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SPECTRAL PROPERTIES OF THE FR�ECHET

DERIVATIVES OF STRATIFIED STEADY STOKES

WAVES

Abstract. We consider strati�ed steady water waves in a two-
dimensional channel. Our main subject is the spectral properties of
the Fr�echet derivatives of steady water Stokes waves. One of the
main results is the absence of subharmonic water waves in a neigh-
borhood of a Stokes wave. The main assumption is formulated in
terms of the eigenvalues of the Fr�echet derivative evaluated at this
wave and considered in the class of periodic solutions of the same
period. The �rst eigenvalue is always negative. We show that if the
second eigenvalue is positive then there are no waves with multiple
periods in a neighborhood of the Stokes wave, except of this Stokes
wave.

�1. Introduction

We consider strati�ed steady water waves in a two-dimensional chan-
nel. We use the classical formulation of the problem based on the Euler
equations. The surface tension is neglected and the water motion can be
rotational. The aim of this paper is to present some results on the unique-
ness of water waves.

The problem of uniqueness for water waves is connected with the Benja-
min�Lighthill conjecture, which suggests estimates for the main parame-
ters of the problem, such that the volume �ux, the Bernoulli constant and
the �ow force. In the case of an incompressible and irrotational �uid such
estimates were proved in [1, 2] and [3]. For an incompressible and rota-
tional �uid such estimates were obtained [16], where the main references
in this �eld can be found. We also mention the papers [8, 9] and [14],
where uniqueness results are proved for near critical Bernoulli constant for
incompressible �uid.

Key words and phrases: water waves, vorticity, Fr�echet derivative, subharmonic bi-
furcation, uniqueness of water waves.
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Here we study the following local uniqueness property. Assume that we
have a certain periodic, even solution to the water waves problem, where
the �ux and the Bernoull constant are �xed. Is this solution unique in a
small L∞ neighborhood? We give certain conditions on the �rst eigenvalues
of the Fr�echet derivative, which guarantee such uniqueness for periodic
waves in the class of solutions with multiple periods.

1.1. Statement of the main result. Our object of study is the class
of two-dimensional strati�ed steady water waves traveling with constant
speed c under the in�uence of gravity. To eliminate the dependence on
time, we use a moving reference frame, where the �uid occupies a domain

D = Dξ = {(x, y) : −d < y < ξ(x), x ∈ R}

in the channel with the �at bottom B given by y = −d and with the free
surface of the �ow S = Sξ given by y = ξ(x). The density of the �uid ρ,

de�ned in D, is assumed to be positive and is not necessarily constant. To
describe a water wave we use the velocity of the �ow (u, v), the pressure
P and the density ρ. Corresponding relations can be found in the paper
by Walsh [18]. We recall these relations for the reader's convenience:

ux + vy = 0 in D (incompressibility) (1.1)

(u− c)ρx + vρy = 0 in D (the conservation of mass) (1.2)

and the conservation of momentum

(u− c)ux + vuy +
Px
ρ

= 0 in D,

(u− c)vx + vvy +
Py
ρ

= −g in D, (1.3)

where g is the gravitational constant. The boundary conditions are

v = (u− c)ξx and P = Patm on S, (1.4)

where Patm is the atmospheric pressure, and

v = 0 on B. (1.5)

The pseudostream function ψ = ψ(x, y) is de�ned by

ψx(x, y) = −√ρv(x, y), ψy(x, y) =
√
ρ(u(x, y)− c).
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Then equations (1.1) and (1.2) are satis�ed if and only if ρ is constant
along stream lines of ψ. The relative pseudomass is

p0 =

ξ(x)∫
−d

√
ρ(u(x, y)− c)dY

and it does not depend on x. From (1.2) it follows that the function ρ is
constant along the stream lines. If

ψy 6 0 in D, (1.6)

then ρ can be written as

ρ = ρ(−ψ). (1.7)

In what follows we will assume that p0 < 0 and that the function ρ is a
positive function of −ψ even in the case, when ψ is not monotone with
respect to y.

One can verify that the quantity

E :=
1

2
(ψ2
x + ψ2

y) + P + gρy (1.8)

is constant along the stream lines of ψ. This allows to de�ne the Bernoulli
function

β(ψ) =
dE

dψ
. (1.9)

It can be veri�ed that

β(ψ) = ∆ψ − gyρ′(−ψ) = 0 in D. (1.10)

Boundary conditions for ψ are

ψ(x, ξ(x)) = 0 and ψ(x,−d) = −p0 (1.11)

together with the Bernoulli boundary condition

1

2
|∇ψ|2 + gρ(0)(ξ(x) + d) = R, (1.12)

which is obtained from (1.8) by setting y=ξ(x) and using that ψ(x, ξ(x))=
0. The constant R is called the Bernoulli constant.

We set

ω(y, ψ) = −gyρ′(−ψ)− β(ψ). (1.13)

Then equation (1.10) takes the form

∆ψ + ω(y, ψ) = 0 in D. (1.14)
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In order to formulate smoothness assumptions, let us introduce some
functional spaces. For k = 0, 1, . . ., α ∈ (0, 1) and −∞ < a < b < ∞ we
denote by Ck,α(Da,b) and Ck,α([a, b]) the H�older spaces of functions in

Da,b = {(x, y) ∈ D : a 6 x 6 b} and [a, b] respectively.

The space Ck,αb (D) consists of functions u de�ned on D such that

sup
a∈R
||w||Ck,α(Da,a+1) <∞.

The subspaces Ck,αper (D), Ck,α0,e,per(D) consists of Λ-periodic (Λ�periodic,

even) functions in Ck,αb (D) vanishing for y = −d.
Similarly, one can de�ne the spaces Ck,αb (R), Ck,αper (R) and Ck,αe,per(R).

