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ÍÀ ÌÍÎÃÎÎÁÐÀÇÈÈ

Ïóñòü (M, g) � çàìêíóòîå n-ìåðíîå (n > 2) ðèìàíîâî ìíîãîîáðàçèå,
Ω ⊂M � îáëàñòü íà M ñî ñòðîãî ëèïøèöåâîé ãðàíèöåé.

Íàñòîÿùåå êðàòêîå ñîîáùåíèå ïîñâÿùåíî âîïðîñó î ñóùåñòâîâàíèè
ðåøåíèÿ ñ íàèìåíüøåé ýíåðãèåé çàäà÷è Íåéìàíà

−∆pu+ up−1 = up
∗−1 â Ω,

∂u

∂~n
= 0 íà ∂Ω. (1)

Çäåñü ∆pu := div
(
|Du|p−2Du

)
� îïåðàòîð p-Ëàïëàñà, 1 < p < n è

p∗ = np
n−p � êðèòè÷åñêèé ïîêàçàòåëü âëîæåíèÿ ïðîñòðàíñòâà Ñîáîëåâà

W 1
p (Ω) â Lq(Ω).
Ôóíêöèîíàë ýíåðãèè äëÿ çàäà÷è (1) èìååò âèä

EΩ[u] :=
‖u‖W 1

p (Ω)

‖u‖Lp∗ (Ω)
=

(∫
Ω

|Du|p +
∫
Ω

|u|p
) 1

p

(∫
Ω

|u|p∗
) 1

p∗
, u ∈W 1

p (Ω) \ {0}. (2)

Íåñëîæíî âèäåòü, ÷òî êðèòè÷åñêèå òî÷êè ôóíêöèîíàëà (2) ÿâëÿþòñÿ
(ïîñëå ïîäõîäÿùåé ïåðåíîðìèðîâêè) ñëàáûìè ðåøåíèÿìè çàäà÷è (1).
Â ÷àñòíîñòè, ðåøåíèåì ñ íàèìåíüøåé ýíåðãèåé íàçûâàåòñÿ (ïîëîæè-
òåëüíàÿ) ôóíêöèÿ, íà êîòîðîé äîñòèãàåòñÿ èíôèìóì

λ(p,Ω) := inf
v∈W 1

p (Ω)\{0}
EΩ[u]. (3)

Êëþ÷åâûå ñëîâà: êâàçèëèíåéíûå óðàâíåíèÿ íà ìíîãîîáðàçèè, çàäà÷à Íåéìàíà,
êðèòè÷åñêèé ïîêàçàòåëü, p-ëàïëàñèàí, âûïóêëûå îáëàñòè.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðîññèéñêîé Ôåäåðàöèè (ñîãëàøåíèå � 075-15-2025-344 îò 29.04.2025 â
Ñàíêò-Ïåòåðáóðãñêîì ìåæäóíàðîäíîì ìàòåìàòè÷åñêîì èíñòèòóòå èìåíè Ëåîíàð-
äà Ýéëåðà, ÏÎÌÈ ÐÀÍ) è Ôîíäà ðàçâèòèÿ òåîðåòè÷åñêîé ôèçèêè è ìàòåìàòèêè
�ÁÀÇÈÑ�.
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Ïîñêîëüêó âëîæåíèå W 1
p (Ω) ↪→ Lp∗(Ω) íåêîìïàêòíî, òî âîïðîñ î äî-

ñòèæèìîñòè èíôèìóìà λ(p,Ω) íåòðèâèàëåí.
Õîðîøî èçâåñòíî, ÷òî åñëè Ω � îãðàíè÷åííàÿ îáëàñòü â Rn, òî èí-

ôèìóì

inf
v∈W̊ 1

p (Ω)\{0}

‖u‖pW 1
p (Ω)

‖u‖pLp∗ (Ω)

íå äîñòèãàåòñÿ, íå çàâèñèò îò Ω è ðàâåí 1
K(n,p) , ãäå

K(n, p) = sup
v∈C∞0 (Rn)\{0}

‖v‖Lp∗ (Rn)

‖∇v‖Lp(Rn)

= ω
− 1

n
n−1n

− 1
p

(
p− 1

n− p

) 1
p′

B
(
n

p
,
n

p′
+ 1

)− 1
n

.

