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SPECTRAL PROPERTIES OF THE FRECHET
DERIVATIVES OF STRATIFIED STEADY STOKES
WAVES

ABsTrACT. We consider stratified steady water waves in a two-
dimensional channel. Our main subject is the spectral properties of
the Fréchet derivatives of steady water Stokes waves. One of the
main results is the absence of subharmonic water waves in a neigh-
borhood of a Stokes wave. The main assumption is formulated in
terms of the eigenvalues of the Fréchet derivative evaluated at this
wave and considered in the class of periodic solutions of the same
period. The first eigenvalue is always negative. We show that if the
second eigenvalue is positive then there are no waves with multiple
periods in a neighborhood of the Stokes wave, except of this Stokes
wave.

§1. INTRODUCTION

We consider stratified steady water waves in a two-dimensional chan-
nel. We use the classical formulation of the problem based on the Euler
equations. The surface tension is neglected and the water motion can be
rotational. The aim of this paper is to present some results on the unique-
ness of water waves.

The problem of uniqueness for water waves is connected with the Benja-
min—Lighthill conjecture, which suggests estimates for the main parame-
ters of the problem, such that the volume flux, the Bernoulli constant and
the flow force. In the case of an incompressible and irrotational fluid such
estimates were proved in [1,2] and [3]. For an incompressible and rota-
tional fluid such estimates were obtained [16], where the main references
in this field can be found. We also mention the papers [8,9] and [14],
where uniqueness results are proved for near critical Bernoulli constant for
incompressible fluid.

Key words and phrases: water waves, vorticity, Fréchet derivative, subharmonic bi-
furcation, uniqueness of water waves.
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98 V. KOZLOV

Here we study the following local uniqueness property. Assume that we
have a certain periodic, even solution to the water waves problem, where
the flux and the Bernoull constant are fixed. Is this solution unique in a
small L., neighborhood? We give certain conditions on the first eigenvalues
of the Fréchet derivative, which guarantee such uniqueness for periodic
waves in the class of solutions with multiple periods.

1.1. Statement of the main result. Our object of study is the class
of two-dimensional stratified steady water waves traveling with constant
speed ¢ under the influence of gravity. To eliminate the dependence on
time, we use a moving reference frame, where the fluid occupies a domain

D=D;={(z,y) : —d<y<{(z), z R}

in the channel with the flat bottom B given by y = —d and with the free
surface of the flow S = S¢ given by y = £(z). The density of the fluid p,
defined in D, is assumed to be positive and is not necessarily constant. To
describe a water wave we use the velocity of the flow (u,v), the pressure
P and the density p. Corresponding relations can be found in the paper
by Walsh [18]. We recall these relations for the reader’s convenience:

Uy +v, =0 in D (incompressibility) (1.1)
(u—c)py +vpy =0 in D (the conservation of mass) (1.2)

and the conservation of momentum
(u—c)ux+vuy—|—% =0 in D,
(u— c)vgy +vvy + % =—g in D, (1.3)
where g is the gravitational constant. The boundary conditions are
v=(u—c), and P = P, on S, (1.4)
where P,;,, is the atmospheric pressure, and
v=0 on B. (1.5)

The pseudostream function ¢ = ¢ (x,y) is defined by
Vo(@,y) = —vpv(z,y), Yy(z,y) = p(u(z,y) —c).
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Then equations (1.1) and (1.2) are satisfied if and only if p is constant
along stream lines of 1. The relative pseudomass is

&(x)

Po = / Al y) — )dY
Zd

and it does not depend on z. From (1.2) it follows that the function p is
constant along the stream lines. If

¢y <0 in D, (1.6)
then p can be written as

p=p(=v). (L.7)
In what follows we will assume that py < 0 and that the function p is a
positive function of —1) even in the case, when v is not monotone with

respect to y.
One can verify that the quantity

B = (02 +02) + P+ gpy (18)

is constant along the stream lines of . This allows to define the Bernoulli
function

Bw) = 5 (19)
It can be verified that
B() = A — gyp/(—) = 0 in D. (1.10)
Boundary conditions for ¢ are
P(z,¢(x)) =0 and ¢(z, —d) = —po (1.11)
together with the Bernoulli boundary condition
SIVUP 4+ gp(0)(€(x) +d) = R, (112

which is obtained from (1.8) by setting y=£(x) and using that ¥ (x, &(x)) =
0. The constant R is called the Bernoulli constant.
We set

w(y, ) = —gyp' (=) — B). (1.13)
Then equation (1.10) takes the form

AY 4+ w(y,v) =0 in D. (1.14)
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In order to formulate smoothness assumptions, let us introduce some
functional spaces. For k = 0,1,..., a € (0,1) and —o0 < a < b < 00 we
denote by C*(D, ;) and C**([a,b]) the Holder spaces of functions in
Dop={(z,y) € D : a <z < b} and [a, b] respectively.

