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ÎÏÅÐÀÒÎÐÎÌ

�1. Ââåäåíèå

Ïóñòü H � âåùåñòâåííîå ãèëüáåðòîâî ïðîñòðàíñòâî, A0 � êîñîñèì-
ìåòðè÷íûé ëèíåéíûé îïåðàòîð íà H ñ ïëîòíîé îáëàñòüþ îïðåäåëåíèÿ
X0 = D(A0) ⊂ H. Êîñîñèììåòðè÷íîñòü îïåðàòîðà A0 îçíà÷àåò, ÷òî
(A0u, v) = −(u,A0v) ∀u, v ∈ X0, ãäå (·, ·) îáîçíà÷àåò ñêàëÿðíîå óìíî-
æåíèå íà H. Óñëîâèå êîñîñèììåòðè÷íîñòè ýêâèâàëåíòíî ñîîòíîøåíèþ
−A0 ⊂ (A0)∗, ãäå (A0)∗ � ñîïðÿæ¼ííûé îïåðàòîð. Èç ýòîãî ñîîòíî-
øåíèÿ, ñ ó÷¼òîì çàìêíóòîñòè ñîïðÿæ¼ííîãî îïåðàòîðà, ñëåäóåò ñóùå-
ñòâîâàíèå çàìûêàíèÿ A îïåðàòîðà A0. Îïåðàòîð A ÿâëÿåòñÿ çàìêíó-
òûì êîñîñèììåòðè÷íûì îïåðàòîðîì, ïðè ýòîì A∗ = (A0)∗. Ñëåäóåò
îòìåòèòü, ÷òî èç òîæäåñòâà 2((A0u, v) + (u,A0v)) = (A0(u+ v), u+ v)−
(A0(u− v), u− v) ñëåäóåò, ÷òî òðåáîâàíèå êîñîñèììåòðè÷íîñòè ýêâèâà-
ëåíòíî óñëîâèþ (A0u, u) = 0 ∀u ∈ X0.

Îïåðàòîð A∗ ÿâëÿåòñÿ ðàñøèðåíèåì îïåðàòîðà −A è, â îáùåì ñëó-
÷àå, íå ÿâëÿåòñÿ êîñîñèììåòðè÷íûì. Ïîñëåäíåå âåðíî ëèøü â ñëó÷àå
A∗ = −A, òî åñòü, êîãäà îïåðàòîð A � êîñîñîïðÿæ¼ííûé.

Ðàññìîòðèì ýâîëþöèîííîå óðàâíåíèå

u′ −A∗u = 0, u = u(t), t ∈ R+, (1.1)

ãäå R+ = [0,+∞), ñíàáæ¼ííîå íà÷àëüíûì óñëîâèåì

u(0) = u0 ∈ H. (1.2)

Îïðåäåëåíèå 1.1. Ôóíêöèÿ u = u(t) ∈ L∞loc(R+, H) íàçûâàåòñÿ îáîá-
ù¼ííûì ðåøåíèåì (î.ð.) çàäà÷è (1.1), (1.2), åñëè ∀f(t) ∈ C1

0 (R+, X0),

Êëþ÷åâûå ñëîâà: êîñîñèììåòðè÷íûå îïåðàòîðû, ýâîëþöèîííûå óðàâíåíèÿ, çà-
äà÷à Êîøè, îáîáù¼ííûå ðåøåíèÿ, ýíåðãåòè÷åñêîå íåðàâåíñòâî, òðàíñïîðòíûå óðàâ-
íåíèÿ, ëèíåàðèçîâàííûå óðàâíåíèÿ Ýéëåðà.

Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ Ìèíèñòåðñòâà íàóêè è
âûñøåãî îáðàçîâàíèÿ Ðîññèéñêîé Ôåäåðàöèè.
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ãäå ïðîñòðàíñòâî X0 íîðìèðîâàíî íîðìîé ãðàôèêà ‖u‖2 = ‖u‖2H +
‖A0u‖2H , ∫

R+

(u(t), f ′(t) +A0f(t))dt+ (u0, f(0)) = 0. (1.3)

Çàìå÷àíèå 1.1. 1) Èç ñîîòíîøåíèÿ (1.3) ïðè f(t) = vϕ(t), ãäå ϕ(t) ∈
C1

0 ((0,+∞)), v ∈ X0, ñëåäóåò, ÷òî
d
dt (u(t), v) = (u(t), Av) â D′((0,+∞)),

ãäå D′(I) îáîçíà÷àåò ïðîñòðàíñòâî ðàñïðåäåëåíèé íà îòêðûòîì ìíîæå-
ñòâå I. Èç ýòîãî ñîîòíîøåíèÿ ëåãêî ñëåäóåò ñëàáàÿ íåïðåðûâíîñòü u(t)
(ïîñëå âîçìîæíîãî èñïðàâëåíèÿ íà ìíîæåñòâå íóëåâîé ìåðû). Íåòðóä-
íî âèäåòü, ÷òî èç (1.3) ñëåäóåò è íà÷àëüíîå óñëîâèå (1.2), ïîíèìàåìîå
â ñìûñëå ñëàáîé ñõîäèìîñòè u(t) ⇀ u0 ïðè t→ 0+;

2) Ïóñòü X = D(A) � îáëàñòü îïðåäåëåíèÿ îïåðàòîðà A, ñíàáæ¼í-
íàÿ íîðìîé ãðàôèêà ‖u‖2 = ‖u‖2H + ‖A(u)‖2H , X ÿâëÿåòñÿ áàíàõîâûì
ïðîñòðàíñòâîì ââèäó çàìêíóòîñòè îïåðàòîðà A. Èç óñëîâèÿ, ÷òî îïå-
ðàòîð A ÿâëÿåòñÿ çàìûêàíèåì A0 ñëåäóåò ïëîòíîñòü X0 êàê â H,
òàê è â X, îòêóäà â ñâîþ î÷åðåäü âûòåêàåò ïëîòíîñòü C1

0 (R+, X0)
â C1

0 (R+, H) ∩ C0(R+, X). Àïïðîêñèìèðóÿ ïðîáíóþ ôóíêöèþ f(t) ∈
C1

0 (R+, H) ∩ C0(R+, X) ïîñëåäîâàòåëüíîñòüþ fr(t) ∈ C1
0 (R+, X0), r ∈

N, òàê ÷òî ïðè r → ∞ ñïðàâåäëèâû ðàâíîìåðíûå ïî t ñõîäèìîñòè
fr(t) → f(t), f ′r(t) → f ′(t), A0fr(t) → Af(t) â H, ïîëó÷èì èç ñîîò-
íîøåíèÿ (1.3) ñ ïðîáíûìè ôóíêöèÿìè f = fr â ïðåäåëå ïðè r → ∞
ñîîòíîøåíèå ∫

R+

(u(t), f ′(t) +Af(t))dt+ (u0, f(0)) = 0

ïðè âñåõ f(t) ∈ C1
0 (R+, H) ∩ C0(R+, X). Ïîñêîëüêó

C1
0 (R+, H) ∩ C0(R+, X) ⊃ C1

0 (R+, X),

òî â îïðåäåëåíèè 1.1 ìîæíî çàìåíèòü A0, X0 íà A,X. Òåì ñàìûì, ìîæ-
íî áûëî èçíà÷àëüíî ïðåäïîëàãàòü, ÷òî A0 = A � çàìêíóòûé êîñîñèì-
ìåòðè÷íûé îïåðàòîð.

�2. Ñæèìàþùèå ïîëóãðóïïû îáîáù¼ííûõ ðåøåíèé

Ðàññìîòðèì C0-ïîëóãðóïïó Tt = etB îãðàíè÷åííûõ ëèíåéíûõ îïå-
ðàòîðîâ â H, ïîðîæä¼ííóþ èíôèíèòåçèìàëüíûì ãåíåðàòîðîì B. Èç-
âåñòíî, ÷òî B � ïëîòíî îïðåäåë¼ííûé çàìêíóòûé îïåðàòîð â H. Åãî
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îáëàñòü îïðåäåëåíèÿ D(B) ÿâëÿåòñÿ áàíàõîâûì ïðîñòðàíñòâîì îòíî-
ñèòåëüíî íîðìû ãðàôèêà. Ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 2.1. Ôóíêöèè u(t) = etBu0 ÿâëÿþòñÿ î.ð. çàäà÷è (1.1), (1.2)
ïðè âñåõ u0 ∈ H òîãäà è òîëüêî òîãäà, êîãäà B ⊂ A∗.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì ñíà÷àëà, ÷òî B ⊂ A∗ è u0 ∈ D(B).
Òîãäà u(t) = etBu0 ∈ C(R+, D(B)) ∩ C1(R+, H) è u′(t) = TtBu0 =
BTtu0 = Bu(t). Ïîýòîìó, ïðè âñåõ f(t) ∈ C1

0 (R+, X0) ñóùåñòâóåò íåïðå-
ðûâíàÿ ïðîèçâîäíàÿ

d

dt
(u(t), f(t)) = (u′(t), f(t)) + (u(t), f ′(t))

= (Bu(t), f(t)) + (u(t), f ′(t)).
(2.1)

Ïî óñëîâèþ B ⊂ A∗ è çíà÷èò.

(Bu(t), f(t)) = (A∗u(t), f(t)) = (u(t), Af(t)) = (u(t), A0f(t)).

Èç (2.1) òîãäà ñëåäóåò ðàâåíñòâî

d

dt
(u(t), f(t)) = (u(t), A0f(t) + f ′(t)),

èíòåãðèðóÿ êîòîðîå, ïîëó÷èì ñîîòíîøåíèå∫
R+

(u(t), f ′(t) +A0f(t))dt =

∫
R+

d

dt
(u(t), f(t))dt = −(u0, f(0)).

Èòàê, òîæäåñòâî (1.3) âûïîëíåíî è u(t) � î.ð. çàäà÷è (1.1), (1.2). Â
ñëó÷àå ïðîèçâîëüíîãî u0 ∈ H ðàññìîòðèì ïîñëåäîâàòåëüíîñòü u0k ∈
D(B), ñõîäÿùóþñÿ ïðè k →∞ ê u0 â H. Êàê óæå óñòàíîâëåíî, ôóíê-
öèè uk(t) = Ttu0k ÿâëÿþòñÿ î.ð. çàäà÷è (1.1), (1.2) ñ íà÷àëüíûìè äàí-
íûìè u0k ïðè âñåõ k ∈ N è

‖uk(t)− u(t)‖H 6 ‖Tt‖‖u0k − u0‖H →
k→∞

0

ðàâíîìåðíî íà ëþáîì âðåìåííîì îòðåçêå [0, T ], ãäå ìû ó÷èòûâàåì èç-
âåñòíóþ äëÿ C0-ïîëóãðóïï îöåíêó ‖Tt‖ 6 Ceαt, ñ ïîñòîÿííûìè C > 0,
α ∈ R. Ïåðåõîäÿ ê ïðåäåëó ïðè k →∞ â òîæäåñòâå (1.3)∫

R+

(uk(t), f ′(t) +A0f(t))dt+ (u0k, f(0)) = 0,
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ïîëó÷èì, ÷òî äëÿ âñåõ ïðîáíûõ ôóíêöèé f(t) ∈ C1
0 (R+, X0)∫

R+

(u(t), f ′(t) +A0f(t))dt+ (u0, f(0)) = 0.

Èòàê, u(t) � î.ð. çàäà÷è (1.1), (1.2), ÷òî è òðåáîâàëîñü äîêàçàòü.
Îáðàòíî, ïðåäïîëîæèì ÷òî ôóíêöèè u(t) = Ttu0 ÿâëÿþòñÿ î.ð. çà-

äà÷è (1.1), (1.2) ïðè âñåõ u0 ∈ H. Åñëè u0 ∈ D(B), òî u(t) = Ttu0 ∈
C1(R+, H) è u′(0) = Bu0. Ñëåäîâàòåëüíî, ïðè âñåõ v ∈ D(A0) ñêàëÿð-
íàÿ ôóíêöèÿ

I(t) = (u(t), v) ∈ C1(R+), I ′(0) = (Bu0, v).

