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A POSTERIORI ESTIMATES FOR INVERSE

PARABOLIC PROBLEMS

Abstract. The paper is concerned with a posteriori error analysis
of evolutionary problems for the reaction�convection�di�usion equa-
tion, which are incorrect in the sense of Hadamard. They may have
no solutions and respective approximations may be highly unstable.
For these problems, the concept of a posteriori error estimation used
for well-posed problems is not valid. It requires a signi�cant refor-
mulation. A posteriori estimates of the functional type provide the
basis for addressing this issue. They generate computable quantities
that estimate the distance between a function (approximate solution
to the inverse problem) and exact solution of a �close� well-posed
initial boundary value problem associated with the same di�erential
equation. The solution of this close problem exactly satis�es one part
of the imposed conditions and the others are satis�ed approximately
with the accuracy ε. This idea is elaborated for several evolutionary
problems generated by the reaction-convection-di�usion equation:
backward parabolic problem, problem with non�local time condi-
tions, Cauchy parabolic problem, and parameter(s) identi�cation
problem. The estimates derived not only control the accuracy of
approximate solutions, but also suggest suggest a method for calcu-
lating them.

�1. Introduction

1.1. A class of inverse problems. Foundations of the theory of inverse
problems were laid quite a long time ago. Currently, this theory covers a
large number of mathematical models that are not correct in the sense of
Hadamard (e.g., see [5,6,8]). In this paper, we are concerned with one class
of these problems generated by evolutionary equations of the type

ut +A(t)u = 0. (1.1)

Key words and phrases: parabolic equations, ill-posed problems, inverse problems,
deviations from exact solution, error identities a posteriori estimates of the functional
type.
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In [6], the authors study them assuming that the operator A is generated
by the bilinear form a(t;u, v) de�ned on a Hilbert space V , which is V �
elliptic for all t. Let H be another Hilbert such that V ⊂ H and V is dense
in H. Then for any ξ ∈ H there exists a unique solution of (1.1) such that
u(0) = ξ, moreover u ∈ L2(0, T ;V ) and continuously depends on ξ. This
problem (which is called �forward� or �direct�) is correct according to the
de�nition of Hadamard.

Another (backward) problem is to �nd ξ such that u(T, ξ) = χ(x),
where χ(x) ∈ H is a certain given function. In [6], it is reformulated as an
optimal control problem: �nd u ∈ V satisfying (1.1) that minimizes the
cost functional

J(ξ) :=

∫
Ω

|u(x, T ; ξ)− χ(x)|2dx. (1.2)

For this class of problems,

inf
ξ∈H

J(ξ) = 0 (1.3)

It is well known that backward problems of this type are incorrect and
have a solution provided that certain additional conditions are imposed
on the function χ (e.g, analyticity). These solutions are highly unstable
what generates serious di�culties in quantitative analysis. Hence even if
(1.3) is proven, it may be very di�cult to construct a reliable approxima-
tion of the inverse problem. Known approaches to the construction of ap-
proximations to backward parabolic problems (e.g., the �quasi�reversibility
method� [6] and nonlocal regularisation method [16]) use regularised prob-
lems with small parameter ε at the higher order di�erential operator or in
the initial condition. Theoretically, they generate a minimising sequence
for the functional (1.2) if ε → 0. However, exact solutions of regularised
problems are generally unknown and getting sharp approximations with
guaranteed small errors becomes a di�cult task. Similar di�culties and
analogous questions arise when studying ill-posed problems of other types.
The question that rises is how to de�ne the notion �reliable approximation�
to an inverse problem.

1.2. A posteriori analysis of inverse and ill-posed problems. Di-
rect and inverse problems are very di�erent, so that the concept of a pos-
teriori error control for them should be formulated di�erently. Indeed, a
well posed problem is uniquely solvable. Let u be the solution and v be an
approximation found by some numerical procedure. The question
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What neighbourhood of the solution u an approximation v
belongs to?

is quite logical. A posteriori estimates of the functional type give a const-
ructive answer to this question for any v in the respective energy space (see
[14], where the reader will �nd a systematic discussion of these estimates
for a wide spectrum of problems).

An ill-posed problem may have no solution so that the above posed
question is formally incorrect. It clearly needs a modi�cation, which takes
into account speci�c features of inverse problems. For inverse and ill-posed
problems the notion of �solution� is often replaced by a �quasi-solution,�
which may be understood as a solution to some similar (or close) well-posed
problem. Therefore, it is quite expected that it is convenient to reformulate
the error control concept accordingly. Let vε be a given function in the
admissible functional class viewed as an approximation for an inverse (ill-
posed) problem. We wish to know

What neighbourhood of vε contains exact solution of a close
well posed problem?

Below we suggest a method able to answer this question for a class of
inverse parabolic problems. It de�nes ε�neighbourhood of vε that contains
the solution of a direct (well�posed) problem (where ε is explicitly known).
This solution exactly satis�es one part of the conditions while the other(s)
are satis�ed approximately with the accuracy ε. Thus, we can point out a
well-posed problem, whose solution can be considered as an ε�solution to
the problem in question.

1.3. Illustration of the main idea. The approach discussed in this
paper is based on the theory of functional a posteriori estimates that has
been earlier developed for direct boundary value problems (see [14, 15]
and references cited therein). The main idea can be explained with the
paradigm of a simple parabolic problem (1.4)�(1.6).

Let Ω be a bounded domain in Rd, d = {1, 2, 3} with Lipschitz boundary
Γ. The direct evolutionary problem is to �nd u(x, t) in the space�time
cylinder QT := Ω× (0, T ), T > 0, such that

ut −∆u = f in QT , (1.4)

u(x, t) = 0 on ST := Γ× (0, T ), (1.5)

u(x, 0) = ξ(x). (1.6)
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It is well known that under standard assumptions on f and ξ (e.g.,
T∫
0

‖f‖2Ωdt

<∞ and ξ ∈ L2(Ω)) the problem (1.4)�(1.6) is well posed and the function
u(x, t) exists and is unique.

