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KRU�ZKOV-TYPE UNIQUENESS THEOREM FOR

A NON-MONOTONE FLOW FUNCTION CASE WITH

APPLICATION TO RIEMANN PROBLEM SOLUTIONS

Abstract. We generalize the previously obtained Kru�zkov-type
uniqueness result for the initial-boundary value problem for the
chemical �ood conservation law system to the case of a nearly arbi-
trary �ow function, without the S-shaped restriction or monotonicity
with respect to chemical concentration. The result is applied to the
analysis of Riemann problem solutions for an S-shaped �ow function
that changes monotonicity with respect to the chemical concentra-
tion exactly once. All possible Riemann problem solution structures
are classi�ed, including certain unique structures that have not been
described in earlier studies.

�1. Introduction

We generalize the main result of [23], where the uniqueness of solutions
of the conservation law system{

st + f(s, c)x = 0,

(cs+ a(c))t + (cf(s, c))x = 0,
(1)

was studied. This system describes the chemical �ood of an oil reservoir in
enhanced oil recovery methods. Here (x, t) ∈ R2

+, s is the saturation of the
water phase, c is the concentration of the chemical agent dissolved in water,
f denotes the fractional �ow function, and a describes the adsorption of
the chemical agent on the rock, usually concave like the classical Langmuir
curve (see Fig. 1b). While in [23] we assumed f to be S-shaped (after
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Buckley�Leverett [4]) as well as monotone with respect to c, in this work
we aim to lift those restrictions and consider a more general class of �ow
functions.

Similar to [23], we study the solutions of the initial-boundary value
problem

s(x, 0) = sx0(x), c(x, 0) = cx0(x), x > 0,

s(0, t) = st0(t), c(0, t) = ct0(t), t > 0,
(2)

and under certain restrictions on the parameters of the problem and the
class of solutions, we prove the same uniqueness theorem: that is, we prove
that two di�erent solutions from the described class with the same initial-
boundary data cannot exist.

After that, we consider a simple case of an S-shaped f that changes
monotonicity with respect to c exactly once, and classify the solutions
to the problem describing constant injection into a homogeneously �lled
reservoir

sx0(x) = sR, cx0(x) = cR, x > 0,

st0(t) = sL, ct0(t) = cL, t > 0,

which, under given restrictions, is equivalent to the Riemann problem

(s, c)(x, 0) =

{
(sL, cL), if x 6 0,

(sR, cR), if x > 0.
(3)

Riemann problems are essential in understanding hyperbolic systems of
conservation laws, used in Glimm's random choice method, front tracking
methods, etc. (see [9] and references therein for a more comprehensive list
of possible applications). The Riemann problem for the system (1) with
an S-shaped f that is monotone with respect to c was studied in [14], and
solutions for it are known. The uniqueness of vanishing viscosity solutions
for it was also considered in [25]. For the general case of non-monotone
f and multicomponent chromatography [8] provides an algorithm for the
construction of Riemann problem solutions. However, they use a di�erent
approach to distinguish physically meaningful weak solutions; therefore,
our solutions may di�er in some cases. Conditions (2) also cover more
complicated problems, including the slug injection problem [20] or taper-
ing [3].

The proof of the uniqueness theorem follows the scheme used in [23]
almost exactly. The Lagrangian coordinate transformation described in
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detail in that paper is utilized, as well as the proof scheme similar to
the well-known Kru�zkov's theorem [16]. We omit proofs that require no
changes and only detail the proofs of the lemmas that need signi�cant
generalization.

We keep the admissibility criteria used in [23] based on the paradigm
of the classical work by Oleinik [19] with the local variant of the vanishing
viscosity condition introduced in [2] (see (W4) in De�nition 1 below). The
classi�cation of admissible shocks obtained in [2] is then used when con-
structing the Riemann problem solutions. We study all possible Riemann
solution structures and describe which values of initial parameters in (3)
yield them. Compared to the monotone case [14], the layout of solution
structures in the space of initial parameters is richer and includes areas
with novel solution structures not observed before (see (68) and Fig. 14c).

The paper has the following structure. Section 2 lists all restrictions
we place on the parameters of the problem for the generalized uniqueness
theorem, i.e. on the initial-boundary conditions, on the �ow function f ,
and on the adsorption function a. Section 3 recalls the de�nition of the
class of admissible solutions and the travelling wave dynamical system
for the dissipative system. This section also provides a lemma in which a
restriction on the set of admissible shocks is derived. Section 4 describes
the Lagrangian coordinate transformation. The qualities of the new �ow
function are derived similarly to the monotone case. Section 5 describes the
mapping of the shocks in original coordinates and shocks in the Lagrangian
coordinates. Here, the main change to the proof occurs, as the admissibility
conditions for c-shocks need to be transferred to the new coordinates and
the Kru�zkov-type entropy inequality for them is derived with a slightly
di�erent proof. Finally, Sec. 6 contains the application to the case of an
S-shaped f that changes monotonicity with respect to c exactly once. All
possible solution structures are classi�ed in this section.

�2. Restrictions on problem parameters

2.1. Restrictions on the initial-boundary data. The following re-
strictions on the functions from (2) are assumed:

(S1) sx0(x) = 0 for all x > x0 for a �xed x0 ∈ [0,+∞];
(S2) if x0 > 0, then sx0(x) > δ0 > 0 for all 0 6 x < x0;
(S3) st0(t) > δ0 > 0 for all t > 0.
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Remark 1. For the sake of including the Riemann problems with sL = 0,
the case when x0 =∞, st0(t) ≡ 0 needs to be considered. In this case, the
zero �ow area should be investigated similarly to Sec. 4.1, and is expected
to coincide with the axis {x = 0}. The solution is positive everywhere else.
This creates some special behavior near the vertical axis in Lagrangian
coordinates, but otherwise we expect the proofs to hold. The details of
this case will be considered in future work.

2.2. Restrictions on the �ow function. See Fig. 1a for an example of
a function f under the S-shaped restriction, monotone with respect to c.
The following assumptions (F1), (F2), (F3′) for the fractional �ow function
f lift those restrictions and allow a much wider class of �ow functions.

(F1) f ∈ C2([0, 1]2); f(0, c) = 0, f(1, c) = 1 for c ∈ [0, 1];
(F2) fs(s, c)>0 for 0<s<1, 06c61; fs(0, c)=fs(1, c)=0 for c∈ [0, 1];
(F3′) there exists sf > 0, such that fss(s, c) > 0 for s ∈ (0, sf ), c∈ [0, 1].

The assumption (F3′) is necessary to maintain some technical steps of
the proof of the uniqueness theorem developed in [23] in lieu of the S-
shaped assumption (F3) used there. We utilize it exactly once in the proof
of Lemma 1, which replaces the proof of [23, Lemma 3.3].

2.3. Restrictions on the adsorption function. The adsorption func-
tion a = a(c) satis�es the following assumptions (see Fig. 1b for an example
of a function a):

(A1) a ∈ C2([0, 1]), a(0) = 0;
(A2) ac(c) > 0 for 0 < c < 1;
(A3) acc(c) < 0 for 0 < c < 1.

�3. Admissible solutions of chemical flood system

3.1. Admissible weak solutions. In this work, we use the local vanish-
ing viscosity method proposed in [23]. The admissible weak solutions are
required to be a classical solution almost everywhere except for a locally
�nite number of shocks (jump discontinuities) with a local version of the
vanishing viscosity condition on the shocks.

De�nition 1 (De�nition 3.1, [23]). We call (s, c) a piecewise C1-smooth
weak solution of (1) with vanishing viscosity admissible shocks and locally
bounded �variation� of c (W-solutions for brevity), if:
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(a) (b)

Figure 1. Examples of (a) �ow function f(s, c); (b) ad-
sorption function a.

(W1) Functions s and c are continuous and piecewise continuously dif-
ferentiable everywhere, except for a locally �nite number of C1-
smooth curves, where one or both of them have a jump disconti-
nuity.

(W2) For any compact K away from the axes, the derivative |cx(x, t)| <
CK is uniformly bounded for all (x, t) ∈ K not on jump disconti-
nuities.

(W3) Functions s and c satisfy (1) in a classical sense inside the areas,
where they are continuously di�erentiable.

(W4) On every discontinuity curve Γ given by γ(t) at any point (γ(t0), t0)
the jump of s and c

s± = s(γ(t0)± 0, t0), c± = c(γ(t0)± 0, t0)

with velocity v = γt(t0) could be obtained as a limit as ε → 0 of
travelling wave solutions

s(x, t) = s
(x− vt

ε

)
, c(x, t) = c

(x− vt
ε

)
of the dissipative system{

st + f(s, c)x = εc(A(s, c)sx)x,

(cs+ a(c))t + (cf(s, c))x = εc(cA(s, c)sx)x + εdcxx,
(4)

with boundary conditions

s(±∞) = s±, c(±∞) = c±.
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Here εc = ε and εd = κε for some κ ∈ (0,+∞) are the dimen-
sionless capillary pressure and di�usion, respectively, and A(s, c)
is the capillary pressure function (bounded, separated from zero,
and Lipschitz continuous).

Remark 2. Note that the condition (W1) here is weaker than the condi-
tion (W1) in [23]. It allows s and c to have discontinuities in their deriva-
tives. Careful examination of the proofs in [23] shows that this changes
nothing, and the uniqueness theorem still holds in this wider class of so-
lutions. This modi�cation was recently introduced in [18], where obvious
jumps in c derivative were observed in the slug injection problem. Simi-
larly, we noticed possible jumps in the derivatives at the meeting points of
di�erent rarefaction waves in the Riemann problems considered here.

Observe that the system (4) di�ers from [14, (4.8)]. According to [2], it
yields a di�erent set of admissible shocks for di�erent values of κ in some
non-monotone cases, even though in the monotone case, the admissible
shocks are the same for all κ. In this paper we consider the value of κ and
function A(s, c) arbitrary but �xed. The results of this paper apply to the
full system [2, (3)], which accounts for capillary pressure, polymer di�usion,
and dynamic adsorption, but in (4) we chose to disregard the dynamic
adsorption for brevity. Note also that [8] does not use the dissipative system
to distinguish admissible shocks, and uses the projection principle and the
lifting algorithm instead, yielding di�erent admissibility criteria in some
cases.

Theorem 1. Problem (1) with initial-boundary conditions (2) satisfying
the restrictions (S1)�(S3), with �ow function satisfying (F1), (F2), (F3′)
and adsorption satisfying (A1)�(A3) can only have a unique W-solution.

3.2. Travelling wave dynamical system. The assumption (W4) for
the solution is that shocks are admissible if and only if they could be
obtained as a limit of travelling wave solutions for a system with additional
dissipative terms as these terms tend to zero. In this section, we analyze
such travelling wave solutions and derive a dynamical system that describes
them.

Consider a shock between states (s−, c−) and (s+, c+) moving with ve-
locity v. In order to check if it is admissible, we are looking for a travelling
wave solution

s(x, t) = s
(x− vt

ε

)
, c(x, t) = c

(x− vt
ε

)
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for the dissipative system (4) satisfying the boundary conditions

s(±∞) = s±, c(±∞) = c±.

