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HOMOTOPY SIMILARITY OF MAPS

ABSTRACT. Given based cellular spaces X and Y, X compact, we
define a sequence of increasingly fine equivalences on the based-
homotopy set [X,Y].

§1. INTRODUCTION

Let X and Y be based cellular spaces (i.e., CW-complexes), with X
compact. Let YX be the set of based continuous maps X — Y and (YX)
be the free abelian group associated with Y. An element A € (YX) is
called an ensemble and has the form

A:Zui<ai>, (1)
i

where u; € Z and a; € YX. A subspace of X is a subset containing the
basepoint. Let Sub,.(X) be the set of subspaces T' C X containing at most r
points distinct from the basepoint. Introduce the subgroup
(Y4 — £ 4 Alp =0 in (Y7T) for all T € Sub,(X)} C (Y¥).
We have
Xy = X0 >wy®W o

For ensembles A, B € (YX), let

ALB
mean that B — A € (Y X)(r+1),

For maps a,b € Y, we say that a is r-similar to b, written
a~b,

if there exists an ensemble A € (YX) of the form (1) with all a; ~ a
(‘~" stands for ‘based homotopic’) and such that A = <b>. A simple ex-
ample is given in Section 3.

Our main results state that the relation ~ is an equivalence (Theo-
rem 8.1) and respects homotopy (Theorem 5.2). It follows that we get a se-
quence of increasingly fine equivalences on the based-homotopy set [X,Y].

170
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We conjecture that, for O-connected Y, a map is r-similar to the constant
map if and only if it lifts to the classifying space of the (r + 1)th term of
the lower central series of the loop group of Y.

A related notion is that of a homotopy invariant of finite order [4, 5]. A
function f: [X,Y] — L, where L is an abelian group, is called an invariant
of order at most r if whenever an ensemble A € (YX) of the form (1)
satisfies A = 0 we have

Zuif([ai]) =0.

It is clear that f([a]) = f([b]) if @ ~ b and f has order at most . In §11,
we give an example of two maps that are not 2-similar but cannot be
distinguished by invariants of order at most 2. In the stable dimension
range, invariants of order at most r were characterized in a way similar to
our conjecture about r-similarity [4].

The relation between r-similarity and finite-order homotopy invariants
is similar to that between n-equivalence and finite-degree invariants in knot
theory [1, 2|. The example of §11 is similar to that of [2, Remark 10.8].

§2. PRELIMINARIES

By a space we mean a based space (unless the contrary is stated ex-
plicitly). The basepoint of a cellular space is a vertex. The basepoint of
a space X is denoted by Jy or ¥. A subspace is a subset containing the
basepoint. A cover is a cover by subspaces. A map is a based continuous
map. The constant map X — Y is denoted by ﬂé or 5. A homotopy is a
based homotopy.

For a subspace Z C X, in: Z — X is the inclusion. A wedge of spaces
comes with the inclusion maps (i. e., coprojections):

ing: Xp > X3Vv...vX,.
Maps ai: X — Y form the map
a1V...Va,: X1V...VX, =Y.

The same notation is used for homotopy classes.

Write a ~|z b to mean a|z ~ b|z. Similarly, equality of restrictions to a
subset C' is denoted by the symbol ‘=|¢’.

For a set F, the associated abelian group (F) is freely generated by the
elements <e>, e € F. A function t: E — F between two sets induces the
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homomorphism
(t): (E) — (F), <e> > <t(e)>.
For a cover T of a space X, we put
Lir)={{JJUG1U...UGsC X :Gq,...,Gs €T,0<s<r}.
For ensembles A, B € (YX), the formula
A ? B
means that A =|y B in (YW) for all W € I'(r).

The symbol ‘?” denotes a placeholder for functions: for example, the
expression 72: R — R designates the function z — 22.

§3. A SIMPLE EXAMPLE
Fix r > 0. For d = (dq,...,dy+1) € {0,1}771 C Z"H1 put
l[dl=di+ ...+ drs1.
Consider a wedge of spaces
W=UV..VU41VV.
Introduce the maps
A(d) =M (dy) V...V Ay (drgr) Vidy : W — W, de {01}
where the map Ag(e): Uy — Uy, for e € {0,1},isidif e =1 and Jife = 0.

Lemma 3.1. Let X and Y be spaces and p: X — W and q: W — Y be
maps. Consider the ensemble

A= Y (-D)Ma(d)> € (YY),
dE{O,l}T+1

where a(d) is the composition

Then A = 0.

