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ÃÐÀÍÈÖÅÉ ÄËß ÄÂÓÕ ÆÈÄÊÎÑÒÅÉ

�1. Ââåäåíèå

Ðàññìàòðèâàåòñÿ çàäà÷à ìàãíèòíîé ãèäðîäèíàìèêè â îãðàíè÷åííîé
îáëàñòè Ω ⊂ R3. Ýòà çàäà÷à îïèñûâàåò äâèæåíèå äâóõ âÿçêèõ íåñæè-
ìàåìûõ æèäêîñòåé, ðàçäåëåííûõ ñâîáîäíîé ïîâåðõíîñòüþ, ïîä äåé-
ñòâèåì ìàãíèòíîãî ïîëÿ. Ïóñòü îãðàíè÷åííàÿ îáëàñòü Ω1t çàïîëíåíà
æèäêîñòüþ ñ ïëîòíîñòüþ d1 è âÿçêîñòüþ η1. Îáëàñòü Ω1t îêðóæåíà
îãðàíè÷åííîé îáëàñòüþ Ω2t = Ω\Ω1t, çàïîëíåííîé æèäêîñòüþ ñ ïëîò-
íîñòüþ d2 è âÿçêîñòüþ η2. Ãðàíèöà Ω2t ñîñòîèò èç äâóõ íåïåðåñåêà-
þùèõñÿ êîìïîíåíò: íåèçâåñòíîé ïîâåðõíîñòè Γt è âíåøíåé ôèêñèðî-
âàííîé çàìêíóòîé ïîâåðõíîñòè S = ∂Ω, êîòîðàÿ ÿâëÿåòñÿ èäåàëüíûì
ïðîâîäíèêîì. Ïðåäïîëàãàåòñÿ, ÷òî èçâåñòíî ïîëîæåíèå ïîâåðõíîñòè
ðàçäåëà æèäêîñòåé â íà÷àëüíûé ìîìåíò âðåìåíè, ïîâåðõíîñòè Γ0 è S
ãîìåîìîðôíû ñôåðå, dist{Γ0, S} > 3d0 > 0.

Ïðè t > 0 íàäî íàéòè ïîâåðõíîñòü Γt, ðàçäåëÿþùóþ æèäêîñòè, ïî-
ëå ñêîðîñòåé æèäêîñòè v(i), äàâëåíèå p(i) è ìàãíèòíîå ïîëå H(i) èç
ñëåäóþùåé ñèñòåìû óðàâíåíèé ìàãíèòíîé ãèäðîäèíàìèêè:

Êëþ÷åâûå ñëîâà: ìàãíèòíàÿ ãèäðîäèíàìèêà, äâå íåñæèìàåìûå æèäêîñòè, ñâî-
áîäíàÿ ãðàíèöà, ïðîñòðàíñòâà Ñîáîëåâà�Ñëîáîäåöêîãî, ãëîáàëüíàÿ ðàçðåøèìîñòü.
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di

(
∂v

∂t
+ (v · ∇)v

)
−∇ · T (v, p)−∇ · TM (H) = 0, x ∈ Ωit,

µi
∂H

∂t
+ α−1

i rot rotH− µirot(v ×H) = 0, x ∈ Ωit,

∇ · v = 0, ∇ ·H = 0, x ∈ Ωit,(
[T (v, p)] + [TM (H)]

)
n = σHn, Vn = v · n, x ∈ Γt,[ 1

α
(rotH)τ

]
= [µ(v ×H)τ ], [µH · n] = 0,

[Hτ ] = 0, [v] = 0, x ∈ Γt,

H · n = 0, (rotH)τ = 0, v = 0, x ∈ S,
v(x, 0) = v0(x), H(x, 0) = H0(x), x ∈ Ω10 ∪ Ω20,

(1.1)

ãäå ââåäåíû ñëåäóþùèå îáîçíà÷åíèÿ: µi � ìàãíèòíàÿ ïðîíèöàåìîñòü,
ηi � âÿçêîñòü, αi � ïðîâîäèìîñòü, di � ïëîòíîñòü σ � êîýôôèöèåíò
ïîâåðõíîñòíîãî íàòÿæåíèÿ,

v=

{
v(1), x∈Ω1t,

v(2), x∈Ω2t,
H=

{
H(1), x∈Ω1t,

H(2), x∈Ω2t,
p=

{
p(1), x∈Ω1t,

p(2), x∈Ω2t,

TM (H) = µ(H⊗H− 1

2
I|H|2)

� ìàãíèòíûé òåíçîð íàïðÿæåíèé,

T (v, p) = −pI + ηS(v)

� òåíçîð íàïðÿæåíèé,

S(v) = ∇v + (∇v)T =
( ∂vi
∂xj

+
∂vj
∂xi

)
i,j=1,2,3

� óäâîåííûé òåíçîð ñêîðîñòåé äåôîðìàöèè. Ïðåäïîëàãàåòñÿ, ÷òî ηi,
αi, di, µi, σ � ïîëîæèòåëüíûå ïîñòîÿííûå. ×åðåç H îáîçíà÷åíà óäâî-
åííàÿ ñðåäíÿÿ êðèâèçíà ïîâåðõíîñòè Γt, Vn � ñêîðîñòü äâèæåíèÿ ïî-
âåðõíîñòè Γt â íàïðàâëåíèè íîðìàëè n ê Γt, âíåøíåé ïî îòíîøåíèþ
ê îáëàñòè Ω1t. ×åðåç (rotH)τ îáîçíà÷åíà êàñàòåëüíàÿ ñîñòàâëÿþùàÿ
ðîòîðà. ×åðåç [f ] îáîçíà÷åí ñêà÷îê ôóíêöèè f ïðè ïåðåõîäå ÷åðåç ïî-
âåðõíîñòü Γt:

[f ]|x=x0∈Γt = lim
x→x0,x∈Ω1t

f (1)(x)− lim
x→x0,x∈Ω2t

f (2)(x).
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Êðàåâûå óñëîâèÿ íà ïîâåðõíîñòè Γt îçíà÷àþò, ÷òî íà íåé äåéñòâó-
þò êàïèëëÿðíûå ñèëû è ïåðåíîñ ìàññû ÷åðåç ïîâåðõíîñòü èñêëþ÷åí.
Óñëîâèå íà ñêà÷îê êàñàòåëüíîé ñîñòàâëÿþùåé rotH ñëåäóåò èç óðàâ-
íåíèé Ìàêñâåëëà è íåïðåðûâíîñòè êàñàòåëüíîé ñîñòàâëÿþùåé íàïðÿ-
æåííîñòè ýëåêòðè÷åñêîãî ïîëÿ íà ïîâåðõíîñòè ðàçäåëà.

Çàäà÷à (1.1) ÿâëÿåòñÿ ïåðåîïðåäåëåííîé, òàê êàê äëÿ ãëàäêîãî ðå-
øåíèÿ êðàåâîå óñëîâèå [µH · n]Γt = 0 ÿëÿåòñÿ ñëåäñòâèåì óðàâíåíèÿ
è îñòàëüíûõ êðàåâûõ óñëîâèé, â òîì ñëó÷àå, êîãäà îíî âûïîëíåíî â
íà÷àëüíûé ìîìåíò âðåìåíè. Èç òåõíè÷åñêèõ ñîîáðàæåíèé, ìû ïðåä-
ïî÷èòàåì ñîõðàíèòü âñå êðàåâûå óñëîâèÿ â çàäà÷å (1.1).

Â ðàáîòàõ [1�3] èçó÷àëàñü çàäà÷à ìàãíèòíîé ãèäðîäèíàìèêè ñî ñâî-
áîäíîé ãðàíèöåé, îïèñûâàþùàÿ äâèæåíèå âÿçêîé íåñæèìàåìîé æèä-
êîñòè â âàêóóìå. Â ÷àñòíîñòè, â [2] äîêàçàíà ðàçðåøèìîñòü ýòîé çàäà÷è

â ïðîñòðàíñòâàõ Ñîáîëåâà�Ñëîáîäåöêîãî W
2+l,1+l/2
2 , 1/2 < l < 1, íà

íåîãðàíè÷åííîì èíòåðâàëå âðåìåíè â ïðåäïîëîæåíèè, ÷òî â íà÷àëü-
íûé ìîìåíò âðåìåíè ñâîáîäíàÿ ãðàíèöà áëèçêà ê ñôåðå è íà÷àëüíûå
äàííûå äîñòàòî÷íî ìàëû. Öåëü äàííîé ñòàòüè � ïîëó÷èòü àíàëîãè÷-
íûé ðåçóëüòàò äëÿ (1.1). Çàäà÷à ìàãíèòíîé ãèäðîäèíàìèêè äëÿ âÿç-
êîé íåñæèìàåìîé æèäêîñòè, îòäåëåííîé ñâîáîäíîé ïîâåðõíîñòüþ îò
îáëàñòè, çàïîëíåííîé íåïîäâèæíûì äèýëåêòðè÷åñêèì ãàçîì, ðàññìàò-
ðèâàëàñü â [6, 7]. Lp − Lq òåîðèÿ ëîêàëüíîé ïî âðåìåíè ðàçðåøèìî-
ñòè çàäà÷è ìàãíèòíîé ãèäðîäèíàìèêè äëÿ äâóõ æèäêîñòåé ïîñòðîåíà
â [4,5]. Ãèäðîäèíàìè÷åñêàÿ çàäà÷à, îïèñûâàþùàÿ äâèæåíèå äâóõ âÿç-
êèõ íåñæèìàåìûõ æèäêîñòåé, ðàçäåëåííûõ ñâîáîäíîé ïîâåðõíîñòüþ,
ñîîòâåòñòâóþùàÿ (1.1) â ñëó÷àå îòñóòñòâèÿ ìàãíèòíîãî ïîëÿ, äîñòàòî÷-
íî õîðîøî èçó÷åíà (ñì. íàïðèìåð[8�12]. Òåðåìà ñóùåñòâîâàíèÿ ðåøå-
íèÿ äâóõôàçíîé ëèíåéíîé çàäà÷è äëÿ ìàãíèòíîãî ïîëÿ, âîçíèêàþùåé
ïðè ëèíåàðèçàöèè (1.1), äîêàçàíà â [14].