Ñ äðóãîé ñòîðîíû, ïðè âñåõ h(t) ∈ C1
0 (R+)∫

R+

I(t)h′(t)dt =

∫
R+

(u(t), vh′(t))dt = −h(0)(u0, v)−
∫
R+

(u(t), A0v)h(t)dt

ââèäó ðàâåíñòâà (1.3) ñ f = h(t)v. Èç ôîðìóëû èíòåãðèðîâàíèÿ ïî
÷àñòÿì òîãäà ñëåäóåò, ÷òî∫

R+

I ′(t)h(t)dt =

∫
R+

(u(t), A0v)h(t)dt

è ââèäó ïðîèçâîëüíîñòè h(t) ∈ C1
0 (R+) ïîëó÷àåì ðàâåíñòâî I ′(t) =

(u(t), A0v). Â ÷àñòíîñòè, (u0, A0v) = I ′(0+) = (Bu0, v). Ïîñêîëüêó òîæ-
äåñòâî (u0, A0v) = (Bu0, v) ñïðàâåäëèâî ïðè âñåõ v ∈ D(A0), òî ïî
îïðåäåëåíèþ ñîïðÿæ¼ííîãî îïåðàòîðà A∗ = (A0)∗ âåðíî âêëþ÷åíèå
u0 ∈ D(A∗) è ðàâåíñòâî A∗u0 = Bu0. Èòàê, B ⊂ A∗, ÷òî è òðåáîâàëîñü
óñòàíîâèòü. �

Ïî òåîðåìå Ëþìåðà�Ôèëëèïñà (ñì., íàïðèìåð, [15, Theorem 1.1.3])
ïîëóãðóïïà Tt = etB ÿâëÿåòñÿ ñæèìàþùåé (òî åñòü ‖Tt‖ 6 1 ∀t > 0)
òîãäà è òîëüêî òîãäà, êîãäà å¼ ãåíåðàòîð B ÿâëÿåòñÿm-äèññèïàòèâíûì
îïåðàòîðîì. Íàïîìíèì, ÷òî îïåðàòîð A â áàíàõîâîì ïðîñòðàíñòâå H
íàçûâàåòñÿ äèññèïàòèâíûì, åñëè ‖u − hAu‖ > ‖u‖ ïðè âñåõ u ∈ D(A)
è âñåõ h > 0. Äèññèïàòèâíûé îïåðàòîð íàçûâàåòñÿ m-äèññèïàòèâíûì,
åñëè îïåðàòîðû E − hA ñþðúåêòèâíû ïðè âñåõ h > 0 (äîñòàòî÷íî,
÷òîáû ýòî ñâîéñòâî âûïîëíÿëîñü ïðè îäíîì h > 0). Èçâåñòíî, ÷òî m-
äèññèïàòèâíûé îïåðàòîð ÿâëÿåòñÿ ìàêñèìàëüíûì äèññèïàòèâíûì îïå-
ðàòîðîì (òî åñòü, ýòîò îïåðàòîð íå èìååò ñîáñòâåííûõ äèññèïàòèâíûõ
ðàñøèðåíèé). Â ñëó÷àå ãèëüáåðòîâà ïðîñòðàíñòâà H äèññèïàòèâíîñòü
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îïåðàòîðà A ýêâèâàëåíòíà óñëîâèþ (Au, u) 6 0 ∀u ∈ D(A). Â ÷àñòíî-
ñòè, êîñîñèììåòðè÷íûå îïåðàòîðû äèññèïàòèâíû.

Ñëåäóþùåå ñâîéñòâî îçíà÷àåò, ÷òî òðåáîâàíèå B ⊂ A∗ èç òåîðå-
ìû 2.1 äëÿ m-äèññèïàòèâíîãî îïåðàòîðà ýêâèâàëåíòíî óñëîâèþ, ÷òî B
� ðàñøèðåíèå îïåðàòîðà −A.

Ëåììà 2.1. Ïóñòü B � m-äèññèïàòèâíûé îïåðàòîð íà H. Òîãäà B ⊂
A∗ ⇔ −A ⊂ B.

Äîêàçàòåëüñòâî. Ïóñòü B ⊂ A∗. Òàê êàê òàêæå −A ⊂ A∗, òî −Au =
Bu = A∗u íà D(A) ∩D(B). Ýòî ïîçâîëÿåò îïðåäåëèòü îáùåå äëÿ −A
è B ðàñøèðåíèå B̃, çàäàííîå íà D(A) +D(B) ðàâåíñòâîì

B̃u = −Au1 +Bu2, u = u1 + u2, u1 ∈ D(A), u2 ∈ D(B).

Ââèäó ñîâïàäåíèÿ îïåðàòîðîâ −A è B íà îáùåé îáëàñòè îïðåäåëåíèÿ
D(A) ∩ D(B), îïðåäåëåíèå îïåðàòîðà B̃ êîððåêòíî è íå çàâèñèò îò

ïðåäñòàâëåíèÿ u = u1 +u2. Ïî ïîñòðîåíèþ −A ⊂ B̃, B ⊂ B̃. Ïîêàæåì,
÷òî îïåðàòîð B̃ äèññèïàòèâåí. Âîçüì¼ì ïðîèçâîëüíîå u ∈ D(A)+D(B).
Òîãäà íàéäóòñÿ òàêèå u1 ∈ D(A), u2 ∈ D(B), ÷òî u = u1 + u2 è

(B̃u, u) = (−Au1 +Bu2, u1 + u2)

= −(Au1, u1) + (Bu2, u2) + ((u1, Bu2)− (Au1, u2))

= (Bu2, u2) + ((u1, A
∗u2)− (Au1, u2)) = (Bu2, u2) 6 0

(2.2)

ââèäó äèññèïàòèâíîñòè îïåðàòîðàB. Ìû òàêæå ó÷ëè, ÷òî (Au1, u1) = 0
ïî êîñîñèììåòðè÷íîñòè îïåðàòîðà A è ÷òî B ⊂ A∗. Èç (2.2) ñëåäóåò,

÷òî îïåðàòîð B̃ äèññèïàòèâåí. Íî îïåðàòîð B ÿâëÿåòñÿ ìàêñèìàëüíûì
äèññèïàòèâíûì îïåðàòîðîì, ââèäó åãî m-äèññèïàòèâíîñòè. Ïîýòîìó
B̃ = B è çíà÷èò D(A) + D(B) = D(B), òî åñòü D(A) ⊂ D(B). Ýòî
äîêàçûâàåò, ÷òî −A ⊂ B.

Îáðàòíî, ïðåäïîëîæèì, ÷òî −A ⊂ B. Ïóñòü u ∈ D(A), v ∈ D(B).
Òîãäà u+ sv ∈ D(B) ïðè âñåõ s ∈ R è â ñèëó äèññèïàòèâíîñòè B âåðíî
íåðàâåíñòâî f(s)

.
= (B(u + sv), u + sv) 6 0 ïðè âñåõ âåùåñòâåííûõ s.

Ôóíêöèÿ f(s) êâàäðàòè÷íà è ðàñïèñûâàåòñÿ â âèäå

f(s) = (Bu, u) + s((Bu, v) + (Bv, u)) + s2(Bv, v) =

s((Bu, v) + (Bv, u)) + s2(Bv, v), (2.3)

òàê êàê ïî óñëîâèþ −A ⊂ B âåðíî ðàâåíñòâî (Bu, u) = −(Au, u) = 0.
Çàìåòèì òàêæå, ÷òî (Bv, v) 6 0. Èç ïðåäñòàâëåíèÿ (2.3) è óñëîâèÿ
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f(s) 6 0 ∀s ∈ R ñëåäóåò, ÷òî (Bu, v) + (Bv, u) = 0. Ìû óñòàíîâèëè, ÷òî
äëÿ âñåõ v ∈ D(B) u ∈ D(A) âûïîëíåíî òîæäåñòâî

(Au, v) = −(Bu, v) = (Bv, u) = (u,Bv),

èç êîòîðîãî ñëåäóåò, ÷òî v ∈ D(A∗) è A∗v = Bv ïðè âñåõ v ∈ D(B).
Ýòî îçíà÷àåò, ÷òî B ⊂ A∗. Ëåììà äîêàçàíà. �

Çàìåòèì, ÷òî èìïëèêàöèÿ −A ⊂ B ⇒ B ⊂ A∗ äîêàçàíà òàêæå â [15,
Lemma 1.1.5].

�3. Îñíîâíûå ðåçóëüòàòû

Ââèäó òåîðåìû 2.1 è ëåììû 2.1 ãåíåðàòîðû ñæèìàþùèõ ïîëóãðóïï
îáîáùåííûõ ðåøåíèé óðàâíåíèÿ (1.1) ýòî â òî÷íîñòèm-äèññèïàòèâíûå
ðàñøèðåíèÿ îïåðàòîðà −A. Ïîêàæåì, ÷òî òàêîå ðàñøèðåíèå âñåãäà ñó-
ùåñòâóåò. Îïèøåì ñíà÷àëà êîñîñèììåòðè÷íûå ðàñøèðåíèÿ. Êîñîñèì-
ìåòðè÷íûå ðàñøèðåíèÿ îïåðàòîðà A ñâîäÿòñÿ ê ñèììåòðè÷íûì ðàñ-
øèðåíèÿì îïåðàòîðà iA, òåîðèÿ êîòîðûõ õîðîøî èçâåñòíà è îñíîâà-
íà íà èñïîëüçîâàíèè ïðåîáðàçîâàíèÿ Êýëè. Äëÿ êîñîñèììåòðè÷íûõ
îïåðàòîðîâ A ïðåîáðàçîâàíèå Êýëè Q = (E + A)(E − A)−1 äàæå áî-
ëåå åñòåñòâåííî. Îïåðàòîð Q èçîìåòðè÷íî îòîáðàæàåò ïîäïðîñòðàí-
ñòâî H− = Im(E − A) íà ïîäïðîñòðàíñòâî H+ = Im(E + A) (çàìå-
òèì, ÷òî ïîäïðîñòðàíñòâàH± çàìêíóòû â ñèëó çàìêíóòîñòè îïåðàòîðà
A). Ïðåîáðàçîâàíèå Êýëè îáðàòèìî, îáðàòíîå ïðåîáðàçîâàíèå îïðå-
äåëåíî ðàâåíñòâîì A = (Q − E)(Q + E)−1 (ïðè óñëîâèè ïëîòíîñòè
D(A) = Im(Q + E) îïåðàòîð Q + E îáðàòèì). Òàêèì îáðàçîì, êîñî-
ñèììåòðè÷íûå ðàñøèðåíèÿ îïåðàòîðà A ñîîòâåòñòâóþò èçîìåòðè÷íûì
ðàñøèðåíèÿì îïåðàòîðà Q, ïîñòðîåíèå êîòîðûõ ñâîäèòñÿ ê íàõîæäå-
íèþ ÷àñòè÷íûõ èçîìåòðèé èç (H−)⊥ â (H+)⊥. Íàïîìíèì, ÷òî ãèëüáåð-
òîâû ðàçìåðíîñòè ýòèõ ïðîñòðàíñòâ (èíà÷å � êîðàçìåðíîñòè ïîäïðî-
ñòðàíñòâ H±) íàçûâàþòñÿ èíäåêñàìè äåôåêòà êîñîñèììåòðè÷íîãî îïå-
ðàòîðà A. Áóäåì îáîçíà÷àòü èõ, ñîîòâåòñòâåííî, d±. Ìàêñèìàëüíûå êî-
ñîñèììåòðè÷íûå îïåðàòîðû õàðàêòåðèçóþòñÿ óñëîâèåì ðàâåíñòâà íó-
ëþ îäíîãî èç èíäåêñîâ äåôåêòà. Óñëîâèå d− = d+ = 0 õàðàêòåðèçó-
åò êîñîñîïðÿæ¼ííûå îïåðàòîðû, ïðåîáðàçîâàíèå Êýëè êîòîðûõ îðòî-
ãîíàëüíî. ßñíî, ÷òî êîñîñèììåòðè÷íûé îïåðàòîð A äîïóñêàåò ìàêñè-
ìàëüíîå êîñîñèììåòðè÷íîå ðàñøèðåíèå Ã. Ïóñòü d± = codim Im(E±Ã)

� èíäåêñû äåôåêòà Ã. Â ñèëó ìàêñèìàëüíîñòè ïî êðàéíåé ìåðå îäèí
èç ýòèõ èíäåêñîâ íóëåâîé. Åñëè d+ = 0, òî Im(E + Ã) = H è çíà-

÷èò îïåðàòîð −Ã � m-äèññèïàòèâåí. Ïîëîæèì â ýòîì ñëó÷àå B = −Ã.
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Àíàëîãè÷íî, â ñëó÷àå d− = 0 îïåðàòîð Ã ÿâëÿåòñÿ m-äèññèïàòèâíûì.
Èçâåñòíî (ñì., íàïðèìåð, [15, Theorem 1.1.2]), ÷òî ñîïðÿæ¼ííûé îïå-

ðàòîð (Ã)∗ òàêæå ÿâëÿåòñÿ m-äèññèïàòèâíûì. Çàìåòèì òàêæå, ÷òî

−A ⊂ −Ã ⊂ (Ã)∗ ââèäó êîñîñèììåòðè÷íîñòè Ã. Ïîëàãàÿ B = (Ã)∗

ïîëó÷àåì m-äèññèïàòèâíîå ïðîäîëæåíèå îïåðàòîðà −A è â ñëó÷àå
d− = 0. Ìû äîêàçàëè ñëåäóþùóþ òåîðåìó:

Òåîðåìà 3.1. Ñóùåñòâóåò ñæèìàþùàÿ ïîëóãðóïïà u(t) = etBu0 î.ð.