Proof. Take T' € Sub,(X). There is an index k such that
p(T) Ning(Ux) = {J }-

Then a(d)|r does not depend on dj,. We get

Alp= Y (-D"<a(d)|r>=0. O
de{0,1}+1
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Example. Consider the wedge
W =58m"yv.. . v it

(n1,...,np11 =2 1). Putm=n;+... +n.41 —r and let p: S™ — W be a

map with

[p] = |... [[in1], [ing]], - - -, [inys1]]
(the iterated Whitehead product) in 7, (). We show that § ~ p. Con-
sider the maps

a(d): s Lw 2w ge 0,1y

Put 1,41 = (1,...,1) € {0,1}"*!. By Lemma 3.1,
Z (71)T7‘d‘<a(d)> = <a(1r+1)>.
de{0,1}+ 1\ {1, 41}

All a(d) on the left side are homotopic to . On the right, a(1,41) = p
because A(1,41) = id. Thus § ~ p.

§4. EQUIPMENT OF A CELLULAR SPACE
Let Y be a compact unbased cellular space. In this section, we turn off
our convention that maps and homotopies preserve basepoints.
Lemma 4.1. There exist homotopies
@: Y2 =Y and p:Y?—10,1], t €10,1],
such that

q()(Z, y) =Y, qt(za Z) =z, pO(zvy) = 07 pt(Z,Z) = t, (2)
and, for any (z,y) € Y2 and t € [0,1], one has

pe(z,y) =0 or q(zy) == (3)
Roughly speaking, the inclusions {z} — Y, z € Y, form a parametric
cofibration. We say that (g:,p:) is an equipment of Y.
Proof (after [6, Exemple on p. 490]). By [3, Corollary A.10], Y is an ENR.
Embed it to R™ and choose its neighbourhood U C R™ and a retraction
r: U — Y. Choose € > 0 such that U includes all closed balls of radius e
with centres in Y. Consider the homotopy I;: (R")? — R”, t € [0, 1],

li(z,y) =y +min(et/|z -y, )(z —y),  z#y,
li(z,2) = 2.



174 S.S. PODKORYTOV

Put
a(z,y) =r(li(z,y)) and p(z,y) = max(t — |z — y[/¢,0). O

Corollary 4.2. One can continuously associate to each path v: [0,1] =Y
a homotopy Ey(v): Y =Y, t €[0,1], such that

Ey(v) =id and Ei(v)(v(0)) = v(t).
Proof. Using Lemma 4.1, put

Qt(v(o)’y) if pt(U(O), y) =0, 0
v(pe(v(0), ) if g (v(0),y) = v(0).

§5. COHERENT HOMOTOPIES
Let X and Y be cellular spaces, X compact.

Lemma 5.1. Consider an ensemble

A= Zui<ai> ~ <YX>,

and maps b,g eYX, b~ b. Then there exist maps a; € Y X, @; ~ a;, such

that the ensemble
2{ = Z ui<ai>

has the following property: if A=|z <b> for some subspace Z C X, then
A=|z <b>.

Proof. We have a homotopy h; € YX, t € [0,1], such that hyg = b and
hi = b. Replace Y by a compact cellular subspace that includes the images
of all a; and h;.

For x € X, introduce the path v,: [0,1] = Y, v,(t) = h:(z). We have
0(0) = b(z) and v,(1) = b(x). For a subspace Z C X, introduce the
functions e?: YZ - Y2, t €[0,1],

etZ(d)(x) = Ei(vy)(d(x)), reZ, deY?,
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where E; is given by Corollary 4.2. For d € Y#, we have the homotopy
eZ(d) € Y%, t €[0,1]. The diagram

X
YX —t> YX

|,

vyZ " .vyzZ

is commutative. We have eZ = id because
e (d)(x) = Eo(vs)(d(x)) = d(x).
We have e (b) = b because

er () (@) = Bi(v,)(b(x)) = E1(v;)(v2(0)) = vz (1) = b(x).
Put @; = e (a;). Since a; = e (a;), we have @; ~ a;. We have
(<b>— A)|z = (e ) (<b> — A)|z = (e]) ((<b> — A)|2).
Thus A =|z <b> implies Z:|Z <b>. O
Theorem 5.2. Let maps a,b, 5,5 € YX satisfy
a~a~b~D.

Then @ ~ b.

Proof. By the definition of similarity, it suffices to show that a ~ b. We
have an ensemble

A= Zui<ai> S <YX>,

7

where a; ~ a, such that A = <b>. By Lemma 5.1, there is an ensemble

A/ = Zui{dp S <YX>,

7

where a; ~ a;, such that AL b-. Since a; ~ a, we have shown that a ~ b.
O
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§6. UNDERLAYING A COVER

Let X and Y be cellular spaces, X compact.
Lemma 6.1. Consider an ensemble

A = Zui<ai> S <YX>

Then there exist maps a; € YX, @; ~ a;, such that the ensemble
Av = Z ui<2ii>
i

has the following property: if Alz = 0 for some subspace Z C X, then
Aly =0 for some neighbourhood V.C X of Z.

Proof. Replace Y by a compact cellular subspace that includes the images
of all a;. We will use the equipment (g, p;) given by Lemma 4.1.