The space C’{f "*(D) consists of functions u defined on D such that

ig% ||w| ‘Ck’o‘(ﬁa,‘a+l) < 00

The subspaces C¥:(D), C’g”z per(D) consists of A-periodic (A-periodic,
even) functions in C’{f **(D) vanishing for y = —d.
Similarly, one can define the spaces C{f *(R), CF2(R) and C*2 (R).
We will assume that the density function p is of class C*® for a certain
a € (0,1) and the Bernoulli function 3 is of class C1*%. In what follows
the solution ¥ € C&’e‘fper(ﬁ) is assumed to be fixed. We always assume
that 1, # 0 on the free surface S, which together with (1.11) and (1.12)

implies £ € C22,.(R).

e,per

Remark 1.1. The functions p and § are more or less arbitrary and are
chosen to model some important properties of the low under consideration.
For example to model a unidirectional flow we assume that

u—c<0 in D, (1.15)
which implies
¥, < 0 inside D.
In this case pg is negative and the function p can be chosen to guarantee
the monotonicity of the function p(—1).
The next example involves a linear function p with respect to v, and

a constant 3, see [6]. This choice allows to include in consideration flows
with counter-currents.

1.2. The Fréchet derivative. Let us present a formal derivation of the
Fréchet derivative for the nonlinear operator in the problem (1.10)—(1.12)

at a solution (121\, fA) We consider a small perturbation of this solution

U=+ tu, §=E+1E
Inserting these functions in (1.10)—(1.12) and collecting terms of order ¢,
we get the following expressions

Au+ gyp" (—)u— B'($)u in D, (1.16)
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V- Vu+ 0, VY% + gp(0)& (), (1.17)
defined for functions subject to
u(z, E(x)) + zzy(w,g(x)g: 0 and u(z,—d) =0. (1.18)
From the first relation in (1.18) we find

Fe tory = o)
)

and rewrite the expressions (1.16) and (1.17) as
Al@,y, 00,0, )u = Au = Aut gyp' (~d)u— 8'()u in D,
B(z,y, 0, 0y)u = Bu := Vi - Vu — o(z)u for y = g(gc) (1.19)

defined for functions subject to

u(z, —d) = 0. (1.20)
Here
o(z) = v 8@'%‘% 920 Chere y = E(x). (1.21)
In what follows, we use the notation
we = wa(w,y) = gyp (=db(w,y)) - B'(V(@,y)). (1.22)

Our smoothness assumptions lead to

w, €CYY () and o€ O (R).

0,e,per 0,e,per

There are several spectral problems connected with the Fréchet deriva-
tive. The first one, which is the main subject of the paper, is the following

((0r + 2)* + 35)11 +wsi(z,y)u=0 in D,
Vi - (0, + 2, Oy)u —o(x)u=0 fory = (), (1.23)

where z € C is a spectral parameter. Here the function w is A-periodic and
subject to (1.20). We do not assume that the function w is even in this spec-
tral problem. If (z,u) solves the problem then the pair (z 4 ik7,, e “*™%u),
where 7, = 27/A and k is an integer, is also a solution to this problem.
The spectral parameter z is usually called quasimomentum. This problem
is important in study of asymptotic behaviour of solutions of boundary



102 V. KOZLOV

value problem with periodic coefficients (see [17]) and corresponding non-
linear problems (see [7])). The problem (1.23) appears when we are looking
for the Floquet solutions

of the problem
(02 + 02)U + wi(x,y)U =0 in D,
Vip - VU — o(z)U =0 for y = &(z),
U(z,—d) =0. (1.24)

Here a; are A—periodic coefficients.
The second spectral problem is

Au+ wy(z,y)u+ pu =0 in D,
Vip - Vu — o(x)u=0 fory= g(x),
u(z, —d) =0, (1.25)

This problem is equivalent to the spectral problem for the Fréchet deriv-
ative after application of partial hodograph transformation, which can be
used for unidirectional flows, i.e. ¥, # 0 inside D, see Sect. 2.1 and Sect.
2.2.

