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Abstract. We isolate a tractable class of HNN-extensions of a free
group – namely, multiple HNN-extensions by basis-conjugating em-
beddings. For this class, we construct a normal form and establish
a practical version of the ping-pong lemma that provides verifiable
sufficient conditions for a set of elements to generate a free subgroup.

We then apply these results to the pure braid group Pn+1, ex-
ploiting its well-known decomposition as a semidirect product of free
groups. Our approach yields new families of free subgroups within
the first two factors Fn o Fn−1 of this decomposition.

§1. Introduction

In this paper, we study the small subclass of (multiple) partial ascending
HNN-extensions of finitely generated free groups that originates from the
notion of basis-conjugating automorphisms. We find sufficient conditions
for a set of elements in such a group to generate a free subgroup. We
specialize our results to the pure braid group in order to produce new
families of free subgroups.

We begin with a review of basic concepts involved in our work, in order
to introduce notation and clarify our motivation.

1.1. Ascending HNN-extension of free group. Let F be a free group
of finite rank. If ϕ : F → F is an automorphism, one may form its mapping
torus

Mϕ = F oϕ Z = 〈F, t | at = ϕ(a), a ∈ F 〉.
The group Mϕ has been studied extensively. Its structure is similar to the
fundamental group of a closed three-dimensional manifold fibered over the
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circle; see [7]. If ϕ : F → F is a monomorphism, we have an ascending
HNN-extension

F∗ϕ = 〈F, t | at = ϕ(a), a ∈ F 〉.
An ascending HNN-extension of a free group is a common generalization of
the mapping tori of free group automorphisms and the Baumslag–Solitar
group

BS(1, n) = 〈a, t | at = an〉.
The ascending HNN-extensions of free groups are of particular importance
in the theory of one-relator groups; see an overview in [14]. There are some
interesting structural results concerning ascending HNN-extensions of free
groups. For example, in [1], it is proved that these groups are residually fi-
nite, and in [11], it is shown that most of these groups are word-hyperbolic.

1.2. Partial ascending HNN-extension of free group. Let F (Y ) be
a free group of finite rank with a fixed basis Y . If Y ′ ⊂ Y is a subset
and ϕ : F (Y ′) → F (Y ) is an embedding of groups, we have a partial as-
cending HNN-extension

〈F (Y ), t | yt = ϕ(y), y ∈ Y ′〉.
This generalization arises naturally in the study of the ordinary ascending
HNN-extension of a free group; see [2, 7].

1.3. Multiple HNN-extension. If K is a group and {ϕi | 1 6 i 6 n}
is a collection of embeddings of subgroups {Li | 1 6 i 6 n} of K into K,
then the group

〈K,x1, . . . , xn | yxi = ϕi(y), 1 6 i 6 n, y ∈ Li〉
is called a multiple HNN-extension of K with stable letters xi, 1 6 i 6 n.
The structure of subgroups of a multiple HNN-extension is studied in [12].
However, in the context of ascending HNN-extensions of free groups, the
case of multiple extensions has been studied considerably less. For example,
it is unknown whether multiple ascending HNN-extensions of free groups
are residually finite; see Problem 4.4 in [1].

1.4. Basis-conjugating embedding. Given a subset Y ′ ⊂ Y and a
choice of an element wy ∈ F (Y ) for each y ∈ Y ′, we can form a homomor-
phism

ϕ : F (Y ′)→ F (Y ), ϕ(y) := ywy , y ∈ Y ′.
We call such a homomorphism a basis-conjugating embedding. Clearly,
this homomorphism is injective, since it induces a monomorphism on the
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abelianizations. This notion is strongly related to basis-conjugating au-
tomorphisms of free groups. The subgroup PΣ|Y | ⊂ Aut(F (Y )) consist-
ing of basis-conjugating automorphisms has been studied extensively in
works [3, 10, 16].

1.5. Overview of results. Let n > 1 and for every index 1 6 i 6 n
we are given a subset Yi = {yi1, . . . , yimi

} of Y and two basis-conjugating
embeddings ϕi, ψi : F (Yi)→ F (Y ). Then, for every i and 1 6 j 6 mi there
are unique elements wij , vij ∈ F (Y ) such that

ϕi(yij) = y
wij

ij , ψi(yij) = y
vij
ij ,

and the words ywij

ij = w−1ij yijwij and y
vij
ij = v−1ij yijvij are reduced. We can

form a multiple HNN-extension of F (Y ) by identifying the images of F (Yi)
in F (Y ):

G = 〈F (Y ), x1, . . . , xn | ϕi(y)xi = ψi(y), 1 6 i 6 n, y ∈ Yi〉
= 〈Y, x1, . . . , xn | (y

wij

ij )xi = y
vij
ij , 1 6 i 6 n, 1 6 j 6 mi〉.