Let v and y∗ be two functions considered as approximations of u and
p∗ := ∇u, respectively. Assume that

v ∈ V0 :=
{
v ∈ V := H1(QT ) | v(x, t) = 0 on ST

}
and

y∗ ∈ Y ∗div :=
{
y∗ ∈ Y ∗(QT ) := L2(Ω,Md×d) | divy∗ ∈ L2(QT )

}
.

In [13,15], it was proven that the errors e := v− u and e∗ := y∗− p∗ meet
the following estimate.

Theorem 1. For any v ∈ V0, y
∗ ∈ Y ∗div(QT ), and β ∈ (0, 1] it holds

(1− β)‖∇e‖2QT
+ ‖e∗‖2QT

+ ‖e(·, T )‖2Ω
6 ‖e(·, 0)‖2Ω + ‖∇v − y∗‖2QT

+ β−1C2
Ω‖r(v, y∗)‖2QT

, (1.7)

where

r(y∗, v) := divy∗ + f − vt
and CΩ is a constant in the Friedrichs inequality for the domain Ω.

Consider now the backward evolutionary problem

ut −∆u = f in QT , (1.8)

u(x, t) = 0 on ST , (1.9)

u(x, T ) = χ(x) ∈ L2(Ω). (1.10)

Assume that by some method we have found the functions y∗ε ∈ Y ∗div and
vε ∈ V0 such that v(x, T ) = χ(x) for all x ∈ Ω and

Υβ(vε, y
∗
ε ) 6 ε2, (1.11)

where

Υβ(v, y∗) := ‖∇v − y∗‖2QT
+ β−1C2

Ω‖r(v, y∗)‖2QT
.

For ξ(x) = vε(x, 0) the problem (1.4)�(1.6) has a solution uε ∈ V0. We can
view vε and y∗ε as approximations of uε and p∗ε := ∇uε, respectively. By
(1.7) we estimate the distance between (vε, y

∗
ε ) and (uε, p

∗
ε ). We use (1.11)

and notice that

e(·, 0) = vε(·, 0)− uε(·, 0) = 0.
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Therefore, (1.7) reads as follows:

(1− β)‖∇(vε − uε)‖2QT
+ ‖y∗ε −∇uε‖2QT

+ ‖uε(·, T )− χ‖2Ω 6 ε2. (1.12)

In other words, ε�neighborhoods of vε and y
∗
ε contain the exact solution

uε(x, T ) of a direct evolutionary problem with the initial condition vε(x, 0)
and the corresponding �ux p∗ε . Also, we can guarantee that

‖uε(·, T )− χ‖Ω 6 ε. (1.13)

Hence uε is ε � solution of the problem (1.2)�(1.3). Moreover, direct minimi-
zation of the functional Υβ(v, y∗) with respect to its arguments suggests a
method of getting successful approximations of the ill-posed problem (this
question is brie�y discussed later, see Section 4.5).

1.4. Outline of the paper. The paper is organised as follows. In Sec-
tion 2, we brie�y discuss a class of direct initial boundary value problems
associated with the reaction�convection�di�usion equation. Theorems 2
and 3 of Section 3 establish basic error relations for the direct evolution-
ary problems. They are used in the next section devoted to problems with
non�standard conditions. We consider backward parabolic problem, prob-
lem with non�local time conditions, initial�boundary value problem with
data given on a part of the boundary, and parameter identi�cation prob-
lem. These evolutionary problems originate from various real life models in
experimental sciences and engineering. Using functional relations derived
in Section 3, we deduce a posteriori estimates for these generally ill-posed
problems. The corresponding results are presented in Theorems 4�6. Us-
ing them we de�ne a direct evolutionary problem that can be viewed as
an ε-solution to the ill-posed problem under consideration.

�2. A class of initial boundary value problems

Henceforth, we assume that Γ is disjointly decomposed into a Dirichlet
part Γ1 and a Neumann part Γ2. Consider the problem

ut − divp∗ + a · ∇u+ ρ2u = f in QT , (2.1)

p∗ = A∇u, (2.2)

u(x, t) = 0 on S1T := Γ1 × (0, T ), (2.3)

p∗ · n = F on S2T := Γ2 × (0, T ), (2.4)

u(x, 0) = ξ. (2.5)
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Here, ut is the time derivative of u(x, t), n is the unit outward normal to
Γ, ρ(x) and a(x) are the reaction and convection parameters, respectively,
which satisfy the following conditions:

a ∈ L∞(Ω,Rd), diva ∈ L∞(Ω), (2.6)

ρ ∈ L∞(Ω), 0 6 ρ	 6 ρ 6 ρ⊕, (2.7)

κ2 := −1

2
diva + ρ2 > 0. (2.8)

It is assumed that the boundary Γ is Lipschitz and piecewise smooth, so
that the unit outward normal vector n is uniquely de�ned at almost all
points of Γ. Also, we assume that the in�ow part of the boundary where
(a · n)(x) < 0 is a subset of Γ1, i.e.,

δ := a · n > 0 on Γ2. (2.9)

The problem has two important special cases: the reaction-di�usion
(a = 0) and convection-di�usion (ρ = 0) problems.

Coe�cients of the symmetric matrix A are bounded, do not depend on
t, and satisfy the condition

c21|ξ|2 6 Aξ · ξ 6 c22|ξ|2 ∀ξ ∈ Rd, c1 > 0. (2.10)

Also, we assume that 1

f ∈ L2(QT ), ξ ∈
◦
W

1
2(Ω), F ∈ L2(S2T ). (2.11)

Throughout the paper, we use standard notation Lp(Ω) and W l
p(Ω)

(where l, p > 1) for the Lebesgue and Sobolev spaces, respectively. A space
is marked above by ◦ if the respective functions vanish on S1T . By ‖ · ‖Ω
we denote the L2 norm of a function in Ω and ‖ · ‖QT

denotes analogous
norm in the space�time cylinder. Equivalent seminorms generated by A
and A−1 are denoted by ‖ · ‖A,Ω and ‖ · ‖A−1,Ω, respectively, i.e.,

‖w‖A,Ω :=

∫
Ω

A∇w · ∇wdx

1/2

1The method and corresponding results presented in the paper can be extended to
the problems where A, a, and ρ are bounded functions of time. Here we avoid these
generalisations, which are not essential in the context of the main result presented in
Section 4.
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and

‖w‖A−1,Ω :=

∫
Ω

A−1∇w · ∇wdx

1/2

.