Let the index ¢ for a; runs over 1,...,n. Define maps af eYX, 1<i<n,
0 < k < n, by the rules ag = q; and
k k—1 k—1
a; (z) = qi(ay (@), a7 (2)), we€X, (4)
for k > 1. Put @; = a}. We have a¥ ~ a*~! because a¥ = hy and a¥~! = hy

for the homotopy h; € Y X, t € [0,1],

he(x) = qt(az_l(x),af_l(x)), z e X.
Thus a; ~ a;.
Claim 1. If a¥~' =|g a?fl for some subspace @ C X, then af =|q af.
This follows from (4).
Claim 2. If aﬁ_l =lo aj»_l for some subspace () C X, then there exists a
neighbourhood W C X of @ such that a; =|w a.

Indeed, if ai ™' =|g a;_l, then, by (2),
pi(a; (), a5 (2) = 1
for x € . There exists a neighbourhood W C X of @ such that
pi(a; (2),a5 ! (2)) > 0
for x € W. Then, by (3),
qi(a; ! (x),a5 (2)) = aj” (2)

for x € W. By (4),
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(because q1(z,2) = z by (2)) and

aé- (z) = q1(al (), aé'_l ().

Thus a}(x) = a}(z) for x € W, as required.

Take a subspace Z C X.
Claim 3. If a; =|z a;, then there exists a neighbourhood W C X of Z such
that a@; =|w a;.
This follows from the construction of a@; and Claims 1 and 2.

Consider the equivalence

R={G.3) 0 =l7a;)

on the set I = {1,...,n}. It follows from Claim 3 that there exists a

neighbourhood V' C X of Z such that a; =|v a; for all (¢,j) € R. We have
the commutative diagram

ajlz<i:l d:i—a; |y

where 7 is the projection. The function [ is injective. Consider the elements

U= Zui<i> e(I)

and
U = (m)(U) € (I/R).
‘We have
Alz = ()(U) = (@) and Ay = (d)(U) = (@)(D).
If A|; =0, then U = 0 because (I) is injective. Then Ay = 0. O

Corollary 6.2. Consider an ensemble

A= Zui<ai> S <YX>
i
such that A = 0. Then there exist maps a; € YX, @; ~ a;, such that the

ensemble N
A= Z Uq <'di> (5)
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satisfies the condition A'% 0 for some open cover I' of X.

Proof. Since A = 0, we have A|p = 0 for all T € Sub,.(X). By Lemma 6.1,
there are maps a; € YX, a@; ~ a;, such that the ensemble A given by (5)
satisfies the condition /T|V(T) = 0 for some neighbourhood V(T') C X
of each T' € Sub,(X). There is an open cover I' of X such that every

W e I'(r) is included in V(T) for some T € Sub,.(X). Then Aly = 0 for
all W € T'(r), that is, A ? 0. O

Lemma 6.3. Consider an ensemble A € (YX),
A= Z Ui <>,

and a map b € YX. Then there exist maps a; € YX, a; ~ a;, such that the
ensemble B
A= Z Uq <EZ—> (6)
i

has the following property: if A =|z <b> for some subspace Z C X, then
A =|y <b> for some neighbourhood V.C X of Z.

Proof. Let 11 be the set of subfpaces Z C X such Ehat A =|z <b>. By
Lemma 6.1, there are maps @;,b € Y~, @; ~ a; and b ~ b, such that the

ensemble
A = E U; <El—>
i

satisfies the condition A =|y/(z) <b> for some neighbourhood V(Z) C X
of each Z € II. By Lemma 5.1, there are maps a; € Y, a@; ~ @;, such

that the ensemble A given by (6) satisfies the condition A =|v(z) <b> for
all Z eIl 0

Corollary 6.4. Consider an ensemble

A= Zui<ai> S <YX>

and a map b € YX. Suppose that A = <b>. Then there exist maps a; € Y,
a; ~ a;, such that the ensemble

g: Zui<5i> (7)

satisfies the condition Z% <b> for some open cover I' of X.
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Proof. This follows from Lemma 6.3 as Corollary 6.2 does from Lemma 6.1.
O

§7 SYMMETRIC CHARACTERIZATION OF SIMILARITY

Let X and Y be cellular spaces, X compact.

Lemma 7.1. Consider a cover I' of X, an open subspace G € T', a closed
subspace D C X, D C G, and maps a,bg,b; € YX such that a ~|¢ by,

bo ~ byrel X\ D, and a r§1 bo in the following sense: there is an ensemble
A= Zui<ai> € <YX>,
i
where a; ~ a, such that A T%1 <bg>. Then there exists an ensemble

C = Zwk<ck> S <YX>,
k

where ¢, ~ a, such that C' = <by> — <bg>.