�2. Ïðåîáðàçîâàíèå êîîðäèíàò

Ïðåäïîëîæèì, ÷òî â íà÷àëüíûé ìîìåíò âðåìåíè ñâîáîäíàÿ ãðàíèöà
Γ0 áëèçêà ê ñôåðå ðàäèóñà R0 è çàäàíà ñëåäóþùèì îáðàçîì:

Γ0 = {x = y +N(y)ρ0(y), y ∈ SR0},

ãäå ρ0 � çàäàííàÿ ôóíêöèÿ, N(y) = y
|y| � âíåøíÿÿ íîðìàëü ê ñôåðå

SR0
, ïðè÷åì ðàäèóñ ýòîé ñôåðû óäîâëåòâîðÿåò ñîîòíîøåíèþ

4

3
πR3

0 = |Ω10|, R0 > 2d0.
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Ñëåäîâàòåëüíî, ∫
S1

((R0 + ρ0(R0y))3 −R3
0)dS = 0. (2.1)

Áóäåì ñëåäèòü çà öåíòðîì òÿæåñòè âíóòðåííåé æèäêîñòè, êîîðäèíàòû
êîòîðîãî íàõîäÿòñÿ ïî ôîðìóëå

ξ(t) =
1

|Ω10|

∫
Ω1t

xdx =
1

|Ω10|

t∫
0

 ∫
Ω1τ

v(x, τ)dx

 dτ.

Ïðåäïîëàãàÿ, ÷òî â íà÷àëüíûé ìîìåíò âðåìåíè îí íàõîäèòñÿ â íà÷àëå
êîîðäèíàò, ïðèõîäèì ê ñîîòíîøåíèþ∫

S1

yi((R0 + ρ0(R0y))4 −R4
0)dS = 0, i = 1, 2, 3. (2.2)

Áóäåì èñêàòü ñâîáîäíóþ ãðàíèöó â âèäå:

Γt = {x = y + N(y)ρ(y, t) + ξ(t), y ∈ SR0
},

ãäå ôóíêöèè ρ(y, t) è ξ(t) íåèçâåñòíû. Åñëè |ξ(t)| + |ρ(y, t)| 6 d0, ñâî-
áîäíàÿ ïîâåðõíîñòü ëåæèò â øàðîâîì ñëîå R0−d0 6 |y| 6 R0 +d0. Ýòî
ïðåäïîëîæåíèå âûïîëíåíî ïðè äîñòàòî÷íî ìàëûõ íà÷àëüíûõ äàííûõ.

Äëÿ ïåðåõîäà îò çàäà÷è ñî ñâîáîäíîé ãðàíèöåé ê çàäà÷å â ôèêñè-
ðîâàííîé îáëàñòè âîñïîëüçóåìñÿ ìîäèôèêàöèåé ïðåîáðàçîâàíèÿ Han-
zawa:

x = y +N∗(y)ρ∗(y, t) + χ(y)ξ(t) ≡ eρ,ξ(y), y ∈ Ω, (2.3)

ãäå χ(y) � ãëàäêàÿ ñðåçàþùàÿ ôóíêöèÿ, ðàâíàÿ 1 ïðè R0 − d0 6 |y| 6
R0 + d0 è ðàâíàÿ íóëþ âíå øàðîâîãî ñëîÿ R0 − 2d0 6 |y| 6 R0 +
2d0. ×åðåç N

∗(y), ρ∗(y, t) îáîçíà÷åíû ïðîäîëæåíèÿ N è ρ ñ SR0
â Ω

ñ ñîõðàíåíèåì êëàññà. Ïðåäïîëàãàåòñÿ, ÷òî ρ∗(y, t) = 0 â îêðåñòíîñòè
ïîâåðõíîñòè S è C1 íîðìà ρ∗ ìàëà.

Ïóñòü F1 � øàð ðàäèóñà R0, F2 = Ω \ F1, ∂F2 = S ∪ SR0
, òîãäà

Ω = F1 ∪ SR0 ∪ F2, Ïðè äîñòàòî÷íî ìàëûõ ρ∗, ïðåîáðàçîâàíèå (2.3)
óñòàíàâëèâàåò âçàèìíî-îäíîçíà÷íîå ñîîòâåòñòâèå ìåæäó Fi è Ωit, i =
1, 2. Ýëåìåíòû ìàòðèöû ßêîáè L(y, ρ∗, ξ) ïðåîáðàçîâàíèÿ (2.3) ðàâíû

lij = δji +
∂N∗i
∂yj

ρ∗ + N∗i
∂ρ∗

∂yj
+
∂χ(y)

∂yj
ξi, i, j = 1, 2, 3.

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ: L = detL. L̂ = LL−1. Ïóñòü

v(eρ,ξ, t) = u(y, t), p(eρ,ξ, t) = q(y, t), L̂(y, ρ∗, ξ)H(eρ,ξ, t) = h(y, t),
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òîãäà ∇xv ñîîòâåòñòâóåò ∇̃u = (L−1)T∇yu (ñèìâîëîì AT îáîçíà÷à-
åòñÿ ìàòðèöà òðàíñïîíèðîâàííàÿ ê ìàòðèöå A), rotxH ñîîòâåòñòâóåò
((L−1)T∇y) × H(eρ,ξ, t). Íîðìàëü n ê ñâîáîäíîé ïîâåðõíîñòè ìîæåò
áûòü íàéäåíà ïî ôîðìóëå

n(eρ(y, t)) =
L̂T (y, t)N(y)

|L̂T (y, t)N(y)|
.

Òàê æå êàê è â ðàáîòå [1], ââåäåì íîâîå íåèçâåñòíîå âåêòîðíîå ïîëå
h = LL−1H(eρ,ξ, t) âìåñòî h = H(eρ,ξ, t). Ìîòèâàöèåé ïîñëóæèëî òî,
÷òî òàêîå âåêòîðíîå ïîëå ÿâëÿåòñÿ ñîëåíîèäàëüíûì è óäîâëåòâîðÿåò
îäíîðîäíîìó óñëîâèþ ñîïðÿæåíèÿ íà ïîâåðõíîñòè ðàçäåëà: [µh·N] = 0.

Ïðåîáðàçîâàíèå (2.3) ïåðåâîäèò (1.1) â íåëèíåéíóþ ñèñòåìó â ôèê-
ñèðîâàííîé îáëàñòè Ω = F1∪SR0

∪F2 äëÿ íåèçâåñòíûõ ôóíêöèé u(y, t),
q(y, t), h(y, t), ρ(y, t). Âûäåëèì ëèíåéíóþ ÷àñòü â ýòîé ñèñòåìå è çà-
ïèøåì äèíàìè÷åñêîå êðàåâîå óñëîâèå, ðàçäåëÿÿ êàñàòåëüíóþ è íîð-
ìàëüíóþ ñîñòàâëÿþùèå âåêòîðîâ (àíàëîãè÷íî òîìó, êàê ýòî ñäåëàíî
â [1], [13]). Ââåäåì îáîçíà÷åíèÿ äëÿ êàñàòåëüíîé ñîñòàâëÿþùåé âåêòî-
ðà íà SR0

: Π0u = u−N(u ·N) è äëÿ îáðàçà êàñàòåëüíîé ñîñòàâëÿþùåé
âåêòîðà íà Γt: Πu = u− n(eρ,ξ)(u · n(eρ,ξ)).

Ïðèõîäèì ê ñëåäóþùåé çàäà÷å:

∂u

∂t
− νi∇2u +

1

di
∇q = b1(u, q,h, ρ), y ∈ Fi

∇ · u = b2(u, ρ), y ∈ Fi,
[ηΠ0S(u)N]SR0

= b3(u, ρ), y ∈ SR0
,

− [q]SR0
+ [ηN · S(u)N]SR0

+ σBρ = b4(u,h, ρ) + b5(ρ), y ∈ SR0 ,

[u]SR0
= 0,

∂ρ

∂t
− u ·N +

1

|F1|

∫
F1

udy ·N = b6(u, ρ), y ∈ SR0
,

µi
∂h

∂t
+ α−1

i rot roth = b7(h,u, ρ), ∇ · h = 0, y ∈ Fi, (2.4)

[µh ·N]SR0
= 0, [Π0h]SR0

= b8(h, ρ),

[
1

α
Π0(roth)]SR0

= b9(h,u, ρ),

h · n = 0, (roth)τ = 0, u = 0 y ∈ S,
∫
Ω

q(y, t)dy = 0

u(y, 0) = u0(y), h(y, 0) = h0(y), y ∈ Fi,
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ρ(y, 0) = ρ0(y), y ∈ SR0
.