We will assume that the density function ρ is of class C2,α for a certain
α ∈ (0, 1) and the Bernoulli function β is of class C1,α. In what follows

the solution ψ ∈ C2,α
0,e,per(D) is assumed to be �xed. We always assume

that ψy 6= 0 on the free surface Sξ, which together with (1.11) and (1.12)
implies ξ ∈ C2,α

e,per(R).

Remark 1.1. The functions ρ and β are more or less arbitrary and are
chosen to model some important properties of the �ow under consideration.
For example to model a unidirectional �ow we assume that

u− c < 0 in D, (1.15)

which implies

ψy < 0 inside D.

In this case p0 is negative and the function ρ can be chosen to guarantee
the monotonicity of the function ρ(−ψ).

The next example involves a linear function ρ with respect to ψ, and
a constant β, see [6]. This choice allows to include in consideration �ows
with counter-currents.

1.2. The Fr�echet derivative. Let us present a formal derivation of the
Fr�echet derivative for the nonlinear operator in the problem (1.10)�(1.12)

at a solution (ψ̂, ξ̂). We consider a small perturbation of this solution

ψ = ψ̂ + tu, ξ = ξ̂ + tξ̃.

Inserting these functions in (1.10)�(1.12) and collecting terms of order t,
we get the following expressions

∆u+ gyρ
′′
(−ψ̂)u− β′(ψ̂)u in D, (1.16)
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∇ψ̂ · ∇u+ ∂y|∇ψ̂|2ξ̃ + gρ(0)ξ̃(x), (1.17)

de�ned for functions subject to

u(x, ξ̂(x)) + ψ̂y(x, ξ̂(x)ξ̃ = 0 and u(x,−d) = 0. (1.18)

From the �rst relation in (1.18) we �nd

ξ̃ = − u

ψ̂y
for y = ξ̂(x)

and rewrite the expressions (1.16) and (1.17) as

A(x, y, ∂x, ∂y)u = Au := ∆u+ gyρ
′′
(−ψ̂)u− β′(ψ̂)u in D,

B(x, y, ∂x, ∂y)u = Bu := ∇ψ̂ · ∇u− σ(x)u for y = ξ̂(x) (1.19)

de�ned for functions subject to

u(x,−d) = 0. (1.20)

Here

σ(x) =
∇ψ̂ · ∂y∇ψ̂ + gρ(0)

ψ̂y
, where y = ξ̂(x). (1.21)

In what follows, we use the notation

ω∗ = ω∗(x, y) = gyρ
′′
(−ψ̂(x, y))− β′(ψ̂(x, y)). (1.22)

Our smoothness assumptions lead to

ω∗ ∈ C0,α
0,e,per(Ω) and σ ∈ C0,α

0,e,per(R).

There are several spectral problems connected with the Fr�echet deriva-
tive. The �rst one, which is the main subject of the paper, is the following

((∂x + z)2 + ∂2
y)u+ ω∗(x, y)u = 0 in D,

∇ψ̂ · (∂x + z, ∂y)u− σ(x)u = 0 for y = ξ̂(x), (1.23)

where z ∈ C is a spectral parameter. Here the function u is Λ-periodic and
subject to (1.20). We do not assume that the function u is even in this spec-
tral problem. If (z, u) solves the problem then the pair (z+ ikτ∗, e

−kτ∗xu),
where τ∗ = 2π/Λ and k is an integer, is also a solution to this problem.
The spectral parameter z is usually called quasimomentum. This problem
is important in study of asymptotic behaviour of solutions of boundary
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value problem with periodic coe�cients (see [17]) and corresponding non-
linear problems (see [7])). The problem (1.23) appears when we are looking
for the Floquet solutions

U(x, y) = ezx
N∑
k=0

ak(x, y)xk

of the problem

(∂2
x + ∂2

y)U + ω∗(x, y)U = 0 in D,

∇ψ̂ · ∇U − σ(x)U = 0 for y = ξ̂(x),

U(x,−d) = 0. (1.24)

Here ak are Λ�periodic coe�cients.
The second spectral problem is

∆u+ ω∗(x, y)u+ µu = 0 in D,

∇ψ̂ · ∇u− σ(x)u = 0 for y = ξ̂(x),

u(x,−d) = 0, (1.25)

This problem is equivalent to the spectral problem for the Fr�echet deriv-
ative after application of partial hodograph transformation, which can be
used for unidirectional �ows, i.e. ψy 6= 0 inside D, see Sect. 2.1 and Sect.
2.2.

Finally, the third spectral problem has the form

∆u+ ω∗(x, y)u = 0 in D,

∇ψ̂ · ∇u− σ(x)u = θu for y = ξ̂(x),

u(x,−d) = 0. (1.26)

This problem appears in the case ψy 6= 0 on S, see Sec. 2.3. Both problems
(1.25) and (1.26) are considered for Λ-periodic, even functions. Usually
the Fr�echet derivatives are de�ned for operators acting in �xed spaces. In
order to de�ne the Fr�echet derivatives for operators connected to a free
boundary value problem it is useful to reduce it to a problem de�ned in a
�xed domain. It can be done by using a �attening change of variables. We

consider two cases. The �rst one serves for unidirectional �ows, i.e. ψ̂y < 0

in D. In this case we can use the partial hodograph transformation. The

second case covers the problems when ψ̂y(x, ξ̂(x)) < 0.
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1.3. Results. In Sect. 2.4 we prove that the spectral problems (1.25) and
(1.26) have the same number of negative eigenvalues. Namely, let

a(u, v)=

∫
Ω

(∇u · ∇v−ω∗uv)dxdy−
Λ/2∫
−Λ/2

σ(x)u(x, ξ̂(x))v(x, ξ̂(x))
dx

ψ̂y
, (1.27)

where
Ω = {(x, y) : x ∈ (−Λ/2,Λ/2), y ∈ (−d, ξ̂(x))}. (1.28)

We assume that

a(u, u) > 0 for all nonzero u ∈ Ĥ1(Ω), (1.29)

where Ĥ1(Ω) consists of functions u in H1(Ω) such that u(−Λ/2, y) =

u(Λ/2, y) and u(x,−d) = u(x, ξ̂(x)) = 0.
Inequality (1.29) is true in the case of a unidirectional �ow or a �ow

with constant vorticity and linear density.