Finally, the third spectral problem has the form

Au~+ wi(z,y)u=0 in D,
V{b\~ Vu—o(z)u =60u for y = é\(as),
u(z, —d) = 0. (1.26)

This problem appears in the case 1, # 0 on .S, see Sec. 2.3. Both problems
(1.25) and (1.26) are considered for A-periodic, even functions. Usually
the Fréchet derivatives are defined for operators acting in fixed spaces. In
order to define the Fréchet derivatives for operators connected to a free
boundary value problem it is useful to reduce it to a problem defined in a
fixed domain. It can be done by using a flattening change of variables. We
consider two cases. The first one serves for unidirectional flows, i.e. Jy <0
in D. In this case we can use the partial hodograph transformation. The
second case covers the problems when 9, (x, &(z)) < 0.
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1.3. Results. In Sect. 2.4 we prove that the spectral problems (1.25) and
(1.26) have the same number of negative eigenvalues. Namely, let

AJ2
a(u,v) z/(Vu - VU —w,ut)dxdy — / a(x)u(x,f(x))@(x,f(x))(i—m, (1.27)
Q —AJ2 Y
where R
Q={(z,y) : x € (=A/2,A/2), y € (—d,&(x))}. (1.28)
We assume that
a(u,u) > 0 for all nonzero u € H (1), (1.29)

where H'() consists of functions u in H'() such that u(—A/2,y) =
w(A/2,y) and u(z, —d) = u(z,E(z)) = 0.

Inequality (1.29) is true in the case of a unidirectional flow or a flow
with constant vorticity and linear density.

Proposition 1.2. Assume that (1.29) is valid. Let a and b be continuous,
even, positive and A-periodic functions defined in D and in R respectively.
Consider the spectral problems

Au+ pau =0 in €,
Bu=0 fory=¢(x),

u=0 forp=—d (1.30)
and
Au =10 in Q,
Bu = 6bu fory=£(z),
u=0 fory=—d, (1.31)

where p and 6 are spectral parameters and u is an even, A—periodic func-
tion. Then these problems have the same number of negative eigenvalues
(accounting for their multiplicities). Moreover, if we consider these spec-
tral problems for M A-periodic, even functions, then they have the same
number of negative eigenvalues also.

The problem (1.25), considered for even, A—periodic functions, is a spec-
tral problem for self-adjoint operator and its spectrum consists of isolated
eigenvalues of finite multiplicity, which are uniformly bounded from below.
We numerate the eigenvalues in non-decreasing order

p <pe <., (1.32)
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taking into account the multiplicities of the eigenvalues.
It was proved in Lemma 2.5 that the first eigenvalue 4 is always neg-
ative. The main our assumption is

the second eigenvalue ps is positive. (1.33)

By Proposition 1.2 both spectral problems (1.25) and (1.26) has one nega-
tive eigenvalue and the second eigenvalue is positive. Therefore we choose
the spectral problem (1.25) as the basic auxiliary problem for investigating
spectrum of (1.23). We put

27
=5
Our main concern is the spectral problem (1.23). The main result about
the spectral problem (1.23) is the following

Tx

(1.34)

Theorem 1.3. Let (1.83) be valid and by # 0 in
Q= {(z,y) - 2 € (0,4/2), y € (~d,E(x))}. (1.35)

Then the set z = it, T € [0,7«), contains the only eigenvalue z = 0 of the
problem (1.23) which is simple with the odd eigenfunction 1,.

The proof is given in Section 2.6. The next important corollary is proved
in Sect. 2.7.

Corollary 1.4. Consider the problem (1.10)—(1.12) in the space of mA-
periodic functions, where m is an odd integer. Then there are no mA pe-
riodic, even solutions in a small neighborhood of (¢,§), except (¥, €).

§2. PROOFS

In Sections 2.1, 2.2 and 2.3 we prove an equivalence of the formal Fréchet
derivative, constructed in Section 1.2, with the real Fréchet derivatives,
which are calculated after changes of variables. We consider two changes
of variables: the partial hodograph transformation, which can be applied
when 1, < 0 in D, and a flattening the domain applying in the case
when 9, # 0 on S. It appears that corresponding spectral problems has
a spectral parameter in different places, the first in the equation of the
problem and the second in the boundary condition. In Section 2.4 we show
that these problems have the same number of negative eigenvalues. The
proof of Theorem 1.3 is based on the estimates of eigenvalues of spec-
tral problems for the Fréchet derivatives obtained in Section 2.5. Proofs
of Theorem 1.3 and Corollary 1.4 are presented in Sections 2.6 and 2.7,
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respectively. Finally, in Section 2.8 we discuss generalized eigenfunctions
corresponding to the eigenvalue z = 0 of the spectral problem (1.23).