The notation ‖ · ‖A,QT
and ‖ · ‖A−1,QT

is used for functions in QT .
In what follows, we use the spaces

W 1,0
2 (QT ) := L2(0, T ;W 1

2 (Ω)) and
◦
W

1,0
2 (QT ) := L2(0, T ;

◦
W

1
2(Ω))

supplied with the norm

‖w‖1,QT
:=

 T∫
0

(‖∇w‖2Ω + ‖w‖2Ω) dt

1/2

and the space
◦
W

1,1
2 (QT ) :=

{
w ∈W 1

2 (QT ), w = 0 on S1T

}
. (2.12)

For the latter space we also use the abridged notation V0(QT ).

For the functions in
◦
W

1,0
2 (QT ,Rd), the norm ‖∇w‖QT

is equivalent to
‖w‖1,QT

. Here, and later on the symbol := means �equals by de�nition�.

Following [11], by
◦
W

∆,1
2 (QT ) we denote the subspace of

◦
W

1,0
2 (QT ,Rd)

that consists of the functions such that

‖w‖∆,1,QT
:=

∫
QT

(w2 + w2
t+ | ∇w |2 +(∆w)2) dx dt < +∞.

and the space V2(QT ), which is the Banach space of functions from

W 1,0
2 (QT ) having �nite norm

|||w|||2 := vrai max
t∈(0,T )

‖w(·, t)‖2Ω + ‖∇w‖22,QT
.

Spatial gradient and divergence are denoted by ∇ and div, respectively.
For a function w ∈ H1(Ω) vanising on Γ1 it holds the Friedrichs inequality.
A constant in this inequality is denoted by CΩ. Then,

‖w‖Ω 6 CA,Ω‖∇w‖A,Ω, (2.13)

where CA,Ω 6 c−1
1 CΩ.

Also, we use functional spaces associated with vector valued functions
(�uxes). They are Y ∗(QT ) := L2(QT ,Rd) and the space

Y ∗div(QT ) :={y∗∈Y ∗(QT ) | divy∗∈L2(QT ), y∗ · n∈L2(S2T ) on S2T }.(2.14)
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Generalized solution of (2.1)�(2.5) can be de�ned as the function

u ∈ V 1,0(QT ) := C([0, T ];L2(Ω)) ∩W 1,0
2 (QT )

that satis�es the integral identity (e.g., see [10,11])∫
QT

(
A∇u · ∇w + (a · ∇u)w + ρ2uw

)
dx dt−

∫
QT

uwt dx dt

+

∫
Ω

(u(x, T )w(x, T )− u(x, 0)w(x, 0))dx

=

∫
QT

fw dx dt+

∫
S2T

Fwdsdt ∀w ∈ V0(QT ) (2.15)

for any test function w ∈ V0(QT ). Under the conditions (2.6)�(2.11), the

solution is more regular and belongs to
◦
W

∆,1
2 (QT ).

�3. Error identities for the problem (2.1)�(2.5)

In this section, we deduce error relations that hold for the direct initial
boundary value problem (2.1)�(2.5). Let u ∈ V0(QT ) and two functions
(considered as approximations of u(x, t) and p∗(x, t) := A∇u) satisfy the
conditions,

v(x, t) ∈ V0(QT ) and y∗(x, t) ∈ Y ∗div(QT ).

In other words, minimal regularity conditions are imposed on the approxi-
mations, and no special properties of these functions (e.g., Galerkin ortho-
gonality) are required. The functions

e := v − u and e∗ := y∗ − p∗

are the corresponding errors. The functions

rf (v, y∗) := f − vt + divy∗ − a · ∇v − ρ2v, (3.1)

rF (y∗) = F − y∗ · n, (3.2)

rA(v, y∗) := A∇v − y∗. (3.3)

contain known functions v and y∗ and known data f , F , A, a, and ρ.
Therefore, they are directly computable and represent residuals of the
relations (2.1), (2.2), and (2.4).
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3.1. The main error identity. The quantity µ(e, e∗) de�ned by the
relation

µ2(e, e∗) := ‖∇e‖2A,QT
+ ‖e∗‖2A−1,QT

+ ‖e(·, T )‖2Ω

is a natural measure of the distance between u and p∗ and respective
approximations v and y∗. First, we establish identity (3.4), where µ(e, e∗)
(plus some nonnegative terms) form the left hand side and the quantities
rf (v, y∗) rF (v, y∗), and rA(v, y∗) appear at the right one. This identity
plays a key role in further analysis.

Theorem 2. For any v ∈ V0(QT ) and y∗ ∈ Y ∗div(QT ), it holds

µ2(e, e∗) + 2‖κe‖2QT
+

∫
S2T

(a · n)e2dxdt

= ‖v(·, 0)− ξ‖2Ω + ‖rA(v, y∗)‖2A−1,QT
− 2

×
∫
QT

rf (v, y∗)e dxdt− 2

∫
S2T

rF (y∗)edxdt. (3.4)

Proof. We have

‖rA(v, y∗)‖2A−1,QT
= ‖A∇e− e∗‖2A−1,QT

= ‖∇e‖2A,QT
+ ‖e∗‖2A−1,QT

− 2

∫
QT

e∗ · ∇edxdt (3.5)

and

2

∫
QT

rf (v, y∗)e dxdt = 2

∫
QT

(f − vt + divy∗ − a · ∇v − ρ2v)e dxdt

= 2

∫
QT

(dive∗ − et − a · ∇e− ρ2e) e dxdt.