Proposition 1.2. Assume that (1.29) is valid. Let a and b be continuous,
even, positive and Λ-periodic functions de�ned in D and in R respectively.
Consider the spectral problems

Au+ µau = 0 in Ω,

Bu = 0 for y = ξ(x),

u = 0 for p = −d (1.30)

and

Au = 0 in Ω,

Bu = θbu for y = ξ(x),

u = 0 for y = −d, (1.31)

where µ and θ are spectral parameters and u is an even, Λ�periodic func-
tion. Then these problems have the same number of negative eigenvalues
(accounting for their multiplicities). Moreover, if we consider these spec-
tral problems for MΛ-periodic, even functions, then they have the same
number of negative eigenvalues also.

The problem (1.25), considered for even, Λ�periodic functions, is a spec-
tral problem for self-adjoint operator and its spectrum consists of isolated
eigenvalues of �nite multiplicity, which are uniformly bounded from below.
We numerate the eigenvalues in non-decreasing order

µ1 6 µ2 6 . . . , (1.32)
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taking into account the multiplicities of the eigenvalues.
It was proved in Lemma 2.5 that the �rst eigenvalue µ1 is always neg-

ative. The main our assumption is

the second eigenvalue µ2 is positive. (1.33)

By Proposition 1.2 both spectral problems (1.25) and (1.26) has one nega-
tive eigenvalue and the second eigenvalue is positive. Therefore we choose
the spectral problem (1.25) as the basic auxiliary problem for investigating
spectrum of (1.23). We put

τ∗ =
2π

Λ
. (1.34)

Our main concern is the spectral problem (1.23). The main result about
the spectral problem (1.23) is the following

Theorem 1.3. Let (1.33) be valid and ψ̂x 6= 0 in

Ω+ = {(x, y) : x ∈ (0,Λ/2), y ∈ (−d, ξ̂(x))}. (1.35)

Then the set z = iτ , τ ∈ [0, τ∗), contains the only eigenvalue z = 0 of the

problem (1.23) which is simple with the odd eigenfunction ψ̂x.

The proof is given in Section 2.6. The next important corollary is proved
in Sect. 2.7.

Corollary 1.4. Consider the problem (1.10)�(1.12) in the space of mΛ-
periodic functions, where m is an odd integer. Then there are no mΛ pe-

riodic, even solutions in a small neighborhood of (ψ̂, ξ̂), except (ψ̂, ξ̂).

�2. Proofs

In Sections 2.1, 2.2 and 2.3 we prove an equivalence of the formal Fr�echet
derivative, constructed in Section 1.2, with the real Fr�echet derivatives,
which are calculated after changes of variables. We consider two changes
of variables: the partial hodograph transformation, which can be applied
when ψy < 0 in D, and a �attening the domain applying in the case
when ψy 6= 0 on S. It appears that corresponding spectral problems has
a spectral parameter in di�erent places, the �rst in the equation of the
problem and the second in the boundary condition. In Section 2.4 we show
that these problems have the same number of negative eigenvalues. The
proof of Theorem 1.3 is based on the estimates of eigenvalues of spec-
tral problems for the Fr�echet derivatives obtained in Section 2.5. Proofs
of Theorem 1.3 and Corollary 1.4 are presented in Sections 2.6 and 2.7,
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respectively. Finally, in Section 2.8 we discuss generalized eigenfunctions
corresponding to the eigenvalue z = 0 of the spectral problem (1.23).

2.1. Partial hodograph transformation. Here we assume that

ψ̂y < 0 in D (2.1)

and we will use the notation ψ instead of ψ̂ Let

q = x, p = −ψ(x, y), (x, y) ∈ D.

Then

(q, p) ∈ Q, Q = {q ∈ R, p ∈ (p0, 0)}.

We put

h(q, p) = d+ y.

Then

ψy = − 1

hp
, ψx =

hq
hp
.

Applying this change of variables, we arrive at

F (h) :=
(1 + h2

q

2h2
p

)
p
−
(hq
hp

)
q

+ g(h− d)ρp − β(−p) = 0 in Q,

G(h) :=
1 + h2

q

2h2
p

+ ghρ−R = 0 for p = 0,

h(q, p0) = 0 q ∈ R. (2.2)

From our smoothness assumptions, formulated at the end of Section 1.1,
it follows that h is an even, Λ�periodic function from the space C2,α

b (Q)
with

δ 6 hp(q, p) on Q and ρ ∈ C1,α([p0, 0]), β ∈ C0,α([p0, 0]), (2.3)

where δ is a positive constant. The nonlinear operators in (2.5) is contin-
uous in the following spaces

(F,G) : C2,α
0,e,per(Q)→ C0,α

0,e,per(Q)× C1,α
e,per(R).