óðàâíåíèÿ (1.1) òàêàÿ, ÷òî âîçìîæíû ñëåäóþùèå äâà ñëó÷àÿ:
1) ãåíåðàòîð B êîñîñèììåòðè÷åí. Â ýòîì ñëó÷àå, îïåðàòîðû Tt =

etB � èçîìåòðè÷åñêèå âëîæåíèÿ è âûïîëíåíî ýíåðãåòè÷åñêîå ðàâåí-

ñòâî ‖u(t)‖ = ‖u0‖, t > 0;
2) îïåðàòîð B∗ êîñîñèììåòðè÷åí. Òîãäà ñîïðÿæ¼ííûå îïåðàòîðû

(Tt)
∗ ÿâëÿþòñÿ èçîìåòðè÷åñêèìè âëîæåíèÿìè.

Çàìåòèì, ÷òî â ðàáîòå Ôèëëèïñà [15] ñóùåñòâîâàíèå m-äèññèïàòèâ-
íîãî ïðîäîëæåíèÿ îïåðàòîðà A äîêàçàíî äðóãèì ñïîñîáîì, ñ ïîìîùüþ
ïðåîáðàçîâàíèÿ Êýëè äèññèïàòèâíûõ îïåðàòîðîâ.

Âåðíî ñëåäóþùåå ñâîéñòâî åäèíñòâåííîñòè ïîëóãðóïïû î.ð.

Òåîðåìà 3.2. Ñæèìàþùàÿ ïîëóãðóïïà î.ð. óðàâíåíèÿ (1.1) åäèíñò-
âåííà òîãäà è òîëüêî òîãäà, êîãäà êîñîñèììåòðè÷íûé îïåðàòîð A
ìàêñèìàëåí

Äîêàçàòåëüñòâî. Ïóñòü êîñîñèììåòðè÷íûé îïåðàòîð A ìàêñèìàëåí
è d± - eãî èíäåêñû äåôåêòà. Åñëè u(t) = etBu0 � ñæèìàþùàÿ ïîëóãðóï-
ïà î.ð., òî å¼ èíôèíèòåçèìàëüíûé ãåíåðàòîð B m-äèññèïàòèâåí è ïî
Òåîðåìå 2.1 è Ëåììå 2.1 −A ⊂ B ⊂ A∗. Âûøå áûëî ïîêàçàíî, ÷òî îäèí
èç îïåðàòîðîâ −A, A∗ ÿâëÿåòñÿm-äèññèïàòèâíûì, −A â ñëó÷àå d+ = 0
è A∗ ïðè d− = 0. Òàê êàê B òîæå ÿâëÿåòñÿ m-äèññèïàòèâíûì îïåðà-
òîðîì, à òàêèå îïåðàòîðû ìàêñèìàëüíû ñðåäè äèññèïàòèâíûõ îïåðà-
òîðîâ, çàêëþ÷àåì, ÷òî B = −A ïðè d+ = 0, B = A∗ ïðè d− = 0 (â
ñëó÷àå d+ = d− = 0 âåðíî ðàâåíñòâî B = −A = A∗). Èòàê, îïåðàòîð B
îïðåäåë¼í îäíîçíà÷íî, çíà÷èò, åäèíñòâåííà è ñîîòâåòñòâóþùàÿ ïîëó-
ãðóïïà.
Îáðàòíî, åñëè îïåðàòîð A íå ìàêñèìàëåí, òî îáà åãî èíäåêñà äåôåêòà
íå íóëåâûå. Ëåãêî âèäåòü, ÷òî òîãäà ñóùåñòâóþò ðàçíûå ìàêñèìàëüíûå
êîñîñèììåòðè÷íûå ðàñøèðåíèÿ Ã1, Ã2 îïåðàòîðà A ñ îäèíàêîâûìè èí-
äåêñàìè äåôåêòà d±. Ñîîòâåòñòâóþùèå m-äèññèïàòèâíûå îïåðàòîðû



Î ËÈÍÅÉÍÛÕ ÝÂÎËÞÖÈÎÍÍÛÕ ÓÐÀÂÍÅÍÈßÕ 201

B1 =

{
−Ã1 , d+ = 0,

(Ã1)∗ , d− = 0,
B2 =

{
−Ã2 , d+ = 0,

(Ã2)∗ , d− = 0
ðàçëè÷íû è

ïîðîæäàþò ðàçëè÷íûå ñæèìàþùèå ïîëóãðóïïû î.ð. �

Òåïåðü ìû ãîòîâû ñôîðìóëèðîâàòü óñëîâèå åäèíñòâåííîñòè î.ð. çà-
äà÷è (1.1), (1.2).

Òåîðåìà 3.3. Î.ð. çàäà÷è Êîøè (1.1), (1.2) åäèíñòâåííî òîãäà è

òîëüêî êîãäà, êîãäà èíäåêñ äåôåêòà d− êîñîñèììåòðè÷íîãî îïåðàòî-

ðà A ðàâåí íóëþ.

Äîêàçàòåëüñòâî. Ïóñòü î.ð. çàäà÷è (1.1), (1.2) åäèíñòâåííî. Ïîêà-
æåì, ÷òî èíäåêñ äåôåêòà d− îïåðàòîðà A íóëåâîé. Ïðåäïîëàãàÿ ïðî-
òèâíîå d− > 0, ïîëó÷èì, ÷òî çàìêíóòîå ïîäïðîñòðàíñòâî Im(E − A)
îòëè÷íî îò H. Òîãäà ker(E −A∗) = (Im(E −A))⊥ 6= {0} è çíà÷èò íàé-
ä¼òñÿ íåíóëåâîé âåêòîð u0 ∈ D(A∗), òàêîé ÷òî A∗u0 = u0. Ôóíêöèÿ
u = etu0 áóäåò òîãäà î.ð. çàäà÷è (1.1), (1.2), îòëè÷íûì îò ïîëóãðóï-
ïîâîãî î.ð. Ttu0 (ñóùåñòâóþùåãî ïî Òåîðåìå 3.1), òàê êàê ïîñëåäíåå
îãðàíè÷åíî. Çàìåòèì, ÷òî ïðè âñåõ t0 > 0 ôóíêöèè

ũ(t) =

{
etu0, , 0 6 t 6 t0,
et0Tt−t0u0 , t > t0

ÿâëÿþòñÿ ïîïàðíî ðàçëè÷íûìè îãðàíè÷åííûìè î.ð. çàäà÷è (1.1), (1.2)
è ìû ïðèõîäèì ê ïðîòèâîðå÷èþ äàæå ñ óñëîâèåì åäèíñòâåííîñòè îãðà-
íè÷åííîãî (!) î.ð.. Èòàê, d− = 0.

Îáðàòíî, ïðåäïîëîæèì, ÷òî d− = 0. Ïóñòü u(t) � î.ð. çàäà÷è (1.1),
(1.2) ñ íóëåâûìè íà÷àëüíûìè äàííûìè. Ââèäó ëèíåéíîñòè çàäà÷è,
äîñòàòî÷íî äîêàçàòü, ÷òî u(t) ≡ 0. Òàê êàê d− = 0, òî äëÿ îïåðà-
òîðà −A èíäåêñ d+ = 0 è â ñîîòâåòñòâèè ñ äîêàçàòåëüñòâîì Òåîðå-
ìû 3.1 îïåðàòîð A ïîðîæäàåò ïîëóãðóïïó u = etAu0 î.ð. óðàâíåíèÿ
u′ + A∗u = 0 (òîãäà u = e−tAu0, t < 0, çàäà¼ò ïîëóãðóïïó î.ð. îá-
ðàòíîé çàäà÷è Êîøè äëÿ èñõîäíîãî óðàâíåíèÿ). Ïóñòü v0 ∈ D(A) è
v(t) = e(t0−t)Av0, t 6 t0. Òîãäà v(t) ∈ C1([0, t0], H) ∩ C([0, t0], D(A)) è
v′(t) = −Av(t). Âûáåðåì ôóíêöèþ β(s) ∈ C0(R) òàê, ÷òî suppβ(s) ⊂

[−1, 0], β(s) > 0,

∫
β(s)ds = 1 è ïîëîæèì ïðè ν ∈ N βν(s) = νβ(νs),

θν(t) =

+∞∫
t

βν(s)ds. ßñíî, ÷òî βν(s) ∈ C1
0 (R), suppβν(s) ⊂ [−1/ν, 0],
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βν(s) > 0,

∫
βν(s)ds = 1. Ïîýòîìó, ïîñëåäîâàòåëüíîñòü βν(s) ñõî-

äèòñÿ ïðè ν → ∞ ê δ-ìåðå Äèðàêà â D′(R), à ïîñëåäîâàòåëüíîñòü
θν(t) ∈ C1(R) ñîñòîèò èç óáûâàþùèõ ôóíêöèé, θν(t) = 1 ïðè t 6 −1/ν,
θν(t) = 0 ïðè t > 0 è ýòà ïîñëåäîâàòåëüíîñòü ñõîäèòñÿ ïîòî÷å÷íî ê

ôóíêöèè θ(−t), ãäå θ(s) =

{
0, s 6 0,
1, s > 0.

� ôóíêöèÿ Õåâèñàéäà. Ôóíê-

öèÿ f(t) = θν(t − t0)v(t) ∈ C1
0 (R+, H) ∩ C0(R+, D(A)) (ìû ïîëàãàåì

f(t) = 0 ïðè t > t0) ÿâëÿåòñÿ çàêîííîé ïðîáíîé ôóíêöèåé â ñîîòíîøå-
íèè (1.3) äëÿ î.ð. u(t). Ðàñïèñûâàÿ ýòî ñîîòíîøåíèå ñ ó÷åòîì ðàâåíñòâà
f ′(t) = θν(t− t0)v′(t)−βν(t− t0)v(t) = −Af(t)−βν(t− t0)v(t), ïîëó÷èì
ðàâåíñòâî

−
∫

(u(t), v(t))βν(t− t0)dt = 0,

èç êîòîðîãî â ïðåäåëå ïðè ν → ∞ c ó÷¼òîì íåïðåðûâíîñòè (u(t), v(t))
(íàïîìíèì, ÷òî ôóíêöèÿ v(t) íåïðåðûâíà, à u(t) ñëàáî íåïðåðûâíà
ïî Çàìå÷àíèþ 1.1(1)), ïîëó÷èì ðàâåíñòâî (u(t0), v(t0)) = 0. Òàê êàê
v(t0) = v0 ∈ D(A) ïðîèçâîëüíî, à D(A) ïëîòíî â H, çàêëþ÷àåì, ÷òî
u(t0) = 0 ∀t0 > 0. Èòàê, u(t) ≡ 0, ÷òî è òðåáîâàëîñü äîêàçàòü. �

Ìîæíî ðàññìàòðèâàòü è îáðàòíóþ çàäà÷ó Êîøè äëÿ óðàâíåíèÿ (1.1),
îïðåäåë¼ííîãî ïðè t < T ñ íà÷àëüíûì óñëîâèåì u(T, x) = uT (x). Ñ
ïîìîùüþ çàìåíû t→ T − t ýòà çàäà÷à ñâîäèòñÿ ê ïðÿìîé çàäà÷å Êîøè
(1.1), (1.2) äëÿ óðàâíåíèÿ u′ + A∗u = 0, ñîîòâåòñòâóþùåãî îïåðàòîðó
−A. Òàê êàê d−(−A) = d+(A), ñïðàâåäëèâ ñëåäóþùèé ðåçóëüòàò:

Ñëåäñòâèå 3.1. Åäèíñòâåííîñòü î.ð. ïðÿìîé è îáðàòíîé çàäà÷ (1.1),
(1.2) ýêâèâàëåíòíà êîñîñîïðÿæ¼ííîñòè îïåðàòîðà A.

Çàìåòèì, ÷òî äëÿ ðåøåíèé u = ũ(t), ïîñòðîåííûõ â õîäå äîêàçà-
òåëüñòâà òåîðåìû 3.3, íàðóøåíî ýíåðãåòè÷åñêîå íåðàâåíñòâî

∀t > 0 E(t)
.
=

1

2
‖u(t)‖22 6 E(0) =

1

2
‖u0‖22. (3.1)

ßñíî, ÷òî äëÿ ïîëóãðóïïîâûõ î.ð. ýíåðãèÿ E(t) óáûâàåò è ñâîéñòâî
(3.1) âûïîëíåíî. Îêàçûâàåòñÿ, â ñëó÷àå ìàêñèìàëüíîãî êîñîñèììåò-
ðè÷íîãî îïåðàòîðà A â êëàññå î.ð., óäîâëåòâîðÿþùèõ ýíåðãåòè÷åñêîìó
íåðàâåíñòâó (3.1) âûïîëíåíî ñâîéñòâî åäèíñòâåííîñòè. Òî÷íåå, ñïðà-
âåäëèâî ñëåäóþùåå óòâåðæäåíèå
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Òåîðåìà 3.4. Åäèíñòâåííîñòü óäîâëåòâîðÿþùåãî íåðàâåíñòâó (3.1)
î.ð. çàäà÷è (1.1), (1.2), ñ ïðîèçâîëüíûìè íà÷àëüíûìè äàííûìè u0 ∈ H,

ýêâèâàëåíòíà ìàêñèìàëüíîñòè êîñîñèììåòðè÷íîãî îïåðàòîðà A.