Substituting this travelling wave ansatz into the system (4) and denoting
ξ = x−vt

ε , we get the system{
−vsξ + f(s, c)ξ = (A(s, c)sξ)ξ,

−v(cs+ a(c))ξ + (cf(s, c))ξ = (cA(s, c)sξ)ξ + κcξξ.

Integrating the equations over ξ, we arrive at the travelling wave dynamical
system {

A(s, c)sξ = f(s, c)− v(s+ d1),

κcξ = v(d1c− d2 − a(c)).
(5)

The values of d1 and d2 are obtained from the boundary conditions:

vd1 = −vs± + f(s±, c±),

vd2 = vd1c
± − va(c±),

namely, in the case when c+ 6= c−,

d1 =
a(c−)− a(c+)

c− − c+
, d2 =

c+a(c−)− c−a(c+)

c− − c+
. (6)

Additionally, the same boundary conditions yield the Rankine�Hugoniot
conditions

v[s] = [f(s, c)],

v[cs+ a(c)] = [cf(s, c)],
(7)

where [q(s, c)] = q(s+, c+)−q(s−, c−)1. Thus, for every set of shock param-
eters (s±, c±) and v satisfying (7), we can construct a phase portrait for the
dynamical system (5). The points (s±, c±) are critical for this dynamical
system due to (7), and we can check if there is a trajectory connecting the
corresponding critical points. But even just analyzing the geometric mean-
ing of the Rankine�Hugoniot conditions (7), we derive a lot of restrictions
on admissible shock parameters.

Proposition 1. The following restrictions on admissibility are evident
from the properties (F1), (F2), (F3'), (A1)�(A3), the Rankine�Hugoniot
conditions (7) and the analysis of the sign of the right-hand side of (5):

1Note the order of �+� and �−� terms in this de�nition. It could be di�erent in
di�erent sources. We follow certain proof schemes of [24], so our order coincides with
their.
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• Admissible shock velocity v is bounded and strictly positive:
0 < v < ‖f‖C1 .

• Shocks with s− = 0 cannot be admissible.
• Shocks with c+ > c− cannot be admissible.
• If s+ = 0 then c+ = c−.

Lemma 1. There exists s∗ ∈ (0, 1) such that when s− < s∗, we have

fs(s
−, c−) > v (8)

for all admissible shock parameters.

Proof. If c− 6= c+, we rewrite (7) in the following form:

v =
[f(s, c)]

[s]
=
f(s±, c±)

s± + h
, h =

[a(c)]

[c]
,

therefore, points (−h, 0), (s+, f(s+, c+)), (s−, f(s−, c−)) are collinear and
lie on the line l(s) = v(s+ h). Due to (F3′), there exists such

δf =
min{f(sf , c) : c ∈ [0, 1]}

1 + ‖a‖C1
> 0,

that when 0 6 v 6 δf , there is a unique intersection point of l(s) and
f(s, c−) inside the interval (0, 1). Indeed, by the de�nition of δf we have
δf (s+ h) < f(s, c−) for all s > sf , therefore there are no intersections on
[sf , 1]. And on (0, sf ), there is exactly one intersection due to convexity,
given by (F3′). We denote this intersection point (sc(c−, v), f(sc(c−, v), c−)),
and at this intersection point we have

fs(s
c(c−, v), c−) > v.

Therefore, (8) holds for admissible shocks with c− 6= c+ for any s− < sc∗,
where

sc∗ = min
c∈[0,1]

sc(c, δf ).

If c− = c+ = c, we look at the system (5) and observe that it simpli�es
into one equation. A more detailed analysis of this case is given in [23,
Lemma 3.3] and [23, Sect. 5.2]. We simply note that due to Oleinik admis-
sibility, we have fs(s

−, c−) > v. To achieve equality, the graph of f(·, c)
must be tangent to the chord connecting (s−, f(s−, c)) and (s+, f(s+, c)).
Therefore, denoting by ss(c) the tangent point of the graph of f(s, c) for
s ∈ (0, sf ) and the line going through the point

(1,min{f(sf , c) : c ∈ [0, 1]}),
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and by

ss∗ = min
c∈[0,1]

ss(c),

we conclude that for admissible shocks with c− = c+ for any s− < ss∗, we
always have a strict sign, as no tangent chord could be constructed there.
Thus, (8) holds due to f being convex at s−. By construction, ss(c) is a
positive continuous function on [0, 1], so it admits a minimum separated
from zero.

Finally, denoting s∗ = min{ss∗, sc∗} > 0, we complete the proof. �

3.3. Inadmissible nullcline con�gurations. When we get rid of the
S-shaped assumption and either the monotonicity or at least the limited
non-monotonicity with respect to c, it becomes untenable to write down
the full classi�cation of possible nullcline con�gurations, as in [2, Sec. 4.2]
and [23, Sec. 3.3]. However, we can still formulate a su�cient restriction on
admissible con�gurations that we use later when transferring admissibility
to Lagrangian coordinates.

Lemma 2. Given �xed c+ and c−, such that c+ < c−, consider two shocks
� from (s−, c−) to (s+, c+) with speed v and from (z−, c−) to (z+, c+) with
speed w. Assume

s− > z−, s+ < z+, v < w. (9)

Then both shocks cannot be admissible at the same time.

Proof. By (W4) and Sec. 3.2, admissible shocks must solve the travelling
wave dynamical system (5). Therefore, if both shocks are admissible, there
must exist two trajectories. One trajectory is the function s(c) that solves

A(s, c)

κ

ds

dc
=
f(s, c)− v(s+ d1)

v(d1c− d2 − a(c))

and connects (s+, c+) to (s−, c−), the other is the function z(c) that solves

A(z, c)

κ

dz

dc
=
f(z, c)− w(z + d1)

w(d1c− d2 − a(c))

and connects (z+, c+) to (z−, c−). We observe that the values of d1 and d2

are de�ned in (6) and depend only on c±. Due to the assumption (9), the
graphs of these functions s(c) and z(c) must intersect, and the s(c) graph
must cross the z(c) graph from below at one of the intersections. Denote
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such an intersection (s̄, c̄). At this intersection, we necessarily have

f(s̄, c̄)− v(s̄+ d1)

v(d1c̄− d2 − a(c̄))
>
f(s̄, c̄)− w(s̄+ d1)

w(d1c̄− d2 − a(c̄))
.

Observe that d1c̄ − d2 − a(c̄) < 0 due to (A3), and we arrive at v > w,
which contradicts (9). Thus, at least one of the shocks is inadmissible. �

�4. Lagrangian coordinate transformation

4.1. Zero �ow area. Following [23], we utilize the Lagrangian coordi-
nates, i.e., the coordinates tied to the �ow. In order to do so, we �rst need
to describe the area with no �ow. Recall that due to (F1) and (F2), the
�ow function is zero only when s = 0. In this section we cite the state-
ments from [23, Sec. 4.1] asserting that under the conditions (S1)�(S3) the
no �ow area is a connected region in Q = R2

+ in (x, t) space bounded by
the ray (x0,+∞) on one side and by a curve made of discontinuities of the
function s on the other (see the boundaries on Fig. 2).

Lemma 3 (Lemma 4.1, [23]). Let (x∗, t∗), x∗ > 0, t∗ > 0 be a zero of the
solution s, i.e., s(x∗, t∗) = 0 inside a region of smoothness of s and c, or
one of s(x∗ ± 0, t∗) = 0 on the shock. Then s(x∗, t) = 0 for all 0 6 t < t∗.

Lemma 4 (Lemma 4.4, [23]). For all x > x0, we de�ne

t0(x) = sup{t : s(x, t) = 0}.

Then

• t0(x) < +∞;
• (x, t0(x)) is a point on a shock;
• t0(x) is continuous, piecewise C1-smooth.

Corollary 1 (Corollary 4.5, [23]). De�ne

Ω0 = {(x, t) : x > x0, 0 6 t < t0(x)}.

Then s(x, t) = 0 in Ω0 and s(x, t) > 0 outside Ω0. Moreover, s(x, t) is
locally separated from 0 outside Ω0.

Proposition 2 (Proposition 4.6, [23]). It is clear that ct = 0 in Ω0;
therefore, c(x, t0(x)) = cx0(x).
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4.2. Lagrangian coordinates. It is hard to trace back the history of
the coordinate transformation described in this subsection. Many authors
describe the transformation without citing previous work. The oldest refer-
ence we found is [6] cited in [27] in the context of gas dynamics equations.
The idea is also presented in the lectures by Gelfand [10] for the case of
an arbitrary system of conservation laws. The splitting technique for the
system (1) using the Lagrangian coordinate transformation is presented
in [20]. It is later developed and applied to di�erent systems by many
authors (see [1] and references therein).

Proposition 3 (Proposition 4.3, [23]). For any solution (s, c) the di�er-
ential form f(s, c) dt− s dx derived from the �rst equation of (1) is exact,
i.e., on any closed curve ∂Ω with a �nite number of shock points we have∮

∂Ω

f(s, c) dt− s dx = 0. (10)

Similarly, from the second equation of (1) we derive the exact form
(cs+ a(c))dx− f(s, c)dt, therefore∮

∂Ω

c(s dx− f(s, c) dt) +

∮
∂Ω

a(c) dx = 0. (11)

We denote by ϕ the potential such that

dϕ = f(s, c) dt− s dx. (12)

To explain the physical meaning of ϕ, let us consider any trajectory ν
connecting (0, 0) and (x, t). When s denotes the saturation of some liquid,
the potential ϕ(x, t) is equal to the amount of this liquid passing through
the trajectory:

ϕ(x, t) =

∫
ν

f(s, c) dt− s dx. (13)

The coordinate change (x, t)→ (ϕ, x) is only applicable in the areaQorig =

Q\Ω0, where the saturation s and the �ow function f(s, c) are not zero. It
keeps the x coordinate, so it maps the axis Γt = {x = 0, t > 0} onto Γϕ =
{ϕ > 0, x = 0}. The segment [0, x0] × {0} maps into a curve (ϕ0(x), x),
where

ϕ0(x) = −
x∫

0

sx0(r) dr. (14)
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x

t0(x)

Qorig

x00

t

x

Qlagr

x00

ϕ0(x0)
ϕ0(x)

ϕ

Figure 2. Areas Qorig (grey area on the left) and Qlagr

(grey area on the right). The red curve on the left is
mapped onto the red line on the right. The blue line on
the left is mapped onto the blue curve on the right.

The curve (x, t0(x)) for x > x0 maps into a horizontal line beginning at
the point (ϕ0(x0), x0). Therefore Qorig maps into

Qlagr =Q ∪ {(ϕ, x) : 0<x6x0, 0>ϕ>ϕ0(x)} ∪
(
(ϕ0(x0), 0)× (x0,+∞)

)
,

see Fig. 2.
Corollary 1 guarantees that there is a reverse transform given by

dt =
1

f(s, c)
dϕ+

s

f(s, c)
dx,

and the denominators are locally separated from zero, therefore this co-
ordinate change is a piecewise C1-di�eomorphism. Since C1-smooth curves
preserve their smoothness properties under any di�eomorphism, all dis-
continuity curves map into C1-smooth discontinuity curves.