Çäåñü è äàëåå ωn−1 = 2π
n
2

Γ( n
2 ) � ïëîùàäü åäèíè÷íîé ñôåðû â Rn, p′ = p

p−1

� ñîïðÿæåííûé ê p ïîêàçàòåëü, à B � áåòà-ôóíêöèÿ Ýéëåðà. Îòìåòèì,
÷òî ñóïðåìóì â ýòîé ôîðìóëå äîñòèãàåòñÿ òîëüêî íà íåôèíèòíûõ
ðàäèàëüíî ñèììåòðè÷íûõ ôóíêöèÿõ

wε(|x|) ≡ wε(r) :=
(
ε+ rp

′
)1−n

p

, ε > 0, (4)

è íà ôóíêöèÿõ, ïîëó÷àåìûõ èç íèõ ñäâèãàìè è ãîìîòåòèÿìè.

Çàìå÷àíèå 0.1. Î÷åâèäíî, ÷òî u(x) ≡ 1 ÿâëÿåòñÿ ðåøåíèåì çàäà÷è
(1), îäíàêî, êàê ïîêàçàíî â [5, ïðåäëîæåíèå 3.1], åñëè îáëàñòü äîñòàòî÷-
íî âåëèêà, òî êîíñòàíòà íå ÿâëÿåòñÿ ðåøåíèåì ñ íàèìåíüøåé ýíåðãèåé.

Ðåøåíèÿ ñ íàèìåíüøåé ýíåðãèåé çàäà÷è (1) ïðè p = 2 è Ω ⊂ Rn
(n > 3) èçó÷àëèñü â [1] è [7]. Áûëî ïîêàçàíî, ÷òî òàêîå ðåøåíèå ñóùå-
ñòâóåò â ëþáîé îáëàñòè ñ ãðàíèöåé êëàññà C2.

Ðåçóëüòàò [1] è [7] áûë îáîáùåí â ðàáîòå [2], ãäå áûëî ïîëó÷åíî,
÷òî ðåøåíèå ñ íàèìåíüøåé ýíåðãèåé çàäà÷è (1) äëÿ Ω ⊂ Rn (n > 2) ñ
∂Ω ∈ C2 ñóùåñòâóåò ïðè 1 < p < n+1

2 + β, ãäå β = β(Ω) > 0. Â ýòîé æå
ðàáîòå áûëî ïîêàçàíî, ÷òî óñëîâèå íà ãëàäêîñòü ãðàíèöû ÿâëÿåòñÿ ñó-
ùåñòâåííûì: åñëè Ω � ìíîãîãðàííèê â Rn è 1 < p < n, òî â ðàñòÿíóòîé
îáëàñòè

ΩR = {Rx : x ∈ Ω}
ïðè äîñòàòî÷íî áîëüøèõ R > 0 ðåøåíèÿ ñ íàèìåíüøåé ýíåðãèåé çàäà-
÷è (1) íå ñóùåñòâóåò.
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Áîëåå òîãî, â ðàáîòå [2] òàêæå ðàññìàòðèâàëñÿ ñëó÷àé, êîãäà Ω ñàìî
ÿâëÿåòñÿ ìíîãîîáðàçèåì áåç êðàÿ, òî åñòü Ω = M . Áûëî ïîëó÷åíî, ÷òî
åñëè n > 5 è íà Ω åñòü òî÷êà ñ ïîëîæèòåëüíîé ñêàëÿðíîé êðèâèçíîé,
òî ðåøåíèå ñ íàèìåíüøåé ýíåðãèåé çàäà÷è (1) ñóùåñòâóåò ïðè 2 < p <
n+2