Äîêàçàòåëüñòâî. Ââèäó òåîðåìû 3.2 óñëîâèå ìàêñèìàëüíîñòè îïåðà-
òîðà A íåîáõîäèìî äëÿ åäèíñòâåííîñòè î.ð., óäîâëåòâîðÿþùåãî (3.1).
Äîêàæåì äîñòàòî÷íîñòü ýòîãî óñëîâèÿ. Èòàê, ïðåäïîëîæèì, ÷òî êîñî-
ñèììåòðè÷íûé îïåðàòîð A ìàêñèìàëåí. Òîãäà ïî êðàéíåé ìåðå îäèí
èç åãî èíäåêñîâ äåôåêòà d± íóëåâîé. Åñëè d− = 0, òî ïî Òåîðåìå 3.3
åäèíñòâåííîñòü âåðíà äàæå â áîëåå øèðîêîì êëàññå âñåõ î.ð.. Îñòà-
ëîñü ðàññìîòðåòü ñëó÷àé d+ = 0. Â ýòîì ñëó÷àå îïåðàòîð −A m-
äèññèïàòèâåí è ïîðîæäàåò ñæèìàþùóþ ïîëóãðóïïó î.ð. u = e−tAu0

çàäà÷è (1.1), (1.2). Ïóñòü òåïåðü u(t) � î.ð. çàäà÷è (1.1), (1.2, óäîâëå-
òâîðÿþùåå (3.1), v ∈ D(A), t0 > 0. ν ∈ N. Âûáåðåì ïðîáíóþ ôóíê-
öèþ f(t) = θν(t − t0)v(t), ãäå v(t) = e−tAv, à ïîñëåäîâàòåëüíîñòü

θν =
+∞∫
t

βν(s)ds îïðåäåëåíà â õîäå äîêàçàòåëüñòâà òåîðåìû 3.3. Òî-

ãäà f(t) ∈ C1
0 (R+, H) ∩ C0(R+, D(A)), f ′(t) +Af(t) = −βν(t− t0)v(t) è

f(0) = v ïðè 1/ν < t0. Èç ñîîòíîøåíèÿ (1.3) ñ ó÷¼òîì Çàìå÷àíèÿ 1.1(2)
ñëåäóåò, ÷òî ïðè äîñòàòî÷íî áîëüøèõ ν ∈ N∫

R+

(u(t), v(t))βν(t− t0)dt = (u0, v),

îòêóäà â ïðåäåëå ïðè ν →∞ âûòåêàåò ðàâåíñòâî (u(t0), v(t0)) = (u0, v).
Òàê êàê D(A) ïëîòíî â H, à v(t0) = e−t0Av íåïðåðûâíî çàâèñèò îò
v, ìû ìîæåì ïåðåéòè ê ïðåäåëó ïðè v → u0 â ïîëó÷åííîì ðàâåí-
ñòâå. Â ðåçóëüòàòå âûâîäèì (ñ ó÷¼òîì ïðîèçâîëüíîñòè t0 > 0), ÷òî
(u(t), ũ(t)) = ‖u0‖2, ãäå ũ(t) = e−tAu0. Èñïîëüçóÿ ýíåðãåòè÷åñêîå íåðà-
âåíñòâî (3.1), âûâîäèì ñîîòíîøåíèå

‖u0‖2 = (u(t), ũ(t)) 6 ‖u(t)‖ · ‖ũ(t)‖ 6 ‖u0‖ · ‖u0‖ = ‖u0‖2,

èç êîòîðîãî ñëåäóþò ðàâåíñòâà

‖u(t)‖ = ‖ũ(t)‖ = ‖u0‖, (u(t), ũ(t)) = ‖u(t)‖ · ‖ũ(t)‖.

Î÷åâèäíî, ýòè ðàâåíñòâà âîçìîæíû ëèøü â ñëó÷àå, êîãäà u(t) = ũ(t) =
e−tAu0. Òåì ñàìûì, î.ð. çàäà÷è (1.1), (1.2), óäîâëåòâîðÿþùåå óñëîâèþ
(3.1) åäèíñòâåííî. �
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Çàìå÷àíèå 3.1. Èç òåîðåìû 3.4 ñëåäóåò, ÷òî äëÿ ìàêñèìàëüíîãî êî-
ñîñèììåòðè÷íîãî îïåðàòîðà A ëþáîå î.ð. çàäà÷è (1.1), (1.2), (3.1) ÿâëÿ-
åòñÿ ïîëóãðóïïîâûì. Â ñëó÷àå, êîãäà êîñîñèììåòðè÷íûé îïåðàòîð A
íå ìàêñèìàëåí, ýòî óæå íå òàê: ìîãóò ñóùåñòâîâàòü óäîâëåòâîðÿþùèå
ýíåðãåòè÷åñêîìó íåðàâåíñòâó î.ð., íå ÿâëÿþùèåñÿ ïîëóãðóïïîâûìè.
Ïîäòâåðäèì ýòî ñëåäóþùèì ïðîñòûì ïðèìåðîì. Ïóñòü H = L2([0, 1]),
Au = u′, u ∈ D(A) = {u = u(x) ∈ W 1

2 ([0, 1]), u(1) = u(0) = 0}. ßñíî,
÷òî A � çàìêíóòûé êîñîñèììåòðè÷íûé îïåðàòîð ñ èíäåêñàìè äåôåêòà
d± = 1. Ñóøåñòâóþò äâà êîñîñîïðÿæ¼ííûõ ðàñøèðåíèÿ ýòîãî îïåðà-
òîðà A1u = A2u = u′, çàäàííûå, ñîîòâåòñòâåííî, íà D(A1) = {u =
u(x) ∈W 1

2 ([0, 1]), u(1) = u(0)}, D(A2) = {u = u(x) ∈W 1
2 ([0, 1]), u(1) =

−u(0)}. Íåòðóäíî ïðîâåðèòü, ÷òî ñîîòâåòñòâóþùèå îðòîãîíàëüíûå ïî-
ëóãðóïïû (ãðóïïû) èìåþò âèä

e−tA1u(x) = up(x− t), e−tA2u(x) = uap(x− t),

ãäå ôóíêöèè up(x), uap(x) ýòî ïåðèîäè÷åñêîå è, ñîîòâåòñòâåííî, àí-
òèïåðèîäè÷åñêîå ðàñøèðåíèå ôóíêöèè u(x) ∈ L2([0, 1]) íà âñþ âåùå-
ñòâåííóþ îñü: up(x+ 1) = up(x), uap(x+ 1) = −uap(x) ïðè âñåõ x ∈ R.
Ïóñòü u0 = u0(x) ∈ H, u0 6= 0. Òîãäà ôóíêöèè u1(t) = e−tA1u0, u2(t) =
e−tA2u0 ÿâëÿþòñÿ ïîëóãðóïïîâûìè î.ð. çàäà÷è (1.1), (1.2), äëÿ êîòîðûõ
óñëîâèå (3.1) âûïîëíåíî ñî çíàêîì ðàâåíñòâà: ‖u1(t)‖ = ‖u2(t)‖ = ‖u0‖.
Ôóíêöèÿ

u(t) =
1

2
(u1(t) + u2(t)) = (u0p(x− t) + u0ap(x− t))/2

ÿâëÿåòñÿ î.ð. òîé æå çàäà÷è è òàêæå óäîâëåòâîðÿåò ýíåðãåòè÷åñêîìó
íåðàâåíñòâó (3.1), òàê êàê

‖u(t)‖ 6 1

2
(‖u1(t)‖+ ‖u2(t)‖) = ‖u0‖.

Î÷åâèäíî, ôóíêöèÿ u(t) ÿâëÿåòñÿ 2-ïåðèîäè÷åñêîé è u(2k+1) = u(1) =
(u0(x)− u0(x))/2 = 0, u(2k) = u(0) = u0 ïðè âñåõ k ∈ N. Ïðåäïîëàãàÿ,
÷òî u(t) = Ttu0 � ïîëóãðóïïîâîå ðåøåíèå, Tt = etB , ïîëó÷èì ðàâåíñòâî
u0 = T2u0 = T1(T1u0) = T1u(1) = T10 = 0, ÷òî ïðîòèâîðå÷èò óñëîâèþ
u0 6= 0. Èòàê, u(t) � óäîâëåòâîðÿþùåå ýíåðãåòè÷åñêîìó íåðàâåíñòâó
î.ð., íå ÿâëÿþùååñÿ ïîëóãðóïïîâûì.
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�4. Íåêîòîðûå ïðèìåðû

4.1. Òðàíñïîðòíîå óðàâíåíèå. Ïóñòü a(x) = (a1(x), . . . , an(x)) ∈
L2
loc(Rn,Rn) � ñîëåíîèäàëüíûé âåêòîð â Rn, òî åñòü,

div a(x) = 0 â D′(Rn). (4.1)

Ðàññìîòðèì òðàíñïîðòíîå óðàâíåíèå (óðàâíåíèå íåðàçðûâíîñòè)

ut + divx(au) = 0, (4.2)

u = u(t, x), (t, x) ∈ Π = [0,+∞)× Rn. Ïîíÿòèå î.ð.
u(t, x) ∈ L2

loc([0,+∞), L2(Rn))

çàäà÷è Êîøè äëÿ óðàâíåíèÿ (4.2) ñ íà÷àëüíûì óñëîâèåì

u(0, x) = u0(x) ∈ L2(Rn) (4.3)

îïðåäåëÿåòñÿ â ñìûñëå ñòàíäàðòíîãî èíòåãðàëüíîãî òîæäåñòâà (4.4)
íèæå.

Îïðåäåëåíèå 4.1. Ôóíêöèÿ u = u(t, x) ∈ L∞loc([0,+∞), L2(Rn)) íàçû-
âàåòñÿ î.ð. çàäà÷è (4.2), (4.3), åñëè ïðè âñåõ f = f(t, x) ∈ C1

0 (Π)∫
Π

u[ft + a · ∇xf ]dtdx+

∫
Rn

u0(x)f(0, x)dx = 0. (4.4)

Â òîæäåñòâå (4.4) èñïîëüçóåòñÿ îáîçíà÷åíèå v · w äëÿ ñêàëÿðíîãî

óìíîæåíèÿ âåêòîðîâ v, w ∈ Rn.

Ðàññìîòðèì âåùåñòâåííîå ãèëüáåðòîâî ïðîñòðàíñòâî H = L2(Rn)
è îïðåäåëèì ëèíåéíûé íåîãðàíè÷åííûé îïåðàòîð íà H ñ îáëàñòüþ
îïðåäåëåíèÿ D(A0) = C1

0 (Rn) ⊂ H, çàäàâàåìûé ðàâåíñòâîì

A0u = a(x) · ∇u(x).