Çäåñü νi = ηi
di
, Bρ = − 1

R2
0
(∆S1

ρ + 2ρ), ∆S1
� îïåðàòîð Áåëüòðàìè�

Ëàïëàñà íà åäèíè÷íîé ñôåðå S1. ×åðåç b1−b9 îáîçíà÷åíû íåëèíåéíûå
÷ëåíû. Âûðàæåíèÿ b1 − b4 àíàëîãè÷íû âû÷èñëåííûì â ðàáîòàõ [2, 8,
13].

b1(u, q,h, ρ) = νi(∇̃2 −∇2)u +
1

di
(∇− ∇̃)q + ρ∗t (L−1N∗(y) · ∇)u

− (L−1u · ∇)u + (χ(y)ξ
′
(t) · ∇)u +

1

di
∇̃ · TM (

L
L
h),

b2(u, ρ) = (I − L̂T )∇ · u = ∇ · (I − L̂)u, y ∈ Fi,

b3(u, ρ) =
[
ηΠ0(Π0S(u)N−ΠS̃(u)n(eρ,ξ))

]
SR0

,

b4(u,h, ρ) =
[
η(N · S(u)N− n(eρ,ξ) · S̃(u)n(eρ,ξ))

]
SR0

−
[
TM (
L
L
h)

]
SR0

n(eρ,ξ), S̃(u) = (∇̃u) + (∇̃u)T .

(2.5)

Âûðàæåíèÿ b5,b6 ñîâïàäàþò ñ ïîëó÷åííûìè â [8, 9] ïðè äîêàçàòåëü-
ñòâå ãëîáàëüíîé ðàçðåøèìîñòè çàäà÷è äëÿ äâóõ íåñæèìàåìûõ æèä-
êîñòåé ðàçäåëåííûõ ñâîáîäíîé ïîâåðõíîñòüþ â îòñóòñòâèè ìàãíèòíîãî
ïîëÿ. Âûðàæåíèÿ b7,b8 âû÷èñëåííû â ðàáîòå [2].

b7(h,u, ρ) =
1

α
rot

(
roth− 1

L
LTLrot

1

L
LTLh

)
+

1

L
L̂tLh

+ L̂
(
L−1(N∗ρ∗t + χ(y)ξ

′
(t)) · ∇

) 1

L
Lh + µ1rot(L−1u× h),

b8(h, ρ) =

(
L̂L̂TN
|L̂TN|2

−N

)
[h ·N]SR0

.

(2.6)

Íåëèíåéíûé ÷ëåí b9 èìååò âèä
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b9(h,u, ρ) =

[
µΠ(u× 1

L
Lh)

]
SR0

+

(
L̂L̂TN
|L̂TN(y)|2

−N

)[
1

α
rot

1

L
LTLh ·N

]
SR0

+ N

[
1

α

(
rot

1

L
LTLh− roth

)
·N
]
SR0

.

(2.7)

Äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è (2.4), ïðåæäå âñå-
ãî ðàññìîòðèì ñîîòâåòñòâóþùóþ ëèíåéíóþ çàäà÷ó.

�3. Ëèíåéíûå çàäà÷è

Ïðèâåäåì îïðåäåëåíèÿ ôóíêöèîíàëüíûõ ïðîñòðàíñòâ, â êîòîðûõ
èùåòñÿ ðåøåíèå. Ïðîñòðàíñòâó Ñîáîëåâà W l

2(Ω), Ω ∈ Rn, ñ íåöåëûì
l > 0, ïðèíàäëåæàò ôóíêöèè u(x), x ∈ Ω, äëÿ êîòîðûõ êîíå÷íà íîðìà

‖ u ‖2W l
2(Ω)=‖ u ‖

2

W
[l]
2 (Ω)

+
∑
|α|=[l]

∫
Ω

∫
Ω

∣∣Dαu(x)−Dαu(y)
∣∣2 dxdy

|x− y|n+2(l−[l])
,

ãäå

‖ u ‖2
W

[l]
2 (Ω)

=
∑

06|α|6[l]

∫
Ω

∣∣Dαu(x)
∣∣2dx

� êâàäðàò íîðìû ïðîñòðàíñòâà W
[l]
2 (Ω). Àíèçîòðîïíûå ïðîñòðàíñòâà

Ñîáîëåâà- Ñëîáîäåöêîãî W
l,l/2
2 (QT ) â öèëèíäðè÷åñêîé îáëàñòè QT =

Ω × (0, T ) ìîæíî îïðåäåëèòü êàê L2((0, T ),W l
2(Ω)) ∩ L2(Ω,W

l/2
2 (0, T ))

ñ íîðìîé

‖ u ‖2
W
l,l/2
2 (QT )

=

T∫
0

‖ u(·, t) ‖2W l
2(Ω) dt+

∫
Ω

‖ u(x, ·) ‖2
W
l/2
2 (0,T )

dx. (3.1)

Ïåðâîå è âòîðîå ñëàãàåìîå â ïðàâîé ÷àñòè (3.1) ñîâïàäàþò ñ êâàäðà-

òîì íîðìû ïðîñòðàíñòâ W l,0
2 (QT ) = L2((0, T ),W l

2(Ω)) è W
0,l/2
2 (QT ) =

L2((Ω,W
l/2
2 (0, T )) ñîîòâåòñòâåííî. Íà ãëàäêèõ ïîâåðõíîñòÿõ ïðîñòðàí-

ñòâà Ñîáîëåâà-Ñëîáîäåöêîãî ââîäÿòñÿ ñòàíäàðòíûì ñïîñîáîì ñ ïîìî-
ùüþ ðàçáèåíèÿ åäèíèöû.
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Î÷åâèäíî, çàäà÷ó (2.4) ìîæíî ðàçäåëèòü íà äâå ÷àñòè: ãèäðîäèíà-
ìè÷åñêóþ, â êîòîðîé ëèíåéíûå ñëàãàåìûå çàâèñÿò îò u, q, ρ è ìàã-
íèòíóþ, â êîòîðîé ëèíåéíûå ñëàãàåìûå çàâèñÿò îò h. Çàìåòèì, ÷òî
ðåçóëüòàòû äëÿ ëèíåéíûõ çàäà÷ áûëè ïîëó÷åíû â áîëåå îáùåì ñëó÷àå
Ω = F1 ∪ G ∪ F2,, êîãäà ïîâåðõíîñòü ðàçäåëÿþøàÿ ôàçû G � ãëàäêàÿ
çàìêíóòàÿ ïîâåðõíîñòü ãîìåîìîðôíàÿ ñôåðå. Â íàøåé çàäà÷åG = SR0

.
Ëèíåàðèçîâàííàÿ ãèäðîäèíàìè÷åñêàÿ çàäà÷à èìååò âèä:

∂u

∂t
− νi∇2u +

1

di
∇q = F, ∇ · u = P, y ∈ Fi,

[ηΠ0S(u)N]SR0
= A,

[−p+ ηN · S(u)N]SR0
+ σBρ = R, y ∈ SR0 ,

∂ρ

∂t
−u ·N+

1

|F1|

∫
F1

udy ·N=K, y∈SR0 , [u]SR0
=0, u(2)

∣∣∣
S

=0,

u(y, 0)=u0(y), y∈Fi, ρ(y, 0)=ρ0(y), y∈SR0 ,

∫
Ω

q(y, t)dy=0.

(3.2)

Çäåñü

u =

{
u(1), x ∈ F1

u(2), x ∈ F2

, q =

{
q(1), x ∈ F1

q(2), x ∈ F2

.

Çàäà÷à àíàëîãè÷íàÿ (3.2) ïîëó÷àåòñÿ è ïðè ëèíåàðèçàöèè çàäà÷è ñî
ñâîáîäíîé ãðàíèöåé, îïèñûâàþùåé äâèæåíèå äâóõ âÿçêèõ íåñæèìàå-
ìûõ æèäêîñòåé, ðàçäåëåííûõ ñâîáîäíîé ïîâåðõíîñòüþ, â îòñóòñòâèè
ìàãíèòíîãî ïîëÿ. Òàêàÿ ëèíåéíàÿ çàäà÷à èçó÷àëàñü â [8, 9]. Â ÷àñòíî-
ñòè, äîêàçàíà îäíîçíà÷íàÿ ðàçðåøèìîñòü â ïðîñòðàíñòâàõ Ñîáîëåâà-
Ñëîáîäåöêîãî.