Substituting (12) into (11), we get that the form −c dϕ + a(c) dx is
also exact in any area in Qlagr where the images of (s, c) are C1-smooth.
Therefore, it is also closed and leads to the identity

0 = d(c dϕ− a(c) dx) =

(
∂c

∂x
+
∂a(c)

∂ϕ

)
dx ∧ dϕ.

Together with the identity

0 = d(dt) = d

(
1

f
dϕ+

s

f
dx

)
=

(
∂

∂x

(
1

f

)
− ∂

∂ϕ

(
s

f

))
dx ∧ dϕ

it yields, inside the areas of C1-smoothness, the classical system
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∂

∂x

(
1

f

)
− ∂

∂ϕ

(
s

f

)
= 0,

∂c

∂x
+
∂a(c)

∂ϕ
= 0.

We use the notation

U(ϕ, x)=
1

f(s(x, t), c(x, t))
, ζ(ϕ, x)=c(x, t), F(U , ζ)=− s

f(s, c)
(15)

to transform this system into the system of conservation laws.

Ux + F(U , ζ)ϕ = 0, (16)

ζx + a(ζ)ϕ = 0. (17)

Proposition 4 (Proposition 4.7, [23]). Suppose that (s, c) is a W-solution
of the problem (1) (see De�nition 1) with initial and boundary conditions
(2) satisfying the conditions (S1)�(S3). Then the functions (U , ζ) given by
the formulae (15) satisfy the integral equations∫∫

Qlagr

U ψ̃x + F(U , ζ)ψ̃ϕ dϕ dx+

∞∫
0

Uϕ0 (ϕ)ψ̃(ϕ, 0) dϕ

+

∞∫
x0

F(U(ϕ0(x0) + 0, x), cx0(x))ψ̃(ϕ0(x0), x) dx = 0

(18)

and∫∫
Qlagr

ζψ̃x + a(ζ)ψ̃ϕ dϕ dx+

x0∫
0

(sx0(x)cx0(x) + a(sx0(x)))ψ̃(ϕ0(x), x) dx

+

∞∫
x0

a(cx0(x))ψ̃(ϕ0(x0), x) dx+

∞∫
0

ζϕ0 (ϕ)ψ̃(ϕ, 0) dϕ = 0

(19)

for all test functions ψ̃ ∈ D(Qlagr), where the initial values Uϕ0 and ζϕ0 are
given by

Uϕ0 (ϕ(0, t)) =
1

f(st0(t), ct0(t))
, ζϕ0 (ϕ(0, t)) = ct0(t). (20)
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Remark 3. The same reasoning as in [24, Lemma 2.2.1] shows that on
every shock, the equations in the weak form (18) and (19) result in the
Rankine�Hugoniot condition

v∗[U ] = [F(U , ζ)],

v∗[ζ] = [a(ζ)],
(21)

where v∗ is the velocity of the shock between states (U−, ζ−) and (U+, ζ+).
Here, as in the original coordinates, [q(U , ζ)] = q(U+, ζ+)− q(U−, ζ−).

Properties of the new �ow function F (see Fig. 3) that correspond to
the properties (F1), (F2) of the function f are listed below.

Figure 3. The function F(U , ζ) corresponding to the �ow
function f(s, c) plotted in Fig. 1a.

Proposition 5. For all ζ ∈ [0, 1], the following properties of the function
F are ful�lled

• F ∈ C2([1,+∞)× [0, 1]);
• F(U , ζ) < 0 for all U ∈ [1,+∞);
• F(1, ζ) = −1;
• lim
U→∞

F(U , ζ) = −∞;

• lim
U→1
FU (U , ζ) = +∞;

• lim
U→∞

FU (U , ζ) = 0.
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�5. Entropy conditions in Lagrangian coordinates

5.1. Mapping shocks to Lagrangian coordinates. Let us recall the
notation from [23] pertaining to the mapping of shocks between the coor-
dinate systems.

Consider a shock in original coordinates at the point (x1, t1) with one-
sided limits

s± = s(x1 ± 0, t1), c± = c(x1 ± 0, t1).

Denote θc(s) = 1
f(s,c) and let ϑc = θ−1

c be its inverse function with respect

to its argument s. Using these functions, we map

U [+] = θc+(s+), U [−] = θc−(s−), ζ [+] = c+, ζ [−] = c−,

s+ = ϑζ[+](U [+]), s− = ϑζ[−](U [−]), c+ = ζ [+], c− = ζ [−].

Note that in the original coordinates, the values s± correspond to x →
x1 ± 0, respectively. The shock velocity in original coordinates is always
positive due to Proposition 1, therefore, s± correspond to t→ t1 ∓ 0:

s± = s(x1, t1 ∓ 0), c± = c(x1, t1 ∓ 0).

Further, due to (12) and (F1), when x = x1 is �xed, t→ t1∓0 correspond
to ϕ→ ϕ1∓0 for the point (ϕ1, x1) on a corresponding shock in Lagrangian
coordinates, and so do U [±]:

U [±] = U(ϕ1 ∓ 0, x1), ζ [±] = ζ(ϕ1 ∓ 0, x1).

But for the equations (16), (17) in Lagrangian coordinates, the x axis plays
the role of time and ϕ the role of space, so we would like to de�ne U± to
correspond to ϕ→ ϕ1 ± 0. Thus, we denote

U+ = U [−], U− = U [+], ζ+ = ζ [−], ζ− = ζ [+],

U± = U(ϕ1 ± 0, x1), ζ± = ζ(ϕ1 ± 0, x1),

and obtain a one-to-one mapping of shocks in original (s±, c±) and La-
grangian (U±, ζ±) coordinates:

(U±, ζ±)→ (s±, c±) = (ϑζ∓(U∓), ζ∓),

(s±, c±)→ (U±, ζ±) = (θc∓(s∓), c∓).
(22)

We call shocks satisfying ζ+ = ζ− U-shocks, and refer to all other shocks
as ζ-shocks.
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5.2. Oleinik's and entropy admissibility conditions for U-shocks.
We generalize the argument from [23, Sec. 5.2] that transfers Oleinik's
E-condition to the Lagrangian coordinates and prove that it implies the
entropy condition for any convex positive entropy, but speci�cally for
entropy�entropy-�ux pairs (|U − k|,G(U , k)), k ∈ R, where

G(U , k) = (F(U , ζ)−F(k, ζ)) sgn(U − k).

Recall (see [23, Sect. 5.2]) that for

Ψ(s) = f(s, c)− f(s−, c)− v(s− s−)

on an s-shock we have Oleinik's entropy condition

Ψ(s)(s+ − s−) > 0 for all s between s+ and s−. (23)

This follows from the simpli�ed form of the dynamical system (5) on an
s-shock. Similarly, on the corresponding U-shock in the Lagrangian coor-
dinates we have

Ψ∗(U) = F(U , ζ)−F(U−, ζ)− v∗(U − U−),

v∗ =


F(U−, ζ)−F(U+, ζ)

U− − U+
, U− < +∞,

0, U− = +∞,
and the Oleinik's condition also holds. To prove this, in [23] we split
Oleinik's condition into two parts (Lax condition plus Ψ 6= 0 on the inter-
val) but that split was only valid because of S-shaped function f . In the
general case such simpli�cation doesn't work and we need a more general
proof.

Lemma 5. Oleinik's condition for an s-shock in original coordinates (23)
is equivalent to Oleinik's condition for the corresponding U-shock in La-
grangian coordinates:

Ψ∗(U)(U+ − U−) > 0 for all U between U+ and U−. (24)

When U− = +∞ this should be interpreted as

F(U , ζ) 6 F(U+, ζ) for all U > U+. (25)

Proof. If we have (23), we rewrite it as

f(s, c)− f(s−, c)

s− s−
>
f(s+, c)− f(s−, c)

s+ − s−
.
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Substituting s, s± and f in this relation we arrive at

U+ − U
F(U+, ζ)U − F(U , ζ)U+

>
U+ − U−

F(U+, ζ)U− −F(U−, ζ)U+
.

This transforms into

F(U , ζ)−F(U+, ζ)

U − U+
6
F(U−, ζ)−F(U+, ζ)

U− − U+
= v∗.

Note that for U− = +∞ we obtain (25) immediately. For U− < +∞ we
rewrite (

F(U , ζ)−F(U+, ζ)− v∗(U − U+)
)

(U+ − U−) > 0,

and since F(U−, ζ)−F(U+, ζ)− v∗(U− −U+) = 0, we arrive at (24). �

Using the Oleinik's condition in Lagrangian coordinates, we replace [23,
Proposition 5.2] with the following new proposition.

Proposition 6. For a �xed solution ζ, given two solutions U and V we
have

G(U(ϕ0(x) + 0, x),V(ϕ0(x) + 0, x)) 6 0, ∀x > x0.

Proof. Fix x > x0. Assume without loss of generality that

U(ϕ0(x) + 0, x) 6 V(ϕ0(x) + 0, x).

Consider U+ = U(ϕ0(x) + 0, x) and U− = +∞. Then the proposition
follows immediately from (25) with U = V(ϕ0(x) + 0, x). �

Recall from [23] the following lemma and the proposition that follows
from it. Their proofs do not rely on the properties we eliminated.

Lemma 6 (Lemma 5.4, [23]). For all k ∈ R and every positive test
function ψ ∈ D+(Qlagr) with suppψ containing only U-shocks (and no
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ζ-shocks), the entropy condition holds:

0 6
∫∫
Qlagr

|U −k|ψx+G(U , k)ψϕ dϕ dx−
∫∫
Qlagr

Fζ(k, ζ)ζϕ sgn(U −k)ψ dϕdx

+

x0∫
0

(
|U(ϕ0(x), x)− k|sx0(x)+G(U(ϕ0(x), x), k)

)
ψ(ϕ0(x), x) dx

+

∞∫
x0

G(U(ϕ0(x0)+0, x), k)ψ(ϕ0(x0), x) dx+

∞∫
0

|U(ϕ, 0)−k|ψ(ϕ, 0) dϕ. (26)

Proposition 7 (Proposition 2.7.1, [24]). For a �xed solution ζ, given
two solutions U and V, for any positive test function ψ ∈ D+(Qlagr) with
suppψ containing no ζ-shocks, we have

0 6
∫∫
Qlagr

|U − V|ψx + G(U ,V)ψϕ dϕ dx

+

x0∫
0

|U(ϕ0(x), x)− V(ϕ0(x), x)|sx0(x)ψ(ϕ0(x), x) dx

+

x0∫
0

G(U(ϕ0(x), x),V(ϕ0(x), x))ψ(ϕ0(x), x) dx

+

∞∫
x0

G(U(ϕ0(x0)+0, x),V(ϕ0(x0)+0, x))ψ(0, x) dx

+

∞∫
0

|U(ϕ, 0)− V(ϕ, 0)|ψ(ϕ, 0) dϕ.