Here we consider only positive functions hp.
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Now the spaces for the operators F and G are �xed and the Fr�echet
derivatives of the operators in (2.5) are de�ned in a usual way;

Fw :=
(hqwq
h2
p

−
(1 + h2

q)wp

h3
p

)
p
−
(wq
hp
− hqwp

h2
p

)
q

+ gwρp in Q,

Gw :=
hqwq
h2
p

−
(1 + h2

q)wp

h3
p

+ gρw for p = 0,

w(q, p0) = 0 q ∈ R, (2.4)

where w ∈ C2,α
0,e,per(Q).

2.2. The Fr�echet derivative (2.4) in (x, y) variables. We start from
a function u depending on (x, y) ∈ D and put

w(q, p) = u(q, h(q, p))hp(q, p). (2.5)

To evaluate Fw and Gw, we note �rst that
wq = uxhp + uyhqhp + uhqp, wp = uyh

2
p + uhpp.

Therefore

I1 :=
hqwq
h2
p

−
(1 + h2

q)wp

h3
p

=
hq(uxhp + uyhqhp + uhqp)

h2
p

−
(1 + h2

q)(uyh
2
p + uhpp)

h3
p

= ux
hq
hp
− uy

1

hp
+
(1 + h2

q

2h2
p

)
p
u

= ψxux + ψyuy −
1

2ψy
(ψ2
x + ψ2

y)yu

(2.6)

and

I2 :=
(uxhp + uyhqhp + uhqp)

hp
−
hq(uyh

2
p + uhpp)

h2
p

= ux + u
(hq
hp

)
p

= ux + hpψxyu.

This implies

I1p − I2q = − 1

ψy

(
ψxux + ψyuy −

u

ψy
(ψxψxy + ψyψyy)

)
y

− (∂x −
ψx
ψy
∂y)(ux −

ψxy
ψy

u).
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Taking all terms containing u, we get

u

ψy

(ψxψxy + ψyψyy
ψy

)
y

+ u(∂x −
ψx
ψy
∂y)
(ψxy
ψy

)
=

u

ψy
(ψxx + ψyy)y.

Taking terms containing the �rst derivatives of u, we obtain

− 1

ψy

(
ψxyux+ψyyuy−

uy
ψy

(ψxψxy+ψyψyy)
)

+
ψxy
ψy

(∂x−
ψx
ψy
∂y)u=0.

Finally, collecting all terms containing second derivatives of u, we get

− 1

ψy

(
ψxuxy + ψyuyy

)
− (∂x −

ψx
ψy
∂y)ux = −uxx − uyy.

Using these calculations, we obtain

I1p − I2q =
u

ψy
(ψxx + ψyy)y − uxx − uyy. (2.7)

Now we can give a connection between the Fr�echet derivatives (1.19)
and (2.4).

Lemma 2.1. Let ψ and ξ satisfy equations (1.10) and (1.12). Let also F
and g continuous, even and Λ-periodic functions. If u = u(x, y) satis�es
the problem

Au = f,

Bu = g, (2.8)

where the operators A and B are de�ned by (1.19), then the function w
given by (2.5) satis�es the equations

Fw = −f(q, h),

Gw = g for p = 0,

w = 0 for p = p0. (2.9)

Proof. Using (2.7), we get

Fw =
u

ψy
(ψxx + ψyy)y − uxx − uyy − gwρp (2.10)

Di�erentiating (1.14) with respect to y, we obtain

∆ψy − gρ′(−ψ) + gρ
′′
(−ψ)ψy − β′(ψ)ψy = 0,

which allows to rewrite (2.10) as

Fw =
u

ψy
(gρ′(−ψ)− gyρ

′′
(−ψ)ψy + β′(ψ)ψy)− uxx − uyy + gwρp.
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Thus

Fw = u(−gyρ
′′
(−ψ) + β′(ψ))− uxx − uyy.

This proves the �rst relation in (2.9).
Furthermore,

Gw = I1 + gρw = ∇ψ · ∇u− σu = g.

This proves the second relation in (2.9). �

Remark 2.2. This lemma implies: if

f = −µu(q, h) and g = 0 then

in (2.8), then

Fw = µ
w

hp
,

Gw = 0 for p = 0.

Thus we obtain a connection between spectral problems for the Fr�echet
derivatives in (x, y) and (q, p) variables.

2.3. Flattening the boundary in the second case. In the case ψy 6= 0
only on S we cannot apply the partial hodograph change of variables. In
this case we use the following �attening change of variables

x̂ = x, ŷ =
d(y + d)

ξ(x) + d
,

to reduce the problem to a �x strip

Q = {(x̂, ŷ) : x̂ ∈ R, 0 < ŷ < d}.
Since

∂x = ∂x̂ −
ŷξ′

ξ + d
∂ŷ, ∂y =

d

ξ + d
∂ŷ,

where ′ means ∂x̂, the equations (1.14) and (1.12) takes the form

F (ψ̂, ξ) :=
((
∂x̂ −

ŷξ′

ξ + d
∂ŷ

)2

+
( d

ξ + d
∂ŷ

)2)
ψ̂ + ω̂(ŷ, ψ̂) = 0 in Q,

G(ψ̂, ξ) :=
1

2

(∣∣∣(∂x̂ − ŷξ′

ξ + d
∂ŷ

)
ψ̂
∣∣∣2 +

∣∣∣ d

ξ + d
∂ŷψ̂

∣∣∣2) (2.11)

+ gρ(0)(ξ(x) + d)−R = 0 for ŷ = d,

ψ̂ = 0 for ŷ = d,
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ψ̂ = −p0 for ŷ = 0, (2.12)

where

ψ̂(x̂, ŷ) = ψ
(
x̂,
ŷ(ξ(x̂) + d)

d
− d
)

or ψ(x, y) = ψ̂(x̂, ŷ)

and

ω̂(ŷ, ψ̂) = ω(y, ψ(x, y)) = ω
( ŷ(ξ(x̂) + d)

d
− d, ψ̂(x̂, ŷ)

)
.