(1)

The basic facts about HNN-extensions say that the natural homomorphism
F (Y ) → G is injective and that the group G is torsion-free; see [8]. Also
note that the abelianization of G is free abelian of rank |Y |+ n.

Let X = {x1, . . . , xn}. We call the set Y ± ∪X± an extended alphabet.
Here are our main results.

Theorem 1.1 (Normal form for G). Every element of G has a unique
reduced expression in the extended alphabet with no subwords of the form

xiv
−1
ij y

±1
ij and x−1i w−1ij y

±1
ij .

Theorem 1.2 (Ping-pong lemma for G). Let T1, . . . , Tk be pairwise dis-
joint nonempty subsets of X. If subgroups A1, . . . , Ak ⊂ G satisfy the con-
ditions At ⊂ 〈Y, Tt〉 and At∩〈Y 〉 = 1 for every 1 6 t 6 k, then the natural
homomorphism A1 ∗ . . . ∗Ak → G is injective.

Recall that the pure braid group Pn is generated by the braids Ai,j
with 1 6 i < j 6 n. There is a decomposition

Pn+1 = Fn o Fn−1 o . . .o Z.

The summand FnoFn−1 corresponds to a subgroup P (2)
n+1 ⊂ Pn+1 consist-

ing of braids that become trivial after the last two strands were removed.
We write

P
(2)
n+1 = F (x1, . . . , xn) o F (y1, . . . , yn−1),
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where xi := Ai,n+1 and yi := Ai,n. Note that the abelianization of this
group is free abelian of rank 2n−1, generated by the images of xi’s and yj ’s.
Roughly speaking, the abelianization homomorphism

P
(2)
n+1 → (P

(2)
n+1)ab

assigns to a pure braid w, given by a word in the alphabet Y ± ∪X±, the
tuple of exponent sums of the letters. We denote these sums by expxi

(w)
and expyj (w).

The subgroup of P (2)
n+1 generated by the elements {x1, . . . , xn} is free

of rank n. We use our above results to show that one can replace the
generators {x1, . . . , xn−1} by suitable braids {w1, . . . , wn−1} while keeping
the resulting subgroup

〈w1, . . . , wn−1, xn〉
free.

Theorem 1.3. Let w1, w2, . . . , wn−1 be braids from P
(2)
n+1 such that for

each 1 6 i < n one has:
(1) expxj

(wi) 6= 0 if and only if j = i;
(2) [wi, xn] 6= 1.

Then the subgroup 〈w1, . . . , wn−1, xn〉 of Pn+1 is free of rank n.

Remark 1.4. Condition (2) is crucial. For example, for wi = yixi one has

〈y1x1, . . . , yn−1xn−1, xn〉 ∼= Fn−1 × Z.

It is easy to show that the elements w1, . . . , wn−1 generate a free group
of rank n−1, and that for every i the subgroup 〈wi, xn〉 is free of rank 2. We
use our method to show that the full subgroup is also free. We also show
that, despite the fact that the lower central series Lie ring of P (2)

n+1 behaves
in a controlled way, our criterion implies the freeness of some subgroups
that cannot be deduced using the Lie-theoretic approach.

Example 1.5. Let n > 1 and m, k be nonzero integers.
(1) The subgroup

〈Ak1,n+1A
m
1,n, A

k
2,n+1A

m
2,n, . . . , A

k
n−1,n+1A

m
n−1,n, A

k
n,n+1〉

of Pn+1 is free if and only if (m, k) 6= (−1,−1).
(2) The subgroup

〈Am1,nAk1,n+1, A
m
2,nA

k
2,n+1, . . . , A

m
n−1,nA

k
n−1,n+1, A

k
n,n+1〉

of Pn+1 is free if and only if (m, k) 6= (1, 1).
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1.6. Organization. In Section 2, we construct a normal form for a multi-
ple HNN-extension of a free group by basis-conjugating embeddings (The-
orem 1.1) and give sufficient conditions to fulfill the requirements of the
ping-pong lemma (Theorem 1.2). In Section 3, we recall what is known
about freeness of subgroups in the pure braid group and use results from
Section 2 to produce new families of free subgroups in the pure braid group
(Theorem 1.3). We have relegated to Appendix A the routine verification
of the local confluence of the rewriting system that appears in the proof
of Theorem 1.1.