(3.6)

By the relations∫
QT

ete dx dt =
1

2

∫
Ω

(e2(x, T )− e2(x, 0))dx (3.7)
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and ∫
Ω

(a · ∇e)edx =
1

2

∫
Ω

a · ∇(e2)dx

=
1

2

∫
S2T

(a · n)e2dx− 1

2

∫
Ω

diva e2ds,

(3.8)

we rewrite (3.6) as follows:

2

∫
QT

rf (v, y∗)e dxdt = 2

∫
QT

(edive∗ − (ρ2 − 1

2
diva)e2)dxdt

−
∫
S2T

(a · n)e2dsdt+

∫
Ω

(
e2(x, 0)− e2(x, T )

)
dx.

(3.9)

Now (3.5) and (3.9) imply

‖rA(v, y∗)‖2A−1,QT
− 2

∫
QT

rf (v, y∗)e dxdt

= ‖∇e‖2A,QT
+ ‖e∗‖2A−1,QT

+

∫
Ω

e2(x, T )dx− ‖v(·, 0)− ξ‖2Ω

+

∫
S2T

(a · n)e2dx+ 2

∫
QT

κ2e2dxdt− 2

∫
QT

(edive∗ + e∗ · ∇e)dxdt

(3.10)

Notice that ∫
Ω

(edive∗ + e∗ · ∇e)dx =

∫
S2T

(e∗ · n)eds (3.11)

and

e∗ · n = (y∗ · n− F ) = −rF (y∗). (3.12)

In view of (3.11) and (3.12), (3.10) takes the form

‖rA(v, y∗)‖2A−1,QT
− 2

∫
QT

rf (v, y∗) e dxdt+ ‖v(·, 0)− ξ‖2Ω

= µ2(e, e∗) + 2‖κe‖2QT
+

∫
S2T

(a · n)e2dxdt+ 2

∫
S2T

rf (y∗) e dsdt,
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which implies (3.14). �

Remark 1. If Γ2 = ∅, A is the unit matrix, a = 0, and ρ = 0, then κ = 0
and (3.4) reads

‖∇e‖2QT
+ ‖e∗‖2QT

+ ‖e(·, T )‖2Ω

= ‖e(·, 0)‖2Ω + ‖∇v − y∗‖2QT
− 2

∫
Ω

(f − vt + divy∗)edxdt. (3.13)

This identity was earlier derived in [15]. The estimate (1.7) follows from
(3.13).

Right hand side of (3.4) is not fully computable. It contains two directly
computable norms, but two other terms (integrals over QT and S2T ) in-
volve unknown function e. However, these integrals can be subject to the
norms that form the left side of (3.4). Hence the identity generates fully
computable estimates. We deduce them at the end of this section and now
consider some special cases.

3.2. The case ρ > 0.

Theorem 3. Let the conditions (2.6)�(2.11) be satis�ed, ρ	 > 0 (cf.
(2.7)), and

ρ2
a := ρ2 − diva > 0.

Then, for any v ∈ V0(QT ) and y∗ ∈ Y ∗div(QT ) it holds

µ2(e, e∗) + ‖ρ−1σ(e∗, e)‖2QT
+

∫
QT

ρ2
a|e|2dxdt+

∫
S2T

(a · n)e2dsdt.

= ‖v(·, 0)− ξ‖2Ω + ‖rA(v, y∗)‖2A−1,QT

+ ‖ρ−1rf (v, y∗)‖2QT
− 2

∫
S2T

rF (y∗) edsdt,

(3.14)

where σ(e∗, e) := dive∗ − et − a · ∇e.
If, in addition, δ > 0 on S2T , then
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µ2(e, e∗) + ‖ρ−1σ(e∗, e)‖2QT
+

∫
QT

ρ2
a|e|2dxdt

+

∫
S2T

δ−1(e∗ · n− δe)2dsdt = ‖v(·, 0)− ξ‖2Ω

+ ‖rA(v, y∗)‖2A−1,QT
+ ‖ρ−1rf (v, y∗)‖2QT

+

∫
S2T

δ−1r2
F (y∗)dsdt.

(3.15)

Proof. We have

‖ρ−1rf (v, y∗)‖2QT
= ‖ρ−1(divy∗ + f − vt − a · ∇v − ρ2v)‖2QT

= ‖ρ−1(dive∗ − et − a · ∇e− ρ2e)‖2QT
= ‖ρ−1σ(e, e∗)− ρe‖2QT

= ‖ρ−1σ(e∗, e)‖2QT
+ ‖ρe‖2QT

− 2

∫
QT

σ(e∗, e) e dxdt. (3.16)

By (3.7), (3.8), and the relation∫
QT

(dive∗)edxdt = −
∫
QT

e∗ · ∇edxdt+

∫
S2T

(e∗ · n) e dsdt,

we �nd that

2

∫
QT

σ(e∗, e)edxdt = −2

∫
QT

e∗ · ∇e dxdt+ 2

∫
S2T

(e∗ · n) edsdt

− ‖e(x, T )‖2Ω + ‖e(x, 0)‖2Ω −
∫
S2T

(a · n)e2dx+

∫
Ω

(diva) e2ds

and modify (3.16) as follows:

‖ρ−1rf (v, y∗)‖2QT
= ‖ρ−1σ(e∗, e)‖2QT

+ ‖ρe‖2QT
+ ‖e(·, T )‖2Ω

− ‖e(·, 0)‖2Ω + 2

∫
QT

e∗ · ∇edxdt−
∫
QT

(diva)e2dxdt

− 2

∫
S2T

(e∗ · n) edsdt+

∫
S2T

(a · n) e2dsdt.