(27)

In [24], this proposition is proven for the case that corresponds to
ζ ≡ const. For the general case, see the original proof of Kru�zkov's [16, The-
orem 1].
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5.3. Entropy admissibility condition for ζ-shocks. Similarly, the
analysis of ζ-shocks in the equation (17) does not rely on any proper-
ties of the �ow function, therefore the following proposition holds with no
changes.

Proposition 8 (Proposition 5.8, [23]). Denote

A(ζ, k) = (a(ζ)− a(k)) sgn(ζ − k).

Then on any admissible ζ-shock given by the curve (Φ(x), x) inside Qlagr,
the following entropy inequality holds:

[A(ζ, k)] 6
dΦ

dx
[|ζ − k|], k ∈ R,

and therefore for every positive test function ψ ∈ D+(Qlagr) we have the
integral entropy condition

0 6
∫∫
Qlagr

|ζ − k|ψx +A(ζ, k)ψϕ dϕ dx

+

x0∫
0

(
|ζ(ϕ0(x), x)− k|sx0(x) +A(ζ(ϕ0(x), x), k)

)
ψ(ϕ0(x), x) dx

+

∞∫
x0

A(ζ(ϕ0(x0), x), k)ψ(ϕ0(x0), x) dx+

∞∫
0

|ζ(ϕ, 0)− k|ψ(ϕ, 0) dϕ.

The second change to the uniqueness proof comes when we look at the
proof of [23, Lemma 9]. That proof relies on the classi�cation of admissible
shocks, and needs to be reworked based solely on Lemma 2.

Lemma 7. Given two solutions (U , ζ) and (V, ζ) for the same ζ, we have
the following entropy inequality on any ζ-shock given by the curve (Φ(x), x)
inside Qlagr:

[G(U ,V)] 6
dΦ

dx
[|U − V|]. (28)

Proof. Let the two solutions have the ζ-shocks, which, when translated
into the original coordinates via the mapping (22), connect

(s−=ϑζ+(U+), c−=ζ+) to (s+ =ϑζ−(U−), c+ =ζ−) with speed v, and

(z− = ϑζ+(V+), c− = ζ+) to (z+ = ϑζ−(V−), c+ = ζ−) with speed w.
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First, we consider the case v = w. In this case we have equality in (28)
due to the Rankine�Hugoniot condition (see (21)):

dΦ

dx
=

[F(U , ζ)]

[U ]
=

[F(V, ζ)]

[V]
, (29)

since all points lie on the same line in Fig. 4, and therefore, we additionally
have

dΦ

dx
=
F(U±, ζ±)−F(V±, ζ±)

U± − V±
.

Next, we can assume without loss of generality that v < w. Then the
relations between s± and z± fall into one of four cases:

• s− > z−, s+ < z+. This satis�es the assumption (9) for our shocks;
thus, due to Lemma 2, one of the considered shocks must be inad-
missible. Therefore, we don't need to consider this case.

• s− > z−, s+ > z+ or s− < z−, s+ < z+. In these cases, we have

sgn(U+ − V+) = sgn(U− − V−),

therefore we have equality in (28) due to Rankine�Hugoniot con-
dition (29).

• s− < z−, s+ > z+. In this case

sgn(U+ − V+) = sgn(θc−(s−)− θc−(z−)) = 1,

sgn(U− − V−) = sgn(θc+(s+)− θc+(z+)) = −1,
(30)

so (28) transforms into

F(U+, ζ+)−F(V+, ζ+)+F(U−, ζ−)−F(V−, ζ−)6
dΦ

dx
(U+−V++U−−V−).

Note that due to the monotonicity of a and the Rankine�Hugoniot
condition (21), the speed of the shock

dΦ

dx
=
a(ζ−)− a(ζ+)

ζ− − ζ+
> 0. (31)

It can be observed geometrically in Fig. 4 that

U+ = θc−(s−) > θc−(z−) = V+,

U− = θc+(s+) < θc+(z+) = V−,

therefore, the following inequalities hold for the inclines of lines:

F(U+, ζ+)−F(V+, ζ+)

U+ − V+
<
dΦ

dx
,
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Figure 4. An illustration for the positions of U± and V±
on the plots of F(·, ζ±) in the last case of Lemma 7. The
red line corresponding to s± is lower due to v < w.

F(U−, ζ−)−F(V−, ζ−)

U− − V−
>
dΦ

dx
.

This Fig. 4 is constructed for the S-shaped case, but the geomet-
rical argument holds even without that assumption. Taking into
account the known signs (30) of the denominators, we obtain

F(U+, ζ+)−F(V+, ζ+) <
dΦ

dx
(U+ − V+),

F(U−, ζ−)−F(V−, ζ−) <
dΦ

dx
(U− − V−).

Taking the sum of these inequalities concludes this case.

Thus, all four cases lead either to a contradiction or to the necessary
inequality, which concludes the proof. �

Thus, having successfully replaced [23, Lemma 9], we can proceed with
the original proof with no other changes. The following lemma follows
from Proposition 7 and the new Lemma 7 we just proved as a replacement
for [23, Lemma 9].

Lemma 8 (Lemma 5.11, [23]). The inequality (27) from Proposition 7
holds for all positive test functions ψ ∈ D+(Qlagr) without restrictions on
their supports (including ζ-shocks).
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For more details, see the proof of [23, Theorem 6.1]. It utilizes the result
of Lemma 8 and the classical scheme of Kru�zkov's theorem to prove that
the di�erence between U and V cannot increase, thus solutions with the
same initial-boundary conditions must coincide. The proof does not fun-
damentally rely on any properties derived from S-shaped assumption (F3)
or monotonicity assumption (F4) used in [23]. It only uses [23, Proposi-
tion 5.2], which we replaced with Proposition 6.

�6. Application to Riemann problem

In this section, we describe the solutions to the Riemann problem (1), (3)
for the simple case of an S-shaped f that changes monotonicity with re-
spect to c exactly once. For a study of the su�cient conditions for an
S-shaped �ow function, see [5, 22]. There are numerous cases to consider
for this problem, but due to Theorem 1 we only need to provide one W-
solution for each case, and the uniqueness follows. This allows us to skip
checking all possible wave combinations to ascertain the uniqueness by
brute force, which signi�cantly simpli�es this section.

We impose, in addition to (F1)�(F2) from Section 2, the further as-
sumptions (F3)�(F4) on the fractional-�ow function f :

(F3) f is S-shaped in s: for each c ∈ [0, 1] function f(·, c) has a unique
point of in�ection sI = sI(c) ∈ (0, 1), such that fss(s, c) > 0 for
0 < s < sI and fss(s, c) < 0 for sI < s < 1.

(F4) f has exactly one change of monotonicity in c: ∃c∗ ∈ (0, 1):
• fc(s, c) < 0 for 0 < s < 1, 0 < c < c∗;
• fc(s, c) > 0 for 0 < s < 1, c∗ < c < 1.

We assume that fcc(s
∗, c∗) > 0, where s∗ ∈ [0, 1] is a unique value

that satis�es

fs(s
∗, c∗) =

f(s∗, c∗)

s∗ + ac(c∗)
.

The main result of the section states as follows.

Theorem 2. Consider Problem (1) under the assumptions (F1)�(F4) for
the fractional �ow function f and (A1)�(A3) for adsorption function a.
Then for arbitrary states uL = (sL, cL), uR = (sR, cR) ∈ [0, 1]2, sL 6= 0
there exists a unique W -solution of the Riemann problem (3) (see De�ni-
tion 1).

The existence is proven by explicit construction, and the uniqueness
is guaranteed by applying Theorem 1. For sL = 0, we constructed the
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solution (though it satis�es the vanishing viscosity criterion only when
cL = cR), but the uniqueness is not formally covered by Theorem 1 in
its current form (see Remark 1). We hope to cover this case by some
future generalization of the uniqueness theorem. First, in Sec. 6.1, we recall
important properties of hyperbolic conservation laws in general and of the
chemical �ooding models in particular; then in Sec. 6.2 we provide explicit
solutions of the Riemann problem.

6.1. Basic facts about conservation laws and chemical �ooding

models. In this section, we recall the properties of hyperbolic conserva-
tion laws � and, speci�cally, of the chemical �ooding model (1) � that are
pertinent to the analysis of the Riemann problem.

6.1.1. Characteristic speeds. The system (1) can be rewritten in the form

ut +B(u)ux = 0, u = (s, c),

where B(u) is the characteristic matrix

B(s, c) =

(
fs fc
0 f/(s+ ac(c))

)
. (32)

For more details see [14, Sec. 2]. The eigenvalues of B(u), i.e., the charac-
teristic speeds for the system, are

λs = fs and λc = f/(s+ ac(c)). (33)

We choose the right eigenvectors corresponding to λs and λc to be

rs :=

(
1
0

)
and rc :=

(
−fc

λs − λc
)
. (34)

Since both of the characteristic speeds are real, this model is hyperbolic
when λs 6= λc. However, the characteristic speeds coincide, not only on the
boundary line s = 0, but also along the curve

C := { (s, c) ∈ [0, 1]2 : λs(s, c) = λc(s, c) and s 6= 0 }, (35)

thus the model is not strictly hyperbolic. Note that, the matrix B(s, c)
de�ned in (32) is not diagonalizable on C. The coincidence locus C divides
the domain into two regions: left ΩL, where λ

s > λc, and right ΩR, where
λs < λc.
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6.1.2. Rarefaction waves. Let λ be an eigenvalue of the characteristic ma-
trix given by (32) with corresponding eigenvector r. The simple rarefaction
waves are continuous solutions of (1) of the form

u(x, t) = v(ξ) , ξ =
x

t
,

where v corresponds to an integral curve of the vector �eld r. More pre-
cisely,

u(x, t) =


uL, if x/t < λ(uL),

v, if x/t = λ(v),

uR, if x/t > λ(uR),

(36)

where v is an integral curve of the vector �eld r connecting the states uL
and uR with the additional property that the eigenvalue λ is increasing
from uL to uR.

Since the matrix B has two eigenvalues, λs and λc, two possible rar-
efaction curves pass through any given state uL:

• If λ = λs with eigenvector rs = (1, 0), then c is constant along the
integral curves. Thus, a simple rarefaction of the form (36) exists
whenever cL = cR and λs = fs(s, cL) increases from sL to sR. This
is precisely the Buckley�Leverett rarefaction for f(s) = f(s, cL),
hereafter called an s-rarefaction wave.

• If λ = λc with eigenvector rc de�ned in (34), the integral curves
are nontrivial in the (s, c)-plane (see Fig. 5) and correspond to
solutions of the following dynamical system (we call such curves
c-rarefaction curves):(

s
c

)
ξ

= α

(
−fc

λs − λc
)
, (37)

where α is chosen so that ξ = λc:

α =
1

∇λc · rc
=

(s+ a′(c))2

(λc − λs)f(s, c)a′′(c)
.