3 + β, ãäå β = β(Ω) > 0.
Îòìåòèì, ÷òî åñëè n > 2, 1 < p < n è Ω ⊂ M � îáëàñòü ñî ñòðîãî

ëèïøèöåâîé ãðàíèöåé, òî ðåøåíèå ñ íàèìåíüøåé ýíåðãèåé â ΩR âñåãäà
ñóùåñòâóåò äëÿ äîñòàòî÷íî ìàëîãî R > 0 (ñð. [5, òåîðåìà 1.1]).

Ìû ðàññìàòðèâàåì çàäà÷ó (1) áåç óñëîâèÿ ãëàäêîñòè ∂Ω, çàìåíÿÿ
åãî íà óñëîâèå ëîêàëüíîé âûïóêëîñòè. Ýòî îçíà÷àåò, ÷òî äëÿ ëþáîé
òî÷êè y ∈ ∂Ω ñóùåñòâóåò δ > 0 òàêîå, ÷òî ìíîæåñòâî

Vδ(y) := exp−1
y (Bδ(y) ∩ Ω) ⊂ TyM

âûïóêëî (çäåñü è äàëåå expy : TyM → M � ýêñïîíåíöèàëüíîå îòîá-
ðàæåíèå, à Bδ(y) � ãåîäåçè÷åñêèé øàð íà M ðàäèóñà δ ñ öåíòðîì â
òî÷êå y).

Ñôîðìóëèðóåì îñíîâíîé ðåçóëüòàò.

Òåîðåìà 1. Ïóñòü n > 5. Ïóñòü Ω � ëîêàëüíî âûïóêëàÿ îáëàñòü íà

ñôåðå SnR. Òîãäà ñóùåñòâóåò β = β(Ω) > 0, òàêîå ÷òî ïðè 2 < p <
n+2

3 + β èíôèìóì â (3) äîñòèãàåòñÿ.

Ñëåäóþùàÿ òåîðåìà ïîêàçûâàåò, ÷òî ðåçóëüòàò òåîðåìû 1 ÿâëÿåòñÿ
òî÷íûì. Ïóñòü Ω = SnR,+ � ïîëóñôåðà ðàäèóñà R.

Òåîðåìà 2. Ïóñòü n > 2, n+2
3 < p < n. Òîãäà ñóùåñòâóåò R∗ > 0

òàêîå, ÷òî äëÿ ëþáîãî R > R∗ èíôèìóì λ(p,SnR,+) íå äîñòèãàåòñÿ.

Íàçîâ¼ì òåëåñíûì óãëîì ëîêàëüíî âûïóêëîé îáëàñòè Ω â òî÷êå
y∈∂Ω âåëè÷èíó

α(y) := lim
r→0

|Sr(y) ∩ Ω|n−1

rn−1
= |Sn−1 ∩K(y)|n−1,

ãäå Sr(y) � ãåîäåçè÷åñêàÿ ñôåðà íà M , à K(y) � êàñàòåëüíûé êîíóñ
ê ìíîæåñòâó Vδ(y) â íà÷àëå êîîðäèíàò. Íåñëîæíî âèäåòü, ÷òî α(y) 6
ωn−1

2 . À åñëè y � òî÷êà ãëàäêîñòè ∂Ω, òî α(y) = ωn−1

2 .
Îïðåäåëèì òåïåðü ñëåäóþùóþ âåëè÷èíó:

αΩ := inf
y∈∂Ω

α(y).

Äîêàçàòåëüñòâî òåîðåìû 1 îñíîâàíî íà ñëåäóþùåì êëþ÷åâîì òåõ-
íè÷åñêîì ðåçóëüòàòå.
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Òåîðåìà 3. Ïóñòü èíôèìóì â (3) óäîâëåòâîðÿåò óñëîâèþ

λ(p,Ω) <
(αΩ/ωn−1)

1
n

K(n, p)
. (5)

Òîãäà ýòîò èíôèìóì äîñòèãàåòñÿ.