(3.17)
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Adding (3.5) and (3.17) we get the identity

µ2(e, e∗) + ‖ρ−1σ(e∗, e)‖2QT
+

∫
S2T

(a · n)e2dsdt

+

∫
QT

(ρ2 − diva)|e|2dxdt = ‖v(x, 0)− ξ‖2Ω

+ ‖ρ−1rf (v, y∗)‖2QT
+ ‖rA(v, y∗)‖2A−1

+ 2

∫
S2T

(e∗ · n) edsdt.

(3.18)

We recall (3.12) and see that (3.14) follows from (3.18).
If δ = a · n > 0 on S2T , then we can transform (3.14) using the identity∫

S2T

(
δ−1r2

F (y∗) + 2rF (y∗)e+ δ e2
)
dsdt =

∫
S2T

δ−1(e∗ · n− δe)2dsdt,

Then,∫
S2T

δ e2dsdt+ 2

∫
S2T

rF (y∗) e dsdt =

∫
S2T

(
δ−1(e∗ · n+ δe)2 − δ−1r2

F (y∗)
)
dsdt

and (3.15) follows from (3.14). �

3.3. The case rF (y∗) = 0. Now we discuss corollaries of Theorems 2
and 3 related to the case where the term containing rF (y∗) drops out.
This happens if

Γ2 = ∅ or y∗ ∈ Y ∗F (QT ) := {y∗ ∈ Y ∗div(QT ) | y∗ · n = F on S2T }.(3.19)
Since y∗ is at our disposal it is not di�cult to correct this function so that
the above condition on S2T is satis�ed. As a result, we obtain identities
with completely computable right hand sides.

Let the conditions of Theorem 3 be satis�ed and (3.19) holds. Then the
last term of (3.14) vanishes and we arrive at the identity

µ2(e, e∗) + ‖ρ−1σ(e∗, e)‖2QT
+

∫
QT

ρ2
a|e|2dxdt+

∫
S2T

(a · n)e2dx

= ‖v(·, 0)− ξ‖2Ω + ‖rA(v, y∗)‖2A−1,QT
+ ‖ρ−1rf (v, y∗)‖2QT

(3.20)

whose right hand side contains only known functions.
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Let (3.19) holds and κ > 0. In this case, we use Theorem 2 and rewrite
(3.4) in the form

µ2(e, e∗) + ‖κe‖2QT
+

∫
QT

(κe+ κ−1rf (v, y∗))2dxdt

= ‖v(·, 0)− ξ‖2Ω + ‖rA(v, y∗)‖2A−1,QT
+ ‖κ−1rf (v, y∗)‖2QT

. (3.21)

Hence in this case, we obtain another error identity with computable right
hand side.

3.4. Error estimates. Both parts of (3.14) and (3.20) contain integrals
with weights ρ−1. Therefore, for ρ = 0 they are not applicable. For very
small ρ these theoretically correct relations may become practically ine�ci-
ent. Similar di�culties arise in (3.15) and (3.21) for very small δ and κ,
respectively. In these cases, it is necessary to use other error relations
(estimates) that follow from the basic identity (3.4). There are several
ways to deduce computable a posteriori estimates from (3.4). Consider the
simplest one.

Let (3.19) hold. Then the last integral in the right hand side of (3.4)
vanishes. The remaining integral is estimated as follows:

2

∣∣∣∣∣∣
∫
QT

rf (v, y∗)e dxdt

∣∣∣∣∣∣ 6 2

T∫
0

‖rf (v, y∗)‖Ω‖e‖Ω dt

6 2
CΩ

c1

T∫
0

‖rf (v, y∗)‖Ω‖∇e‖A,Ω dt

6

T∫
0

(C2
A,Ω

β2(t)
‖rf (v, y∗)‖2Ω + β2(t)‖∇e‖A,QT

)
dt,

where β(t) is a positive bounded function and CA,Ω is a constant in (2.13).
Then, for any β(t) ∈ (0, 1] the estimate
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T∫
0

(1− β2(t))‖∇e‖2A,Ωdt+ ‖e∗‖2A−1,QT
+ ‖v(·, T )− u(·, T )‖2Ω

+

∫
S2T

δ e2dx 6 ‖v(·, 0)− ξ‖2Ω + ‖rA(v, y∗)‖2A−1,QT

+

T∫
0

C2
A,Ω

β2(t)
‖rf (v, y∗)‖2A,Ωdt

(3.22)

follows from (3.4). Here (unlike (3.20) and (3.21)), we arrive at the estimate
instead of the identity. It is valid for small (or even zero) values of ρ and
κ and provides an upper bound of the error measure. A lower bound is
derived by the same simple procedure. It reads

T∫
0

(1 + β2(t))‖∇e‖2A,Ωdt+ ‖e∗‖2A−1,QT
+ ‖v(·, T )− u(·, T )‖2Ω

+

∫
S2T

δ e2dx > ‖v(·, 0)− ξ‖2Ω + ‖rA(v, y∗)‖2A−1,QT

−
T∫

0

C2
A,Ω

β2(t)
‖rf (v, y∗)‖2A,Ωdt.

(3.23)

Certainly this bound is meaningful only if the right hand side of (3.23) is
positive.

�4. Applications to analysis of inverse problems

Above derived estimates can be applied not only to the problem (2.1)�
(2.5). In this section, we consider several problems based on the equation
(2.1) with di�erent conditions imposed on solution and problem data.

As in (1.12)�(1.13), by vε ∈ V0(QT ) (cf. (2.12)) and y∗ε ∈ Y ∗div(QT ) (cf.
(2.14)) we denote functions that satisfy all the required conditions (initial,
boundary, and others). However, they may not exactly satisfy (2.1) and
(2.2). These functions are considered as approximations (e.g., they may be
computed by some numerical procedure).
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In short, the main result is as follows. In all the cases considerd, Theo-
rems 2 and 3 generate functionals (e.g., (4.5)) that control the distance
between (vε, y

∗
ε ) and a pair (uε, p

∗
ε ) formed by exact solutions of a direct

boundary value problem. If the functional is smaller that ε2, then we guar-
antee that (uε, p

∗
ε ) exactly satisfy one part of the required conditions while

the others hold with the accuracy ε. Thus, we �nd a well-posed problem,
the solution of which can be considered as an ε- approximation for the
ill-posed one.