Òåîðåìà 1. [8] Ïóñòü

u0 ∈W 1+l
2 (Fi), ρ0 ∈W 2+l

2 (SR0), F ∈W l,l/2
2 (Q

(i)
T ), P ∈W 1+l,0

2 (Q
(i)
T ),

P = ∇ ·P, P ∈W 0,1+l/2
2 (Q

(i)
T ), [PN]SR0

= 0, A ∈W 1/2+l,1/4+l/2
2 (GT ),

R ∈W 1/2+l,0
2 (GT ) ∩W l/2

2 (0, T ;W
1/2
2 (SR0)), K ∈W 3/2+l,3/4+l/2

2 (GT ),

Q
(i)
T = Fi × (0, T ), GT = SR0 × (0, T ), l ∈ (1/2, 1), i = 1, 2

è âûïîëíÿþòñÿ óñëîâèÿ ñîãëàñîâàíèÿ
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∇ · u(i)
0 = P(i)

∣∣∣
t=0

, [ηΠ0S(u0)N]SR0
= A

∣∣∣
t=0

, N ·A = 0 (t > 0),

[u0]SR0
= 0, u

(2)
0

∣∣∣
S

= 0.

Òîãäà çàäà÷à (3.2) èìååò åäèíñòâåííîå ðåøåíèå

ρ ∈W 5/2+l,5/4+l/2
2 (GT ) ρt ∈W 3/2+l,3/4+l/2

2 (GT ),

u ∈W 2+l,1+l/2
2 (Q

(i)
T ), q ∈W 0,l/2

2 (Q
(i)
T ), ∇q ∈W l,l/2

2 (Q
(i)
T ).

Äëÿ ýòîãî ðåøåíèÿ èìååò ìåñòî îöåíêà:

2∑
i=1

(
‖ u ‖

W
2+l,1+l/2
2 (Q

(i)
T )

+ ‖ ∇q ‖
W
l,l/2
2 (Q

(i)
T )

+ ‖ q ‖
W

0,l/2
2 (Q

(i)
T )

)
+ ‖ ρ ‖

W
5/2+l,5/4+l/2
2 (GT )

+ ‖ ρt ‖W 3/2+l,3/4+l/2
2 (GT )

6 c(T )
( 2∑
i=1

‖ u0 ‖W 1+l
2 (Fi) + ‖ ρ0 ‖W 2+l

2 (SR0
)

+

2∑
i=1

(
‖ F ‖

W
l,l/2
2 (Q

(i)
T )

+ ‖ P ‖
W 1+l,0

2 (Q
(i)
T )

+ ‖ P ‖
W

0,1+l/2
2 (Q

(i)
T )

)
+ ‖ A ‖

W
1/2+l,1/4+l/2
2 (GT )

+ ‖ R ‖
W

1/2+l,0
2 (GT )

+ ‖ R ‖
W
l/2
2 (0,T ;W

l/2
2 (SR0

))
+ ‖ K ‖

W
3/2+l,3/4+l/2
2 (GT )

)

(3.3)

Èç òåîðåìû 1 ñëåäóåò, ÷òî ïðè âñåõ t ∈ (0, T ) ôóíêöèÿ ρ èìååò òó æå

ãëàäêîñòü, ÷òî è â íà÷àëüíûé ìîìåíò âðåìåíè: ρ(·, t) ∈W 2+l
2 (SR0

).
Âûäåëÿÿ â (2.4) ëèíåéíóþ ÷àñòü çàâèñÿùóþ îò h, ïðèõîäèì ê ëè-

íåéíîé çàäà÷å ñîïðÿæåíèÿ:

µi
∂h

∂t
+

1

αi
rot roth = f , ∇ · h = 0, y ∈ Fi,

[µh ·N]SR0
= 0, [hτ ]SR0

= a,

[
1

α
(roth)τ ]SR0

= g,

h(2) · n = 0, (roth(2))τ = 0, y ∈ S,
h(y, 0) = h0(y), y ∈ Fi, i = 1, 2,

(3.4)
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ãäå h =

{
h(1), x ∈ F1

h(2), x ∈ F2

. Â ðàáîòå [14] äîêàçàíà îäíîçíà÷íàÿ ðàçðå-

øèìîñòü (3.4) â ïðîñòðàíñòâàõ Ñîáîëåâà-Ñëîáîäåöêîãî.

Òåîðåìà 2. [14] Ïóñòü â çàäà÷å (3.4) a = [A], g = [B],

A =

{
A(1), x ∈ F1

A(2), x ∈ F2

, B =

{
B(1), x ∈ F1

B(2), x ∈ F2

,

A(i) · N
∣∣
SR0

= 0, B(i) · N
∣∣
SR0

= 0, A(i) ∈ W
2+l,1+l/2
2 (Q

(i)
T ), B(i) ∈

W
1+l,1/2+l/2
2 (Q

(i)
T ), f ∈W l,l/2

2 (Q
(i)
T ), h0 ∈W 1+l

2 (Fi).
Ïðåäïîëîæèì òàêæå, ÷òî A(2), B(2) îáðàùàþòñÿ â íîëü â îêðåñò-

íîñòè çàäàííîé ãðàíèöû S è âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ ñîãëà-

ñîâàíèÿ:

∇ · f = 0, ∇ · h0 = 0, y ∈ Fi,

[h0τ ]SR0
=a
∣∣
t=0

, [
1

α
(roth0)τ ]SR0

=g
∣∣
t=0

, [f ·N]SR0
=[rotB ·N]SR0

,

[µh0 ·N]SR0
= 0, h0 · n

∣∣∣
S

= 0, (roth0)τ

∣∣∣
S

= 0, f · n
∣∣∣
S

= 0.

(3.5)

(Óñëîâèå ∇ · f = 0 âûïîëíÿåòñÿ â ñëàáîì ñìûñëå.) Òîãäà ñóùåñòâóåò

åäèíñòâåííîå ðåøåíèå çàäà÷è (3.4) h ∈ W 2+l,1+l/2
2 (Q

(i)
T ) è ñëåäóþùàÿ

îöåíêà

2∑
i=1

‖ h ‖
W

2+l,1+l/2
2 (Q

(i)
T )

6 c

2∑
i=1

(
‖ f ‖

W
l,l/2
2 (Q

(i)
T )

+ ‖ h0 ‖W 1+l
2 (Fi)

+‖ B(i) ‖
W

1+l,1/2+l/2
2 (Q

(i)
T )

+‖ A(i) ‖
W

2+l,1+l/2
2 (Q

(i)
T )

)
6 c1

2∑
i=1

(
‖ f ‖

W
l,l/2
2 (Q

(i)
T )

+ ‖ h0 ‖W 1+l
2 (Fi)

+ ‖ g ‖
W

1/2+l,1/4+l/2
2 (GT )

+ ‖ a ‖
W

3/2+l,3/4+l/2
2 (GT )

)
(3.6)

èìååò ìåñòî.

�4. Íåëèíåéíàÿ çàäà÷à

Â ýòîì ïàðàãðàôå áóäåì èñïîëüçîâàòü ñëåäóþùèå îáîçíà÷åíèÿ

Y (t) = ‖ρ(·, t)‖W 2+l
2 (SR0

) +

2∑
i=1

(
‖h(·, t)‖W 1+l

2 (Fi) + ‖u(·, t)‖W 1+l
2 (F1)

)
,
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X(t1,t2)(u, q, ρ,h) =
2∑
i=1

(‖h‖
W

2+l,1+l/2
2 (Fi×(t1,t2))

+ ‖u‖
W

2+l,1+l/2
2 (Fi×(t1,t2))

+‖∇q‖
W
l,l/2
2 (Fi×(t1,t2))

+ ‖q‖
W

0,l/2
2 (Fi×(t1,t2))

)

+‖ρ‖
W

5/2+l,5/4+l/2
2 (SR0

×(t1,t2))
+ ‖ρt‖W 3/2+l,3/4+l/2

2 (SR0
×(t1,t2))

.

Òåîðåìà 3. Ïóñòü u0 ∈ W 1+l
2 (Fi), h0 ∈ W 1+l

2 (Fi), i = 1, 2, ρ0 ∈
W 2+l

2 (SR0) ñ íåêîòîðûì l ∈ (1/2, 1) è âûïîëíåíû óñëîâèÿ ñîãëàñîâàíèÿ

∇ · u0 = b2(u0, ρ0), ∇ · h0 = 0, y ∈ Fi,
[ηΠ0S(u0)N]SR0

= b3(u0, ρ0), [u0]SR0
= 0,

[µh0 ·N]SR0
= 0, [(h0)τ ]SR0

= b8(h0, ρ0),

[
1

α
Π0(roth0)]SR0

= b9(h0,u0, ρ0),

h0 · n = 0, (roth0)τ = 0, u0 = 0 y ∈ S.

(4.1)

Ïðåäïîëîæèì, ÷òî âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ ìàëîñòè íà-

÷àëüíûõ äàííûõ

Y (0) = ‖ρ0‖W 2+l
2 (SR0

) +
∑
i=1,2

(
‖u0‖W 1+l

2 (Ωi0) + ‖h0‖W 1+l
2 (Ωi0)

)
6 ε (4.2)

è óñëîâèÿ (2.1), (2.2) äëÿ ôóíêöèè ρ0.