Proof. There is a homotopy hy € YX, ¢ € [0, 1], such that hy = bs, s =0, 1,
and hy =|x\p bo. Choose a continuous function ¢: X — [0, 1] such that
#lp = 1 and @|x\r = 0 for some subspaces F, ' C X, I open, F closed,
such that

DCECFCQG.
Let p € Y be a map such that p ~ by|g. Choose a homotopy
Kip) €YY telo,1],
such that
Ko(p) = p, K1(p) = bola, and Ki(p) = bo|c if p = bo|c-
Define a homotopy L:(p) € Y9, t € [-1,1], by the rules
Li(p)(z) = Kyz)@+1)(P)(2),  z€G,
for t € [-1,0] and

) hy(w) ifzeE,
Le(p)(@) = {K¢(m)(p)(x) ifreG\D
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for t € [0,1]. We have

L—l(p):p7 Lg(p) :|E bS’ 520717
Lo(p) =|e\p L1(p), Li(p) =|a\r p-

Moreover, Ls(bola) = bsla, s =0, 1.
Let d € Y¥ be a map such that d~/|gbg. Define a homotopy I;(d) € Y,
€ [~1,1], by the rules I;(d) =|g L¢(d|c) and I;(d) =|x\p d. We have
I_1(d) =d, ls(d)=|g bs, s=0,1,
lo(d) =|x\p l1(d), li(d) =|x\F d.

Since a; ~ a ~|g bo, the homotopies I;(a;) are defined. Put

C= Zui(<l1(ai)> — <lp(a;)>).

We have I5(a;) ~ a; ~ a. It remains to show that C L <by> — <by>. Take
T € Sub,(X). We check that

C :|T <by> — <bg>. (8)

We are in one of the following three cases.

Case 1: TN D = {Jy}. We have ly(a;)=|rli(a;) and bo=|r b:. Thus both
the sides of (8) are zero on T

Case 2: TNF = {Yy,z.}, where z, € E and z, # Jy. Put Z = T\{z.}.
We have Z € Sub,_1(X) and Z N F = {Jy}. Define functions

es: Y2 YT, s=0,1,

by the rules e;s(q)|z = g and e;s(q)(xx) = bs(2+). We have es(by|z) = bs|r
and es(a;|z) = ls(a;)|7. Thus

(<bo> — Zui<ai>) |Z }ﬂ (<b5> - Zui<ls(ai)>) |T'

Since A "= <bg>, the expression on the left is zero. Thus the one on the
right is also zero, which implies (8).

Case 3: T NG ¢ Suby(X). There is a decomposition T'= W U Z for some
subspaces W, Z C X such that WNZ = {}, W C G, ZNF = {jy}, and
Z € Sub,_5(X). Consider the subspace M = GUZ C X. Define functions
fo: YM YT s=0,1. Take ¢ € YM. If g ~|¢ bo, put fs(q) =|w Ls(qlc)
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and fs(q) =|z q. Otherwise, put fs(q) = <1)T, We have f(bo|as) = bs|T and
fs(az“M) = ls(ai)‘T- Thus

(<b0> — Zui<ai>)|M »ﬂ (<bs> — Zui<ls(ai)>)|T.

Since M is included in some element of T'(r — 1) and A T%l <bg>, the
expression on the left is zero. Thus the one on the right is also zero, which
implies (8). O
Lemma 7.2. Let a, b,g € YX be maps such that a "Z'bh~b and

a~|gb for any S € Suby(X). *)

Then there exists an ensemble

C= Zwk<ck> S <YX>,
k
where ¢, ~ a, such that C' = <b> — <b>.
The condition (*) is satisfied automatically if X or Y is O-connected.

It also follows from the condition a i~ bif r > 2 (cf. the proof of Theo-
rem 7.3).

Proof. There is an ensemble

A= Z’U,i<ai> S <YX>,

where a; ~ a, such that A = Using Corollary 6.4, replace each a; by
a homotopic map to get A T%l <b> for some open cover I' of X.

We say that a subspace G C X is primitive if the map in: G — X is
homotopic to the composition

alsin x

for some subspace S € Sub;(X) and map f. Since X is Hausdorff and
locally contractible, for any open subspace U C X and point x € U, there
exists a primitive open subspace G C X such that z € G and G C U. We
replace the cover I by its refinement consisting of primitive open subspaces.
Then it follows from (*) that a ~|g b for each G € T".
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Choose a finite partition of unity subordinate to I':

Z ¢j = 15
j=1

where each ¢;: X — [0, 1] is a continuous function such that ¢;|x\p, =0
for some closed subspace D; C X such that D; C G for some G; € I'.