4.1. Backward problem. First, we consider the problem: �nd u and p∗

such that

ut − divp∗ + a · ∇u+ ρ2u = f in QT , (4.1)

p∗ = A∇u, (4.2)

u(x, t) = 0 on S1T , p∗ · n = F on S2T , (4.3)

u(x, T ) = χ(x) ∈ L2(Ω). (4.4)

Problem (1.8)�(1.10) is a simple particular case of this backward parabolic
problem. For β ∈ (0, 1] and γ > 0, we de�ne the functional

Υβ,γ(v, y∗) := ‖rA(v, y∗)‖2A−1,QT

+

T∫
0

C2
A,Ω

β2(t)
‖rf (v, y∗)‖2A,Ωdt+

1

γ
‖v(·, T )− χ‖2Ω.

(4.5)

Theorem 4. Let vε ∈ V0(QT ) and y∗ε ∈ Y ∗div(QT ) satisfy the condition
y∗ε · n = F on Γ2T , and

Υβ,γ(vε, y
∗
ε ) 6 ε2. (4.6)

Then, problem (2.1)�(2.6) with the initial condition ξ = vε(x, 0) has the
solution uε such that

‖uε(x, T )− χ(x)‖Ω 6 ε(1 + γ)1/2. (4.7)

The solution uε and its �ux p∗ε belong to ε-neighbourhoods of vε and y∗ε ,
respectively, i.e.,

‖p∗ε − y∗ε ‖QT
6 ε, (4.8)

and
T∫

0

(1− β2)‖∇(uε − vε)‖2A,Ωdt+

∫
S2T

δ|uε − vε|2dx 6 ε2. (4.9)
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Proof. We apply (3.22) to the correct initial boundary value problem
(2.1)�(2.6) with the initial condition ξ = vε(x, 0) and consider v = vε and
y∗ = y∗ε as approximations of the corresponding exact functions uε and
p∗ε := A∇uε. We have

T∫
0

(1− β2(t))‖∇(vε − uε)‖2A,Ωdt+ ‖y∗ε − p∗ε‖2A−1,QT

+ ‖vε(·, T )− uε(·, T )‖2Ω +
1

γ
‖vε(·, T )− χ‖2Ω

+

∫
S2T

δ |vε − uε|2dx 6 Υβ,γ(vε, y
∗
ε ) 6 ε2.

It is easy to see that

‖vε(·, T )− uε(·, T )‖2Ω >
1

1 + γ
‖uε(·, T )− χ‖2Ω −

1

γ
‖vε(·, T )− χ‖2Ω

for any γ > 0. Therefore,

T∫
0

(
(1− β2(t))‖∇(vε − uε)‖2A,Ω + ‖y∗ε − p∗ε‖2A−1,Ω

)
dt

+

∫
S2T

δ|vε − uε|2dx+
1

1 + γ
‖uε(·, T )− χ‖2Ω 6 ε2, (4.10)

wherefrom the estimates (4.7), (4.8), and (4.9) follow. �

Remark 2. Problem (1.8)�(1.10) is a very special case of (4.1)�(4.4). It
is easy to see that (1.12) follows from (4.10) if a = 0, ρ = 0, S2T = ∅, and
A is the unit matrix. If the condition vε(x, T ) = χ(x) is exactly satis�ed,
then the last term in (4.5) vanishes and we can set γ = 0. Then (4.5) is
reduced to Υβ(uε, y

∗
ε ) and (4.6) to (1.11).

If ρ > 0 or κ > 0, then modi�ed versions of Theorem 4 follow from
(3.20) and (3.21). Assume that ρ > 0, (3.19) holds, and

Υρ(vε, y
∗
ε ) := ‖rA(vε, y

∗
ε )‖2A−1,QT

+ ‖ρ−1rf (vε, y
∗
ε )‖2QT

6 ε2.

for vε ∈ V0(QT ) and y∗ε ∈ Y ∗div(QT ) and, in addition, vε(x, T ) = χ(x).
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By (3.20) and quite analogous arguments, we prove that direct problem
(2.1)�(2.6) with ξ(x) = vε(x, 0) has the solution (uε, p

∗
ε ) and

µ2(e, e∗) + ‖ρ−1σ(e∗, e)‖2QT
+

∫
QT

ρ2
a|e|2dxdt+

∫
S2T

δ e2dsdt 6 ε2, (4.11)

where e = vε − uε and e∗ = y∗ε − p∗ε . Hence

‖∇(uε − vε)‖QT
6 ε, ‖p∗ε − y∗ε ‖QT

6 ε, and ‖uε(x, T )− χ(x)‖Ω 6 ε.(4.12)

We conclude that ε�neighbourhood of (vε, y
∗
ε ) contains exact solution of

a correct initial boundary�value problem with the initial condition ξ =
vε(x, 0).

Similar reasoning can be used if κ > 0. Let

vε ∈ V0(QT ), vε(x, T ) = χ(x), and y∗ε ∈ Y ∗div(QT )

be such that

Υκ(vε, y
∗
ε ) := ‖rA(vε, y

∗
ε )‖2A−1,QT

+ ‖κ−1rf (vε, y
∗
ε )‖2QT

6 ε2.

Then, by (3.21) we conclude that

µ2(e, e∗) + ‖κe‖2QT
6 ε2 (4.13)

and, therefore, the estimates (4.12) hold.