Òîãäà, íà ïðîìåæóòêå âðåìåíè (0,+∞), çàäà÷à (2.4) èìååò åäèí-

ñòâåííîå ðåøåíèå ñî ñëåäóþùèìè ñâîéñòâàìè:

ρ ∈W 5/2+l,5/4+l/2
2 (G∞) ρt ∈W 3/2+l,3/4+l/2

2 (G∞), u ∈W 2+l,1+l/2
2 (Q

(i)
T ),

h ∈W 2+l,1+l/2
2 (Q∞), q ∈W 0,l/2

2 (Q(i)
∞ ), ∇q ∈W l,l/2

2 (Q(i)
∞ ).

Q(i)
∞ = Fi × (0,+∞), G∞ = SR0 × (0,+∞), i = 1, 2.

Äëÿ ýòîãî ðåøåíèÿ èìååò ìåñòî îöåíêà

X(0,+∞)(e
atu, eatq, eatρ, eath) 6 Y (0), (4.3)

ñ íåêîòîðûì a > 0.
Áóäåì äîêàçûâàòü òåîðåìó 3 øàã çà øàãîì, ñíà÷àëà ïîñòðîèâ ðåøå-

íèå ñ íóæíûìè ñâîéñòâàìè íà ïðîìåæóòêå [0, T ], çàòåì íà ïðîìåæóò-
êå [T, 2T ] è òàê äàëåå. Ïîñêîëüêó ïðàâûå ÷àñòè óñëîâèé ñîãëàñîâàíèÿ

(4.1) íåëèíåéíû, îíè èìåþò ïîðÿäîê ε2. Ìîæíî íàéòè ôóíêöèè u
′′

0 , ρ
′′

0 ,
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h
′′

0 ïîðÿäêà ε2, êîòîðûå òàêæå óäîâëåòâîðÿþò óñëîâèÿì ñîãëàñîâàíèÿ

â íåëèíåéíîé çàäà÷å (2.4) è ñäåäóþùèì óñëîâèÿì äëÿ ôóíêöèè ρ
′′

0 :∫
S1

ρ
′′

0 (R0y)dS = − 1

R0

∫
S1

ρ2
0(R0y)dS − 1

3R2
0

∫
S1

ρ3
0(R0y)dS, (4.4)

∫
S1

yiρ
′′

0dS=− 3

2R0

∫
S1

yiρ
2
0dS −

1

R2
0

∫
S1

yiρ
3
0dS−

1

4R3
0

∫
S1

yiρ
4
0dS, i=1, 2, 3.

(4.5)

Âîçìîæíîñòü ïîñòðîåíèÿ u
′′

0 , ρ
′′

0 , óäîâëåòâîðÿþùèõ óñëîâèÿì

∇ · u′′

0 = b2(u0, ρ0), y ∈ Fi,
νΠSR0

S(u
′′

0 )N(y) = b3(u0, ρ0), y ∈ SR0
, [u

′′

0 ]SR0
= 0,

u
′′

0 = 0, y ∈ S

è óñëîâèÿì (4.4), (4.5), äîêàçàíà â ðàáîòàõ [8,9]. Ïîñòðîåíèå âåêòîðíîãî

ïîëÿ h
′′

0 , óäîâëåòâîðÿþùåãî óñëîâèÿì

∇ · h′′

0 = 0, y ∈ Fi,
[µh

′′

0 ·N]SR0
= 0, [Π0(h

′′

0 )]SR0
= b8(h0, ρ0),

[ 1
αΠ0(roth

′′

0 )]SR0
= b9(h0,u0, ρ0),

h
′′

0 · n = 0, (roth
′′

0 )τ = 0, y ∈ S.

îïèñàíî â [14]. Èìååò ìåñòî îöåíêà

‖ ρ′′

0 ‖W 2+l
2 (SR0

) + ‖ u′′

0 ‖W 1+l
2 (F1∪F2) + ‖ h′′

0 ‖W 1+l
2 (F1∪F2)

6 C
(
‖ ρ0 ‖W 2+l

2 (SR0
) + ‖ u0 ‖W 1+l

2 (F1∪F2) + ‖ h0 ‖W 1+l
2 (F1∪F2)

)2

.(4.6)

Ôóíêöèè

u
′

0 = u0 − u
′′

0 , ρ
′

0 = ρ0 − ρ
′′

0 , h
′

0 = h0 − h
′′

0
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óäîâëåòâîðÿþò óñëîâèÿì ñîãëàñîâàíèÿ â ëèíåéíîé îäíîðîäíîé çàäà÷å.
Íàéäåì u

′
, ρ

′
, q

′
êàê ðåøåíèå çàäà÷è

∂u
′

∂t
− νi∇2u

′
+

1

d(i)
∇q

′
= 0, ∇ · u

′
= 0, y ∈ Fi,

[ηΠ0S(u
′
)N]SR0

= 0,

[−q
′
+ ηN · S(u

′
)N]SR0

+ σBρ
′

= 0, y ∈ SR0
,

∂ρ
′

∂t
−u

′
·N− 1

|F1|

∫
F1

u
′
dy ·N=0, [u

′
]SR0

=0, y∈SR0
, u

′
∣∣∣
S

=0,

u
′
(y, 0) = u

′

0(y), y ∈ Fi, ρ
′
(y, 0) = ρ

′

0(y), y ∈ SR0
.

(4.7)

Â ðàáîòàõ È. Â. Äåíèñîâîé è Â. À. Ñîëîííèêîâà [8, 9] äîêàçàíà ãëî-

áàëüíàÿ ðàçðåøèìîñòü çàäà÷è (4.7) ïðè âñåõ u
′

0 ∈ W 1+l
2 (F1 ∪ F2),

ρ
′

0 ∈ W 2+l
2 (SR0

), óäîâëåòâîðÿþùèõ óñëîâèÿì ñîãëàñîâàíèÿ è óñëîâè-
ÿì îðòîãîíàëüíîñòè∫

S1

ρ
′

0(R0y)dS = 0,

∫
S1

yjρ
′

0(R0y)dS = 0, j = 1, 2, 3.

Äëÿ ýòîãî ðåøåíèÿ èìååò ìåñòî îöåíêà

‖ebtu
′
‖
W

2+l,1+l/2
2 (Q

(1)
T ∪Q

(2)
T )

+ ‖ebt∇q
′
‖
W
l,l/2
2 (Q

(1)
T ∪Q

(2)
T )

+ ‖ebtq
′
‖
W

0,l/2
2 (Q

(1)
T ∪Q

(2)
T )

+ ‖ebtρ
′
‖
W

5/2+l,5/4+l/2
2 (SR0

×(0,T ))

+ ‖ebtDtρ
′
‖
W

3/2+l,3/4+l/2
2 (SR0

×(0,T ))

6 C
(
‖u

′

0‖W 1+l
2 (F1∪F2) + ‖ρ

′

0‖W 2+l
2 (SR0

)

)
, T 6 +∞, b > 0. (4.8)

Èç îöåíêè (4.8) âûòåêàåò

‖u
′
(·, T )‖W 1+l

2 (F1∪F2) + ‖ρ
′
(·, T )‖W 2+l

2 (SR0
)

6 Ce−bT
(
‖u

′

0‖W 1+l
2 (F1∪F2) + ‖ρ

′

0‖W 2+l
2 (SR0

)

)
. (4.9)
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Íàéäåì h
′
êàê ðåøåíèå çàäà÷è

µi
∂h

′

∂t
+

1

αi
rot roth

′
= 0, ∇ · h

′
= 0, y ∈ Fi,

[µh
′
·N]SR0

= 0, [h
′

τ ]SR0
= 0,

[
1

α
(roth

′
)τ ]SR0

= 0,

h
′
· n = 0, (roth

′
)τ = 0, y ∈ S,

h
′
(y, 0) = h

′

0(y), y ∈ Fi.

(4.10)

Çàäà÷ó (4.10) ìîæíî çàïèñàòü êàê çàäà÷ó Êîøè

ht +Ah = 0, h
∣∣
t=0

= h0

ñ ïîëîæèòåëüíîîïðåäåëåííûì ñàìîñîïðÿæåííûì îïåðàòîðîì A, çà-
äàííûì íà ïðîñòðàíñòâå ñîëåíîèäàëüíûõ âåêòîðîâ, óäîâëåòâîðÿþùèõ
êðàåâûì óñëîâèÿì (àíàëîãè÷íî [17]). Ñïåêòð −A ñîñòîèò èç ñ÷åòíîãî
÷èñëà îòðèöàòåëüíûõ ñîáñòâåííûõ ÷èñåë, ñõîäÿùèõñÿ ê −∞. Ñëåäîâà-
òåëüíî,

‖ebth
′
‖
W

2+l,1+l/2
2 (Q

(1)
T ∪Q

(2)
T )

+ sup
t<T
‖ebth

′
(·, t)‖W 1+l

2 (F1∪F2)

6 C‖h
′

0‖W 1+l
2 (F1∪F2). (4.11)

Áóäåì èñêàòü ðåøåíèå çàäà÷è (2.4) â âèäå

u = u
′
+ u

′′
, h = h

′
+ h

′′
, ρ = ρ

′
+ ρ

′′
, q = q

′
+ q

′′
.

