a2a47“3a4 (l2 =

1

1,
-1 -1
T3,a5a5 = 12037303 Gy = 1,
_ -1 -1 _ 1
T3,azay = A3047T304 Q3 = 1,

-1 -1 -1
T3,a0aza, = A20304T30, Q3 Gy = 1.

Conjugating r4 = aqa2a4a2a4a2a4a2 gives

—1
T4,a0 = Q27409 = 3112(14,(123&2114,@2 =1,
—1
T4,a3 = A3T403 = Sasa4,a250203,02511304,112511203,@ =1,

—1
T4aq4 = A4T404 = Sa2a4,a25a2a4,a2 =1,

-1 -1

T4,a0a4 = A204T40,4 Qg = a4,a25a4,a2 =1,
-1 -1

T4,a2a5 = Q2037403 Ay = a2a3a4,a2Sag,a25a2a3a4,a23a3,a2 =1,
-1 -1

T4,a3a,4 = A3A4T40y4 Q3 = ag,azSa2a3a4,a2Sag,a25a2a3a4,a2 =1,

-1 -1 -1
T4,a2a3a4 = 20304740, A3 Ay = Sazag,a2Sa3a4,a2sa2a3,a2sa3a4,a2 =1
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Conjugating r5 = a4a3a2a3a21a§1a2_1a51 gives

_ -1 _ -1 _
T'5,a0 = Q27509 = ¢12H47a3S¢12a3a4,a2Sa3a4,a35a2a3,a2 - 17
—1
T'5,a3 = 37543 = asas,a3Sas,0502a4,03 = 1
_ -1 _ —1 —1 —1 _
7"570‘4 - a41"5a4 - asyazsa2a3a4,a3‘ga3a4,a2Sa4,a3 - 17

. 1 -1 _ 1 1 -1 _
T'5,a2aq = 2047504 Qo = (12!137112Sa3a4,a35a2a3a4,a2Sa2a4,a3 - 17

-1 -1
T5,aa5 = 420437503 G5 = Sasazas,azOazas,azSas,az = Ly

_ -1, -1 _ g—1 —1 —1 _
r5,0«3a4 - Cl30;47"50,4 a’3 - Sa2a4,a35a47a2‘8a3a47a3 - 17
_ -1 -1 -1 _ ¢g—1 —1 -1 —
T5,azaz3aq4 = Q203047504 A3 Ay = Sa4,a35a2a4,a25a2a3¢14,a3 =1

Lemma 3.1. The relations above imply the following identities in Jj:

Sas,az = Sa_zlag,az’ Sa4,a2 = Sa_zla47a27
Sa4,a3 = St:31a4,a37 Sa3a4,a2 = Sc:zlzzga4,a27
Sa2a4,a3 = Sa_21<13a4,a3~
Also, they yield the following four relations:
Szia =1,
Sa3a4,a2Sagag,agsagaz;,agsagag,ag = 17

SupasSak o §7L gl 1,

a2a304,a3 Q304,02 704,03

Sagas,azSas,azSasas,as = 1.
Set
a = Sag,a5: b= Sag,as, ¢ = Say,a3: d = Sazas,azs €= Sazasas-
Theorem 3.2. The group Jj is generated by
a, b, c, d, e,
with defining relations
b =1, (da ")? =1, ae = cd, ¢ = be.

Eliminating e = b~'c and then d = ¢ 'ab~'c gives the following pre-
sentation.

Corollary 3.1. The commutator subgroup Jj has presentation

Jz’l = <a’?b7c ‘ v = 1, (C_lab_lca_l)z — 1>_



56 T.A. KOZLOVSKAYA

Alternatively, we can put g = da™!, eliminate d = ga, and then elimi-
nate ¢ = be.

Corollary 3.2. The group
Jy={(a,b,g,e | V> =1, g> =1, aea™! = beg)
is an HNN extension with base group
G=(bgel|b>=1,¢"°=1)2 7 *7Ls 7,
stable letter a, associated subgroups
A=(e), B=(beg)
and isomorphism ¢: A — B defined by ¢(e) = beg.

4. PURE CACTUS GROUP PJy
We now describe two decompositions of the pure cactus group PJy.

Theorem 4.1.
(1) The group PJy is an HNN extension of a free group of rank 4 with
cyclic associated subgroups.
(2) The group PJy is an amalgamated free product of a free group of
rank 4 and an infinite cyclic group over a cyclic subgroup.

Proof. First, by [2], the group P.J, has presentation
PJy={(a,b,c,d,t|t(bdad)t™" =cb"'a""c).

Magnus’s Freiheitssatz implies that the subgroup generated by a, b, ¢, d is
the free group Fy of rank 4. We may take the following basis of Fj:

v=cb tate, b, ¢ d.

In this basis the defining relation becomes
t~ vt = bdev™eb M.

Put
A=), B={(u), u=bdcv 'cb td.
The map ¢: A — B given by ¢(v) = u is an isomorphism. Hence P.Jy
is an HNN extension of Fy = (v,b,¢,d) with stable letter ¢, associated
subgroups A and B, and associated isomorphism ¢.
Second, as recalled above, P.J; has presentation

2.2 2 2 2
<a1,04270437a4,045 ‘ 3y Qs = €>-
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Let
X = (a1, 00,03,04), Y = (), B = agl-

By Magnus’s Freiheitssatz, X is free of rank 4, and Y is infinite cyclic.
Put

Z = <52> = <a?a§a§ai>.

The defining relation is a?aaia? = 32, Hence the subgroup of X gener-

ated by a?a3a3a? is identified with Z, and

PJ4:X§Y. (]

APPENDIX A. GAP CODE FOR THE COMMUTATOR SUBGROUP
OF Jy

The following GAP code reproduces the Reidemeister—Schreier compu-
tation leading to the presentation of Jj. It was tested in GAP 4.14.0 and
can be run in the command-line terminal of GAP, which is available for all
major operating systems at https://www.gap-system.org/install/.

F := FreeGroup(["a2", "a3", "a4"]l);;
AssignGeneratorVariables(F);

# Presentation of J_4 in the generators a2, a3, a4.
Ja :=F /[

a2~2,

a3~2,

ad~2,

(ad*a2)-4,

ad*a3*a2*%a3d*ad”~-1*a3~-1%a2"-1*%a3"-1

1;

# The derived subgroup J_4’ as a finitely presented group.
D := IsomorphismFpGroup(DerivedSubgroup(J4));

# Images of the generators of J_4’
# in the chosen presentation.
Display(ImagesSource(D));
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