Remark 3. Estimate (4.10) shows that the sum of the four nonnegative
terms is less than ε2. The quantity ‖χ(x) − uε(x, T )‖2Ω is only one of
these terms. Therefore, we can await that the norm ‖χ(x) − uε(x, T )‖Ω
is essentially smaller than ε. Analogous conclusions follow from (4.11) and
(4.13). In other words, it is very likely that uε approximates the desired
condition at t = T much better. Since uε(x, 0) is known, we may try to
�nd a sharp approximation of uε. Stable and e�cient numerical methods
for solving direct initial boundary value problems are well developed (e.g.
see [17]). Using them in combination with respective a posteriori error
estimation methods (discussed in Sect. 3) suggests a way to get e�cient
and controllable approximations for the backward problem (4.1)�(4.4) with
the much better accuracy than it follows from (4.12).
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4.2. Problem with nonlocal conditions. Consider the problem

ut − divp∗ + a · ∇u+ ρ2u = f in QT , (4.14)

p∗ = A∇u, (4.15)

u(x, t) = 0 on ST , (4.16)

u(x, 0) + ω u(x, T ) = 0, (4.17)

where ω ∈ [−1, 0) is a given function. Existence and uniqueness of such
type problems have been studied (e.g., see [2, 9]).

Assume that we have the function vε ∈ V0(QT ) satis�ng the condition

vε(x, 0) + ω vε(x, T ) = 0 (4.18)

and y∗ε ∈ Y ∗div(QT ) such that for β(t) ∈ (0, 1]

Υβ(vε, y
∗
ε ) := ‖rA(vε, y

∗
ε )‖2A−1,QT

+

T∫
0

C2
A,Ω

β2(t)
‖rf (vε, y

∗
ε )‖2A,Ωdt 6 ε2. (4.19)

Let uε(x, t) and y
∗
ε solve the initial boundary value problem

(uε)t − divp∗ε + a · ∇uε + ρ2uε = f in QT , (4.20)

p∗ε = A∇uε, (4.21)

uε(x, t) = 0 on ST , (4.22)

uε(x, 0) = vε(x, 0). (4.23)

This is a well posed problem. We use (3.22) with ξ(x) = vε(x, 0) (note that
in our case S2T = ∅). By (3.22) and (4.19), we �nd that

T∫
0

(1−β2(t))‖∇(vε − uε)‖2A,Ωdt

+ ‖y∗ε − p∗ε‖2A−1,QT
+ ω−1‖vε(x, T )− uε(x, T )‖2 6 ε2. (4.24)

Since

‖vε(x, T )− uε(x, T )‖Ω = ‖ω−1vε(x, 0) + uε(x, T )‖Ω
= ω−1‖uε(x, 0) + ωuε(x, T )‖Ω,
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from (4.24) we deduce the estimate

T∫
0

(1− β2(t))‖∇(vε − uε)‖2A,Ωdt+ ‖y∗ε − p∗ε‖2A−1,QT

+ ω−2‖uε(x, 0) + ωuε(x, T )‖2 6 ε2.

Thus, we arrive at the following result.

Theorem 5. Let vε ∈ V0(QT ) and y∗ε ∈ Y ∗div(QT ) satisfy the conditions
(4.18) and (4.19). Then, solution of (4.20)�(4.23) meets the estimate

‖uε(x, 0) + ωuε(x, T )‖Ω 6 ωε. (4.25)

Moreover, uε and p
∗
ε belong to ε�neighbourhoods of vε and y

∗
ε , respectively,

i.e.,

‖p∗ε − y∗ε ‖QT
6 ε, (4.26)

and

T∫
0

(1− β2)‖∇(uε − vε)‖2A,Ω dt 6 ε. (4.27)

Theorem 5 has a clear meaning. In view of (4.26) and (4.27), we guaran-
tee that ε-neighbourhoods of vε and y

∗
ε contain solutions of a direct problem

with the initial condition ξ = vε(x, 0) such that relations (4.14) � (4.16)
are exactly satis�ed and (4.25) shows that (4.17) is satis�ed approximately
with the accuracy ωε.

4.3. Inverse Cauchy problem. Inverse Cauchy problem imposes an
over-speci�ed boundary condition on one part of the boundary while the
other part remains free from any conditions. Usually, these problems are
considered for elliptic equations but conditions of this type also generate
a class of inverse parabolic problems (e.g., see Chapt. 5 of [6]). Modi�-
cations of these problems are studied in connection with various applied
problems. At this point we address the reader to [3,5,7,12] and numerous
publications cited therein.
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As an example, we take the problem

ut − divp∗ + a · ∇u+ ρ2u = f in QT , (4.28)

p∗ = A∇u, (4.29)

u(x, t) = 0 on S2T , (4.30)

p∗ · n = F on S2T , (4.31)

u(x, 0) = ξ(x). (4.32)

Here two boundary conditions are stated on Γ2T and Γ1T is free of conditi-
ons.

Theorem 6. Let vε ∈ V and y∗ε ∈ Y ∗div(QT ) satisfy the conditions

vε(x, t) = 0 on Γ2T , vε(x, 0) = ξ(x), y∗ε · n = F on S2T ,

and

Υβ(vε, y
∗
ε ) 6 ε2 for β(t) ∈ (0, 1]. (4.33)

Then,

T∫
0

(1−β2)‖∇(uε − vε)‖2A,Ω 6 ε2, ‖p∗ε − y∗ε ‖QT
6 ε, (4.34)

‖uε(x, T )− vε(x, T )‖Ω 6 ε, (4.35)

‖uε‖Γ2T
6 CΩ,Γ2

(
1− β2

⊕
)−1/2

ε, (4.36)

where β⊕ = sup
t∈[0,T ]

β(t), CΩ,Γ2
is a constant in the trace inequality associa-

ted with Γ2, and uε and p
∗
ε solve the initial boundary value problem

(uε)t − divp∗ε + a · ∇uε + ρ2uε = f in QT , (4.37)

p∗ε = A∇uε, (4.38)

uε(x, t) = vε(x, t) on S1T , (4.39)

p∗ε · n = F on S2T , (4.40)

uε(x, 0) = ξ(x). (4.41)