This system is not de�ned on the coincidence locus C. Changing
the variable ξ 7→ ξ̃, where dξ̃

dξ = α(ξ), we can instead study the
system (

s
c

)
ξ̃

=

(
−fc

λs − λc
)
. (38)
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The trajectories of this system are the same as (37) except for
time direction in ΩR and well-posedness on the coincidence locus
(the system (37) is not de�ned on the coincidence locus, while
the system (38) is). Note also that in the original system (37) we
had ξ = λc, therefore all trajectories could be traversed in �nite
time, including the trajectories arriving at or leaving the critical
point (s∗, c∗). A simple rarefaction of the form (36) exists when λc

increases along the curve connecting uL and uR. We refer to such
solutions as c-rarefaction waves.

Remark 4. We regard the constant states s ≡ 0 and s ≡ 1 as
two c-rarefaction curves. Indeed, when sL = 0 or sL = 1, then
fc(uL) = 0, and the eigenvector rc can be taken to be (0, 1). For
more details, see discussion at the end of Sec. 3 in [14].

Figure 5. The blue curves represent the family of c-
rarefaction curves � integral curves of the system (38)
associated with c-rarefaction waves. The critical point
(s∗, c∗) is of saddle-type. The arrows show the direction
of increasing eigenvalue λc and coincide with the time di-
rection of (37). The red curve represents the coincidence
locus C.

The following proposition collects the basic properties of c-rarefaction
curves in the (s, c)-plane that we use to construct Riemann problem solu-
tions.
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Proposition 9. For the c-rarefaction curves, the following properties hold:

• For any (s0, c0) ∈ ΩL ∪ ΩR the c-rarefaction curve Γ that passes
through the point (s0, c0) can be written as a function s = s(c) and

d

dc
λc(s(c), c) > 0.

• The system (38) admits a unique �xed point of saddle type, (s∗, c∗),
de�ned by the assumption (F4), with four c-rarefaction curves,
Γi, i = 1, . . . , 4, intersecting at this point. We adopt the following
notation for the parametrizations of Γi, i = 1, . . . , 4, (see Fig. 5):

s1(c), c ∈ [0, c∗], such that (s1(c), c) ∈ ΩL ∪ C;
s2(c), c ∈ [0, c∗], such that (s2(c), c) ∈ ΩR ∪ C;
s3(c), c ∈ [c∗, 1], such that (s3(c), c) ∈ ΩL ∪ C;
s4(c), c ∈ [c∗, 1], such that (s4(c), c) ∈ ΩR ∪ C.

Proof. The properties of rarefaction curves follow from these easily veri-
�able formulas:

(λc − λs) · s′(c) = fc,
d

dc
λc(s(c), c) = −acc(c) · f(s(c), c)

(s(c) + ac(c))2
.

Due to assumptions (F1)�(F4), there exists a unique point (s∗, c∗), which
satis�es

fc(s
∗, c∗) = 0, λs(s∗, c∗) = λc(s∗, c∗),

thus (s∗, c∗) is a �xed point of the system (38). The linearization of the
system (38) at the point u∗ = (s∗, c∗) states uξ̃ = L(u∗)u for the matrix
L de�ned as:

L =

( −fsc −fcc
fss − λs−λc

s+ac
fsc − fc

s+ac
+ facc

(s+ac)2

)
.

At the �xed point u∗ the expression for L simpli�es:

L(u∗) =

(
0 −fcc
fss

facc
(s+ac)2

)
.

The characteristic equation for the eigenvalues µ of L(u∗) is

µ2 − µ · facc
(s+ ac)2

+ fssfcc = 0.
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The eigenvalues of L(u∗) are

µ±(u∗) =
1

2

(
facc

(s+ ac)2
±
√
D
)
, D =

(
facc

(s+ ac)2

)2

− 4fssfcc.

Notice that at the point u∗ we have fss < 0 and fcc > 0 due to assumptions
(F1)�(F4). Therefore, µ+(u∗) > 0 and µ−(u∗) < 0, and the point u∗ is a
saddle point for the dynamical system (38). See the qualitative picture of
the set of the c-rarefaction curves in Fig. 5. �

Remark 5. Fix the state (s0, c0) with c0 < c∗. If s0 ∈ [0, s1(c0)) ∪
(s2(c0), 1], the c-rarefaction curve that passes through the point (s0, c0)
is de�ned for all c ∈ [0, 1]; meanwhile if s0 ∈ (s1(c0), s2(c0)) this rarefac-
tion curve reaches the coincidence locus at some point (s̃, c̃) ∈ C and cannot
be de�ned for c > c̃. For more details see [14, Section 3]. In particular, this
means that when s0 6= s1(c0) and s0 6= s2(c0), the c-rarefaction curve lies
either in ΩL∪ C or in ΩR∪ C. On the other hand, if s0 = s2(c0), the union
Γ2 ∪ Γ3 is also an integral curve of the system (38), and can be viewed as
a unique c-rarefaction curve (similarly, Γ1 ∪ Γ4). This is one of the major
di�erences with the monotone case considered in [14].

6.1.3. Shock waves. Recall the standard ordering of the eigenvalues of the
characteristic matrix (32) as λ1(u) < λ2(u), referred to as the 1-family
and 2-family characteristic speeds. In polymer models, λ1(u) equals λc(u)
when u ∈ ΩL, but equals λ

s(u) when u ∈ ΩR.
A standard way to classify a discontinuity is based on the ordering of

the characteristic speeds on its two sides relative to its propagation speed
v, i.e., λi(u−) − v and λi(u+) − v for i = 1, 2 (see, for example, [12, 17],
and [7, Chapter 8]). Four of the possibilities, which we call the 1-family Lax,
2-family Lax, overcompressive, and crossing con�gurations of characteristic
paths, are depicted in Fig. 6:

• 1-family Lax: λ1(u−) > v > λ1(u+), v < λ2(u−), and v < λ2(u+);
• 2-family Lax: λ2(u−) > v > λ2(u+), v > λ1(u−), and v > λ1(u+);
• overcompressive: λ1(u−) > v > λ1(u+) and λ2(u−) > v > λ2(u+);
• crossing: λ2(u−) > v > λ1(u−) and λ1(u+) < v < λ2(u+).

6.1.4. Compatibility by speed. A solution of a Riemann problem is an as-
sembly of s-wave groups, c-waves, and constant states ordered by speed.

We use the notation u
s−→ u′ (respectively, u

c−→ u′) to denote an s-wave
group (respectively, a c-wave) connecting states u and u′ in the direction
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Figure 6. Four possible con�gurations of characteristic
paths drawn in (x, t)-space: 1-family Lax, 2-family Lax,
overcompressive, and crossing. The black line is the shock
trajectory with speed v. Blue curves are characteristic
paths for the 1-family, and red curves are for the 2-family.

of increasing speed. We say that the two waves u −→ u′ and u′ −→ u′′ are
compatible by speed if the speed increases when we go through the state u′,
and therefore they can be composed to solve the Riemann problem with
left state u and right state u′′.

As noted in Lemma 5.1 of [14], the solution u = (s, c) of a Riemann
problem has the property that the function c(x, t) is a monotone function
of x for every t > 0. In their proof, the authors do not assume the mono-
tonicity of f in c and use only the concavity of a, thus this lemma is also
valid under our assumptions on f and a. For the reader's convenience, we
recall this lemma below.

Proposition 10 (Lemma 5.1, [14]). Assume that the three waves

uL
c-wave−−−−→ u1

s-wave−−−−→ u2
c-wave−−−−→ uR

are compatible by speed. Then both c-waves are rarefaction waves.

Let uL = (sL, cL) and uR = (sR, cR) denote the left and right states
of the Riemann problem, respectively. By Proposition 10, if cL < cR,
any solution of the Riemann problem consists of s-waves together with
c-rarefaction waves; if cL > cR, any solution consists of s-waves and a
single c-shock. Moreover, if cL = cR, any solution reduces to a single s-
wave. Hence, by the theory of the Buckley�Leverett equation (see [4]),
the Riemann problem for the system (1) admits a unique solution when
cL = cR. Therefore, it remains to prove Theorem 2 in the case cL 6= cR.

6.2. Region layout for the Riemann problem solutions. In this
section, we describe the layout of the regions in the (uL, uR)-plane where
the Riemann problem solutions have a similar structure (the same sequence
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of s- and c-waves). In Sec. 6.2.1 we treat the case cL > cR, while the case
cL < cR is considered in Sec. 6.2.2.

6.2.1. Case cL > cR. Throughout this section, we shall assume that the
values of cL and cR are �xed with cL > cR. We aim to prove that for
any sL, sR ∈ [0, 1] there exists a unique solution to the Riemann prob-
lem (1), (3). Recall that due to Proposition 10, the case cL > cR corre-
sponds to the solution of a Riemann problem with at most one c-shock, i.e.,
the solution has the following structure in terms of s and c-waves:

uL
s-wave−−−−→ u−

c-shock−−−−→ u+ s-wave−−−−→ uR, (39)

where the �rst, the last, or both s-waves may be absent. The solutions of
the form (39) clearly satisfy the conditions (W1)�(W3) from the de�ni-
tion (1) of a W-solution. Moreover, as described below, the c-shock wave
is obtained as a limit of travelling wave solutions of the viscous regular-
ization (4), thus condition (W4) is also ful�lled. Therefore, Theorem 1
applies.

The case c∗ > cL > cR corresponds to the monotone dependence of f
on c (decreasing in c) and the explicit solutions to the Riemann problem
were constructed in [14, Sec. 7]. Note that in this case the set of admissible
shock waves does not depend on the choice of κ = εd/εc (see (4)), thus the
set of admissible Riemann solutions in this paper and in [14] is the same.
The case cL > cR > c∗ also corresponds to the monotone dependence f on
c (increasing in c), and can be solved using the same approach. Therefore,
it is enough to consider the case cL > c∗ > cR.

Consider a c-shock between the states u− = (s−, cL) and u+ = (s+, cR)
with the velocity v, de�ned by the Rankine�Hugoniot conditions (7), i.e.,

v =
[f(s, c)]

[s]
=
f(s+, cR)

s+ + h
, h =

[a(c)]

[c]
, (40)

where [q(s, c)] = q(s+, cR)−q(s−, cL). It is convenient to have the following
notation (as in [14, Sec. 7]). Condition (F3) implies that for the state
u+ = (s+, cR) there exists at most one value sK = sK(u+) 6= s+ such that

f(sK , cR)

sK + h
= v.

If such sK exists, we call it the critical shock value. Geometrically, sK

corresponds to the abscissa of the intersection point of the graph of f(s, cR)
and the line that passes through the point (s+, f(u+)) with inclination
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equal to v (in particular, the line also passes through the points (s−, f(u−))
and (−h, 0); see Fig. 7).

Figure 7. Geometrical interpretation of the critical values
sK(u+) and sK(u−).