Òîãäà äëÿ íåèçâåñòíûõ ôóíêöèé u
′′
, h

′′
, ρ

′′
, q

′′
ïðèõîäèì ê ñëåäóþùåé

íåëèíåéíîé çàäà÷å:

∂u
′′

∂t
− νi∇2u

′′
+

1

di
∇q

′′
= b1(u, q,h, ρ), ∇ · u

′′
= b2(u, ρ), y ∈ Fi,

[ηΠ0S(u
′′
)N]SR0

= b3(u, ρ), y ∈ SR0
,

− [q
′′
]SR0

+ [ηN · S(u
′′
)N]SR0

+ σBρ
′′

= b4(u,h, ρ) + b5(ρ), y ∈ SR0 ,

[u
′′
]SR0

= 0,
∂ρ

′′

∂t
− u

′′
·N +

1

|F1|

∫
F1

u
′′
dy ·N = b6(u, ρ), y ∈ SR0

,

µi
∂h

′′

∂t
+ α−1

i rot roth
′′

= b7(h,u, ρ), ∇ · h
′′

= 0, y ∈ Fi,
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[µh
′′
·N]SR0

= 0,

[Π0h
′′
]SR0

= b8(h, ρ), [
1

α
Π0(roth

′′
)]SR0

= b9(h,u, ρ),

h
′′
· n = 0, (roth

′′
)τ = 0, u

′′
= 0 y ∈ S, (4.12)

u
′′
(y, 0) = u

′′

0 (y), h
′′
(y, 0) = h

′′

0 (y), y ∈ Fi,

ρ
′′
(y, 0) = ρ

′′

0 (y), y ∈ SR0
.

Òåîðåìà 4. Ïóñòü u
′′

0 ∈ W 1+l
2 (Fi), h0

′′
∈ W 1+l

2 (Fi), i = 1, 2, ρ
′′

0 ∈
W 2+l

2 (SR0
) ñ íåêîòîðûì l ∈ (1/2, 1) è âûïîëíåíû óñëîâèÿ ñîãëàñîâà-

íèÿ (4.1). Äëÿ çàäàííîãî T > 1 ñóùåñòâóåò ε > 0, òàêîå ÷òî, åñëè

íà÷àëüíûå äàííûå óäîâëåòâîðÿþò óñëîâèÿì (4.2), (4.6) ñ òàêèì ε, òî
çàäà÷à (4.12) èìååò åäèíñòâåííîå ðåøåíèå íà ïðîìåæóòêå âðåìåíè

[0, T ], äëÿ êîòîðîãî âåðíà îöåíêà

X(0,T )(u
′′
, q

′′
, ρ

′′
,h

′′
) + sup

t<T
Y

′′
(t) 6 C(T )Y

′′
(0) 6 C1(T )εY (0). (4.13)

Çäåñü Y ′′(t) îáîçíà÷åò Y (t), âû÷èñëåííîå äëÿ ôóíêöèé u′′, h′′, ρ′′.
Ðàçðåøèìîñòü çàäà÷è (4.12) ñ íà÷àëüíûìè äàííûìè ïîðÿäêà ε2 äî-

êàçûâàåòñÿ ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Ïðèâåäåì ñõåìó
äîêàçàòåëüñòâà. Â êà÷åñòâå ïåðâîãî ïðèáëèæåíèÿ âîçüìåì ïðîäîëæå-
íèå íà÷àëüíûõ äàííûõ. Ïóñòü

u
′′

1 ∈W
2+l,1+l/2
2 (Q

(i)
T ), u

′′

1

∣∣
t=0

= u
′′

0 , [u
′′

1 ]SR0
= 0, u

′′

1 |S = 0,

‖u
′′

1‖W 2+l,1+l/2
2 (Q

(i)
T )

6 c‖u
′′

0‖W 1+l
2 (F1∪F2).

Çà h
′′

1 âîçüìåì ïðîäîëæåíèå h
′′

0 , ïðèíàäëåæàùåå ïðîñòðàíñòâó

W
2+l,1+l/2
2 (Q

(i)
T ), îáëàäàþùåå ñëåäóþùèìè ñâîéñòâàìè:

h
′′

1

∣∣
t=0

= h
′′

0 , h
′′

1 · n
∣∣
S

= 0,
(

roth
′′

1

) ∣∣
S

= 0.

‖h
′′

1‖W 2+l,1+l/2
2 (Q

(i)
T )

6 c‖h
′′

0‖W 1+l
2 (F1∪F2).

Ïîëîæèì q
′′

1 = 0. Èç íà÷àëüíûõ óñëîâèé è êðàåâîãî óñëîâèÿ â (4.12),
íàõîäèì

ρ
′′

1

∣∣
t=0

! =ρ′′0 ,

∂ρ′′1
∂t

∣∣∣
t=0

=u
′′

0 ·N−
1

|F1|

∫
F1

u
′′

0dy ·N+b6(u0, ρ0)∈W 1/2+l
2 (SR0

).
(4.14)
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Â ïðåäëîæåíèè 4.1 ðàáîòû [16] äîêàçàíî, ÷òî ñóùåñòâóåò ôóíêöèÿ

ρ
′′

1 ∈ W
5/2+l,5/4+l/2
2 (GT ), îáëàäàþùàÿ äîïîëíèòåëüíîé ãëàäêîñòüþ

ïî âðåìåíè:
∂ρ

′′
1

∂t ∈ W
3/2+l,3/4+l/2
2 (GT ) è óäîâëåòâîðÿþùàÿ ïðè t = 0

óñëîâèÿì (4.14). Äëÿ ýòîé ôóíêöèè âåðíà îöåíêà:

‖ρ
′′

1‖W 5/2+l,5/4+l/2
2 (GT )

+ ‖∂ρ
′′

1

∂t
‖
W

3/2+l,3/4+l/2
2 (GT )

6 c(‖ρ
′′

0‖W 2+l
2 (SR0

) + ‖∂ρ
′′

0

∂t
‖
W

1/2+l
2 (SR0

)
). (4.15)

Ñîãëàñíî òåîðåìå î ñëåäàõ

‖ρ
′′

1 (·, t)‖W 2+l
2 (SR0

) 6 c

(
‖ρ

′′

1‖W 5/2+l,0
2 (GT )

+ ‖∂ρ
′′

1

∂t
‖
W

3/2+l,0
2 (GT )

)
. (4.16)

Ïðîäîëæèì ρ
′′

1 â îáëàñòü Ω ñ ñîõðàíåíèåì êëàññà. Îïðåäåëèì ëèíåé-

íûé îïåðàòîð ïðîäîëæåíèÿ E òàê, ÷òîáû suppEρ ⊂ Ω, ∂Eρ∂n

∣∣∣
SR0

= 0,

Eρ ∈W 3+l,3/2+l/2
2 (Q

(i)
T ) è èìåëè ìåñòî îöåíêè

‖Eρ(·, t)‖
W

1/2+α
2 (Ω)

6 c3‖ρ(·, t)‖Wα
2 (SR0

), α ∈ [0, 2 + l],

‖ ∂
∂t

(Eρ)(·, t)‖
W

1/2+α
2 (Ω)

6 c4‖
∂

∂t
ρ(·, t)‖Wα

2 (SR0
), α ∈ [0, 1/2 + l].

(4.17)

Äëÿ âñåõ m ∈ N, çíàÿ m-îå ïðèáëèæåíèå è ïîëàãàÿ ρ∗m = Eρm, ïîñëå-
äîâàòåëüíî íàéäåì (m+ 1)-îå ïðèáëèæåíèå èç ñèñòåìû

∂u
′′

m+1

∂t
− νi∇2u

′′

m+1 +
1

di
∇q

′′

m+1 = b1(um, qm,hm, ρm), y ∈ Fi

∇ · u
′′

m+1 = b2(um, ρm) = ∇ · l(um, ρm), y ∈ Fi,

[ηΠ0S(u
′′

m+1)N]SR0
= b3(um, ρm), y ∈ SR0

,

− [q
′′

m+1]SR0
+ [ηN · S(u

′′

m+1)N]SR0
+ σBρ

′′

m+1

= b4(um,hm, ρm) + b5(ρm), y ∈ SR0
, (4.18)

[u
′′

m+1]SR0
= 0,

∂

∂t
ρ

′′

m+1 − u
′′

m+1 ·N +
1

|F1|

∫
F1

u
′′

m+1dy ·N=b6(um, ρm), y∈SR0
,

µi
∂

∂t
h

′′

m+1 + α−1
i rot roth

′′

m+1 = b7(hm,um, ρm),
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∇ · h
′′

m+1 = 0 y ∈ Fi,

[µh
′′

m+1 ·N]SR0
= 0, [Π0h

′′

m+1]SR0
= b8(hm, ρm),

[
1

α
Π0(rothm+1)]SR0

= b9(hm,um, ρm),

h
′′

m+1 · n = 0, (roth
′′

m+1)τ = 0, u
′′

m+1 = 0 y ∈ S,

u
′′

m+1(y, 0) = u
′′

0 (y), h
′′

m+1(y, 0) = h
′′

0 (y), y ∈ Fi,

ρ
′′

m+1(y, 0) = ρ
′′

0 (y), y ∈ SR0
.