Choose a homotopy h; € YX, t € [0,1], such that hg = b and h; = b.
Define maps b; € YX, 0 < j < m, by the rule
bj() = ho, (a)+..+6; () ()-

We have by = b, b,,, :g, and bj_1 ~ bjrel X \ D;.
Take j > 1. Applying Lemma 5.1 to the congruence A T%1 <b> and the

homotopy b ~ b;_1, we get an ensemble

Aj = Zui<a]‘i> € <YX>,
i

where aj; ~ a; (~ a), such that A, T%l <bj_1>. We have a ~|g,; b~ bj_1.
By Lemma 7.1, there is an ensemble

Cj =Y wjk<cip> € (YY),
k

where c¢;, ~ a, such that C; = <b;> — <b;_1>.
We get

m

ZCj = <byp> — <bp> = <b> — <b>. U
j=1

Theorem 7.3. Consider maps a,b € Y~ and ensembles A, B € (YX),
A:Zui<ai> and B:Zvj<bj>7
i J

where

Zui:Zvj :1,

J

a; ~ a, and b; ~ b, such that A = B. Then a ~ b.
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Proof. Induction on r. If r < 0, the assertion is trivial. Suppose r > 1.
For S € Suby(X), we have a ~|g b because

<[als]> = Zui<[aiIS]> = [Als] = [Bls] = Zvj<[bj|51> = <[b[s]>

in ([S,Y]). Here [?]: (Y®) — ([S,Y]) is the homomorphism induced by
the projection [?]: Y5 — [S,Y].

By induction hypothesis, a "' b. Take j. Since b ~ b;, Lemma 7.2 gives
an ensemble

Cj =Y wip<ei> € (YY),
k
where c¢;, ~ a, such that C; = <b;> — <b>. We have
A= 005 = A= wj(<bj> — <b>) = A= B+ <b> = <b>,
J J

which proves the assertion. O

§8. SIMILARITY IS AN EQUIVALENCE

Let X and Y be cellular spaces, X compact.
Theorem 8.1. The relation ~ on YX is an equivalence.
This was conjectured by A.V. Malyutin.

Proof. Reflexivity is trivial. Symmetry follows from Theorem 7.3. It re-
mains to prove transitivity.

Let maps a,b,c € YX satisfy a ~ b ~ ¢. Then there are ensembles
A, B € (YX),

A= Zui<ai> and B = Zvj<bj>,
i J

where a; ~ a and b; ~ b, such that A = <b> and B = <c>. For each j, we
have b ~ b; and, by Lemma 5.1, there is an ensemble

Aj = Zui<aﬁ> S <YX>,

where aj; ~ a; (~ a), such that A; = <b;>. We have
ZUjAj = Z’Uj<bj> =B = <C>.
J J

Thus a ~ c. O
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Using Theorem 5.2, we introduce the relation of r-similarity on [X,Y]:
[a] ~[b] < a~~b

It follows from Theorem 8.1 that it is an equivalence.

§9. THE HOPF INVARIANT

Let X and Y be spaces. Let e € Z™(Y) and f € Z"(Y) (m,n > 1) be

(singular) cocycles and g € C™™"~1(Y') be a cochain with 6g = ef. Put
[X,Y]es={a:a"([e]) =0and a*([f]) =0in H*(X) } C [X,Y]
and
Vi ={a:[a €[X,Y]es} CYX
Given a € Ye)’}, choose a cochain p € C™~1(X) such that ép = a*(e) and
put
q = pa*(f) —a*(g) € C"HX).
Then dq = 0 and the class [q] € H™T"~1(X) neither depends on the choice
of p nor changes if a is replaced by a homotopic map. Putting h([a]) = [q],
we get the function
h: [X,Y]e s — H™ " (X),

which we call the Hopf invariant 7).
Lemma 9.1. Let X be a space and t: X — Xy be a map. We have the
Hopf invariants

ho: [Xo,Y]es — H™™ N(Xo) and h:[X,Y]e; — H™ ™ H(X).
Given ag € YXo, put a = agot € YX. Ifag € Ye)ffo, then a € Ye)’(f and
h(la]) = t*(ho([ao])) in H™"~H(X). 0
Lemma 9.2. Take elements u € 1, (Y) and v € m,(Y). Put
A= {u([e]), [S™) @ ([FD); [5"]) + (=1 (™ ([f]), [S™]) {v"([e]), [S"]) € Z
(the last two Kronecker indices vanish unless m = n). Consider the Hopf
muariant

h: [Sm-‘rn—l’ Y]e,f - Hm+n—1 (Sm+n—1)
and the Whitehead product |u,v] € mpmin_1(Y) = [S™T L Y]. Then
lu,v] €[S 1 Y], s and
(h(lw,v]), [S™TY) = (~1)m AL

Caution: the sign in the last equality is sensitive to certain conventions.
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Proof (after [7, §19]). We assume that S™V.S™ C S™ x S™ in the standard
way. We have the commutative diagram

Sernf 1 ¢ Sm v Sn

prtn X gm o g,

where [¢p] = [[iny], [inz]] in Tmyn—1(S™ V S™). We have the chain of ho-
momorphisms and sendings

Hppg—1(S™ 1) [smn ] (9)
o
Hon (D74, S0 e
(X,0)
Hypgn(S™ x 8™, 8™ v S™) rel, ([S™x S™])
rel,
Hppn(S™ x S™). [S™ x 8™

Choose representatives u: S™ — Y and v: S™ — Y of u and v, respec-
tively. Consider the maps
q: SNl L, gm oy gn WL
Clearly, [a] = |u,v] in Tpgn—1(Y).
Choose cocycles € € Z™(S™ x S™) and f € Z" (8™ x S™) and a cochain
g€ Ccmtn=l(§m x §™) such that

Y.

elsmvsn =w*(e),  flsmysn =w?(f), and glsmyse = w?(g).