We �rst formulate an extension of Theorem 3.2 in [2] to a larger class
of states uL and uR (in [2] cL = 1, cR = 0, but the proof is identical
for any cL > c∗ > cR). Lemma 9 provides a vanishing viscosity criterion
for selecting admissible c-shock waves. In particular, it identi�es crossing
(undercompressive or transitional) shocks satisfying condition (W4).

Lemma 9. Consider a system of conservation laws (1) under assumptions
(F1)�(F4) and (A1)�(A3). Fix cL and cR such that cL > c∗ > cR. Also �x
the parameters εc, εd > 0 of the equation (4). Then there exist vmin, vmax

such that

0 < vmin < vmax <∞
and for every κ = εd/εc ∈ (0,+∞), there exist unique

• points s− := s−(κ; cL, cR) ∈ [0, 1] and s+ := s+(κ; cL, cR) ∈ [0, 1];
• velocity v := v(κ; cL, cR) ∈ [vmin, vmax],

such that the c-shock wave, connecting u− := u−(κ; cL, cR) = (s−, cL) and
u+ := u+(κ; cL, cR) = (s+, cR) with velocity v, is admissible by the van-
ishing viscosity criterion (see condition (W4)) and is of a crossing con�g-
uration.

Moreover, the following sequence of waves is compatible by speeds

uL = (sL, cL)
s−→ u−

c-shock−−−−→ u+ s−→ uR = (sR, cR)
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for cL > c∗ > cR and all sL and sR under the condition

sK(u−) 6 sL 6 1 and 0 6 sR 6 s
K(u+). (41)

Finally, let us prove Theorem 2 for the case cL > c∗ > cR, cL and cR
�xed. Consider s−, s+, u−, u+ and v from Lemma 9.

Figure 8. Subdivision into three regions in the (sL, sR)-
plane with di�erent structure of solutions in terms of the
sequence of s-wave groups and c-waves: Ucs,Usc and
Uscs.

There exist four possible layouts for the structure of the solution to the
Riemann problem as a sequence of s-wave groups and c-waves depending
on (sL, sR) ∈ [0, 1]2, see Fig. 8:

(1) Undercompressive shock.
Consider a region:

Uscs = [sK(u−), 1]× [0, sK(u+)].

If (sL, sR) ∈ Uscs, then by Lemma 9 the following sequence of
waves (scs) provides a solution to the Riemann problem:

uL = (sL, cL)
s−→ u−

c-shock−−−−→ u+ s−→ uR = (sR, cR). (42)

As mentioned in Lemma 9, this c-shock wave is undercompressive.
If sL = s−, then the �rst s-wave in (42) is absent. Similarly, if
sR = s+, then the last s-wave in (42) is absent.
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(sL, sR) ∈ Uscs (sL, sR) ∈ Usc (sL, sR) ∈ Ucs

Figure 9. The dark red curves represent the sequence of
waves (42), (45) and (46) in the (s, c)-plane for three cases:
(sL, sR) ∈ Uscs, (sL, sR) ∈ Usc and (sL, sR) ∈ Ucs. The
light blue curves illustrate the trajectories of the corre-
sponding dynamical system (5) and the dark blue curves
illustrate the nullclines, see Sec. 3.2.

(2) Overcompressive shock.
Let v1 ∈ R be de�ned as:

v1 =
1

1 + h
, h =

a(cL)− a(cR)

cL − cR
.

For any speed v̂ ∈ [v1, v], there exist four critical points of the

travelling wave dynamical system (5): (s1,2
L , cL), (s1,2

R , cR). Any
two of these points satisfy the Rankine�Hugoniot condition (40).
If we denote sL(v̂) = s1

L < s2
L and sR(v̂) = s2

R > s1
R, then these

saturation values have the following properties:
(a) sL(v̂) ∈ [0, sK(u−)]; sR(v̂) ∈ [sK(u+), 1];
(b) the states uL = (sL(v̂), cL), uR = (sR(v̂), cR) and the speed

v̂ satisfy the Rankine-Hugoniot conditions (40);
(c) the following sequence of waves (cs) provides a solution to the

Riemann problem:

uL=(sL(v̂), cL)
c-shock−−−−→ û=(sK(uR), cR)

s-shock−−−−→uR=(sR(v̂), cR). (43)

We observe that the speeds of c-shock and s-shock are both
equal to v̂.

Also there is an alternative way to represent the solution (43)
as a combination of s-shock and c-shock with both speeds equal
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to v̂ (the order is di�erent, (sc)):

uL=(sL(v̂), cL)
s-shock−−−−→ û=(sK(uL), cL)

c-shock−−−−→uR=(sR(v̂), cR). (44)

Remark 6. The set of all states (sL(v̂), sR(v̂)) in the plane (sL, sR),
described above forms a curve parametrized by the speed v̂ ∈
[v1, v]. This curve serves as a boundary between the two regions
Usc and Ucs, where the structure of the solutions is of the type
(sc) and (cs), respectively (see Fig. 8). As the dependence of sR(v̂)
is strictly monotone (by construction), we can de�ne an inverse
function, v̂(sR). Hereinafter, we consider a function ŝL(sR) =
sL(v̂(sR)) de�ned for sR ∈ [sK(u+), 1].

Notice that the solution (43) can be seen formally as one c-shock
wave, and following the nomenclature in Sec. 6.1, it corresponds
to an overcompressive shock.

(3) 2-family Lax shock, fast.

Take ŝL(sR) from Remark 6 and consider the region

Usc := {(sL, sR) ∈ [0, 1]2 : sR ∈ [sK(u+), 1], sL ∈ [ŝL(sR), 1]}.

For any (sL, sR) ∈ Usc the following sequence of waves (sc) pro-
vides a solution to the Riemann problem:

uL = (sL, cL)
s-wave−−−−→ uM = (sM , cL)

c-shock−−−−→ uR = (sR, cR), (45)

where uM = (sM , cL) is uniquely de�ned because it satis�es:
(a) Rankine�Hugoniot condition (40) for uM , uR and the corre-

sponding speed vM ;
(b) λs(uM ) < vM .
Notice that the c-shock from (45) is a 2-family Lax shock.

(4) 1-family Lax shock, slow.

Consider the region

Ucs := closure([0, 1]2 \ (Uscs ∪Usc)) \ {sL = 0}.

For any (sL, cL) ∈ Ucs the following sequence of waves (cs) pro-
vides a solution to the Riemann problem:

uL = (sL, cL)
c-shock−−−−→ uM = (sM , cR)

s-wave−−−−→ uR = (sR, cR), (46)

where uM = (sM , cL) is uniquely de�ned, as it satis�es:
(a) Rankine�Hugoniot condition (40) for uL, uM and correspond-

ing speed vM ;
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(b) λs(uM ) > vM .
Notice that the c-shock from (46) is a 1-family Lax shock. More-
over, observe that if sL = 0, then the c-shock is not (W4)-admis-
sible. It is also physically meaningless to assign a value to the
chemical concentration when water saturation is zero.

6.2.2. Case cL < cR. Throughout this section, we assume that the values
of cL and cR are �xed with cL < cR. We aim to prove that for any sL, sR ∈
[0, 1] there exists a unique solution to a Riemann problem (1), (3). Recall
that due to Proposition 10, the solution of a Riemann problem for the case
cL < cR corresponds to a combination of s-waves and c-rarefaction waves

uL
s-wave−−−−→ u1

c-rarefaction−−−−−−−−→ u2
s-wave−−−−→ . . .

c-rarefaction−−−−−−−−→ uk
s-wave−−−−→ uR

for some k ∈ N. Similarly to the previous case, if we have c∗ > cR > cL or
c∗ 6 cL < cR, it corresponds to the monotone dependence of the fractional
�ow function f(s, c) on c (see [14, Section 6] for a full description of the
solutions of the Riemann problem when c∗ > cR > cL). Therefore, it is
su�cient to consider the case cL < c∗ < cR.

Critical value sK(u) and its properties. Following [14, Section 6], we
adopt the following notation. For the state u = (s, c) ∈ [0, 1]2, there exists
at most one value sK(u) 6= s such that

λc(sK(u), c) = λc(s, c). (47)

If such sK(u) exists, we call it the critical rarefaction value. Geometrically,
sK(u) corresponds to the abscissa of the intersection point of the graph
of f(·, c) and the line connecting (s, f(s, c)) and (−ac(c), 0). The corre-
sponding state uK(u) = (sK(u), c) is called the critical rarefaction state. If
(s, c) ∈ C, it is convenient to consider sK(s, c) = s. If Γ is a c-rarefaction
curve, then the curve ΓK, which consists of all critical states for the c-
rarefaction curve Γ, is called the critical curve.

The following proposition explains why we call sK(u) critical (this is a
trivial generalization of [14, Lemma 6.1] for f under the conditions (F1)�
(F4)).

Proposition 11. The following is true:

• The two waves

uL
c−→ uM

s−→ uR

are compatible if and only if uM ∈ ΩL ∪ C and sR ∈ [0, sK(uM )].
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• The two waves

uL
s−→ uM

c−→ uR

are compatible if and only if uM ∈ ΩR ∪ C and sL ∈ [sK(uM ), 1].

Remark 7. For the monotone case considered in [14], Proposition 11
implies that any solution to a Riemann problem contains at most two c-
rarefaction waves. However, this is no longer true for the non-monotone
case under the assumption (F4). Indeed, there exists a solution that is
composed of three rarefaction waves (for more details, see Fig. 14c).

Proposition 12 follows immediately from the assumptions (F1)�(F3) for
the fractional �ow function f and the de�nition of the critical value sK(u).

Proposition 12. Fix the state u = (s, c) ∈ ΩL ∪ΩR. The following prop-
erties hold:

• if u ∈ ΩL and sK(u) exists, then uK = (sK(u), c) ∈ ΩR. Moreover,
sK(u) > s, and the mapping s 7→ sK(u) is continuous and strictly
decreasing.

• if u ∈ ΩR, then sK(u) exists and uK = (sK(u), c) ∈ ΩL. Moreover,
sK(u) < s, and the mapping s 7→ sK(u) is continuous and strictly
decreasing.

• if sK(u) exists, then uKK = (sK(uK), c) also exists, and uKK = u.

Proposition 13. Fix a point u0 = (s0, c0) ∈ ΩL ∪ ΩR, such that s0 < 1
and sK(u0) < 1 exists, and consider three curves (here δ > 0 is some small
number such that the curves are well-de�ned in the δ-neighborhood):

• the c-rarefaction curve Γ (parametrized as in Proposition 9) that
passes through the point (s0, c0) :

Γ = {u(c) = (s(c), c) : c ∈ [c0 − δ, c0 + δ] and s(c0) = s0};

• the critical curve ΓK consisting of all critical states for the c-
rarefaction curve Γ:

ΓK = {(sK(c), c) : c ∈ [c0 − δ, c0 + δ], where sK(c) = sK(u(c)), u(c) ∈ Γ};

• the c-rarefaction curve that passes through the critical state
uK(u0) ∈ ΓK.