Äëÿ äîêàçàòåëüñòâà òåîðåìû 3 ðàññìàòðèâàåòñÿ {vk} � íîðìèðî-
âàííàÿ â Lp∗(Ω) ìèíèìèçèðóþùàÿ ïîñëåäîâàòåëüíîñòü äëÿ ôóíêöèî-
íàëà (2). Íå óìàëÿÿ îáùíîñòè, ìîæíî ñ÷èòàòü, ÷òî vk ⇁ v â W 1

p (Ω).
Àíàëîãè÷íî äîêàçàòåëüñòâó [4, òåîðåìà 2.2], ïîëó÷èì àëüòåðíàòèâó:
ëèáî ôóíêöèÿ v ðåàëèçóåò ìèíèìóì â (3), ëèáî v = 0 è ïðè ýòîì

|vk|p
∗
⇁ δ(x− x0), |Dvk|p ⇁ λp(p,Ω)δ(x− x0) (6)

â ïðîñòðàíñòâå ìåð íà Ω.
Èñïîëüçóÿ ðåçóëüòàòû îá èçîïåðèìåòðè÷åñêèõ ñâîéñòâàõ ìíîæåñòâ

â âûïóêëûõ îáëàñòÿõ [6] è âûïóêëûõ êîíóñàõ [3], à òàêæå ñïåöèàëüíóþ
ñèììåòðèçàöèþ, ââåä¼ííóþ â [4], ìû äîêàçûâàåì, ÷òî ñîîòíîøåíèå (6)
ïðîòèâîðå÷èò óñëîâèþ (5), ÷òî è äîêàçûâàåò òåîðåìó.

Ñõåìà äîêàçàòåëüñòâà Òåîðåìû 1. Ïðåæäå âñåãî ïîêàçûâàåòñÿ,
÷òî òåëåñíûé óãîë α(y) ïîëóíåïðåðûâåí ñíèçó, è ïîòîìó ñóùåñòâóåò
y0 ∈ ∂Ω òàêàÿ, ÷òî α(y0) = αΩ. Ââåä¼ì ôóíêöèþ

uε(x) := uε(r) := ϕρ(r)wε(r), (7)

ãäå r � ðàññòîÿíèå íà ñôåðå îò x äî y0, wε îïðåäåëåíà â (4), à ϕρ �
ãëàäêàÿ ñðåçêà, ðàâíàÿ 1 â Bρ(y0) è 0 âíå B2ρ(y0).

Ìîäèôèöèðóÿ âû÷èñëåíèÿ èç [2], ìû ïîêàçûâàåì, ÷òî ïðè äîñòàòî÷-
íî ìàëûõ ε > 0 è ρ > 0 âûïîëíåíî íåðàâåíñòâî

E[uε] <
(αΩ/ωn−1)

1
n

K(n, p)
,

îòêóäà ñëåäóåò (5), è òåîðåìà 3 ãàðàíòèðóåò ñóùåñòâîâàíèå ìèíèìè-
çèðóþùåé ôóíêöèè. �

Ñôîðìóëèðóåì àíàëîãè÷íóþ òåîðåìó äëÿ ìíîãîîáðàçèÿ M îáùå-
ãî âèäà. Å¼ äîêàçàòåëüñòâî ïîâòîðÿåò äîêàçàòåëüñòâî òåîðåìû 1 áåç
ñóùåñòâåííûõ èçìåíåíèé.
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Òåîðåìà 4. Ïóñòü n > 5. Ïóñòü Ω ⊂ M � ëîêàëüíî âûïóêëàÿ îá-

ëàñòü, à òî÷êà y0 ∈ ∂Ω òàêîâà, ÷òî α(y0) = αΩ. Ïðåäïîëîæèì, ÷òî

òåíçîð Ðè÷÷è â òî÷êå y0 óäîâëåòâîðÿåò óñëîâèþ∫
Sn−1∩K(y0)

Ricy0(ω, ω)dSω > 0.