Ýòîò îïåðàòîð êîñîñèììåòðè÷åí. Äåéñòâèòåëüíî, ïðè u, v ∈ C1
0 (Rn)

(A0u, v)H + (u,A0v)H =

∫
Rn

a(x) · (v(x)∇u(x) + u(x)∇v(x))dx

=

∫
Rn

a(x) · ∇(u(x)v(x))dx = 0

ââèäó óñëîâèÿ ñîëåíîèäàëüíîñòè (4.1). Êàê âèäíî èç îïðåäåëåíèé 1.1,
4.1, ïîíÿòèå î.ð. çàäà÷è (4.2), (4.3) ñîãëàñóåòñÿ ñ òåîðèåé î.ð. àáñòðàêò-
íîé çàäà÷è (1.1), (1.2).
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Ïîêàæåì, ÷òî â ñëó÷àå ëèïøèöåâûõ êîýôôèöèåíòîâ ai(x), i=1,. . ., n,
çàìûêàíèå A îïåðàòîðà A0 ÿâëÿåòñÿ êîñîñîïðÿæ¼ííûì îïåðàòîðîì.
Èòàê, ïðåäïîëîæèì, ÷òî äëÿ íåêîòîðîé êîíñòàíòû m > 0

|a(x)− a(y)| 6 m|x− y| ∀x, y ∈ Rn. (4.5)

Çäåñü è âñþäó íèæå ìû èñïîëüçóåì îáîçíà÷åíèå |z| äëÿ åâêëèäîâîé
íîðìû êîíå÷íîìåðíîãî âåêòîðà, âêëþ÷àÿ ìîäóëü ÷èñëà. Èç óñëîâèÿ
Ëèïøèöà (4.5) ñëåäóåò, ÷òî îáîáù¼ííûå ïðîèçâîäíûå (ai)xj

(x)∈L∞(Rn)
ïðè âñåõ i, j = 1, . . . , n. Â ýòîì ñëó÷àå, ðåøåíèÿ çàäà÷è (4.2), (4.3) íàõî-
äÿòñÿ ñ ïîìîùüþ ìåòîäà õàðàêòåðèñòèê. Õàðàêòåðèñòèêè óðàâíåíèÿ
(4.2) ýòî èíòåãðàëüíûå êðèâûå (t, x(t)) õàðàêòåðèñòè÷åñêîé ñèñòåìû
ÎÄÓ

ẋ = a(x). (4.6)

Èç ëèïøèöåâîñòè êîýôôèöèåíòîâ ñëåäóåò ñóùåñòâîâàíèå è åäèíñòâåí-
íîñòü ðåøåíèé çàäà÷è Êîøè äëÿ ñèñòåìû (4.6). Êðîìå òîãî, èç óñëîâèÿ
Ëèïøèöà ñëåäóåò, ÷òî âåêòîð a(x) èìååò íå áîëåå ÷åì ëèíåéíûé ðîñò
íà áåñêîíå÷íîñòè:

|a(x)| 6 c(1 + |x|), c = const (4.7)

Ïîýòîìó, ðåøåíèÿ x(t) ñèñòåìû (4.6) íå ìîãóò óéòè íà áåñêîíå÷íîñòü
çà êîíå÷íîå âðåìÿ è çíà÷èò îïðåäåëåíû ïðè âñåõ t ∈ R. Îáîçíà÷èì
x(t; t0, x0) � åäèíñòâåííîå ðåøåíèå ñèñòåìû (4.6), óäîâëåòâîðÿþùåå
óñëîâèþ x(t0) = x0 è ïîëîæèì y(t0, x0) = x(0; t0, x0). Èç óñëîâèÿ
d
dtu(t, x(t)) = (ut + a · ∇xu)(t, x(t)) = 0 ñëåäóåò ðàâåíñòâî u(t, x) =
u0(y(t, x)). Ïî òåîðåìå Ëèóâèëëÿ äèôôåîìîðôèçìû x → y(t, x) ñî-
õðàíÿþò ìåðó Ëåáåãà íà Rn, îòêóäà ñëåäóåò, ÷òî îïåðàòîðû Tt(u0) =
u0(y(t, x)) � îðòîãîíàëüíûå îïåðàòîðû â H = L2(Rn). Î÷åâèäíî òàê-
æå, ÷òî âûïîëíåíî ãðóïïîâîå ñâîéñòâî Tt+s = TtTs, t, s ∈ R, è ñâîéñòâî
íåïðåðûâíîñòè Ttu0 → u0 â H ïðè t → 0. Òàêèì îáðàçîì, {Tt}t∈R �
îðòîãîíàëüíàÿ C0-ãðóïïà è ïî òåîðåìå Ñòîóíà (ñì., íàïðèìåð, [8, ãëà-
âà IX], [9, òåîðåìà 4.7] Tt = etB , ãäå èíôèíèòåçèìàëüíûé ãåíåðàòîð B
� êîñîñîïðÿæ¼ííûé îïåðàòîð. Íèæå áóäåò óñòàíîâëåíî, ÷òî íà ñàìîì
äåëå B = −A.

Íàì ïîíàäîáÿòñÿ íåêîòîðûå îöåíêè ðåøåíèé ñòàöèîíàðíîãî óðàâ-
íåíèÿ

φ+ ha · ∇φ = ψ, (4.8)
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ãäå h > 0. Ïóñòü M(x) = ‖Da(x)‖ � îïåðàòîðíàÿ íîðìà n×n ìàòðèöû

Da(x) =
(
∂ai(x)
∂xj

)n
i,j=1

. Èç óñëîâèÿ (4.5) ëåãêî ñëåäóåò, ÷òî M(x) 6 m.

Ñïðàâåäëèâà ñëåäóþùàÿ

Ëåììà 4.1. Ïóñòü ψ(x) ∈ C1
0 (Rn) è 0 < h < 1/m. Òîãäà íàéä¼òñÿ

ðåøåíèå φ(x) ∈W 1
∞(Rn) óðàâíåíèÿ (4.8), òàêîå ÷òî

|φ(x)| 6 c1(1 + |x|)−α/h, |∇φ(x)| 6 c2(1 + |x|)−α(1/h−m), (4.9)

c1, c2 è α � ïîëîæèòåëüíûå ïîñòîÿííûå, ïðè÷¼ì α = 1/c, ãäå c > 0 �

êîíñòàíòà èç óñëîâèÿ (4.7).

Äîêàçàòåëüñòâî. Íà õàðàêòåðèñòèêå x = x(t) óðàâíåíèå (4.8) ïðå-
âðàùàåòñÿ â ÎÄÓ φ + hφ′ = ψ, ãäå φ = φ(x(t)), ψ = ψ(x(t)). ×àñòíûì
ðåøåíèåì ýòîãî óðàâíåíèÿ ÿâëÿåòñÿ ôóíêöèÿ

φ(t) =
1

h

t∫
−∞

e(s−t)/hψ(x(s))ds.

Âûáèðàÿ x = x(s; t, y), ïðèõîäèì ê ïðåäñòàâëåíèþ

φ(y) =
1

h

t∫
−∞

e(s−t)/hψ(x(s; t, y))ds =
1

h

t∫
−∞

e(s−t)/hψ(x(s− t; 0, y))ds.

Ñäåëàâ çàìåíó ïåðåìåííîé s− t→ s, ïîëó÷èì ðàâåíñòâî

φ(y) =
1

h

0∫
−∞

es/hψ(x(s; 0, y))ds. (4.10)

Òàê êàê ôóíêöèÿ ψ(x) îãðàíè÷åíà è íåïðåðûâíà, èíòåãðàë â (4.10)
ñõîäèòñÿ ðàâíîìåðíî ïî y ∈ Rn, îòêóäà ñëåäóåò íåïðåðûâíîñòü φ(y).
Âûáåðåì r>0 òàê, ÷òîáû íîñèòåëü suppψ(x) ñîäåðæàëñÿ â øàðå |x|6r.
Ïóñòü |y| > r è x(s) = x(s; 0, y). Òàê êàê x′(s) = a(x(s)), òî, ñ ó÷¼òîì
îöåíêè (4.7),

d

ds
|x(s)| 6 |a(x(s))| 6 c(1 + |x(s)|).

Ïîýòîìó, d
ds ln(1 + |x(s)|) 6 c è ïîñëå èíòåãðèðîâàíèÿ ïî îòðåçêó [s, 0]

ïðèõîäèì ê íåðàâåíñòâó

ln

(
1 + |y|

1 + |x(s)|

)
6 c|s| = −cs.
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Ñëåäîâàòåëüíî, |x(s)| > r ïðè s > s(y)
.
= − 1

c ln((1 + |y|)/(1 + r)) è
çíà÷èò ψ(x(s)) = 0. Èç ïðåäñòàâëåíèÿ (4.10) òîãäà ñëåäóåò, ÷òî

|φ(y)| =

∣∣∣∣∣∣∣
1

h

s(y)∫
−∞

es/hψ(x(s; 0, y))ds

∣∣∣∣∣∣∣ 6
‖ψ‖∞
h

s(y)∫
−∞

es/hds

= ‖ψ‖∞es(y)/h = c1(1 + |y|)−α/h,

ãäå α = 1/c, c1 = ‖ψ‖∞(1 + r)α/h. Ïîëó÷åííîå íåðàâåíñòâî îñòà¼òñÿ
âåðíûì è ïðè |y| 6 r, òàê êàê òîãäà

|φ(y)| 6 ‖ψ‖∞
h

0∫
−∞

es/hds = ‖ψ‖∞ 6 c1(1 + |y|)−α/h.

Ïåðâàÿ èç îöåíîê (4.9) äîêàçàíà.
Çàìåòèì äàëåå, ÷òî ïðè y1, y2 ∈ Rn, s < 0

|x(s; 0, y2)− x(s; 0, y1)| 6 |y2 − y1|+
0∫
s

|x′(t; 0, y2)− x′(t; 0, y1)|dt

= |y2 − y1|+
0∫
s

|a(x(t; 0, y2))− a(x(t; 0, y1))|dt

6 |y2 − y1|+m

0∫
s

|x(t; 0, y2)− x(t; 0, y1)|dt.

Ïî ëåììå Ãðîíóîëëà èç ýòîãî ñîîòíîøåíèÿ ñëåäóåò îöåíêà |x(s; 0, y2)−
x(s; 0, y1)| 6 |y2 − y1|em|s|. Òàêèì îáðàçîì, îòîáðàæåíèå y → x(s; 0, y)
íåïðåðûâíî ïî Ëèïøèöó ñ êîíñòàíòîé em|s| à çíà÷èò èìååò îãðàíè-
÷åííûå îáîáù¼ííûå ÷àñòíûå ïðîèçâîäíûå, ïðè÷¼ì îïåðàòîðíàÿ íîðìà
ìàòðèöû ßêîáè X(s) = Dyx(s; 0, y) íå ïðåâîñõîäèò em|s|: ‖X(s)‖ 6
em|s|. Òîãäà èç ðàâåíñòâà ∇yψ(x(s; 0, y)) = X(s)>∇xψ(x(s; 0, y)) (ñïðà-
âåäëèâîãî ïðè ïî÷òè âñåõ (s, y)) ñëåäóåò îöåíêà

|∇yψ(x(s; 0, y))| 6 ‖∇ψ‖∞em|s|. (4.11)
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Èç ïðåäñòàâëåíèÿ (4.10) âûòåêàåò ðàâåíñòâî: äëÿ ï.â. y ∈ Rn

∇φ(y) =
1

h

0∫
−∞

es/h∇yψ(x(s; 0, y))ds. (4.12)

Ââèäó îöåíêè (4.11) ïðè 0 < h < 1/m èíòåãðàë â ýòîì ðàâåíñòâå ñõî-
äèòñÿ ðàâíîìåðíî ïî y ∈ Rn. Êàê óæå áûëî óñòàíîâëåíî âûøå, ïðè
|y| > r, 0 > s > s(y) = − 1

c ln((1 + |y|)/(1 + r)) (ïðè |y| 6 r ìîæíî ïî-
ëîæèòü s(y) = 0) ôóíêöèÿ ψ(x(s; 0, y)) ðàâíà íóëþ, çíà÷èò, ÿâëÿåòñÿ
íóëåâûì è å¼ ãðàäèåíò ∇yψ(x(s; 0, y)). Ñëåäîâàòåëüíî,

∇φ(y) =
1

h

s(y)∫
−∞

es/h∇yψ(x(s; 0, y))ds,

îòêóäà ñëåäóåò îöåíêà

|∇φ(y)| 6 1

h

s(y)∫
−∞

es/h|∇yψ(x(s; 0, y))|ds 6 ‖∇ψ‖∞h−1

s(y)∫
−∞

e(1/h−m)sds

=
‖∇ψ‖∞
1−mh

e(1/h−m)s(y) = c2(1 + |y|)−α(1/h−m),

ãäå, êàê è âûøå, α = 1/c, à êîíñòàíòà c2 = ‖∇ψ‖∞
1−mh (1 + r)α(1/h−m),

÷òî äîêàçûâàåò âòîðóþ îöåíêó â (4.9) (ïîñëå çàìåíû y íà x). Ëåììà
äîêàçàíà. �

Ïîêàæåì òàêæå, ÷òî ôèíèòíûå ôóíêöèè èç ïðîñòðàíñòâà W 1
2 (Rn)

ëåæàò â îáëàñòè îïðåäåëåíèÿ îïåðàòîðà A

Ëåììà 4.2. Ïóñòü u(x) ∈ W 1
2 (Rn) � ôóíêöèÿ ñ êîìïàêòíûì íîñè-

òåëåì. Òîãäà u(x) ∈ D(A) è Au = a(x) · ∇u(x).

Äîêàçàòåëüñòâî. Âûáåðåì ïîñëåäîâàòåëüíîñòü uk(x) ∈ C1
0 (Rn) òà-

êóþ, ÷òî uk → u ïðè k → ∞ â W 1
2 (Rn) è ÷òî íîñèòåëè suppuk ñî-

äåðæàòñÿ â íåêîòîðîì îáùåì øàðå |x| 6 R. Íàïðèìåð, ìîæíî âçÿòü
ïîñëåäîâàòåëüíîñòü ñðåäíèõ ôóíêöèé uk(x) = kn

∫
Rn

u(x − y)ρ(ky)dy

ñ ÿäðîì óñðåäíåíèÿ ρ(z) ∈ C1
0 (Rn), ρ(z) > 0,

∫
Rn

ρ(z)dz = 1. Òîãäà

uk ∈ D(A0) è ïðè k →∞
uk → u, A0uk = a(x) · ∇uk(x)→ a(x) · ∇u(x) â H,
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ãäå ìû ó÷èòûâàåì, ÷òî |a(x)| 6 c(1 + R) íà øàðå |x| 6 R ââèäó (4.7).
Òàê êàê A � çàìûêàíèå îïåðàòîðà A0, çàêëþ÷àåì, ÷òî u ∈ D(A) è
Au = a(x) · ∇u(x). Ëåììà äîêàçàíà. �

Òåïåðü ìû ãîòîâû äîêàçàòü êîñîñîïðÿæ¼ííîñòü îïåðàòîðà A.