Γ̃ = {(s̃(c), c) : c ∈ [c0 − δ, c0 + δ] and s̃(c0) = sK(u0)}.
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Then sK(c) ∈ C1[c0 − δ, c0 + δ] and we have

d

dc
sK(c0) <

d

dc
s̃(c0). (48)

Proof. The following relations hold at u = uK(u0) (see [14, formula (6.3)]):

dsK
dc

=
fc

λc − λs
+ g,

ds̃

dc
=

fc
λc − λs

, (49)

where

g =
λc(u)

λc(u)− λs(u)
· acc(c0) · (sK(u0)− s0)

s0 + ac(c0)
. (50)

For u0 ∈ ΩL, we have λ
c(u) > λs(u) and sK(u0) > s0, therefore g(u0) < 0.

Similarly, for u0 ∈ ΩR we have λc(u) < λs(u) and sK(u0) < s0, thus
g(u0) < 0 as well, and the statement of this proposition follows. �

Notation for important points and curves. To describe the structure
of solutions to a Riemann problem, we need to introduce some notation.
See Fig. 10 for an illustration of this new notation.

The four rarefaction curves si(c), i = 1, . . . , 4, which intersect at the
�xed point (s∗, c∗) (see Proposition 9), play an important role in the anal-
ysis of solutions of Riemann problems. Denote

s1L := s1(cL); s2L := s2(cL); s3R := s3(cR); s4R := s4(cR). (51)

Consider the critical rarefaction values that correspond to the points s1L,
s2L, s3R:

s1K : = sK(s1L, cL); s2K := sK(s2L, cL); s3K := sK(s3R, cR). (52)

If s1K does not exist, the analysis of the solutions to the Riemann problem
is easier, as there are fewer cases to consider. Thus, we assume that there
exists s1K < 1. Note also that Lemma 10 provides the existence of s3K < 1.
Consider the c-rarefaction curve Γ0 de�ned by s0(c) ≡ 1, c ∈ [0, 1] and its
critical curve Γ0K, parametrized by s0K(c), c ∈ [0, 1]. Denote

s0L = s0K(cL), s0R = s0K(cR). (53)

There exists a unique s0K such that

(s0K , cL)
c-rare−−−→ (s0R, cR). (54)
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Figure 10. The illustration of the new notations. We ob-
serve that the points are arranged according to inequali-
ties (55), (56) from Lemma 10.

Lemma 10. The following inequalities hold:

s0K<s0L<s1L<s2K<s2L<s1K (states with c = cL), (55)

s0R<s3R<s3K<s4R<1 (states with c=cR). (56)

Proof. First, let us prove the inequalities (55). Due to Proposition 12, we
get that the assumption s1K < 1 implies s0L < s1L. In addition, (s2L, cL) ∈
ΩR implies (s2K , cL) ∈ ΩL, so s2K < s2L. So, it is enough to prove:

s0K < s0L; s1L < s2K ; s2L < s1K .

Let us prove s1L < s2K . The other two inequalities are proved similarly.
The scheme of the proof is simple: we assume the opposite inequality, and
get a contradiction with Proposition 13.

Assume �rst that s1L > s2K (the case of equality is considered below).
Consider the rarefaction curve Γ = {(s(c), c)} that passes through the
state (s2K , cL). By Remark 5, Γ ⊂ ΩL and is de�ned for all c ∈ [0, 1].
Consider a curve ΓK = {(sK(c), c)} ⊂ ΩR, a critical curve to Γ. Either ΓK
is de�ned for all c ∈ [0, 1] or there exists some c̃ such that sK(c̃) = 1. In
both cases, we claim that there exists at least one point of intersection of
the curves ΓK and Γ2 (de�ned in Proposition 9) where the inequality (48)
is violated. Indeed, Proposition 13 implies that for c0 su�ciently close to
cL, we have sK(c0) < s2(c0). If ΓK is de�ned for all c ∈ [0, 1], then for
c = c∗, obviously, sK(c∗) > s2(c∗) = s∗. As the curves ΓK and Γ2 are both
continuous, there exists at least one intersection point where ΓK crosses
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Γ2 from left to right, and therefore the inequality (48) is violated at this
point. For the second case, ΓK connects two states (sK(c0), c0) and (1, c̃)
on di�erent sides of Γ2; thus, by continuity, ΓK and Γ2 similarly intersect.

Assume now the case s1L = s2K . Consider ΓK = {(sK(c), c)} ⊂ ΩL,
the critical curve to the rarefaction curve Γ2 = {(s2(c), c)} ⊂ ΩR. Note
that (s2(c∗), c∗)=(s∗, c∗) ∈ C, thus (sK(c∗), c∗)=(s∗, c∗) ∈ C; in particular
sK(c∗)=s∗. Moreover, similarly to the previous case, Proposition 13 im-
plies that there exists c0 > cL, su�ciently close to cL, such that
sK(c0)<s1(c0). Take any point between (sK(c0), c0) and (s1(c0), c0) � for
example (s0, c0) with s0 := 1

2 (sK(c0) + s1(c0)), sK(c0) < s0 < s1(c0) �
and consider the rarefaction curve Γ0 = {(s(c), c)} that passes through
the point (s0, c0). Due to Remark 5, Γ0 ∈ ΩL and intersects c = c∗ at
some point (s̃, c∗) with s̃ < s∗. Thus, ΓK and Γ0 intersect and, by con-
struction, inequality (48) is violated at the point of intersection.

Inequalities (56) are proved in a similar manner. We omit the proof. �

Riemann problem solutions structures: case of zero adsorption.

Although it is not the focus of this paper, let us �rst discuss the struc-
ture of solutions to the Riemann problem for a(c) ≡ 0 (zero adsorption).
This eases the transition into the more complicated case and allows us
to compare the layouts qualitatively. For the monotone case with zero
adsorption, the solutions of the Riemann problem were originally con-
structed in [11] using the generalized Lax entropy condition (see also [15]
and later works [13,26]). In [21], the vanishing adsorption limit of the Rie-
mann problem solution was analyzed. The selection principle, introduced
in [21], comes from physical considerations, justi�es the admissibility cri-
teria adopted previously for the monotone case, and selects the under-
compressive contact discontinuities required to solve the general Riemann
problem with non-monotone dependence (see [21, formula (4.9)], which is
an analogue of formula (42) for the case of zero adsorption).

Note that for the case of zero adsorption, Proposition 13 is not valid
(g ≡ 0 due to formula (50)). Thus, formula (49) implies that if the critical

curve ΓK intersects some c-rarefaction curve Γ̃, then they coincide. In fact,
these c-rarefaction curves are contact discontinuities. Also,

s0K = s0L; s1L = s2K ; s1K = s2L; s3R = s4K ; s4R = s3K .

This simpli�es the description of all possible structures of the solution
to the Riemann problem as a sequence of s-wave groups and c-waves.
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Depending on (sL, sR) ∈ [0, 1]2, we obtain a subdivision into three regions,
see Fig. 11a:

(1) If (sL, sR) ∈ Ucs, then

uL = (sL, cL)
c-rare−−−→ uM = (sM , cR)

s−→ uR = (sR, cR). (57)

Here sL ∈ [0, s1L] and sR ∈ [0,min(1, sK(uM ))].
(2) If (sL, sR) ∈ Usc, then

uL=(sL, cL)
s−→uN =(sN , cL)

c-rare−−−→uR=(sR, cR). (58)

Here sR ∈ [s4R, 1] and sL ∈ [sK(uN ), 1].
(3) If (sL, sR) ∈ Uscs, then

uL=(sL, cL)
s−→ u− = (s2L, cL)

c-rare−−−→u+ =(s3R, cR)
s−→uR=(sR, cR). (59)

Here sR ∈ [0, s4R] and sL ∈ [s1L, 1].

Notice that the combinations of waves (57), (58), (59) are compatible due
to Proposition 11, which is also valid for the case of zero adsorption.

Remark 8. Notice that on the boundaries of the regions Ucs, Usc, and
Uscs, each of the sequences (57), (58), and (59) may become degenerate.
Although these sequences di�er in terms of the order of s- and c-waves,
the resulting solution to the Riemann problem (s(x, t), c(x, t)) is the same.

Riemann problem solutions structures: non-zero adsorption case.

In this section, we list all possible structures of the solution to the Riemann
problem for a(c) satisfying (A1)�(A3) as a sequence of s-wave groups and
c-waves depending on (sL, sR) ∈ [0, 1]2. We obtain the subdivision into 7
regions (see Fig. 11b):

Region Ucs:

Ucs = {(sL, sR) ∈ [0, 1]2 : sL ∈ [0, s1L] and sR ∈ [0, sK(uM )]

when sK(uM ) exists, or sL∈ [0, s1L] and sR∈ [0, 1] when it does not exist;

here uM is such that uL = (sL, cL)
c-rare−−−→ uM = (sM , cR)}.

Notice that by Remarks 4, 5 for sL ∈ [0, s1L) the rarefaction curve that
passes through the state (sL, cL) always reaches some state on the line
{c = cR}, which we call uM = (sM , cR). For sL = s1L, we take sM = s3R

and the combination of two c-rarefaction curves Γ1 and Γ3 connects uL
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(a) (b)

Figure 11. Subdivision into regions in the (sL, sR)-plane
with di�erent structures of solutions in terms of the se-
quence of s-wave groups and c-waves:
(a) Case with zero adsorption � three regions Ucs,Usc

and Uscs.
(b) Case with non-zero adsorption � seven regions
Ucs,Usc,Uscs,Ucsc,Uscsc,Ucscs andUcscsc. In the limit
of vanishing adsorption, a(c)→ 0, the regionsUcsc,Uscsc,
Ucscs and Ucscsc disappear and the diagram (b) tends to
diagram (a).

(a) (b) (c)

Figure 12. (a) Representation of the sequence of
waves (57) in the (s, c)-plane for (sL, sR) ∈ Ucs.
(b) Representation of the sequence of waves (58) in the
(s, c)-plane for (sL, sR) ∈ Usc.
(c) Representation of the sequence of waves (59) in the
(s, c)-plane for (sL, sR) ∈ Uscs.

and uM . Due to Proposition 11, for any (sL, sR) ∈ Ucs the following
sequence of waves (cs) provides a solution to the Riemann problem:

uL = (sL, cL)
c-rare−−−→ uM = (sM , cR)

s−→ uR = (sR, cR). (60)
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Geometrically, on the plane (sL, sR) the regionUcs is a union of the rectan-
gle [0, s0K ]× [0, 1] and a curvilinear trapezoid with three straight bound-
aries:

{s0K} × [0, 1]; [s0K , s1L]× {0}; {s1L} × [0, s3K ];

and the fourth boundary being a continuous (strictly decreasing) curve

bcs : sL ∈ [s0K , s1L] 7→ sR ∈ [s3K , 1], where sR = sK(uM ),

for uM de�ned in (60). In particular, the inverse b−1
cs : sR 7→ sL is well-

de�ned.
The sequence of waves (60) degenerates into a single c-wave for sR=sM ,

speci�cally for (sL, sR) equal to (0, 0) and (s1L, s3R) and a certain contin-
uous monotone curve connecting them.