Çäåñü ââåäåíû îáîçíà÷åíèÿ

um = u
′′

m + u
′
, hm = h

′′

m + h
′
, qm = q

′′

m + q
′
, ρm = ρ

′′

m + ρ
′
.

Óñëîâèÿ ñîãëàñîâàíèÿ â çàäà÷å (4.18) âûïîëíåíû, òàê êàê (u
′′

0 ,h
′′

0 , ρ
′′

0 )
óäîâëåòâîðÿþò óñëîâèÿì ñîãëàñîâàíèÿ çàäà÷è (2.4).

Çà (u
(i)
m+1, ρm+1, q

(i)
m+1) âîçüìåì ðåøåíèå çàäà÷è (3.2), â êîòîðîé èç-

âåñòíûå ôóíêöèè ðàâíû

F = b1(um, qm,hm, ρm), P = b2(um, ρm) = ∇ · l, A = b3(um, ρm),

R = b4(um,hm, ρm) + b5(ρm), K = b6(um, ρm).

Ôóíêöèÿ h
′′

m+1 ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (3.4), â êîòîðîé èçâåñò-
íûå ôóíêöèè ðàâíû

f = b7 (hm,um, ρm) , a = b8 (hm, ρm) , g = b9 (um,hm, ρm) .

Ïðèìåíÿÿ òåîðåìû 1,2, íàõîäèì ðåøåíèå çàäà÷è (4.18), ñîãëàñíî îöåí-
êàì (3.3), (3.6) èìååì

X(0,T )[u
′′

m+1,h
′′

m+1, q
′′

m+1, ρ
′′

m+1] + sup
t<T

Y
′′

m+1(t)

6 C

( ∑
i=1,2

(‖ u
′′

0 ‖W 1+l
2 (Fi) + ‖ h

′′

0 ‖W 1+l
2 (Fi))

+ ‖ ρ
′′

0 ‖W 2+l
2 (SR0

) +Z[b(um, qm, ρm,hm)]

)
, (4.19)
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ãäå ÷åðåç Y
′′

m+1(t) îáîçíà÷åíî âûðàæåíèå Y (t), âû÷èñëåííîå íà ôóíê-

öèÿõ (u
′′

m+1,h
′′

m+1, ρ
′′

m+1),

Z[b(um, qmρm,hm)] =

2∑
i=1

(
‖ b1 ‖W l,l/2

2 (Q
(i)
T )

+ ‖ b7 ‖W l,l/2
2 (Q

(i)
T )

+ ‖ b2 ‖W 1+l,0
2 (Q

(i)
T )

+ ‖ l ‖
W

0,1+l/2
2 (Q

(i)
T )

)
+ ‖ b3 ‖H1/2+l,1/4+l/2

2 (GT )
+ ‖ b4 + b5 ‖W 1/2+l,0

2 (GT )

+ ‖ b4 + b5 ‖W l/2
2 (0,T ;W

1/2
2 (SR0

))

+ ‖ b6 ‖W 3/2+l,3/4+l/2
2 (GT )

+ ‖ b8 ‖W 3/2+l,3/4+l/2
2 (GT )

+ ‖ b9 ‖W 1/2+l,1/4+l/2
2 (GT )

.

Îöåíêè íåëèíåéíûõ ñëàãàåìûõ Z[b(um, qmρm,hm)] â ïðåäïîëîæåíèè
÷òî íà÷àëüíûå äàííûå äîñòàòî÷íî ìàëû, â òî âðåìÿ êàê ïðîìåæóòîê
âðåìåíè, íà êîòîðîì èùåòñÿ ðåøåíèå, íàîáîðîò íå ìàë (T > 1), îñíî-
âûâàþòñÿ íà ìåòîäå ðàçðàáîòàííîì Â. À. Ñîëîííèêîâûì â ñòàòüå [15].
Îñîáåííîñòè ïðèìåíåíèÿ ýòîãî ìåòîäà äëÿ ñëó÷àÿ, êîãäà ïðåîáðàçîâà-
íèå êîîðäèíàò ñîäåðæèò äîïîëíèòåëüíîå ñëàãàåìîå χ(y)ξ(t) ïî ñðàâ-
íåíèþ ñ ïðåîáðàçîâàíèåì êîîðäèíàò â [15] îïèñàíû â ðàáîòå [2], èç
ðåçóëüòàòîâ êîòîðîé ñëåäóåò ëåììà.

Ëåììà 1. Ïðåäïîëîæèì. ÷òî ôóíêöèè (u, q, ρ,h) èìåþò êîíå÷íûå

íîðìû

X(0,T )(u, q, ρ,h) + sup
t<T

Y (t), T > 1, l ∈ (1/2, 1)

è âûïîëíåíû óñëîâèÿ:∑
i=1,2

(
‖u(·, t)‖W 1+l

2 (Fi)+‖h(·, t)‖W 1+l
2 (Fi)

)
+ ‖ρ(·, t)‖W 2+l

2 (SR0
)6δ<1,

t < T, (4.20)

òîãäà èìååò ìåñòî îöåíêà

Z[b(u, q, ρ,h)] 6 C2(T )

((
X(0,T )(u, q, ρ,h) + sup

t<T
Y (t)

)2

+

(
X(0,T )(u, q, ρ,h) + sup

t<T
Y (t)

)3
)
. (4.21)
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Èç íåðàâåíñòâ (4.9), (4.11) ñëåäóåò

Y
′
(t) 6 ce−atY (0).

Âûáåðåì T òàê, ÷òîáû

Y
′
(t) 6

1

8
Y (0), (4.22)

òîãäà, íà îñíîâàíèè (4.19), (4.21) ïîëó÷èì

X(0,T )[u
′′

m+1,h
′′

m+1, q
′′

m+1, ρ
′′

m+1] + sup
t<T

Y
′′

m+1(t)

6 C4(T )

((
X

′′

(0,T );m + sup
t<T

Y
′′

m(t)

)2

+

(
X

′′

(0,T );m + sup
t<T

Y
′′

m(t)

)3
)

+ C5(T )εY (0),

X
′′

(0,T );m = X(0,T )(u
′′

m, q
′′

m, ρ
′′

m,h
′′

m).

(4.23)

Âûáåðåì ε íàñòîëüêî ìàëûì, ÷òîáû ïðè m = 1 ïðàâàÿ ÷àñòü íåðàâåí-
ñòâà (4.23) íå ïðåâîñõîäèëà 2C5(T )εY (0).

Åñëè îöåíêà

X
′′

(0,T );m + sup
t<T

Y
′′

m(t) 6 2C5(T )εY (0) (4.24)

âåðíà äëÿm-ãî ïðèáëèæåíèÿ, òî âñëåäñòâèå (4.23), îíà îñòàåòñÿ âåðíîé
è äëÿ (m+ 1)-ãî ïðèáëèæåíèÿ ïðè äîñòàòî÷íî ìàëîì ε.

Äëÿ äîêàçàòåëüñòâà ñõîäèìîñòè ìåòîäà ïîñëåäîâàòåëüíûõ ïðèáëè-
æåíèé íàäî ðàññìîòðåòü èõ ðàçíîñòè

wm+1 = u
′′

m+1 − u
′′

m, sm+1 = q
′′

m+1 − q
′′

m,

τm+1 = ρ
′′

m+1 − ρ
′′

m, pm+1 = h
′′

m+1 − h
′′

m.

Âñëåäñòâèå (4.12), ôóíêöèè wm+1, sm+1, τm+1,pm+1 ÿâëÿþòñÿ ðåøåíè-
åì àíàëîãè÷íîé ñèñòåìû, â ïðàâûõ ÷àñòÿõ êîòîðîé ñòîÿò ðàçíîñòè

bj(um, qm, ρm.hm)− bj(um−1, qm−1, ρm−1.hm−1), j = 1, 2, ..., 9,

à íà÷àëüíûå óñëîâèÿ íóëåâûå. Íà îñíîâàíèè îöåíîê ðàçíîñòåé íåëè-
íåéíûõ ÷ëåíîâ, òàê æå êàê â [2], âûâîäèòñÿ îöåíêà

X[wm+1, sm+1, τm+1,km+1] 6 C(ε, T )X[wm, sm, τm,km], (4.25)

â êîòîðîé C(ε, T ) ìàëà ïðè ìàëîì ε. Íåðàâåíñòâî (4.25) ãàðàíòèðó-

åò ñõîäèìîñòü ïîñëåäîâàòåëüíîñòåé u
′′

m, q
′′

m, ρ
′′

m,h
′′

m ê ðåøåíèþ çàäà÷è
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(4.12). Òàê êàê îöåíêà (4.24) âåðíà äëÿ âñåõ àïïðîêñèìàöèé, îíà âåðíà
è äëÿ ðåøåíèÿ çàäà÷è (4.12), à çíà÷èò èìååò ìåñòî îöåíêà (4.13), â
êîòîðîé C1(T ) = 2C5(T ).