Then the problem (2.11) is equivalent to

(F (ψ̂, ξ), G(ψ̂, ξ)) = 0,

which is de�ned on Λ�periodic, even functions from C2,α(Q) × C2,α(R)

satisfying ψ̂(x̂, 0) = −p0, ψ̂(x̂, d) = 0 and ξ + d > 0.

We calculate the Fr�echet derivative at (ψ̂, ξ):

F(u, ζ) := ∂tF (ψ̂ + tu, ξ + tζ)|t=0

=
((
∂x̂ −

ŷξ′

ξ + d
∂ŷ

)2

+
( d

ξ + d
∂ŷ

)2)
u+ ω̃

−
( ζ

ξ + d

)′
ŷ∂ŷ

(
∂x̂ −

ξ′

ξ + d
ŷ∂ŷ

)
ψ̂ −

(
∂x̂ −

ŷξ′

ξ + d
∂ŷ

)( ζ

ξ + d

)′
ŷ∂ŷψ̂

− 2
d2ζ

(ξ + d)3
∂2
ŷ ψ̂, (2.13)

where

ω̃ = ωψ(y, ψ)u+ (ωy + ωψψy)ŷ
ζ

d
,

and

G(u, ζ) := ∂tG(ψ̂ + tu, ξ + tζ)|t=0

=
(
∂x̂ψ̂ −

ŷξ′

ξ + d
∂ŷψ̂

)(
∂x̂u−

ŷξ′

ξ + d
∂ŷu

)
+

d2

(ξ + d)2
∂ŷψ̂∂ŷu+gρ(0)ζ−

(
∂x̂ψ̂−

ŷξ′

ξ + d
∂ŷψ̂

)( ζ

ξ + d

)′
ŷ∂ŷψ̂−

d2ζ

(ξ + d)3
∂ŷψ̂

= ψxux + ψyuy + gρ(0)ζ − ψxψy
( ζ

ξ + d

)
x
(ξ + d)−ψ2

y

ζ

ξ + d
. (2.14)

Here u = 0 for ŷ = 0 and ŷ = d.
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Let us introduce the transformation

v(x, y) = u(x̂, ŷ)− ψy(x, y)
(y + d)ζ

ξ + d
. (2.15)

Lemma 2.3. (i) Assume that the functions ψ and ξ satisfy (1.14) in the
domain Dξ. If the function v is given by (2.15) then

(∂2
x + ∂2

y)v + ω∗v = F(u, ζ),

where ω∗ is de�ned by (1.22).
(ii) Furthermore,

ψxvx + ψyvy + σ̂ζ = G(u, ζ) on Sξ,

where

σ̂ = ψxψxy + ψyψyy + gρ(0).

Proof. (i) Using relations (2.13) and (1.14), we get

(∂2
x + ∂2

y)v + ω∗v =
((
∂x̂ −

ŷξ′

ξ + d
∂ŷ

)2

+
( d

ξ + d
∂ŷ

)2

)
)
u(x̂, ŷ) + ω̃

−
(
∂2
x + ∂2

y + ω∗

)(
ψy(x, y)

(y + d)ζ

ξ + d

)
=
((
∂x̂ −

ŷξ′

ξ + d
∂ŷ

)2

+
( d

ξ + d
∂ŷ

)2

)
)
u(x̂, ŷ) + ω̃

− (y + d)ζ

ξ + d

(
∂2
x + ∂2

y + ω∗

)
ψy(x, y)− I,

where

I =
(

2(y + d)ψxy

( ζ

ξ + d

)′
+ (y + d)ψy

( ζ

ξ + d

)′′)
+ 2ψyy

ζ

ξ + d
.

Comparing this with the second line in (2.13), we arrive at the assertion (i).
(ii) We have

ψxvx + ψyvy + σ̂ζ = ψxux + ψyuy + σ̂ζ

−(ψxψxy + ψyψyy)ζ − ψxψy(y + d)
( ζ

ξ + d

)′
− ψ2

y

ζ

ξ + d

= ψxux + ψyuy + gρ(0)ζ − ψxψy(y + d)
( ζ

ξ + d

)′
− ψ2

y

ζ

ξ + d
.

This together with (2.14) leads to the required proof of (ii). �
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Corollary 2.4. Let the functions ψ and ξ satisfy the �rst equation in
(2.11) in the domain Q. Assume that u and ζ satisfy

F(u, ζ) = 0 in Q,

G(u, ζ) = µbζ for y = d,

u = 0 for y = d. (2.16)

Then the functions v and ζ satisfy

Av = 0 in Dξ,

Bv = µbv on Sξ,

v = 0 for y = 0 (2.17)

and

ζ = −v/ψy on Sξ.

2.4. Proofs of Proposition 1.2 and the negativity of µ1. Let us
prove Proposition 1.2.

Proof. The problems (1.31) and (1.30) present eigenvalue problems for
self-adjoint operators and their spectrum consist of eigenvalues of �nite
multiplicity with the only accumulation point at ∞. Introduce spaces

X = {u ∈ H1(Ω) : u(−Λ/2, y) = u(Λ/2, y) and u(x,−d) = 0}

and

Y = {u ∈ H1(Ω) : u(−Λ/2, y) = u(Λ/2, y), Au = 0 and u(x,−d) = 0}.

Denote by X the �nite dimensional subspace in X generating by the eigen-
functions corresponding to negative eigenvalues of the problem (1.30).
Then dimX coincides with the number of negative eigenvalues counting
together with their multiplicities. This number also coincides with the di-
mension of a largest subspace where the form a is negative. The same
property is true for the subspace Y consisting of eigenfunctions corre-
sponding to the negative eigenvalues of the problem (1.31). This implies
that

dimX > dimY.