292 S. REPIN

Proof. We apply (3.22) to the problem (4.37)�(4.41). In view of (4.33),
we have

T∫
0

(1− β2(t))‖∇(uε − vε)‖2A,Ωdt+ ‖p∗ε − y∗ε ‖2A−1,QT

+ ‖vε(·, T )−uε(x, T )‖2Ω 6 ε2,

wherefrom (4.34) and (4.35) follow. Since

‖uε‖Γ2T
6 ‖uε − vε‖Γ2T

+ ‖vε‖Γ2T
6 CΩ,Γ2

‖∇(uε − vε)‖Ω, (4.42)

(4.36) follows from the �rst inequality in (4.34) and (4.42). �

Theorem 6 guarantees that ε-neighbourhood of known functions vε and
y∗ε contains exact solution of the well-posed problem (4.37)�(4.41), which
satis�es the equation (4.28), relation (4.29) and conditions (4.31) and
(4.32). The condition (4.30) is satis�ed with ε-accuracy.

4.4. Identi�cation problems. This class of problems is motivated by a
situation often encountered in applications where model parameters must
be determined from a set of available data (e.g., see [1, 4]). In the context
of the initial boundary value problem under consideration, such unknown
parameters may be f , A, a, and ρ.

For example, if f is sought and the other parameters are given, then
we are dealing with a �source reconstruction� problem. The methodology
discussed above is entirely applicable to this class of problems. Let us
brie�y consider this issue with the paradigm of the problem: �nd f(x, t)
such that the relations (4.14)�(4.16) hold and, in addition,

u(x, 0) = ξ(x) and u(x, T ) = χ(x). (4.43)

Here ξ and χ are certain given functions and f is a function in a set Uf
of �admissible� source terms. Depending on how the set Uf is de�ned, this
problem may or may not have a solution.

Assume that we know fε ∈ Uf (e.g., Uf = L1(0, T ;L2(Ω))), vε ∈
V0(QT ), and y∗ε ∈ Y ∗div(QT ) such that vε(x, 0) = ξ, vε(x, T ) = χ, and

Υβ(vε, y
∗
ε ) 6 ε2. (4.44)

Direct problem with f = fε and initial condition u(x, 0) = ξ is well posed
and has a solution uε. We apply (3.22) (note that Γ2 = ∅), use (4.44), and
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obtain

T∫
0

(
(1−β2(t))‖∇(vε − uε)‖2A,Ω

+ ‖y∗ε − p∗ε‖2A−1,Ω

)
dt+ ‖χ(x)− uε(x, T )‖2Ω 6 ε2. (4.45)

Hence we can de�ne neighbourhoods of vε and y
∗
ε (which are proportional

to ε) that contain uε(x, t) and p
∗
ε = A∇uε(x, t), respectively. The function

uε(x, t) exactly satis�es the relations (4.14) � (4.16) and the initial conditi-
on uε(x, 0) = ξ(x). The condition at t = T is satis�ed approximately:
‖χ(x)− uε(x, T )‖Ω 6 ε.

This scheme is also suitable for more complex identi�cation problems
where a larger number of conditions are imposed on the solution and a
larger number of parameters are to be determined based on them. For
example, the conditions on A can be weakened in the sense that it is not a
given matrix, but an element of some set of admissible matrices UA (that
satisfy (2.15)). Analogously, it may be known that a ∈ Ua and ρ ∈ Uρ.

Assume that we know the functions

(fε, Aε, aε, ρε) ∈ U := Uf × UA × Ua × Uρ
that de�ne a particular initial boundary value problem and the functions
vε ∈ V0(QT ) and y∗ε ∈ Y ∗div(QT ) (viewed as approximations for this prob-
lem) such that

Υβ(vε, y
∗
ε ; fε, Aε, aε, ρε) 6 ε

2. (4.46)

The estimate (4.46) means that ε−neighbourhoods of vε and y∗ε contain uε
and p∗ε that present the solution of the direct evolutionary problem with
the initial condition ξ = vε(x, 0) and data fε, Aε, aε, and ρε.

4.5. Applications to numerical methods. The question of how to �nd
functions uε and y

∗
ε is a separate large topic which is not discussed in this

article. At this point, we refer to numerous publications (e.g., see [3�8])
devoted to numerical analysis of ill-posed problems. It is worth noting
that results of Section 4 also suggest a practical way to solve the problems
discussed in this section.

In the above, the functionals Υβ(v, y∗), Υρ(v, y
∗) and a more complica-

ted functional Υβ,γ (de�ned by (4.5)) are used to verify the accuracy of
approximate solutions. However, these functionals can also be considered
as the basis for numerical methods aimed to �nd an approximate solution.
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For example, consider the problem (4.1)�(4.4). It is easy to see that �nding
suitable vε and y

∗
ε is reduced to the quadratic minimization problem

inf
v∈V0(QT ),

y∗∈Y ∗
div

(QT )

Υβ(v, y∗). (4.47)

In (4.47), a minimizing sequence (vk, y
∗
k), k = 1, 2, ... can be computed by

known numerical methods. Theorem 4 claims that the value of Υβ(vk, y
∗
k)

shows guaranteed accuracy of the approximation achieved on the step k.
For backward parabolic problems, we may await that in�mum in (4.47)

is equal to zero (cf. (1.3)). In this case, it is theoretically possible to �nd
vk, y

∗
k such that Υβ(vk, y

∗
k) is arbitrarily small (what, however, may be not

an easy task). The situation is drastically di�erent for parameter identi-
�cation problems, where the distance to the set of exact solutions of �ad-
missible� direct problems may be �nite so that ε in (4.44) or (4.46) cannot
be made smaller than some positive value. Here the notion of �solution�
should be de�ned in the Tikhonov's sense and the value of Υβ(vk, y

∗
k) gives

an upper bound of the distance to the set formed by solutions of �close�
well-posed problems that contains a �quasi-solution�.
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