Ïðåäëîæåíèå 4.1. Îïåðàòîð A êîñîñîïðÿæ¼í.

Äîêàçàòåëüñòâî. Ïóñòü h > 0 íàñòîëüêî ìàëî, ÷òî α(1/h − m) >
1 + n/2 è ψ(x) ∈ C1

0 (Rn). Ïî Ëåììå 4.1 ñóùåñòâóåò ôóíêöèÿ φ(x) ∈
W 1
∞(Rn), êîòîðàÿ ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (4.8) è óäîâëåòâîðÿ-

åò îöåíêàì (4.9). Ïîêàæåì, ÷òî φ(x) ∈ D(A) è φ + hAφ = ψ. Ïðåæ-
äå âñåãî çàìåòèì, ÷òî α/h > 1 + n/2 è, êàê ñëåäóåò èç (4.9) è (4.7),
φ(x), |a(x)|φ(x)∈H = L2(Rn). Âûáåðåì òàêóþ ôóíêöèþ ρ(y)∈C1

0 (Rn),
÷òî ρ(y) > 0 è ρ(0) = 1. Ïî Ëåììå 4.2 äëÿ âñåõ k ∈ N ôóíêöèè
uk

.
= φ(x)ρ(x/k) ∈ D(A) è Auk = a(x) · ∇uk(x). ßñíî, ÷òî uk → φ

ïðè k →∞ â H. Äàëåå, ôóíêöèè

vk
.
= Auk = (a(x) · ∇φ(x))ρ(x/k) + k−1φ(x)a(x)∇yρ(x/k). (4.13)

Òàê êàê a(x) · ∇φ(x) = (ψ(x)− φ(x))/h ∈ H, òî

(a(x) · ∇φ(x))ρ(x/k) →
k→∞

a(x) · ∇φ(x)

ï.â. íà Rn, à çíà÷èò è â H. Ïîñêîëüêó

|φ(x)a(x)∇yρ(x/k)| 6 ‖∇ρ‖∞|a(x)||φ(x)| ∈ H,

âòîðîå ñëàãàåìîå èç (4.13) ñòðåìèòñÿ ê íóëþ ïðè k → ∞ â H. Èòàê,
óñòàíîâëåíî, ÷òî â ïðåäåëå ïðè k →∞ uk → φ, vk → a(x) · ∇φ(x) â H.
Òàê êàê îïåðàòîð A çàìêíóò, çàêëþ÷àåì, ÷òî φ ∈ D(A) è Aφ(x) =
a(x) · ∇φ(x) = (ψ(x) − φ(x))/h. Â ÷àñòíîñòè, φ + hAφ = ψ è çíà-
÷èò ψ ∈ Im(E + hA). Íî ψ(x) ∈ C1

0 (Rn) ïðîèçâîëüíî, ñëåäîâàòåëü-
íî, C1

0 (Rn) ⊂ Im(E + hA) (çàìåòèì òàêæå, ÷òî ïîñòîÿííàÿ α = 1/c, à
çíà÷èò è ñäåëàííûé âûøå âûáîð ïàðàìåòðà h íå çàâèñèò îò ψ). Íà-
ïîìíèì, ÷òî ïîäïðîñòðàíñòâî Im(E + hA) çàìêíóòî â H è, òàê êàê
C1

0 (Rn) ïëîòíî â H, ïîëó÷àåì, ÷òî Im(E + hA) = H. Ââèäó êîñîñèì-
ìåòðè÷íîñòè A ñâîéñòâî Im(E + hA) = H âûïîëíåíî ïðè âñåõ h > 0.
Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî Im(E−hA) = H (äëÿ ýòîãî íóæíî ïðî-
ñòî ðàññìîòðåòü ïîëå −a(x) âìåñòî a(x)). Òàêèì îáðàçîì, èíäåêñû äå-
ôåêòà êîñîñèììåòðè÷íîãî îïåðàòîðà A íóëåâûå, òî åñòü ýòîò îïåðàòîð
êîñîñîïðÿæ¼í. Ïðåäëîæåíèå äîêàçàíî. �
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Â ñîîòâåòñòâèè ñ òåîðåìàìè 3.1, 3.3, èç ïðåäëîæåíèÿ 4.1 ñëåäóåò ñó-
ùåñòâîâàíèå è åäèíñòâåííîñòü î.ð. çàäà÷è (4.2), (4.3). Åäèíñòâåííîñòü
î.ð. çàäà÷è (4.2), (4.3) (ïðÿìîé è îáðàòíîé) óñòàíîâëåíà è â ñëó÷àå,
êîãäà êîýôôèöèåíòû èìåþò ñîáîëåâñêóþ ðåãóëÿðíîñòü (ñì. [7]), ýòè
ðåçóëüòàòû áûëè ðàñïðîñòðàíåíû ïîçäíåå è íà ñëó÷àé êîýôôèöèåí-
òîâ èç ïðîñòðàíñòâà BV â ðàáîòå [2]. Â ñîîòâåòñòâèè ñî ñëåäñòâèåì 3.1
â ýòèõ ñëó÷àÿõ îïåðàòîð A òàêæå êîñîñîïðÿæ¼í. Îäíàêî, â îáùåì
ñëó÷àå èçâåñòíû ïðèìåðû íååäèíñòâåííîñòè î.ð. çàäà÷è (4.2), (4.3),
ñì. [1, 4�6, 12], òàê ÷òî êîñîñîïðÿæ¼ííîñòü îïåðàòîðà A ìîæåò íàðó-
øàòüñÿ.

Çàìåòèì, ÷òî â ñëó÷àå îãðàíè÷åííîãî ïîëÿ êîýôôèöèåíòîâ a(x)
óòâåðæäåíèå ñëåäñòâèÿ 3.1 ïðèìåíèòåëüíî ê çàäà÷å (4.2), (4.3) âûòå-
êàåò èç ðåçóëüòàòîâ ðàáîòû [3], ñì. òàêæå [13,14].

Îòìåòèì òàêæå, ÷òî óñëîâèå ëèïøèöåâîñòè âåêòîðà a(x) ñóùåñòâåí-
íî äëÿ êîñîñîïðÿæ¼ííîñòè îïåðàòîðà A äàæå â ñëó÷àå àíàëèòè÷åñêèõ
êîýôôèöèåíòîâ. Ïóñòü, íàïðèìåð, n = 2, a = a(x, y) = (x2,−2xy) (çà-
ìåòèì, ÷òî div a = 0), A � çàìûêàíèå îïåðàòîðà A0u = x2ux − 2xyuy.
Íåòðóäíî ïðîâåðèòü, ÷òî ïðè âñåõ v(z) ∈ C∞0 (R) ôóíêöèè

u(x, y) =

{
v(yx2)e

1
hx , hx < 0,

0 , hx > 0
(4.14)

ÿâëÿþòñÿ ðåøåíèÿìè ðåçîëüâåíòíîãî óðàâíåíèÿ u − hA∗u = 0 ïðè
h ∈ R \ {0}. Ïðè ýòîì, u(x, y) ∈ C∞(R2) ∩ L∞(R2) ∩ L2(R2), ‖u‖∞ =

‖v‖∞, ‖u‖2 = ‖v‖2
√
|h|/2. Ââèäó ïðîèçâîëüíîñòè v(z) ÿäðà îïåðàòî-

ðîâ E − hA∗ áåñêîíå÷íîìåðíû. Ñëåäîâàòåëüíî, codim Im(E − hA) =
dim ker(E−hA∗) =∞ è îïåðàòîð A èìååò áåñêîíå÷íûå èíäåêñû äåôåê-
òà. Â ÷àñòíîñòè, ýòîò îïåðàòîð íå ÿâëÿåòñÿ êîñîñîïðÿæ¼ííûì (íî äî-
ïóñêàåò êîñîñîïðÿæ¼ííîå ðàñøèðåíèå). Ñëåäóåò îòìåòèòü, ÷òî ôóíê-
öèè (4.14) íå ëåæàò â D(A), íåñìîòðÿ íà èõ ãëàäêîñòü. Â ïðîòèâíîì
ñëó÷àå ïîëó÷èì, ÷òî u + hAu = 0, à ýòî ïðîòèâîðå÷èò èíúåêòèâíîñòè
îïåðàòîðîâ E + hA.

Çàìåòèì òàêæå, ÷òî äëÿ ìîäèôèöèðîâàííîãî ïîëÿ êîýôôèöèåíòîâ
a = a(x, y) = ((x+)2,−2x+y), ãäå x+ = max(x, 0), ôóíêöèè (4.14) ëå-
æàò â ÿäðå îïåðàòîðà E−hA∗ òîëüêî ïðè h < 0. Åñëè æå h > 0, òî ýòî
ÿäðî òðèâèàëüíî. Ïîýòîìó, èíäåêñû äåôåêòà d± îïåðàòîðà A ñëåäóþ-
ùèå: d− = 0, d+ =∞ è çíà÷èò A � ìàêñèìàëüíûé êîñîñèììåòðè÷íûé
îïåðàòîð, íå ÿâëÿþùèéñÿ êîñîñîïðÿæåííûì.
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4.2. Ëèíåàðèçîâàííàÿ ñèñòåìà óðàâíåíèé Ýéëåðà. Ðàññìîòðèì
òåïåðü ëèíåàðèçîâàííóþ ñèñòåìó óðàâíåíèé Ýéëåðà ñ òåì æå ñîëåíî-
èäàëüíûì âåêòîðîì êîýôôèöèåíòîâ a(x) ∈ L2

loc(Rn,Rn), ÷òî è â ðàç-
äåëå 4.1 âûøå:

ut +

n∑
j=1

(aj(x)u)xj
+∇p = 0, divx u = 0, (4.15)

ãäå (t, x)∈Π, u=(u1(t, x), . . . , un(t, x))∈L∞loc([0,+∞), H), H⊂L2(Rn,Rn)
� ãèëüáåðòîâî ïðîñòðàíñòâî ñîëåíîèäàëüíûõ âåêòîðíûõ ïîëåé íà Rn,
p = p(t, x) � ôóíêöèÿ äàâëåíèÿ. Ðàññìàòðèâàåòñÿ çàäà÷à Êîøè ñ íà-
÷àëüíûì óñëîâèåì

u(0, x) = u0(x) ∈ H. (4.16)

Îïðåäåëåíèå 4.2. Âåêòîð u = u(t, x) ∈ L∞loc([0,+∞), H) íàçûâàåòñÿ
î.ð. çàäà÷è (4.15), (4.16), åñëè äëÿ ëþáîé ïðîáíîé âåêòîð-ôóíêöèè f =
f(t, x) ∈ C1

0 (Π,Rn), òàêîé ÷òî divx f = 0∫
Π

[u · ft + u · (a · ∇x)f ]dtdx+

∫
Rn

u0(x) · f(0, x)dx = 0.

Âûáîð êëàññà ñîëåíîèäàëüíûõ ïðîáíûõ âåêòîðîâ ïîçâîëèë èñêëþ-
÷èòü äàâëåíèå p = p(t, x) èç íàøåé ñèñòåìû. Îïðåäåëåíèå 4.2 ñîãëà-
ñóåòñÿ ñ îïðåäåëåíèåì 1.1, åñëè îïðåäåëèòü îïåðàòîð A0 â ñîîòâåò-
ñòâèè ñ ðàâåíñòâîì A0u = Pv, ãäå u ∈ C1

0 (Rn,Rn) ∩ H = D(A0),

v = v(x) =

n∑
j=1

aj(x)uxj
(x), à P : L2(Rn,Rn) → H � îðòîãîíàëüíûé

ïðîåêòîð ïðîñòðàíñòâà L2(Rn,Rn) íà åãî çàìêíóòîå ïîäïðîñòðàíñòâî
H. Åñëè u1 = (uk1)nk=1, u2 = (uk2)nk=1 ∈ D(A0), òî

(A0u1, u2) + (u1, A0u2) = (Pv1, u2) + (u1, Pv2) = (v1, u2) + (u1, v2) =∫
Rn

n∑
j,k=1

aj(x)((uk1)xj
uk2 + uk1(uk2)xj

)(x)dx =

∫
Rn

n∑
j,k=1

aj(x)(uk1u
k
2)xj

dx = 0

ââèäó óñëîâèÿ (4.1). Òàêèì îáðàçîì, îïåðàòîð A0 êîñîñèììåòðè÷åí.
Ïîêàæåì, ÷òî â ñëó÷àå ëèïøèöåâûõ êîýôôèöèåíòîâ aj(x),

j = 1, . . . , n, îïåðàòîð A0 äîïóñêàåò êîñîñîïðÿæ¼ííîå ðàñøèðåíèå. Äëÿ
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äîêàçàòåëüñòâà íàì ïîíàäîáèòñÿ âîññòàíîâèòü ÷ëåí ∇p èç ðàâåíñòâà

div

 n∑
j=1

(aju)xj +∇p

 = 0.