To prove the opposite inequality, we proceed as follows. First, we note that

a(u, v) = 0 for u ∈ Y and v ∈ Ĥ1(Ω).
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For each w ∈ X we can �nd unique w̃ ∈ Y such that w = w̃ for y = ξ(x).

Therefore ŵ := w − w̃ ∈ Ĥ1(Ω). Since

a(w̃ + ŵ, w̃ + ŵ) = a(w̃, w̃) + a(ŵ, ŵ) < 0 if w 6= 0

and a(ŵ, ŵ) > 0 by (1.29), we have that a(w̃, w̃) < 0, which prove the
opposite inequality. �

Let µ1 6 µ2 6 . . . be the eigenvalues of the spectral problem (1.25)
considered for even, Λ�periodic functions, introduced by (1.32).

Lemma 2.5. Let ψx 6= 0 in Ω+. Then the eigenvalue µ1 is negative and
simple and the corresponding eigenfunction is positive in Ω.

Proof. The simplicity of the lowest eigenvalue and positivity (up to the
sign) of the corresponding eigenfunction w1 are quite standard facts.

Let v = ψx. By di�erentiating (1.25) with respect to x one can verify
that the function v satis�es the problem (1.10), (1.12) with µ = 0. The
function v is odd and hence v(−Λ/2, y) = v(Λ/2, y) = v(x,−d) = 0 for
y ∈ (−d, ξ(Λ/2)). This implies that µ1 6 0. In the case µ1 = 0 we get that
v = cw1, which implies that w1 = 0. Hence µ1 < 0.

�

Remark 2.6. Let us discuss the assumption ψx 6= 0 in Ω+. Usually large
amplitude solutions are constructed as elements of a continuous (analytic)
branch of solutions (ψ, ξ) of (1.10)�(1.12) depending on a parameter t and
starting from a laminar �ow. If the laminar �ow satis�es ψx 6= 0 inside
Ω+ then the same is true for all elements on the branch. This fact is well-
known, see for example [4, 5, 13] and [19].

2.5. Estimates of eigenvalues. Here we study eigenvalues of the spec-
tral problem (1.25) in the case when the function w is not necessary Λ-
periodic and even. These problems will be used in the study our main
spectral problem (1.23).

Let the domain Ω be de�ned by (1.28) and Ω+ by (1.35). Introduce two
spectral boundary value problems. The �rst one is described by

∆u+ ω∗u+ µu = 0 in Ω,

∇ψ̂ · ∇u− σ(x)u = 0 for y = ξ̂(x),

u(x,−d) = 0, (2.18)
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together with the Neumann boundary condition on the remaining part of
the boundary:

∂xw(−Λ/2, y) = ∂xw(Λ/2, y) = 0 for y ∈ (−d, ξ(Λ/2)). (2.19)

For a weak formulation of this problem we introduce some spaces

H1
0 (Ω) ={w ∈ H1(Ω) : w = 0 for y = −d},

H1
00(Ω) ={w ∈ H1

0 (Ω) : w = 0 forx = ±Λ/2}.

Then the Neumann spectral problem is formulated as �nding of w ∈ H1
0 (Ω)

and µ ∈ R satisfying

a(w, v) = µ(w, v)L2(Ω) for all v ∈ H1
0 (Ω).

In this formulation we do not assume that the function w is even. Cer-
tainly even, Λ�periodic solutions to the spectral problem (1.25) solve just
introduced spectral problem. The second spectral problem is described by
the equations (2.18) together with the Dirichlet boundary conditions:

w(−Λ/2, y) = w(Λ/2, y) = 0 for y ∈ (−d, ξ(Λ/2)). (2.20)

The weak formulation of the Dirichlet spectral problem is the following.
Find w ∈ H1

00(Ω) and µ ∈ R solving the equation

a(w, v) = µ(w, v)L2(Ω) for all v ∈ H1
00(Ω).

Here we also do not assume that the function is even or odd, but we note
that odd, Λ periodic solutions to the spectral problem (1.25) deliver so-
lutions to this problem. We denote by {µjN} and {µjD}, j = 1, . . . , the
eigenvalues for the Neumann and Dirichlet spectral problems respectively.
As usual the numeration takes into account the multiplicity and the in-
creasing order:

µ1N 6 µ2N 6 · · · , µ1D 6 µ2D 6 · · · .
Clearly,

µjN 6 µj and µjN 6 µjD, j = 1, 2, . . .

Since the coe�cients in (2.18) belongs to C0,α, we obtain that all eigen-
functions belong to C2,α(Ω), see [15], Chapter 4.

Lemma 2.7. Let ψx 6= 0 in Ω+. Then the eigenvalues µ1D and µ1N are
simple and

0 > µ1D > µ1N .

Furthermore,
µ1N = µ1, 0 = µ2D > µ2N
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and the corresponding eigenfunction to µ2D is odd and coincides with ψx.
Moreover, µ3N = µ2 and µ3D > 0.

Proof. The proof of simplicity of µ1N and µ1D together with the inequal-
ity µ1D > µ1N is quite standard and we omit it.

Let us show that 0 > µ1D. Consider the function v = ψx. It satis�es
the problem (1.25) with µ = 0. Since the corresponding function is odd
it changes sign in Ω. This implies 0 > µ1D. Moreover using that v 6= 0
in Ω+, we obtain that v is the second eigenfunction and µ2D = 0 and the
corresponding eigenfunction is v. Since the eigenfunctions corresponding to
the eigenvalues µ1 and µ1N do not change sign in Ω we conclude µ1 = µ1N .