Region Usc:

Usc = {(sL, sR) ∈ [0, 1]2 : sR ∈ [s4R, 1] and sL ∈ [sK(uN ), 1];

here uN = (sN , cL)
c-rare−−−→ uR = (sR, cR)}.

Notice that by Remark 5 for sR ∈ (s4R, 1] the c-rarefaction curve that
passes through the state (sR, cR) always begins at some state on the line
{c = cL}, which we call uN = (sN , cL). For sR = s4R, we take sN = s2L

and the combination of two c-rarefaction curves Γ2 and Γ4 connects uN and
uR. Due to Proposition 11, for any (sL, sR) ∈ Usc the following sequence
of waves (sc) provides a solution to the Riemann problem:

uL = (sL, cL)
s−→ uN = (sN , cL)

c-rare−−−→ uR = (sR, cR). (61)

Geometrically, on the plane (sL, sR) the region Usc is a curvilinear trape-
zoid with three straight boundaries:

[s2K , 1]× {s4R}; {1} × [s4R, 1]; [s0L, 1]× {1};

and the fourth boundary being a continuous (strictly decreasing) curve

bsc : sR ∈ [s4R, 1] 7→ sL ∈ [s0L, s2K ], where sL = sK(uN ),

for uN de�ned in (61). In particular, the inverse b−1
sc : sL 7→ sR is well-

de�ned.
The sequence of waves (61) degenerates into a single c-wave for sL=sN ,

speci�cally for (sL, sR) equal to (1, 1) and (s2L, s4R) and a certain contin-
uous monotone curve between them.
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Region Ucsc:

Ucsc={(sL, sR) ∈ [0, 1]2 : either sR∈ [s4R, 1] and sL∈ [b−1
cs (sR), bsc(sR)];

or sR ∈ (s3K , s4R] and sL ∈ [b−1
cs (sR), s1L]}.

We claim that there exist states u−, u+ ∈ [0, 1]2 such that the following
sequence of waves (csc) provides a solution to the Riemann problem:

uL = (sL, cL)
c-rare−−−→ u−

s−→ u+
c-rare−−−→ uR = (sR, cR). (62)

Remark 9. Notice that when (sL, sR) ∈ Ucsc ∩ Usc the sequence (62)
degenerates into a sequence (sc) of two waves as in (61). Similarly, when
(sL, sR) ∈ Ucsc ∩Ucs the sequence (62) degenerates into a sequence (cs)
of two waves as in (60). Also, for (sL, sR) = (s1L, s4R) the solution to a
Riemann problem consists of a single c-rarefaction wave that corresponds
to two c-rarefaction curves Γ1∪Γ4. In what follows, we exclude these cases
from consideration.

The general idea to �nd the states u− and u+ is as follows. Consider
c-rarefaction curve ΓL that passes through the state (sL, cL), its critical
curve ΓK and c-rarefaction curve ΓR that passes through the state (sR, cR).
It is su�cient to prove that there exists an intersection point u+ = (s+, c+)
of ΓR and ΓK. Then taking u− = (sK(u+), c+), the sequence of waves (62)
is admissible due to Proposition 11. Let us prove that ΓK and ΓR intersect
for the following cases separately:

(1) sL ∈ (s0K , s0L) and sR ∈ (bcs(sL), 1];
(2) sL∈ [s0L, s1L] and sR∈ [s4R, b

−1
sc (sL)), (sL, sR) 6=(s1L, s4R);

(3) sL ∈ [s0L, s1L] and sR ∈ (bcs(sL), s4R);
(4) sL ∈ (s1L, s2K) and sR ∈ [s4R, b

−1
sc (sL)).

Case (b) is the simplest to consider (see Fig. 13b). There exist two
c-rarefaction curves ΓL and ΓR:

uL = (sL, cL)
ΓL−−→ uM = (sM , cR); uN = (sN , cL)

ΓR−−→ uR = (sR, cR).

If sL = s1L, we take ΓL = Γ1 ∪Γ3; if sR = s4R, we take ΓR = Γ2 ∪Γ4. For
(sL, sR) ∈ int(Ucsc), we obtain sR > sK(uM ) and sL < sK(uN ). Due to
Proposition 12, the last inequality implies sK(uL) > sN as long as sK(uL)
is well-de�ned (that is, for sL > s0L). Note that ΓK is a continuous curve
that connects the states

(sK(uL), cL)
ΓK−−→ (sK(uM ), cR). (63)
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Thus, the inequalities sK(uL) > sN and sK(uM ) < sR imply that the
curves ΓR and ΓK have at least one intersection point (in fact, exactly one
due to Proposition 13).

Case (a), see Fig. 13a. The situation here is more involved. By construc-
tion, the c-rarefaction curve ΓL has exactly one intersection point with Γ0K

(critical curve to c-rarefaction curve s ≡ 1). Denote this point by (s̃, c̃).
Thus, the critical curve ΓK connects the states (1, c̃) and (sK(uM ), cR).
It is clear that c-rarefaction curve ΓR intersects the line {c = c̃} at some
state where s < 1, hence, by continuity the curves ΓR and ΓK intersect at
some point.

Case (c), see Fig. 13c. The main di�erence with the case (b) is that ΓR
crosses the coincidence locus C at some point (s̃, c̃), and does not cross the
line {c = c∗}. Notice that the critical curve ΓK ⊂ ΩR, thus due to (63), it
intersects the line {c = c̃} at some point in ΩR, where s > s̃. The same
argument as before implies that the curves ΓK and ΓR intersect.

Case (d), see Fig. 13d. The main di�erence with the case (b) is that
ΓL crosses the coincidence locus C at some point (s̃, c̃) and does not cross
the line {c = c∗}. For (sL, sR) ∈ int(Ucsc), we obtain sL < sK(uN ) or
equivalently sK(uL) > sN . Also ΓK intersects the coincidence locus at the
same point (s̃, c̃) as the curve ΓL. The curve ΓR intersects the segment
{c = c̃} at some point in ΩR, where s > s̃. The same argument as before
implies that the curves ΓK and ΓR intersect.

Region Uscs:

Uscs = {(sL, sR) ∈ [s2K , 1]× [0, s3K ]}.

Due to Proposition 11, the following sequence of waves (scs) provides a
solution to the Riemann problem:

uL = (sL, cL)
s−→ u2L = (s2L, cL)

c-rare−−−→ u3R

= (s3R, cR)
s−→ uR = (sR, cR).

(64)

Here the c-rarefaction curve between u2L and u3R can be seen as a com-
bination of two c-rarefaction curves Γ2 and Γ3:

u2L = (s2L, cL)
c-rare−−−→ (s∗, c∗)

c-rare−−−→ u3R = (s3R, cR). (65)
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(a) (b)

(c) (d)

Figure 13. Schematic representation of the sequence of
(csc)-waves (62) for (sL, sR) ∈ Ucsc, cases (a), (b), (c)
and (d).

The corresponding rarefaction waves are given by formulas (36). Their
concatenation gives a unique rarefaction wave that corresponds to the c-
rarefaction curve between u2L and u3R:

u(x, t) =


u2L if x/t < λ(u−),

v if x/t = λ(v),

u3R if x/t > λ(u+).

Remark 10. For (sL, sR)=(s2L, s3R)∈Uscs, the sequence (64) degenerates
into a single c-curve (65). Also, when sL=s2L and sR∈ [0, s3K ] \ {s3R},
the sequence (64) degenerates into a (cs)-sequence; when sR = s3R and
sL ∈ [s2K , 1] \ {s2L}, the sequence (64) degenerates into a (sc)-sequence.

Region Ucscs:

Ucscs = {(sL, sR) ∈ [s1L, s2K ]× [0, s3K ]}.
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There exist two states u− and u+ such that the following sequence of waves
(cscs) provides a solution to the Riemann problem (see Fig. 14a):

uL = (sL, cL)
c-rare−−−→ u−

s−→ u+
c-rare−−−→ (s3R, cR)

s−→ uR = (sR, cR). (66)

Remark 11. For some pairs (sL, sR) ∈ Ucscs, the sequence (66) degener-
ates. Speci�cally, when sL = s1L, the �rst (csc) sequence in the structure
degenerates into a single c-wave; when sL = s2K , the �rst c-wave degen-
erates and disappears; �nally, when sR = s3R, the last s-wave degenerates
and disappears.

The states u− and u+ can be constructed as follows. Consider the c-
rarefaction curve ΓL that passes through the state (sL, cL) and its critical
curve ΓK. As sL ∈ [s1L, s2K ], ΓL crosses the coincidence locus C at some
point (s̃, c̃), c̃ 6 c∗, and so does ΓK. We observe that sK(uL) ∈ [s2L, s1K ].
This implies that the curves ΓK and Γ2 intersect. We denote this point of
intersection by u+ = (s+, c+) and take u− = (sK(u+), c+). By Proposi-
tion 11, all combinations of s and c waves are compatible by construction.

(a) (b) (c)

Figure 14. (a) Case (sL, sR) ∈ Ucscs; (b) Case (sL, sR) ∈
Uscsc; (c) Case (sL, sR) ∈ Ucscsc.

Region Uscsc:

Uscsc = {(sL, sR) ∈ [s2K , 1]× [s3K , s4R]}.

There exist two states u− and u+ such that the following sequence of waves
(scsc) provides a solution to the Riemann problem (see Fig. 14b):

uL = (sL, cL)
s−→ (s2L, cL)

c-rare−−−→ u−
s−→ u+

c-rare−−−→ uR = (sR, cR). (67)

The states u− and u+ can be constructed as follows. Consider c-rarefaction
curve ΓR that passes through the state (sR, cR) and the critical curve to
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the c-rarefaction curve Γ3 (we denote it by Γ3K). As sR ∈ [s3K , s4R], ΓR
crosses the coincidence locus C at some point (s̃, c̃), c̃ > c∗. This implies
that the curves ΓR and Γ3K intersect. We denote this point of intersection
by u+ = (s+, c+) and take u− = (sK(u+), c+). By Proposition 11, all
combinations of s and c waves are compatible by construction. Similar to
the previous case, some waves degenerate when sL = s2L, or sR = s4R, or
sR = s3K .

Region Ucscsc:

Ucscsc = {(sL, sR) ∈ [s1L, s2K ]× [s3K , s4R]}.

There exist four states uL−, uL+, uR− and uR+ such that the following
sequence of waves (cscsc) provides a solution to the Riemann problem:

uL
c-rare−−−→ uL−

s−→ uL+
c-rare−−−→ uR−

s−→ uR+
c-rare−−−→ uR. (68)

The states uL− and uL+ can be constructed in exactly the same way as
the states u− and u+ for the case Ucscs. The states uR− and uR+ can be
constructed exactly in the same way as the states u− and u+ for the case
Uscsc. See Fig. 14c. Similar to the previous cases, some waves degenerate at
sL = s1L or sL = s2K and sR = s4R or sR = s3K . We emphasize that (68)
is the exact sequence of waves that contains three di�erent c-rarefaction
curves and was not described in previous works on this problem.
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