Ó÷èòûâàÿ, ÷òî div u = 0 ïðè u = (u1, . . . , un) ∈ H, ïîëó÷èì ñîîòíîøå-
íèå

n∑
k,j=1

((aj)xk
(x)uk)xj + ∆p = 0,

ïîíèìàåìîå â ñìûñëå ðàñïðåäåëåíèé. Ïåðåõîäÿ ê îáðàçàì Ôóðüå, ïî-
ëó÷èì ðàâåíñòâî

p̃(ξ) =

n∑
j=1

F

(
n∑
k=1

(aj)xk
uk

)
(ξ)

iξj
|ξ|2

. (4.17)

Çäåñü i � ìíèìàÿ åäèíèöà, ũ(ξ) = F(u)(ξ) � ïðåîáðàçîâàíèå Ôóðüå
ôóíêöèè (áîëåå îáùå � ðàñïðåäåëåíèÿ) u(x), çàäàâàåìîå ïðè u∈L1(Rn)
ñòàíäàðòíûì ðàâåíñòâîì

ũ(ξ) = F(u)(ξ) = (2π)−n/2
∫
Rn

e−iξ·xu(x)dx.

Òîãäà F(∇p)(ξ) = iξp̃(ξ) è èç (4.17) ñëåäóåò, ÷òî

F(∇p)l(ξ) = −
n∑
j=1

F

(
n∑
k=1

(aj)xk
uk

)
(ξ)

ξlξj
|ξ|2

. (4.18)

Ïîñêîëüêó ôóíêöèè (aj)xk
(x), ξlξj/|ξ|2 îãðàíè÷åíû, à ïðåîáðàçîâà-

íèå Ôóðüå óíèòàðíî íà L2(Rn), ïîëó÷àåì, ÷òî ∇p = Tu � ëèíåé-
íûé îãðàíè÷åííûé îïåðàòîð íà L2(Rn,Rn). Ïî ïîñòðîåíèþ A0u =∑n
j=1(aj(x)u)xj + Tu ïðè u(x) ∈ D(A0) ⊂ H. Ðàññìîòðèì îïåðàòîð

B0 â ãèëüáåðòîâîì ïðîñòðàíñòâå L2(Rn,Rn), çàäàííûé ðàâåíñòâàìè
(B0u)l =

∑n
j=1 aj(x)ulxj

, l = 1, . . . , n, ñ îáëàñòüþ îïðåäåëåíèÿ D(B0) =

C1
0 (Rn,Rn). Îïåðàòîð B0 ýòî ïðÿìàÿ ñóììà n ñêàëÿðíûõ òðàíñïîðò-

íûõ îïåðàòîðîâ, ðàññìîòðåííûõ â ïðåäûäóùåì ðàçäåëå. Ïî ïðåäëîæå-
íèþ 4.1 çàìûêàíèå B îïåðàòîðà B0 ÿâëÿåòñÿ êîñîñîïðÿæ¼ííûì îïå-
ðàòîðîì. Îïåðàòîð Ã0 = B0 + T îïðåäåë¼í íà D(B0) è ïî ïîñòðîå-
íèþ ÿâëÿåòñÿ ðàñøèðåíèåì îïåðàòîðà A0. Òàê êàê îïåðàòîð T îãðàíè-
÷åí, çàìûêàíèå Ã îïåðàòîðà Ã0 ñîâïàäàåò ñ îïåðàòîðîì B + T . Ââèäó
êîñîñîïðÿæ¼ííîñòè B, îïåðàòîðû E − hB ñþðúåêòèâíû ïðè h ∈ R:
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Im(E − hB) = L2(Rn,Rn). Ïîñêîëüêó Ã = B + T � îãðàíè÷åííîå âîç-

ìóùåíèå îïåðàòîðà B, ýòî ñâîéñòâî ñîõðàíÿåòñÿ è äëÿ îïåðàòîðà Ã,
ïðè óñëîâèè, ÷òî |h| äîñòàòî÷íî ìàëî: Im(E − hÃ) = L2(Rn,Rn) ïðè
âñåõ h ∈ R, |h| < h0. Ïîêàæåì, ÷òî ïðîñòðàíñòâî H ñîëåíîèäàëüíûõ

âåêòîðíûõ ïîëåé èíâàðèàíòíî äëÿ ðåçîëüâåíòû (E − hÃ)−1. Áóäåì
ñ÷èòàòü, ÷òî 0 < h < h0. Ñëó÷àé îòðèöàòåëüíîãî h ðàçáèðàåòñÿ ïóò¼ì
çàìåíû a(x) íà −a(x).

Ëåììà 4.3. Ïóñòü u ∈ D(Ã), u − hÃu = v ∈ H è h > 0 äîñòàòî÷íî

ìàëî. Òîãäà u ∈ H, òî åñòü div u = 0.

Äîêàçàòåëüñòâî. Ïóñòü ψ(x) ∈ C1
0 (Rn), 0 < h < 1/m è φ(x) ∈

W 1
∞(Rn) � ôóíêöèÿ, ïîñòðîåííàÿ â ëåììå 4.1. Âûáåðåì h íàñòîëüêî

ìàëûì, ÷òî α(1/h −m) > n/2. Òîãäà, êàê ñëåäóåò èç (4.9), |∇φ(x)| ∈
L2(Rn). Óìíîæàÿ ðàâåíñòâî u− hÃu = v ñêàëÿðíî íà ïîòåíöèàëüíûé
âåêòîð ∇φ, ïîëó÷èì ðàâåíñòâî

(u,∇φ)− h(Ãu,∇φ) = (v,∇φ) = 0.

Çàìåòèì äàëåå, ÷òî ïî ðàâåíñòâó Ïàðñåâàëÿ

(Tu,∇φ) = (F(Tu),F(∇φ))

= −
∫ n∑

j=1

F

(
n∑
k=1

(aj)xk
uk

)
(ξ)

n∑
l=1

ξlξj
|ξ|2

iξlF(φ)(ξ)dξ

=−
∫
Rn

n∑
j=1

F

(
n∑
k=1

(aj)xk
uk

)
(ξ)iξjF(φ)(ξ)dξ

= −
∫
Rn

n∑
j,k=1

(aj)xk
(x)ukφxj (x)dx.

Ðàñïèøåì ïðè u ∈ D(Ã0) = D(B0)

(Bu,∇φ) =

∫
Rn

n∑
j,k=1

aj(x)ukxj
(x)φxk

(x)dx

=

∫
Rn

n∑
j,k=1

(aj(x)uk)xj
(x)φxk

(x)dx
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=

∫
Rn

n∑
j,k=1

(aj(x)uk)xk
(x)φxj

(x)dx.

Èç ïîëó÷åííûõ âûøå ñîîòíîøåíèé ñëåäóåò ðàâåíñòâî

(Ãu,∇φ) = (Bu,∇φ) + (Tu,∇φ)

=

∫
Rn

n∑
j,k=1

aj(x)(uk)xk
(x)φxj

(x)dx

=

∫
Rn

div u(x)

n∑
j=1

aj(x)φxj
(x)dx.

(4.19)

Èòàê, äëÿ âñåõ u ∈ D(Ã0)

(u− hÃu,∇φ) =

∫
Rn

u(x) · ∇φ(x)dx− h(Ãu,∇φ)

= −
∫
Rn

div u(x)(φ+ h
n∑
j=1

aj(x)φxj (x))dx

= −
∫
Rn

div u(x)ψ(x)dx =

∫
Rn

u(x) · ∇ψ(x)dx = (u,∇ψ).

Ïîñêîëüêó D(Ã0) ïëîòíî â D(Ã) ïî íîðìå ãðàôèêà Ã, òî ñîîòíîøå-

íèå (u− hÃu,∇φ) = (u,∇ψ) ðàñïðîñòðàíÿåòñÿ ïî íåïðåðûâíîñòè è íà

ñëó÷àé u ∈ D(Ã). Ïî óñëîâèþ ëåììû u − hÃu = v ∈ H è çíà÷èò

(u − hÃu,∇φ) = 0. Òîãäà è (u,∇ψ) = 0. Íî ψ(x) ∈ C1
0 (Rn) ïðîèç-

âîëüíî. Ñëåäîâàòåëüíî, div u(x) = 0 â D′(Rn), òî åñòü u ∈ H. Ëåììà
äîêàçàíà. �

Êàê ñëåäóåò èç (4.19), ïðè u ∈ D(A0) = D(B0), φ ∈ C2
0 (Rn)

(Ãu,∇φ) =

∫
Rn

div u(x)

n∑
j=1

aj(x)φxj
(x)dx

= −
∫
Rn

u(x) · ∇

 n∑
j=1

aj(x)φxj
(x)

 dx

(4.20)
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è, òàê êàê D(Ã0) ïëîòíî â D(Ã) ïî íîðìå ãðàôèêà Ã, òî ðàâåíñòâî

(4.20) ñîõðàíÿåòñÿ è ïðè u ∈ D(Ã). Åñëè u ∈ H ∩D(Ã), òî div u(x) = 0

è ïðàâàÿ ÷àñòü (4.20) ðàâíà íóëþ, îòêóäà âûòåêàåò ÷òî (Ãu,∇φ) = 0

ïðè âñåõ φ ∈ C2
0 (Rn), òî åñòü, div Ãu = 0 â D′(Rn). Òàêèì îáðàçîì, ïîä-

ïðîñòðàíñòâî H èíâàðèàíòíî äëÿ Ã. Ïî ïîñòðîåíèþ âåêòîð Tu ïîòåí-
öèàëåí, çíà÷èò Tu ⊥ H è PTu = 0. Ñëåäîâàòåëüíî, ïðè u ∈ D(Ã) ∩H
Ãu = PBu + PTu = PBu. Îòñþäà è èç êîñîñèììåòðè÷íîñòè îïåðà-
òîðà B ëåãêî ñëåäóåò, ÷òî ñóæåíèå Ã|H ÿâëÿåòñÿ êîñîñèììåòðè÷íûì

îïåðàòîðîì íà H. Èç ëåììû 4.3 è ñþðúåêòèâíîñòè îïåðàòîðà E − hÃ
ñëåäóåò, ÷òî äëÿ ëþáîãî v ∈ H íàéä¼òñÿ òàêîé ýëåìåíò u ∈ H ∩D(Ã),

÷òî u − hÃu = v. Àíàëîãè÷íîå óòâåðæäåíèå âåðíî è ïðè çàìåíå h íà
−h. Ýòî îçíà÷àåò, ÷òî êîñîñèììåòðè÷íûé îïåðàòîð Ã|H , èìååò íóëå-

âûå èíäåêñû äåôåêòà è ïîòîìó êîñîñîïðÿæ¼í. Ïîñêîëüêó Ã0|H = A0,

òî Ã|H ÿâëÿåòñÿ êîñîñîïðÿæ¼ííûì ðàñøèðåíèåì îïåðàòîðà A0, à çíà-
÷èò è A. Ìû äîêàçàëè ñëåäóþùèé ðåçóëüòàò.

Ïðåäëîæåíèå 4.2. Îïåðàòîð A äîïóñêàåò êîñîñîïðÿæ¼ííîå ðàñøè-

ðåíèå. Â ÷àñòíîñòè, åãî èíäåêñû äåôåêòà d+ è d− ñîâïàäàþò.

Äëÿ äîêàçàòåëüñòâà êîñîñîïðÿæ¼ííîñòè ñàìîãî îïåðàòîðà A íàì ïî-
òðåáóåòñÿ âàðèàíò çíàìåíèòîé ëåììû ÄèÏåðíà�Ëèîíñà [7, Lemma II.1].
Ïóñòü ρ(z) ∈ C1

0 (Rn), supp ρ ⊂ B1(0) = {z ∈ Rn||z| 6 1}, ρ(z) > 0,∫
Rn

ρ(z)dz = 1. Ïðè u(x) ∈ L1
loc(Rn) îïðåäåëèì ñðåäíèå ôóíêöèè

uk(x) = u ∗ ρk(x) =

∫
Rn

ρk(x− y)u(y)dy,

ãäå k ∈ N, ρk(z) = knρ(kz).