2.1. Partial hodograph transformation. Here we assume that
¢, <0 inD (2.1)
and we will use the notation 1 instead of 12 Let

q=, p= _w('r7y)7 (xay) eﬁ

Then
(.p) €Q, Q={q€R, pe (po,0)}.
We put
hq,p) =d+y.
Then
1 h
Yy = “hy Py = i-

Applying this change of variables, we arrive at

F(h) = (1+h3)p - (f;)q+g<h_d>p,, ~Bl-p) =0 in Q,

22
1+ h:

G(h) := 5 +ghp—R=0 for p=0,
212

h(g,po) =0 g € R. (2.2)

From our smoothness assumptions, formulated at the end of Section 1.1,

it follows that h is an even, A—periodic function from the space C’g’a (@)
with

0 < hy(g,p) on Q and p € CH2([po, 0)), B € C%([po, 0)), (2.3)

where 4 is a positive constant. The nonlinear operators in (2.5) is contin-
uous in the following spaces

(F,G) : Cye (@) = Coper(@) x Co(R).

0,e,per 0,e,per e,per

Here we consider only positive functions h,.
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Now the spaces for the operators F' and G are fixed and the Fréchet
derivatives of the operators in (2.5) are defined in a usual way;

T <hqwq B (1+h(21)wp)p_ (& B hqu)q+gwpp in Q.

02 03 hy B2
how, (1+h2)w
Guw = Ziq - h?)q =+ gpw for p=0,
w(g,po) =0 q € R, (2.4)
where w € C7'¢ . (Q).

2.2. The Fréchet derivative (2.4) in (z,y) variables. We start from
a function u depending on (z,y) € D and put

w(q,p) = u(q, h(g,p))hp(q;p)- (2.5)
To evaluate Fw and Gw, we note first that

Wq = Ughp + uyhghpy +uhgy, wp, = uyhf, + whpp.

Therefore
I = h‘;;"q _a +hhjz)wp
P P
_ hq(uahy +uyhghp + uhgp) _ (1+ hg)(“yh% + uhyp)
hy iy (2.6)
=u &—u i+(1+h§) U
“hy Y hy 2h2 Jp

=t + byt = o (U3 4 )y

and

I - (uzhp + uyhghy + uhgy) hq(uyhy + uhyp) =u, + U(@)
p

hy h;% hp
= Uy + hpWryu.
This implies
1 U
Ly, — Iy = —— zUg + Uy — — (Yo WPry +
1p 2q ¢y <¢ ¢y y wy (w (0 Y ¢y¢yy)>y

o Yoo Yo
(Ox m Oy) (ug , u).
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Taking all terms containing u, we get

(Lt te) ygo, - L0 (U2) = L (st )

Taking terms containing the first derivatives of u, we obtain

- S Wt ) )+ (00~ T =

Finally, collecting all terms containing second derivatives of u, we get

(djzyum +hyyuy—

1 z
—w— (wxuxy + wyuyy> —(0r — z—ay)uz = —Ugg — Uyy.
y y
Using these calculations, we obtain
Iy — Iyy = " (wm + "/’yy) Ugy — Uyy- (2-7)
y

Now we can give a connection between the Fréchet derivatives (1.19)
and (2.4).

Lemma 2.1. Let ¢ and & satisfy equations (1.10) and (1.12). Let also F
and g continuous, even and A-periodic functions. If u = u(x,y) satisfies
the problem

Au = f,
Bu =g, (2.8)

where the operators A and B are defined by (1.19), then the function w
given by (2.5) satisfies the equations

Fw = —f(q,h),
Gw =g forp=0,
w =0 forp=pg. (2.9)
Proof. Using (2.7), we get
u
Fw = ——(thga + yy)y — taa — Uyy — gWPp (2.10)

Yy
Differentiating (1.14) with respect to y, we obtain
Aty — gp' (=) + gp (=), — B ()b, = 0,

which allows to rewrite (2.10) as

Fu= (90 (=) = g0 (=00 + B'(0)0y) = tea = gy + 90
Y
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Thus
This proves the first relation in (2.9).
Furthermore,

Gw =1 + gpow =V -Vu—ou=g.
This proves the second relation in (2.9). O
Remark 2.2. This lemma implies: if
f=-—pu(g,h) and g =0 then
n (2.8), then
w
Fw = 'uhi,’
Gw =0 for p=0.

Thus we obtain a connection between spectral problems for the Fréchet
derivatives in (z,y) and (q,p) variables.

2.3. Flattening the boundary in the second case. In the case v, # 0
only on S we cannot apply the partial hodograph change of variables. In
this case we use the following flattening change of variables

S e d(y +d)
T

to reduce the problem to a fix strip

Q={Z9 7R, 0<y<d}.
Since e p

Y

LAY = 5
g + d Y Yy é-_’_ d Y
where ' means 0z, the equations (1.14) and (1.12) takes the form

P = ((0: - 250)) + (~05) ) +6G.9) =0 in Q.