We have
ot (e) = ¢* (wh(€)) = 6* (Elsmusn) = X* (@)l smrn
in Zm(Smt=1) It follows that a*([e]) = 0 in H™(S™+"~1) (which is
automatic unless n = 1). Similarly, a*([f]) = 0 in H"(S™*"~!). Thus
[a] € [S™T=1 Y], 4.
Let 2, € H*(S*) be the class with (21, [S*]) = 1. One easily sees that

[e] = (w*([e]), [S™) (zm x 1) + (v™([e]), [S"]) (1 x zn)
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in H™(S™ x S™) and
[F] = @ (LD, [S™) (1 2) + (w* ([£1), [S™]) (2 x 1)
in H"(S™ x S™). Thus [][f] = A(zm X 2,) in H™F7(S™ x §") and
(@1, [S™ x §™) = (=)™ A. (10)
Choose a cochain p € C™~1(D™+") such that 6p = ¥ (€). Put

i=px*(f) —x*(9) e cmt Y (DM,

Put
P = Plgmin s € CMT (ST
and
q = qlgmin € CITL(gmAnTL)
We have

8p = 0Plgmin— = x*(@)|gmin1 = % (€lgmysn) = ¢ (w# (e)) = a¥ (e)
and
q=px*(P)lgmin = XF (@) gmin = pd* (Flsmysn) — o7 (§lsmysn)
= po® (W (f)) — ¢7 (w¥(g)) = pa® (f) — a¥(9g).

Thus d¢ = 0 and h([a]) = [q].
We have

84 = x*@x*(f) — ox*(9) = x* (ef — 69).

We have the chain of homomorphisms and sendings

HmAn=t(gmin=l) [a]
é
Hmtn(pmtn gmtn—1) [x* (€F-69)]
(x.¢)"
HmHn(§m x §n, §m §n) (e ~o3)
rel®

Hm+n(Sm x §m). @17
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Collating it with (9) and using (10), we get
(gl [ 1) = (=)™ (LS [S™ x S7) = (=1 A,
This is what we need because h(|u,v]) = h([a]) = [q]. O

Let I' be an open cover of X. Consider the differential graded ring
C*(T') of T'-cochains of X (that is, functions on the set of singular simplices
subordinate to I'). The restriction homomorphism

Nr: C*(X) = C*(I)
is a morphism of differential graded rings; it induces an isomorphism of
cohomology rings,

Nr: H*(X) = H*(I).
Lemma 9.3. Givena € Ye)ff, choose p € C™~1(T') such that 6p = a* (e)|r
and put

q = pa” (f)lr — a*(g)|r € C™F D).
Then ¢ =0 and h([a])|r = [q] in H™T"~1(T). O
We suppose that X and Y are cellular spaces and X is compact.

Theorem 9.4. Consider an ensemble A € (YX),

A= Zui<ai>,
where a; € YEXf, such that A2 0. Then
> uih([ai]) =0

in H™ = 1(X).
Thus h may be called a partial invariant of order at most 2.
Proof. Using Corollary 6.2, replace a; by homotopic maps so that A % 0

for some open cover I" of X.

Let B C C™(T") be the subgroup generated by the coboundaries a? (¢)|r.
It is free because finitely generated and torsion-free. Thus there is a ho-
momorphiam P: B — C™~YT) such that §P(b) = b, b € B. Put

G = P(a”(e)[r)a™ (f)r — a®(g)lr € ™" 7H(D).
By Lemma 9.3, g; = 0 and
h([ai])Ir = [¢:]
in Hm+=4(T).
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Take a singular simplex o: A™t"~1 5 G, G €T. Let
o: A" 5 G and o A" =G

be its front and back faces, respectively.

The group Hom(B,Q) is formed by homomorphisms (?,T), where T
runs over Cp,(T'; Q), the group of rational I'-chains in X. Thus there is a
chain T' € C,,,(I'; Q) such that

(P(b),0)y = (b,T), be B,

T =Y cpm,
k

where ¢, € Q and 71: A™ — Gg, G, € I'. Thus
(P(af (e)Ir),0") = (a] ()0, T) = > crlaf (¢)lr, i)

k

We have

We get
(Gi,0) = (—1)(m_1)"(P( (©)Ir), oY af (f)lr,0”) = (af (9)Ir, o)
= (-1~ 1)"2% af (e)[r, 7)) (af (Hlr, 0") = (a (9)Ir, o)
= (=1t ZCk((ai|Gqu)#(€),Tk)((adcuck)#(f),0">

k
—(aile)*(9), 0).