Ëåììà 4.4. Ïóñòü a(x) ∈ C(Rn) óäîâëåòâîðÿåò ãëîáàëüíîìó óñëî-

âèþ Ëèïøèöà (4.5), u(x) ∈ Lp(Rn), 1 6 p <∞. Òîãäà

∂

∂xj
(auk − (au)k)(x) →

k→∞
0 â Lp(Rn) (4.21)

ïðè âñåõ j = 1, . . . , n.

Äîêàçàòåëüñòâî. Òàê êàê

(auk − (au)k)(x) = kn
∫
Rn

(a(x)− a(y))ρ(k(x− y))u(y)dy,
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ñóùåñòâóþò îáîáù¼ííûå ïðîèçâîäíûå

∂

∂xj
(auk − (au)k)(x) = kn

∫
Rn

axj
(x)ρ(k(x− y))u(y)dy+

kn+1

∫
Rn

(a(x)− a(y))ρzj (k(x− y))u(y)dy = I1k(x) + I2k(x). (4.22)

Ïåðâîå ñëàãàåìîå â ýòîé ñóììå

I1k(x) = axj
(x)

∫
Rn

ρk(x− y)u(y)dy = axj
(x)uk(x)→ axj

(x)u(x) (4.23)

ïðè k → ∞ â Lp(Rn), òàê êàê uk →
k→∞

u â Lp(Rn) ïî èçâåñòíîìó ñâîé-

ñòâó ñðåäíèõ ôóíêöèé, à ïðîèçâîäíàÿ axj
(x) ∈ L∞(Rn) ââèäó óñëîâèÿ

Ëèïøèöà. Îöåíèì ñëàãàåìîå I2k(x). Î÷åâèäíî,

|I2k(x)| 6 kn+1

∫
Rn

|a(x)− a(y)||ρzj (k(x− y))||u(y)|dy

6 ωk(x)
.
= mkn

∫
Rn

k|x− y||ρzj (k(x− y))||u(y)|dy.
(4.24)

Ïî ñâîéñòâàì ñðåäíèõ ôóíêöèé ωk(x) ∈ Lp(Rn) è ïðè k →∞

ωk(x)→ C|u(x)| (4.25)

êàê â Lp(Rn), òàê è ïî÷òè âñþäó â Rn. Çäåñü C = m

∫
Rn

|z||ρzj (z)|dz =

const. Ïóñòü òåïåðü x � îáùàÿ òî÷êà Ëåáåãà âåêòîðà ∇a(y) è ôóíêöèè
u(y). Òîãäà

I2k(x) = kn+1

∫
Rn

(a(x)− a(y))ρzj (k(x− y))(u(y)− u(x))dy

+ u(x)kn+1

∫
Rn

(a(x)− a(y))ρzj (k(x− y))dy.

(4.26)
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Ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè (4.26) îöåíèâàåòñÿ êàê

kn+1

∣∣∣∣∣∣
∫
Rn

(a(x)− a(y))ρzj (k(x− y))(u(y)− u(x))dy

∣∣∣∣∣∣
6 mkn

∫
Rn

k|x− y||ρzj (k(x− y))||u(y)− u(x)|dy →
k→∞

0,

(4.27)

òàê êàê x � òî÷êà Ëåáåãà ôóíêöèè u(x). Ââåä¼ì ôóíêöèþ

Jk(x) = kn+1

∫
Rn

(a(x)− a(y))ρzj (k(x− y))dy

è ïðåäñòàâèì å¼ â âèäå

Jk(x) = kn+1

∫
Rn

(a(x)− a(y)−∇a(x) · (x− y))ρzj (k(x− y))dy

+ kn+1

∫
Rn

∇a(x) · (x− y)ρzj (k(x− y))dy

= kn+1

∫
Rn

1∫
0

(∇a(x+ s(y − x))−∇a(x)) · (x− y)ρzj (k(x− y))dsdy

+∇a(x) ·
∫
Rn

zρzj (z)dz. (4.28)

Çäåñü ìû èñïîëüçîâàëè ïðåäñòàâëåíèå

a(x)− a(y) =

1∫
0

∇a(x+ s(y − x)) · (x− y)ds,

ñïðàâåäëèâîå ïðè ï.â. y ∈ Rn. Îöåíèì ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè
(4.28). Ñäåëàâ çàìåíó ïåðåìåííûõ z = s(x− y), ïîëó÷èì, ÷òî

kn+1

∣∣∣∣∣∣
∫
Rn

1∫
0

(∇a(x+ s(y − x))−∇a(x)) · (x− y)ρzj (k(x− y))dsdy

∣∣∣∣∣∣
6 kn

∫
Rn

|∇a(x− z)−∇a(x)|ρ1(kz)dz, (4.29)
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ãäå îáîçíà÷åíî

ρ1(y) = |y|
1∫

0

s−n−1|ρzj (y/s)|ds.

Çàìåòèì, ÷òî ρ1 > 0, supp ρ1 ⊂ B1(0),

∫
Rn

ρ1(y)dy =

∫
Rn

|z||ρzj (z)|dz <∞.

Òàê êàê x � òî÷êà Ëåáåãà âåêòîðà ∇a(y),

kn
∫
Rn

|∇a(x− z)−∇a(x)|ρ1(kz)dz →
k→∞

0

è èç (4.28) è (4.29) ñëåäóåò, ÷òî

Jk(x) →
k→∞

∇a(x) ·
∫
Rn

zρzj (z)dz = −axj
(x). (4.30)

Çäåñü ìû ó÷èòûâàåì, ÷òî èç ôîðìóëû èíòåãðèðîâàíèÿ ïî ÷àñòÿì ñëå-
äóåò ðàâåíñòâî ∫

Rn

zρzj (z)dz = −
∫
Rn

∂z

∂zj
ρ(z)dz = −ej ,

ãäå ej � j-ûé áàçèñíûé âåêòîð â Rn. Ââèäó (4.26), (4.27) èç (4.30) ñëåäó-
åò, ÷òî I2k(x)→ −axj

(x)u(x) ïðè k →∞ ïî÷òè âñþäó íà Rn. Çàìåòèì
äàëåå, ÷òî

|I2k(x) + axj (x)u(x)|p 6 2p−1(|I2k(x)|p + |axj (x)u(x)|p)
6 2p−1((ωk(x))p + |axj

(x)u(x)|p).

Ëåâàÿ ÷àñòü ýòîãî íåðàâåíñòâà ñõîäèòñÿ ê íóëþ ï.â. íà Rn, à åãî ïðà-
âàÿ ÷àñòü ñõîäèòñÿ â L1(Rn) è ï.â. íà Rn, ââèäó ñîîòíîøåíèÿ (4.25).
Ïðèìåíÿÿ ëåììó Ôàòó ê ïîñëåäîâàòåëüíîñòÿì

2p−1((ωk(x))p + |axj
(x)u(x)|p)± |I2k(x) + axj

(x)u(x)|p,

ïîëó÷èì, ÷òî

lim
k→∞

∫
Rn

|I2k(x) + axj
(x)u(x)|pdx = 0,

òî åñòü, ÷òî I2k(x) →
k→∞

−axj
(x)u(x) â Lp(Rn). Âìåñòå ñ (4.22), (4.23)

ýòî äà¼ò òðåáóåìîå ñîîòíîøåíèå (4.21). Ëåììà äîêàçàíà. �
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Ìû ãîòîâû äîêàçàòü êîñîñîïðÿæ¼ííîñòü îïåðàòîðà A ïðè óñëîâèè
a(x) ∈W 1

∞(Rn,Rn) (òî åñòü äîïîëíèòåëüíî ê òðåáîâàíèÿì ïðåäëîæå-
íèÿ 4.2 ïðåäïîëàãàåòñÿ îãðàíè÷åííîñòü êîýôôèöèåíòîâ a(x)).

Ïðåäëîæåíèå 4.3. Ïóñòü aj(x) ∈ W 1
∞(Rn), j = 1, . . . , n. Òîãäà îïå-

ðàòîð A êîñîñîïðÿæ¼ííûé.

Äîêàçàòåëüñòâî. Ïîêàæåì ñíà÷àëà, ÷òî W 1
2 (Rn,Rn) ∩ H ⊂ D(A).

Èçâåñòíî, ñì., íàïðèìåð, [10, ëåììà 3.1], [11, òåîðåìà 1], ÷òî ïðîñòðàí-
ñòâî ãëàäêèõ ñîëåíîèäàëüíûõ ïîëåé D(A0) = C1

0 (Rn,Rn)∩H ïëîòíî â
W 1

2 (Rn,Rn) ∩H. Ïîýòîìó, íàéä¼òñÿ ïîñëåäîâàòåëüíîñòü um ∈ D(A0),
m ∈ N, òàêàÿ ÷òî ïîñëåäîâàòåëüíîñòè um, (um)xj

, j = 1, . . . , n, ñõîäÿò-

ñÿ ïðè m → ∞ ê u(x) è, ñîîòâåòñòâåííî, ê uxj
â L2(Rn,Rn). Òàê êàê

ïî óñëîâèþ aj(x) ∈ L∞(Rn), çàêëþ÷àåì, ÷òî

A(um) =

n∑
j=1

aj(x)(um)xj (x) + Tum → Bu+ Tu = Ãu

â L2(Rn,Rn). Ââèäó çàìêíóòîñòè îïåðàòîðà A, u ∈ D(A) è Au = Ãu.

Ïóñòü òåïåðü u ∈ D(Ã) ∩H = D(B) ∩H. Ðàññìîòðèì ïîñëåäîâàòåëü-
íîñòü ñðåäíèõ âåêòîð-ôóíêöèé

uk(x) = kn
∫
Rn

ρ(ky)u(x− y)dy = kn
∫
Rn

ρ(k(x− y))u(y)dy.

ßñíî, ÷òî uk(x) ∈W 1
2 (Rn,Rn) è ÷òî div uk(x) = ρk ∗div u = 0. Ïîýòîìó,

uk ∈ W 1
2 (Rn,Rn) ∩ H ⊂ D(A). Ïðè k → ∞ ñïðàâåäëèâû ïðåäåëüíûå

ñîîòíîøåíèÿ:

uk → u, (Bu)k = kn
∫
Rn

ρ(k(x− y))Bu(y)dy → (Bu)(x)

â L2(Rn,Rn).

(4.31)

Çàìåòèì, ÷òî â ñèëó ñîëåíîèäàëüíîñòè âåêòîðà êîýôôèöèåíòîâ a(x) è
êîììóòèðîâàíèÿ îïåðàòîðîâ äèôôåðåíöèðîâàíèÿ è óñðåäíåíèÿ

Buk(x) =

n∑
j=1

(aj(x)uk(x))xj
, (Bu)k(x) =

n∑
j=1

((aju)k)xj
(x).
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Òîãäà ïî Ëåììå 4.4 (ñ ïàðàìåòðîì p = 2)

Buk − (Bu)k =

n∑
j=1

(aj(x)uk(x)− (aju)k(x))xj
→ 0 â L2(Rn,Rn)

è âòîðîå ñîîòíîøåíèå â (4.31) ìîæíî ïåðåïèñàòü â âèäå Buk → Bu
â L2(Rn,Rn). Ïîñêîëüêó îïåðàòîð T îãðàíè÷åí íà L2(Rn,Rn), âåðíû
ñîîòíîøåíèÿ

uk →
k→∞

u, Auk = Buk + Tuk →
k→∞

Bu+ Tu = Ãu â H.

Â ñèëó çàìêíóòîñòè îïåðàòîðà A çàêëþ÷àåì, ÷òî u ∈ D(A) è Au = Ãu.

Ìû óñòàíîâèëè, ÷òî D(Ã) ∩H ⊂ D(A). Íàïîìíèì, ÷òî îïåðàòîð Ã|H
ÿâëÿåòñÿ êîñîñîïðÿæ¼ííûì ðàñøèðåíèåì îïåðàòîðà A è â ÷àñòíîñòè
D(A) ⊂ D(Ã)∩H. Èòàê, D(Ã)∩H = D(A) è çíà÷èò îïåðàòîð A = Ã|H
êîñîñîïðÿæ¼í. Ïðåäëîæåíèå äîêàçàíî. �
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Panov E. Yu. On linear evolutionary equations with a skew symmetric
spatial operator.

We study generalized solutions of an evolutionary equation related to
a densely de�ned skew-symmetric operator in a real Hilbert space. We
establish existence of a contractive semigroup, whose trajectories are gene-
ralized solutions to the Cauchy problem, and �nd criteria of uniqueness of
generalized solutions. Applications are given to some equations of mathe-
matical physics, including transport equations and linearized Euler equa-
tions with solenoidal (and generally discontinuous) coe�cients. Under some
additional regularity assumption on the coe�cients we prove that the
corresponding spatial operators are skew-adjoint, which implies existence
and uniqueness of generalized solutions for both the forward and the
backward Cauchy problem.
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