9y = 0 —

£+d £+
(Xﬁg*:%(K&*_;fdaﬁ¢’+W§+d%w’) (2.11)

+9p(0)(§(x) +d) — R=0 for y =d,
{Z;:O for y = d,
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¥ = —po for § =0, (2.12)

where

and
5@,9) =w(y, ¢(z,y)) =w
Then the problem (2.11) is equivalent to

(F(4,€),G(4,€)) =

which is defined on A-—periodic, even functions from C?(Q) x C%*(R)
satisfying 1(Z,0) = —po, ¥(Z,d) =0 and £ +d > 0.
We calculate the Fréchet derivative at (¢, &):

F(u,¢) = 0. F (¢ + tu, & + ) |1—
((ag—gyfgda) +(5+d&> >u+c~u
() a0 - o) b (0 - Eog) () 5050

E+d &+ E+d E+d
-2 d*¢ 02, (2.13)
(E4ap v
where
& = w0+ (0, + g0,
and

G(u, C) = G + tu, & + t¢)|1=o
_ (agzZ ;’f y agw) ( 3 aAu)

TEr
%@wwmx'bﬂfffwx ) Agf; 050
). (€

d2
Terap
= YUy + 'l/)yuy + gp( C @Z}mﬂ]y(

4 (2.14)

Here w =0 for y =0 and §y = d.
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Let us introduce the transformation

(T — oy YT D
U($7y) —u(x,y) wy( 7y) £+d . (215)

Lemma 2.3. (i) Assume that the functions ¥ and £ satisfy (1.14) in the
domain De. If the function v is given by (2.15) then
(35 + 85)1} + wev = F(u, Q),

where w, is defined by (1.22).
(ii) Furthermore,

YaVe + Pyvy + ¢ =G(u,() on S,

where
o= %%y + '(/)y'(/)yy + gp(O).

Proof. (i) Using relations (2.13) and (1.14), we get

(02 + 02)o +w.o = (05— gfdagf + (g%dagf))u(a, )+
— (85 +0; + w*) (%,(x, Y) (yg—:—CgC)

= ((02- ﬁ/daﬁf + (5 i d%)z))“@ y)+e
(y +d)¢

where

I=(2(+ d)wwy(ﬁ%)/ +(y+ d)p, (gid)) + 2¢yy£+%_

Comparing this with the second line in (2.13), we arrive at the assertion (i).
(ii) We have

Vg + d)yvy + 3( = Py + 1/1yuy + 8<

~(Wathay + Pyyy)C = Yuthy (y + d) (f i d>/ - wif j d
¢ 2 ¢

= YUz + wyuy + gp(O)C - 1/1351/@(?/ + d)(m)/ o ym

This together with (2.14) leads to the required proof of (ii). O
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Corollary 2.4. Let the functions ¢ and & satisfy the first equation in
(2.11) in the domain Q. Assume that u and ¢ satisfy

F(u,() =0 in Q,
G(u,¢) = pb¢ fory =d,
u=0 fory=d. (2.16)

Then the functions v and C satisfy

Av =0 in Dy,
Bv = pbv on Sg,
v=0 fory=20 (2.17)

and
¢=—v/1Yy on Se.

2.4. Proofs of Proposition 1.2 and the negativity of p;. Let us
prove Proposition 1.2.

Proof. The problems (1.31) and (1.30) present eigenvalue problems for
self-adjoint operators and their spectrum consist of eigenvalues of finite
multiplicity with the only accumulation point at co. Introduce spaces

X ={uec H'(Q) : u(-A/2,y) = u(A/2,y) and u(x,—d) =0}
and
Y={uec H(Q) : u(-A/2,y) = u(A/2,y), Au=0 and u(x,—d) = 0}.

Denote by X the finite dimensional subspace in X generating by the eigen-
functions corresponding to negative eigenvalues of the problem (1.30).
Then dim X coincides with the number of negative eigenvalues counting
together with their multiplicities. This number also coincides with the di-
mension of a largest subspace where the form a is negative. The same
property is true for the subspace Y consisting of eigenfunctions corre-
sponding to the negative eigenvalues of the problem (1.31). This implies
that

dim X > dimY.