We have found functions Ry: YV — Q and S: Y — Q such that
(Gi, o ZRk aileua,) — S(aila)

for all 7. Since A ? 0, we have A|gug, =0 and A|g = 0. Thus

Z U; <ala 0> =0.
i
Since o was taken arbitrarily, we have
Z u@ =0.
i

We get

Z“ih([ad)lr = Zui[zji] —0
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Since restriction to I' here is an isomorphism, we get

Zuih([ai]) =0. O

Corollary 9.5. Let a,b € Ye)ff satisfy a 2 b. Then h([a]) = h([b]).

Proof. There is an ensemble

A= Zui<ai> € <YX>,

where a; ~ a, such that A 2 _p-. Since A =|{qy <b>, we have

Zui =1.
i

By Theorem 9.4,
> wih(lai]) = h(it):

Since [a;] = [a], we get h([a]) = h([0]). O

§10. MAPS OF SP x S™

This section does not depend of the rest of the paper. We recall a the-
orem of G. W. Whitehead about the fibration of free spheroids (Theo-
rem 10.1) and deduce Lemma 10.3 about certain maps S? x S™ — Y (we
need it in §11).

We fix numbers p,n > 1 and a space Y. Let Q2"Y be the space of maps
S"™ — Y, as usual. Let

€SP x S" — SPAS" — St
be the composition of the projection and the standard homeomorphism.
For a map w : SPT" — Y, introduce the map
V*(w): SP = Q"Y, V™ w)(t)(z) = w(e(t, 2)).
Introduce the isomorphism
V" pn(Y) 5 1 (@), ] e [V (w)].
Let

p:S"— 8"v st

be the standard comultiplication. Consider the usual multiplication

v1Vv2

QY x Q'Y 5 Qry, vy kv S L sy g =Ry
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For a map v: S™ — Y, introduce the map
Ty QMY oxt (Q"Y,vx9),
where the target is Q™Y with the specified new basepoint. It induces the
isomorphism
Tox: Tp(Q"Y) = m,p,(Q"Y, v % ).
Let A™Y be the space of unbased maps S™ — Y. Consider the fibration
p: A"Y =Y, v = v(9).
We have p~1(9) = QY.
Theorem 10.1 (G. W. Whitehead). For a map v: S™ — Y, the compo-
sition
I':mp(Y)
coincides up to a sign with the connecting homomorphism of the fibration
p at the point v+ € QY. Consequently, the composition

Ll (V) T 1 (Y) 5 1, (0, 0 % )

Tp+1(Y) L (Y, v % 9) LLER Tp(A"Y, v % 9)
18 2€ro.
Proof. See [8, Theorem (3.2)] and |9, §3]. O
For a map v: S™ — Y, introduce the homomorphism
W, mpin (V) Lo my(QUY) 225 1) (Y, 0% 9) 25 7, (AY, v« 9).
By Theorem 10.1,
Uo(lu,[v]]) =0,  wemp(Y). (11)
For maps v: S®™ — Y and w: SPT™ — Y, introduce the map
U, (w): S T qry T @Ry e s ) B (AMY, 0 9).
Clearly,
in m,(A"Y, v 9).
Introduce the map
®: 5P xS L g s (gmv sy L gy grn, (12)
where

0:  (t,in1(2)) = in1(z), (t,ina(z)) — ina(e(t, 2)), teSP, zelS".
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For maps v: S™ — Y and w: SPT" — Y, introduce the map

S(v,w): SP x 8" By gy gprn Ly, (13)
For elements v € m,(Y) and w € mp4,(Y), put
E(v,w) = [E(v,w)] € [S? x S, Y], (14)

where v and w are representatives of v and w, respectively.
For maps vg: 8™ =Y and V: SP — (A"Y, 1), introduce the map

V*: 8P x S" =Y, (t,2) = V(¥)(2).
For V € m,(A"Y,v), put
VX =[V*] €[SP x S",Y],

where V is a representative of V.

Lemma 10.2. For maps v: S™ =Y and w: SPT™ — Y, one has
E(v,w) =V, (w)*: 8P x S" =Y.

Consequently,

in [SP x S, Y].

Proof. Take a point (t,z) € SP x S™. We have u(z) = ing(z) in S™ v S™
for some k € {1,2} and Z € S™. We have

010, 1(2)) = 01, ima (2)) = {2& 2y #hos

in S™ Vv SPT™. Thus



192 S.S. PODKORYTOV

On the other hand,

Wy () (t, 2) = Wy (w) () (2) = 7 (V*(w) (1)) (2) = (v V" (w)(2))(2)
= (Y V™ (w)(®)(u(2)) = (v L V" (w)(t)) (ink(2))

B {v(z if k=1,
VW) (1) (E) = w(e(t,2)) if k=2.

The same. U

Lemma 10.3. For elements u € mp41(Y), v € m,(Y), and w € mp4n(Y),
one has

Ev, |u,v] + w) = E(v,w)

in [SP x S Y.