Ïåðåéäåì ê äîêàçàòåëüñòâó ñóùåñòâîâàíèÿ ðåøåíèÿ íà íåîãðàíè-
÷åííîì èíòåðâàëå âðåìåíè. Ïóñòü ε òàê ìàëî, ÷òî C1(T )ε < 1

8 , òîãäà
èç (4.13), (4.22) ñëåäóåò

Y (T ) 6
1

4
Y (0). (4.26)

Ïðè t = T öåíòð òÿæåñòè âíóòðåííåé æèäêîñòè óæå íå îáÿçàòåëüíî
íàõîäèòñÿ â íà÷àëå êîîðäèíàò, íî çàêîí ñîõðàíåíèÿ îáúåìà îñòàåòñÿ
âûïîëíåííûì è, êàê ïîêàçàíî â [2], ëèíåéíàÿ ÷àñòü óñëîâèÿ (2.2) ñî-
õðàíÿåò ñâîé âèä, à èìåííî∫

S1

yjρ(R0y, T )dS = 0, j = 1, 2, 3.

Ñëåäîâàòåëüíî, ìîæíî âçÿòü u(y, T ), h(y, T ), ρ(y, T ) çà íà÷àëüíûå äàí-
íûå è ïîâòîðèòü îïèñàííóþ âûøå ñõåìó íà ïðîìåæóòêå [T, 2T ]. Çà-
òåì, çíàÿ ðåøåíèå ïðè t 6 (k − 1)T , ïîñòðîèòü åãî íà ïðîìåæóòêå
(k − 1)T, kT , k ∈ N. Ïîñëåäîâàòåëüíîå ïðèìåíåíèå (4.26) ïðèâîäèò ê
îöåíêå

Y (kT ) 6
1

4
Y ((k − 1)T ) 6 ... 6

1

4k
Y (0), (4.27)

÷òî äàåò ýêñïîíåíöèàëüíîå óáûâàíèå äëÿ Y (t).
Ïåðåéäåì ê äîêàçàòåëüñüâó îöåíêè (4.3). Èç íåðàâåíñòâ (4.9), (4.11)

ñëåäóåò

X[0,T ](e
btu

′
, ebth

′
, ebtq

′
, ebtρ

′
) 6 C6Y (0) (4.28)

ñ íåêîòîðûì b > 0, ãäå ïîñòîÿííàÿ C6 íå çàâèñèò îò T . Òàê êàê ìû
âûáðàëè ε òàê, ÷òîáû C1(T )ε < 1

8 , èç (4.13) ñëåäóåò

X[0,T ](e
btu

′′
, ebth

′′
, ebtq

′′
, ebtρ

′′
) 6 Y (0), b 6

1

T
. (4.29)

Íà îñíîâàíèè (4.28), (4.29), ïðèõîäèì ê íåðàâåíñòâó

X[0,T ](e
btu, ebth, ebtq, ebtρ) 6 C7Y (0), b 6

1

T
,

ñ ïîñòîÿííîé C7 íåçàâèñÿøåé îò T . Íà ïðîìåæóòêå [T, 2T ] ïîâòîðèì
àíàëîãè÷íûå ðàññóæäåíèÿ, çàìåíÿÿ â (4.28), (4.29) t íà t−T , ïîëó÷èì

X[T,2T ](e
b(t−T )u, eb(t−T )h, eb(t−T )q, eb(t−T )ρ) 6 C7Y (T ), b 6

1

T
,
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ñëåäîâàòåëüíî,

X[T,2T ](e
btu, ebth, ebtq, ebtρ) 6 C7e

bTY (T ) 6 C7
ebT

4
Y (0) < C7Y (0).

Ïîâòîðèâ àíàëîãè÷íûå ðàññóæäåíèÿ íà ïðîìåæóòêàõ [kT, (k+1)T ],
ó÷èòûâàÿ (4.27) è âûáèðàÿ b < 1

T , ïðèõîäèì ê îöåíêå

X[kT,(k+1)T ](e
btu, ebth, ebtq, ebtρ) 6 C7

ebkT

4k
Y (0) < C7Y (0). (4.30)

Íà îñíîâàíèè (4.30), ïîëó÷èì

n−1∑
k=0

X[kT,(k+1)T ](e
btu, ebth, ebtq, ebtρ) 6 nC7Y (0), b 6

1

T
. (4.31)

Ïðè n → +∞ èç íåðàâåíñòâà (4.31) ñëåäóåò îöåíêà (4.3) ñ íåêîòîðûì
a < b, òàê êàê ëèíåéíûé ðîñò ïî n â ïðàâîé ÷àñòè (4.31) ñëàáåå ýêñïî-
íåíöèàëüíîãî.

Ïîëîæåíèå ñâîáîäíîé ãðàíèöû ïðè êàæäîì t > 0 ìîæíî íàéòè ïî
ôîðìóëå

Γt = {x = y +N(y)ρ(y, t) + ξ(t), y ∈ SR0
},

çàòåì ìîæíî âûïîëíèòü ïðåîáðàçîâàíèå êîîðäèíàò (2.3) è ïîëó÷èòü
ðåøåíèå çàäà÷è ñî ñâîáîäíîé ãðàíèöåé (1.1).

Èç îöåíêè (4.27) è ïðåäïîëîæåíèÿ (4.2) ñëåäóåò

‖u(·, t)‖W 1+l
2 (F1) 6 e−αtY (0) 6 e−αtε, α > 0. (4.32)

Ïîñêîëüêó ßêîáèàí ïðåîáðàçîâàíèÿ (2.3) ðàâíîìåðíî îãðàíè÷åí ïðè
âñåõ t > 0 è èìååò ìåñòî ýêñïîíåíöèàëüíîå óáûâàíèå L2 íîðìû (4.32),
ìîæåì îöåíèòü ïîëîæåíèå öåíòðà òÿæåñòè âíóòðåííåé æèäêîñòè ñëå-
äóþùèì îáðàçîì:

|ξ(+∞)|6 1

|Ω10|

∫ +∞

0

dt

∫
Ω1t

|v(x, t)|dx6 1

|Ω10|

∫ +∞

0

dt

∫
F1

|u(x, t)||L|dx

6 C

+∞∫
0

‖u(·, t)‖L2(F1)dt 6 C

+∞∫
0

εe−αtdt 6 C∗ε.

Ýòî îçíà÷àåò ðàâíîìåðíóþ îãðàíè÷åííîñòü |ξ(t)| ïðè âñåõ t > 0.
Äëÿ ðåøåíèÿ çàäà÷è ñî ñâîáîäíîé ãðàíèöåé (1.1), íà îñíîâàíèè òåî-

ðåìû 3, ïîëó÷àåòñÿ ñëåäóþùèé ðåçóëüòàò.
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Òåîðåìà 5. Ïóñòü v
(i)
0 ∈W

1+l
2 (Ωi0), ρ0∈W 2+l

2 (SR0
), H

(i)
0 ∈W

1+l
2 (Ωio),

i = 1, 2, ñ íåêîòîðûì l ∈ (1/2, 1), óäîâëåòâîðÿþò óñëîâèÿì ñîãëàñî-

âàíèÿ è óñëîâèÿì (2.1), (2.2). Ïðåäïîëîæèì, ÷òî âûïîëíÿþòñÿ ñëå-

äóþùèå óñëîâèÿ ìàëîñòè

‖ρ0‖W 2+l
2 (SR0

) +
∑
i=1,2

(
‖v0‖W 1+l

2 (Ωi0) + ‖H0‖W 1+l
2 (Ωi0)

)
6 ε.

Ïóñòü â íà÷àëüíûé ìîìåíò âðåìåíè dist{Γ0, S} > 3d0, R0 > 2d0,

d0 > (C∗ + 1)ε.
Íàéäåòñÿ òàêîå ε, ÷òî çàäà÷à (1.1) èìååò åäèíñòâåííîå ðåøåíèå

íà áåñêîíå÷íîì èíòåðâàëå âðåìåíè ñî ñëåäóþùèìè ñâîéñòâàìè: äëÿ

ëþáîãî t > 0, ñâîáîäíàÿ ãðàíèöà Γt íàõîäèòñÿ â øàðîâîì ñëîå 0 <
R0 − d0 6 |y| 6 R0 + d0,

ρ(·, t) ∈W 2+l
2 (SR0

), v(·, t) ∈W 1+l
2 (Ωit), H(i)(·, t) ∈W 1+l

2 (Ωit).

Ðåøåíèå ýêñïîíåöèàëüíî óáûâàåò ïðè t ñòðåìÿùåìñÿ ê +∞.
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Frolova E. V. Global solvability of the free boundary magnetohydro-
dynamics problem for two �uids.

We consuder the problem of magnetohydrodynamics for two viscous
incompressible �uids separated by a free surface. It is assumed that the
initial position of the free bounday is close to a sphere, the velocity �elds
of the �uids and the magnetic �eld are su�ciently small at the initial
moment of time. The global solvability in the Sobolev�Slobodetsky spaces

W
2+l,1+l/2
2 , 1/2 < l < 1 is proved. As t → +∞, the free boundary tends

to a sphere of the same radius, the solution decreases exponentially.
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