To prove the opposite inequality, we proceed as follows. First, we note that

a(u,v) =0 for ue Y and v € H(Q).
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For each w € X we can find unique w € Y such that w = w for y = £(x).
Therefore @ := w — w € H'(Q). Since

a(w+w,w+w) =a(w,w)+a(w,w) <0 if w#0

and a(w,w) > 0 by (1.29), we have that a(w,w) < 0, which prove the
opposite inequality. O

Let p1 < pe < ... be the eigenvalues of the spectral problem (1.25)
considered for even, A—periodic functions, introduced by (1.32).

Lemma 2.5. Let ¢, # 0 in Q. Then the eigenvalue py is negative and
simple and the corresponding eigenfunction is positive in §2.

Proof. The simplicity of the lowest eigenvalue and positivity (up to the
sign) of the corresponding eigenfunction w; are quite standard facts.

Let v = 1,. By differentiating (1.25) with respect to  one can verify
that the function v satisfies the problem (1.10), (1.12) with g = 0. The
function v is odd and hence v(—A/2,y) = v(A/2,y) = v(z,—d) = 0 for
y € (—=d,&(A/2)). This implies that pq < 0. In the case pu; = 0 we get that
v = cwi, which implies that w; = 0. Hence p; < 0.

O

Remark 2.6. Let us discuss the assumption 1, # 0 in Q4. Usually large
amplitude solutions are constructed as elements of a continuous (analytic)
branch of solutions (¢, &) of (1.10)—(1.12) depending on a parameter ¢ and
starting from a laminar flow. If the laminar flow satisfies 1, # 0 inside
Q4 then the same is true for all elements on the branch. This fact is well-
known, see for example [4,5,13] and [19].

2.5. Estimates of eigenvalues. Here we study eigenvalues of the spec-
tral problem (1.25) in the case when the function w is not necessary A-
periodic and even. These problems will be used in the study our main
spectral problem (1.23).

Let the domain 2 be defined by (1.28) and Q. by (1.35). Introduce two
spectral boundary value problems. The first one is described by

Au+ w,u~+ pu =0 in Q,
Vi Vu — o(x)u=0 fory= g(x),
u(x, —d) =0, (2.18)
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together with the Neumann boundary condition on the remaining part of
the boundary:
Dow(=A/2,y) = Osw(A/2,y) = 0 for y € (~d,€(A/2)).  (219)
For a weak formulation of this problem we introduce some spaces
H}(Q) ={we HY(Q) : w=0fory = —d},
Ho(Q) ={w € Hy(Q) : w=0forz = +A/2}.
Then the Neumann spectral problem is formulated as finding of w € H}(€2)
and p € R satisfying
a(w,v) = p(w,v)r2q) for all v € Hi ().
In this formulation we do not assume that the function w is even. Cer-
tainly even, A—periodic solutions to the spectral problem (1.25) solve just
introduced spectral problem. The second spectral problem is described by
the equations (2.18) together with the Dirichlet boundary conditions:
w(—A/2,y) = w(A/2,y) = 0 for y € (~d,&(A/2).  (2.20)
The weak formulation of the Dirichlet spectral problem is the following.
Find w € H},(2) and u € R solving the equation
a(w,v) = p(w,v) 2 for all v € Hgy(S).

Here we also do not assume that the function is even or odd, but we note
that odd, A periodic solutions to the spectral problem (1.25) deliver so-
lutions to this problem. We denote by {u;n} and {u;p}, j = 1,..., the
eigenvalues for the Neumann and Dirichlet spectral problems respectively.
As usual the numeration takes into account the multiplicity and the in-
creasing order:

HIN S HoN S0y D S pop oo
Clearly,

pin < pj and pin < pip, j=1,2,...
Since the coefficients in (2.18) belongs to C%%, we obtain that all eigen-
functions belong to C*%(Q), see [15], Chapter 4.

Lemma 2.7. Let ¢, # 0 in Q. Then the eigenvalues p1p and pin are
simple and
0> pip > pinN.
Furthermore,
piN = p1, 0= pop > pon
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and the corresponding eigenfunction to pop is odd and coincides with ...
Moreover, sy = p2 and usp > 0.

Proof. The proof of simplicity of 115 and p1p together with the inequal-
ity u1p > pin is quite standard and we omit it.