The important property for the eigenfunctions of the Dirichlet and Neu-
mann problems for (2.18) is the following. One can verify that, if w(x, y)
is an eigenfunction then w(−x, y) is also an eigenfunction corresponding
to the same eigenvalue and hence the functions

v± = w(x, y)± w(−x, y)

are also eigenfunctions or one of them can be zero. To proceed further
it is convenient to introduce some more eigenvalue problems. Considering
the equations (2.18) only on the domain Ω+ with Dirichlet or Neumann
boundary conditions for x = 0 and x = Λ/2 we get four spectral problems
with DD, DN, ND and NN boundary conditions at x = 0 and x = Λ/2.
We denote corresponding eigenvalues by

µ1DD < µ2DD 6 · · · , µ1DN < µ2DN 6 · · · ,
µ1ND < µ2ND 6 · · · , µ1NN < µ2NN 6 · · ·

Clearly,

µjDD > µjDN > µjNN and µjDD > µjND > µjNN for j = 1, 2, . . ..

Eigenfunctions corresponding to µjDD and µjDN can be extended for all
x as odd, and eigenfunctions corresponding to µjND and µjNN can be
extended as even. Furthermore, all eigenvalues with the �rst index 1 are
simple and corresponding eigenfunctions do not change sign in Ω+ and

µ1D=µ1ND, µ1N =µ1NN =µ1<0, µ2D=µ1DD=0, µ2NN =µ2>0.

The eigenvalue µ2N coincides with µ2NN or µ2DN , which is greater than
µ2NN , and hence greater than 0. The eigenvalue µ3D coincides with µ2ND

or µ2NN and hence also greater than 0. This completes the proof. �
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2.6. Proof of Theorem 1.3.

Proof. We introduce an auxiliary spectral problem

((∂x + z)2 + ∂2
y)u+ ω∗u+ µu = 0 in D,

∇ψ̂ · ∇zu− σ(x)u = 0 for y = ξ̂(x),

u(x,−d) = 0, (2.21)

where z = iτ , τ is real and w is Λ�periodic. One can check that this is a
spectral problem for self-adjoint operator for every real τ . We denote by

µ̂1(τ) 6 µ̂2(τ) 6 · · ·

its eigenvalues numerated in non-decreasing order and taking into account
the multiplicities of eigenvalues.

Let

H1
0 (Ω, τ) = {w = eiτxv : v ∈ H1

0,per(Ω)},
H1

0,per(Ω) = {v ∈ H1
0 (Ω) : v(−Λ/2, y) = v(Λ/2, y), y ∈ (−d, ξ(x))}.

These spaces coincide for τ = kτ∗, k ∈ Z. The above spectral problem can
be reformulated as follows

a(w, u) = µ(w, u)L2(Ω) for all v ∈ H1
0 (Ω, τ), (2.22)

where w ∈ H1
0 (Ω, τ).

Let us prove that

µjN < µ̂(τ)j < µjD, j = 1, 2, . . . , (2.23)

for τ ∈ (0, τ∗). Indeed, since τ ∈ (0, τ∗),

H1
0,per(Ω) ⊃ H1

0 (Ω, τ) ⊃ H1
0,0(Ω)

and both inclusions are strick. Using the mini-max de�nition of the eigen-
values one can show that

µjN 6 µ̂(τ)j 6 µjD, j = 1, 2, . . . . (2.24)

To prove that the inequalities are strong assume that µjN = µ̂(τ)j for
a certain j. Then one can show that there is an eigenfunction v, which
simultaneously satis�es the Neumann and Dirichlet spectral problems with
the same eigenvalue. This implies that the eigenfunction together with
its normal derivative vanish for q = ±Λ/2. Hence the eigenfunction is
identically zero.
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The inequality (2.24) together with Lemma 2.7 imply

µ̂2(τ) < 0 and µ̂3(τ) > 0,

which in turn leads to the proof of our theorem.
�

2.7. Proof of Corollary 1.4. Let M be a positive integer and v be a
(2M +1)Λ�periodic function in D. Introduce the following transformation

V (v)(τm, x, y) = V (τm, x, y) =

M∑
k=−M

e−iτm(x+kΛ)v(x+ kΛ, y) (2.25)

and

(Mv)(x, y) = (V (τ−M , x, y), V (τ−M+1, x, y), . . . , V (τM , x, y)), (2.26)

where

τm = mτ1, τ1 =
2π

(2M + 1)Λ
.

One can verify that the function V (τm, x, y) is periodic with respect of x
with the period Λ for every m and Mv is a vector function consisting of
2M + 1, Λ�periodic functions. Moreover, if v is an even function, then

V (τm,−x, y) = V (−τm, x, y) for m = 0,±τ1, . . . ,±τM , (2.27)

and hence V (τ0, x, y) is even with respect to x.
We introduce one more operator by

(NV )(x, y) =

M∑
m=−M

eiτmxV (τm, x, y),

where V is a Λ�periodic function with respect to x for each τm. Applying
the operator N to V given by (2.25), we have

(NV )(x, y) =

M∑
m=−M

eiτmx
M∑

k=−M

e−iτm(x+kΛ)v(x+ kΛ, y)

=

M∑
k=−M

v(x+ kΛ, y)

M∑
m=−M

(
e−ik2π/(2M+1)

)m
= (2M + 1)v(x, y).

Thus the operator (2M + 1)−1N is inverse toM.
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To estimate norms of just introduced operators we note that

M∑
m=−M

||(Mv)(τm, x, y)||2L2(Ω) = (2M + 1)||v||2L2(ΩM ),

where

ΩM = {(x, y) : (−M − 1/2)Λ < x < (M + 1/2)Λ, −d < y < ξ(x)}.