Proof. Choose a representative v: S™ — Y of v. By (11),
Uy (lu,v] + w) = ¥y (w)

in 7,(A"Y,v % 9). Applying Lemma 10.2 yields the desired equality. O

For a map w: SP™" — Y, introduce the map
E(w): SP x S 5 gptm By,
For an element w € mp4,(Y), put
§(w) = [{(w)] € [S” x 5", Y], (15)

where w is a representative of w.

Lemma 10.4. For en element w € mp,(Y'), one has
E(0,w) = §(w)

in [SP x S™,Y].
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Proof. Choose a representative w: SP™™ — Y of w. Consider the diagram

0

SP x (S™V S") Sn v gptn

idxp

idx (JVid) qvid

SP x S” Sptn,

Since the map
g Ly gny g A gn
is homotopic to the identity, the left triangle is homotopy commutative.

The other empty triangles and the square are commutative. It follows that
the parallel curved arrows are homotopic. O

§11. FINENESS OF 2-SIMILARITY

Put X =57 xS™ (p > 1,n > 2). Let Y be a space, and let u € mp41(Y)
and v € m,(Y") be some elements. Consider the Whitehead product

lu,v] € mpin(Y)
and the homotopy classes
k(t) = &(t|u,v]) € [X,Y], teZ
(see (15)).

Lemma 11.1. Let L be an abelian group and f: [X,Y] — L be an invari-
ant of order at most r. Then

k(! +1) = f(k(t), tel
Proof (after [5, Lemma 1.5]). We will use the homotopy classes
K(s,t) = BE(sv,t|u,v]) € [X,Y], s,teZ
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(see (14)). By Lemma 10.4,
K(0,t) = k(t).
We have
K(s,m+t)=K(s,t) if s|m
because

E(sv, (m+t)|u,v]) = E(sv, [(m/s)u, sv]| + t|u,v])

Consider the wedge of r copies of S™ and two copies of SP+"

W=S8"V...vStygrtnry grtn

and the maps
Ald) = (d1) V... A (dr) V Arp1(dryr) Vid: W = W,
d=(dy,...,dy1) €{0,1}771 C Z"*! as in §3. Put
p=p1Vopg: STV SPTT - W,
where
pr: 8™ = S"V...vS8" and pg: SPT" — SPTMy GPEN
are the comultiplications. Choose a map ¢: W — Y with
g =vV...VoVrl|u,v]|Vi|u,v].
Consider the ensemble A € (YX),
A= > (-D)M<a(d)-,
de{0,1}7+1
where
a(d): X B gny gren gy Ay y
where ® is as in (13). By Lemma 3.1, A = 0. Clearly,
[goA(d)op]=(d1+...d)vV (dpyrr! +t)|u, v]

in [S™V SPT™ Y], Thus, by the construction of K (s,t),

[a(d)] = K(d1 + ...dp,dry1r! + 1)
in [X,Y]. Thus, since f has order at most r,

S DMyt 1) = 0,
de{0,1}r+1

(16)

(17)
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By (17), the class K(dy + ...dy,dry17! + t) does not depend on d, 41 if
(dy,...,d;) # (0,...,0). Thus the corresponding summands cancel out.
We get f(K(0,t)) — f(K(0,r!4+t)) = 0. By (16), this is what we need. O

Let classes E€ HPT(Y) and F € H"(Y) satisfy EF=0 in HPT"+1(Y).
Put, as in Lemma 9.2,
A = (u*(E), [S"71]) (0" (F), [S"])
+ (=)@ (F), [SPT) (07 (E), [S")) € Z.
If Y = SPH v 8" with w = [iny] and v = [iny], taking obvious E and F

yields A=1.If p=n—1and Y = S™ with u = v = [id], taking obvious
equal E and F yields A =1+ (—1)".

Lemma 11.2. IfA # 0, the classes k(t), t € Z, are pairwise not 2-similar.

Proof. Choose cocycles e € ZPT1(Y) and f € Z™(Y) representing E and
F, respectively. Choose a cochain g € CPT™(Y) with §g = ef. Consider
the corresponding Hopf invariants (see §9)

ho: Tpn(Y) — HPTH(SPT™) and  h: [X,Y]e; — HPT(X).
By Lemma 9.2,
(ho(lw, v]), [SPF"]) = (=1)P"HPHIA,
We have the decomposition

k(t): X —< grin L goin L2y
(the wavy arrows denote homotopy classes). Clearly, k(t) € [X, Y], ;. Since
the Brouwer degree of € is 1 and that of ¢[id] is ¢, Lemma 9.1 yields

(h(K(t)), [X]) = (=1)P" P AL,

By Corollary 9.5, the classes k(t), t € Z, are pairwise not 2-similar if
A #£0. O

Moral. Suppose that A # 0. The classes k(0) (i.e., [1]) and k(2) in
[X,Y], which are not 2-similar by Lemma 11.2, cannot be distinguished
by an invariant of order at most 2 by Lemma 11.1. Recall that (X,Y") can
be (SP x S™, SP1 v S™) for any p > 1 and n > 2 or (S"~1 x S, S") for
even n > 2.
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