Let us show that 0 > p1p. Consider the function v = .. It satisfies
the problem (1.25) with ¢ = 0. Since the corresponding function is odd
it changes sign in Q. This implies 0 > p;p. Moreover using that v # 0
in Q. , we obtain that v is the second eigenfunction and pep = 0 and the
corresponding eigenfunction is v. Since the eigenfunctions corresponding to
the eigenvalues pq and p1y do not change sign in €2 we conclude u; = pn-

The important property for the eigenfunctions of the Dirichlet and Neu-
mann problems for (2.18) is the following. One can verify that, if w(z,y)
is an eigenfunction then w(—z,y) is also an eigenfunction corresponding
to the same eigenvalue and hence the functions

vy = w(z,y) £ w(=z,y)

are also eigenfunctions or one of them can be zero. To proceed further
it is convenient to introduce some more eigenvalue problems. Considering
the equations (2.18) only on the domain € with Dirichlet or Neumann
boundary conditions for = 0 and = A/2 we get four spectral problems
with DD, DN, ND and NN boundary conditions at © = 0 and = = A/2.
We denote corresponding eigenvalues by

#1ipp < p2pp £+,  MH1DN < 42DN

~ )
MND < HoND K, HINN < U2NN

Clearly,
W;pp > WipN > pjNN and pipp > pinp > pynn for j=1,2,.. ..

Eigenfunctions corresponding to p;pp and pjpn can be extended for all
x as odd, and eigenfunctions corresponding to pjyp and p;yn can be
extended as even. Furthermore, all eigenvalues with the first index 1 are
simple and corresponding eigenfunctions do not change sign in Q4 and

Mp=pND, MN=piNN=p1 <0, pop=p1pp=0, ponn=p2>0.

The eigenvalue pon coincides with pony or popn, which is greater than
tan N, and hence greater than 0. The eigenvalue psp coincides with ponp
or usny N and hence also greater than 0. This completes the proof. O
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2.6. Proof of Theorem 1.3.

Proof. We introduce an auxiliary spectral problem
(0 +2)% + 8§)u +wu+pu=0 in D,
Vi Vou— o(x)u=0 fory= g(x),
u(x,—d) =0, (2.21)

where z = i7, 7 is real and w is A—periodic. One can check that this is a
spectral problem for self-adjoint operator for every real 7. We denote by

pa(r) < pio(r) < - -

its eigenvalues numerated in non-decreasing order and taking into account
the multiplicities of eigenvalues.
Let

Hy(Q,7)={w=¢e"v:ve H&per(Q)},
Hj per () = {v € Hy(Q) = v(=A/2,y) = v(A/2,y),y € (—d,&(2))}.

These spaces coincide for 7 = k7y, k € Z. The above spectral problem can
be reformulated as follows

a(w,u) = p(w,u)r2(q) for all ve HJ(Q,7), (2.22)
where w € H}(, 7).
Let us prove that
for 7 € (0, 7). Indeed, since 7 € (0, 74),
H&,per(Q) ) H(%(Q7 T) 2 H&,O(Q)
and both inclusions are strick. Using the mini-max definition of the eigen-
values one can show that

To prove that the inequalities are strong assume that pjn = fi(7); for
a certain j. Then one can show that there is an eigenfunction v, which
simultaneously satisfies the Neumann and Dirichlet spectral problems with
the same eigenvalue. This implies that the eigenfunction together with
its normal derivative vanish for ¢ = £A/2. Hence the eigenfunction is
identically zero.
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The inequality (2.24) together with Lemma 2.7 imply
t2(7) <0 and ps(r) >0,

which in turn leads to the proof of our theorem.
O

2.7. Proof of Corollary 1.4. Let M be a positive integer and v be a
(2M + 1)A—periodic function in D. Introduce the following transformation

M
V) Ty ,y) =V (T, z,y) = > e 0 y(z 4 kA y)  (2.25)
k=—M

and

Mu)(z,y) = (V(T-p, 2,9), V(T-m41,2,9), .., VT, 3,y), - (2.26)
where

2w
(2M +1)A°
One can verify that the function V(7,,,x,y) is periodic with respect of x

with the period A for every m and Muv is a vector function consisting of
2M + 1, A—periodic functions. Moreover, if v is an even function, then

T = MT1, T1 =

V(Tm, —2,y) = V(—Tm, z,y) for m=0,+7,...,£70, (2.27)

and hence V (719, ,y) is even with respect to .
We introduce one more operator by

M
NV)(z,y) = Z TV (T 2, y),

m=—M

where V' is a A—periodic function with respect to x for each 7,,. Applying
the operator N to V given by (2.25), we have

M M
NV (@)= D e Y en @ty (g 4 kA y)
m=—M

k=—M
M M ) m
_ Z o(z + kA, y) Z (e—szﬂ/(2M+1)> = (2M + D)v(z,y).
k=—M m=—M

Thus the operator (2M + 1)~1A is inverse to M.
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To estimate norms of just introduced operators we note that
M

Z ||(MU)(Tm7$ay)||%2(Q) = (2M + 1)HU||%2(QM)7
m=—M

where
O ={(z,y) : (M —1/2) A<z < (M+1/2)A, —d <y < &(zx)}.