Similar to [17] one can show

M∑
m=−M

||(V )(τm, x, y)||2H2(Ω) 6 C1||v||2H2(ΩM )

and

||N (V )||2H2(ΩM ) 6 C2

M∑
m=−M

||V (τm, x, y)||2H2(Ω).

The important property of the transformation (2.25) is the following

A(x, y, ∂x, ∂y)(NV )(x, y) =

M∑
m=−M

eiτmxA(x, y, ∂x + iτm, ∂y)V (τm, x, y)

and

B(x, y, ∂x, ∂y)(NV )(x, y) =

M∑
m=−M

eiτmxB(x, y, ∂x + iτm, ∂y)V (τm, x, y).

Therefore, if

A(x, y, ∂x, ∂y)(NV )(x, y) = 0, in D

B(x, y, ∂x, ∂y)(NV )(x, y) = 0

then due to Theorem 1.3 V (τm, x, y) = 0 for allm 6= 0. Ifm = 0 then using
(2.27) we get that the function V (0, x, y) is even and again the reference to
Theorem 1.3 gives V (0, x, y) = 0. This implies NV = 0. Thus the operator

(A,B) : C2,α
0,e,Mp(D)→ C0,α

0,e,Mp(D)× C0,α
e,Mp(R)

is invertible. Here the index Mp indicate that we are dealing here with
(2M + 1)Λ�periodic functions. Now small perturbation arguments lead to
invertibility of the corresponding nonlinear problem, which leads to the
required result.
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2.8. Generalized eigenfunctions for the eigenvalue z = 0. The
eigenvalue z = 0 of the problem (1.23) is simple and has the eigenfunction
w = ψx. To �nd generalized eigenfunctions is equivalent to �nding of the
Floque solutions to the problem (1.24). Then the generalized eigenfunc-
tions are coe�cients in the Floquet solutions.

The �rst generalized eigenfunction u1 is the coe�cient in the Floquet
solution

u = xu0 + u1, u0 = ψx.

Then

(∆ + ω∗)u1 + 2u0x = 0 in D,

∇ψ · ∇u1 − σu1 + ψxu0 = 0 for y = ξ(x). (2.28)

The function u1 is even, Λ-periodic solution to (2.28) satisfying u1(x,−d)=0.
Since µ1 < 0 and µ2 > 0 this problem is uniquely solvable.

Let us �nd u1. We assume that we have a branch of solutions parame-
terized by the period Λ, which depends on t now. We introduce

λ =
Λ(0)

Λ(t)

and make the change of variables

X = λx, ∂x = λ∂X .

Then the problem can be rewritten as a problem with the same period Λ0

as

(λ2∂2
X + ∂2

y + ω∗)u1 + 2λu0X = 0 in D̂,

(λ2ψXu1X + ψyu1y − σu1 + 2λψXu0 = 0 for y = ξ(X) (2.29)

Consider the problem for ψ in (X, y) variables:

(λ2∂2
X + ∂2

y)ψ + ω(ψ) = 0 in D̂

1

2
(λ2ψ2

x + ψ2
y) + ξ = R for y = ξ(X, t)

ψ(X, ξ(X), t) = 0, ψ(X,−d) = p0.
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Di�erentiating these relations with respect to t, we get

(λ2∂2
X + ∂2

y)ψt + ω′(ψ)ψt = −2λλ′ψXX in D̂

(λ2ψxψtx + ψyψty) + (λ2ψxψxy + ψyψyy)ξt + ξt = −λλ′ψ2
X

for y = ξ(X, t)

ψt(X, ξ(X), t) + ψyξt = 0, ψt(X,−d) = 0.

It can be transformed to

(λ2∂2
X + ∂2

y)ψt + ω′(ψ)ψt = −2λλ′ψXX in D̂

(λ2ψxψtx + ψyψty)− σλψt = −λλ′ψ2
x for y = ξ(X, t)

ψt(X,−d) = 0,

where

σλ = −λ
2ψxψxy + ψyψyy + 1

ψy
.

Therefore

u1 =
1

λλ′
ψt.

The second generalized eigenvector u2 is the last term in possible solu-
tion

x2

2
u0 + xu1 + u2.

Then u2 must satisfy

(∆ + ω∗)u2 + u0 + 2u1x = 0 in D,

∇ψ · ∇u2 − σu2 + ψxu1 = 0 for y = ξ(x), (2.30)

u2(x,−d) = 0. (2.31)

The function must be u2 is odd and Λ-periodic. The solvability condition
for (2.30) is the following∫

Ω

(u0 + 2u1x)u0dxdy −
∫
S

ψxu1u0
dx

ψy
= 0. (2.32)

Consider an analytic branch of water waves starting from a laminar �ow,
where the period is considered as a parameter. Near a laminar �ow

(p̂si(y), 0) the branch is described by

ψ(x, y, t) = p̂si(y) + t cos(τ∗x)γ(y, τ∗) +O(t2),

ξ(x, t) = t
τ∗ sin(τ∗x)

ψ̂y(y)
γ(0, τ∗) +O(t2)
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and

λ = 1− ct2 +O(t4).

Therefore

u0 = −tτ∗ sin(τ∗x)γ(y, τ∗) +O(t2),

u1 = − 1

2ct
cos(τ∗x)γ(y, τ∗) +O(1)

and

λ′ = −2ct+O(t3).

Since the left-hand side (LHS) of (2.32) is

LHS = − τ∗
2c

∫
ω

sin2(τ∗x)γ2)y, τ∗)dxdy +O(t),

it is di�erent from zero for small t. Since the function LHS(t) is analytic,
it does not vanish except some isolated t-points.
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