Òîãäà ñóùåñòâóåò β > 0, òàêîå ÷òî ïðè 2 < p < n+2
3 + β èíôèìóì

â (3) äîñòèãàåòñÿ.

Ñõåìà äîêàçàòåëüñòâà òåîðåìû 2. Íåñëîæíî âèäåòü, ÷òî èíôèìó-
ìû λ(p,SnR) è λ(p,SnR,+) äîñòèãàþòñÿ èëè íå äîñòèãàþòñÿ îäíîâðåìåí-

íî, è âûïîëíåíî ñîîòíîøåíèå λ(p,SnR) = 2
1
nλ(p,SnR,+).

Ïðåäïîëîæèì, ÷òî çíà÷åíèÿ R, ïðè êîòîðûõ èíôèìóì λ(p, SnR) äî-
ñòèãàåòñÿ, îáðàçóþò íåîãðàíè÷åííóþ ïîñëåäîâàòåëüíîñòü. Ïóñòü {uR}
� ñîîòâåòñòâóþùèå ìèíèìèçèðóþùèå ôóíêöèè. Ñòàíäàðòíîå ðàññóæ-
äåíèå ïîêàçûâàåò, ÷òî uR ìîæíî ñ÷èòàòü ïîëîæèòåëüíûìè. Ðàññìîò-
ðèì íà Sn1 ôóíêöèè

vR(x) := C(R)uR(Rx),

ãäå êîíñòàíòà C(R) ïîäáèðàåòñÿ òàê, ÷òîáû ‖vR‖p∗,Sn = 1. Òîãäà

‖DvR‖pp,Sn +Rp‖vR‖pp,Sn = λp(p,SnR). (8)

Ïîñêîëüêó λ(p,SnR) 6 1
K(n,p) , èç (8) ñëåäóåò, ÷òî ‖vR‖p,Sn → 0. Àíà-

ëîãè÷íî äîêàçàòåëüñòâó [2, òåîðåìà 7.2] ïîêàçûâàåòñÿ, ÷òî |vR|p
∗
⇁

δ(x− y0) â ïðîñòðàíñòâå ìåð íà Sn1 äëÿ íåêîòîðîãî y0 ∈ Sn1 . Îòñþäà â
ñâîþ î÷åðåäü ñëåäóåò, ÷òî vR ⇒ 0 íà ìíîæåñòâå Sn1 \Bρ(y0) äëÿ ëþáîãî
çàäàííîãî ρ > 0.

Äîìíîæàÿ vR íà ñðåçêó ϕρ(r) (ñì. (7)), èç [2, òåîðåìà 3.2] âûâîäèì,
÷òî äëÿ äîñòàòî÷íî ìàëîãî ρ > 0

‖ϕρvR‖p∗,Sn 6 K(n, p)‖D(ϕρvR)‖p,Sn . (9)

Ïîâòîðÿÿ ðàññóæäåíèÿ èç äîêàçàòåëüñòâà [2, òåîðåìà 7.2], èç (8) è (9)
ïîëó÷àåì ïðîòèâîðå÷èå ïðè áîëüøèõ R. �

ß áëàãîäàðåí À. È. Íàçàðîâó çà ïîñòàíîâêó çàäà÷è è âíèìàíèå ê
ðàáîòå, à òàêæå Ñ. Â. Èâàíîâó çà ïîëåçíûå ñîâåòû.
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Bystrov D. V. On solvability of the Neumann problem for quasilinear
equations with critical growth of the right-hand side on a manifold.

We consider the Neumann problem in a manifold domain for an equation
driven by the p-Laplacian with a critical right-hand side. We provide some
sharp su�cient conditions for the existence of the least energy solution,
requiring only local convexity of the domain. Similar results were previously
known for domains with smooth boundaries.
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