Similar to [17] one can show

M
Z H(V)(vax’y)”%{?(ﬁ) < Cll'””?{?(QM)
m=—M
and
M
NI Frz00y S Co D V(T 2, 9)l[Fr2(0-
m=—M

The important property of the transformation (2.25) is the following

M
A(.Z‘, y7 83ta ay)(NV)(x7 y) = Z eiTmIA(a:7 y7 81 + iTma ay)V(Trm xa y)
m=—M
and
M .
B(,y, 00,0y NV)(w,y) = Y €™ B(@,y, 00 + T, 0,)V (T, 7,y)-
m=—M

Therefore, if
A(‘T7y7a$a ay)(NV)(I7y) = Oa in D
then due to Theorem 1.3 V (7, z,y) = 0 for all m # 0. If m = 0 then using
(2.27) we get that the function V (0, z, y) is even and again the reference to
Theorem 1.3 gives V (0, z,y) = 0. This implies N'V = 0. Thus the operator
(4,B) : Cgtary(D) = Cgeagy(D) % Oy (R)

is invertible. Here the index Mp indicate that we are dealing here with
(2M + 1)A—periodic functions. Now small perturbation arguments lead to
invertibility of the corresponding nonlinear problem, which leads to the
required result.
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2.8. Generalized eigenfunctions for the eigenvalue z = 0. The
eigenvalue z = 0 of the problem (1.23) is simple and has the eigenfunction
w = 1. To find generalized eigenfunctions is equivalent to finding of the
Floque solutions to the problem (1.24). Then the generalized eigenfunc-
tions are coefficients in the Floquet solutions.

The first generalized eigenfunction w; is the coefficient in the Floquet
solution

U= Uy + U1, Uy = Yg.

Then

(A + wi)ug + 2up; =0 in D,

V- Vur — our + Ygup =0 for y = &(z). (2.28)
The function u; is even, A-periodic solution to (2.28) satisfying u; (x,—d)=0.
Since p1 < 0 and pso > 0 this problem is uniquely solvable.

Let us find u;. We assume that we have a branch of solutions parame-
terized by the period A, which depends on ¢ now. We introduce

and make the change of variables
X = )\.23, 81 = )\ax.

Then the problem can be rewritten as a problem with the same period Ay
as

(\20% + 85 +w)up + 2 ugx =0 in D,
(A2¢Xulx + ’(/Jy’uly —ouy + 2 Mpxug =0 for y = f(X) (2.29)

Counsider the problem for ¢ in (X, y) variables:
(N?0% + 02)¢ +w(¥) =0 in D
1
SO+ 42 +€ = R for y = £(X.)
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Differentiating these relations with respect to ¢, we get
(V0% + 00)0 + W' (V) = —20NYxx in D
(N2 atbes + Yyhey) + ()\277[1,7:%3; + by yy )&t + & = — A%
for y = &(X,t)
(X, (X)), t) +0y& =0, (X, —d) =0.
It can be transformed to
(V0% + 00)0y + W' (V) = —2ANYxx in D
(N athia + hythry) — oxtpe = =AN'9F for y = £(X, t)

(X, —d) =0,
where 5
_ A ¢L¢Ly + wyd)yy +1
o)\ — — .
Yy
Therefore )
uyp = W?/ft-

The second generalized eigenvector us is the last term in possible solu-
tion
22
?uo + xur + Us2.

Then us must satisfy
(A 4+ wi)us +ug +2uz, =0 in D,
Vi - Vug — oug + Ygur =0 for y = &(z), (2.30)
uz(x,—d) = 0. (2.31)
The function must be usy is odd and A-periodic. The solvability condition
for (2.30) is the following
dx

/(Uo + 2u1g )uodzdy — /ﬂ%uluowf =0. (2.32)
Yy
! s

Consider an analytic branch of water waves starting from a laminar flow,
where the period is considered as a parameter. Near a laminar flow
(psi(y),0) the branch is described by

U@, y,t) = psi(y) + teos(ra)y(y, ) + O(2),

T :m 0, O(t?
{(z,t) =t ) 7(0, 7)) + O(t7)
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and
A=1—ct? +O(t").
Therefore
ug = —t7, sin(1.2)y(y, 1) + O(t?),
up = 72ict cos(Twx)y(y, T+) + O(1)
and

N = —2ct + O(t?).
Since the left-hand side (LHS) of (2.32) is

LHS = - / sin?(7,2)72)y, 7. )dady + O(t),
C

it is different from zero for small ¢. Since the function LHS(t) is analytic,
it does not vanish except some isolated t-points.
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