§2. Proof of main results

Let Σ be a set, and let Σ∗ denote the free monoid generated by Σ.
We call a relation on Σ∗ a congruence if it is an equivalence relation such
that w1uw2 ∼ w1u

′w2 whenever u ∼ u′. For R ⊂ Σ∗×Σ∗, denote by ρ(R)
the congruence on Σ∗ generated by R. Let

M := Mon〈Σ | R〉 def= Σ∗/ρ(R)

be the monoid given by the presentation 〈Σ | R〉. We have a natural
quotient homomorphism

π : Σ∗ →M.

Since R consists of ordered pairs, we can interpret it as a rewriting system:
each (r, r′) ∈ R corresponds to the rewriting rule w1rw2 7→ w1r

′w2. We say
that a rewriting system is locally confluent if any two one-step applications
of rules to the same word can be completed to chains of rule applications
ending at a common word:

w

w1 w2.

w′

∀ ∀

∃ ∃

Figure 1. Here, a straight arrow corresponds to a sin-
gle application of a rule, whereas a squiggly arrow cor-
responds to a finite sequence of applications.
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We say that a rewriting system is Noetherian if one cannot apply given
rules to a word infinitely many times (typically, this means that there is
a bounded discrete parameter which is optimized after every application).
We say that a subset N ⊂ Σ∗ is a normal form for M if the restric-
tion π |N : N → M is a bijection. A version of the diamond lemma (see
[18, Theorem 2]) says that if a rewriting system {rj 7→ r′j} is locally con-
fluent and Noetherian, then the set {w ∈ Σ∗ | w 6⊃ rj ∀j} is a normal form
for M .

The group G given by the presentation (1) is generated as a monoid
by the extended alphabet Σ = Y ± ∪X±. Consider the following rewriting
system for G:

(1) yεjy
−ε
j 7→ ∅, where 1 6 j 6 m, and ε ∈ {±1};

(2) xεix
−ε
i 7→ ∅, where 1 6 i 6 n, and ε ∈ {±1};

(3) xiv
−1
ij y

ε
ij 7→ w−1ij y

ε
ijwijxiv

−1
ij , where 1 6 i 6 n, 1 6 j 6 mi,

and ε ∈ {±1};
(4) x−1i w−1ij y

ε
ij 7→ v−1ij y

ε
ijvijx

−1
i w−1ij , where 1 6 i 6 n, 1 6 j 6 mi,

and ε ∈ {±1}.

Proof of Theorem 1.1. Clearly, the above set (1)–(4) is a complete set
of relations for G. One can verify that this system is locally confluent. The
verification of this is technical and has been deferred to Appendix A.

In order to show that it is Noetherian, we introduce the following pa-
rameter. Write a word w ∈ Σ∗ as a product

w = u0x
±1
i1
u1x
±1
i2
. . . x±1ik uk, k > 0, ui ∈ (Y ±)∗.

We can associate with the word w the vector of non-negative numbers

ν(w) = (|u0|, . . . , |uk|) ∈ Zk+1
>0 .

Observe that each application of the rule either decreases k, or decreases
one of the coordinates of ν(w) without touching the ones following it (how-
ever, it can increase the previous ones). Define an order on the set of tuples
of non-negative integers by the rule (a0, . . . , ak) < (b0, . . . , bm) if k < m
or k = m and for some i one has ai < bi and aj = bj for j > i. This order
is known as the right shortlex order. The result follows, since this order is
well-founded, hence there are no infinite decreasing chains. �

Remark 2.1. Let
w = u0x

ε1
i1
u1x

ε2
i2
. . . xεkik uk
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be a word in Σ∗ and

w′ = u′0x
η1
j1
u′1x

η2
j2
. . . xηljl u

′
l

be its normal form, where ui, u′j ∈ (Y ±)∗. Then the sequence (xη1j1 , . . . , x
ηl
jl

)

is a subsequence of (xε1i1 , . . . , x
εk
ik

).

The following result is folklore.

Lemma 2.2 (Ping-pong lemma, [19, Lemma 4]). Let G be a group act-
ing on a set X, and let A1, A2, . . . , Ak ⊂ G be nontrivial subgroups such
that |A1| > 3. If there are disjoint nonempty subsets U1, . . . , Uk ⊂ X such
that for each pair of distinct indices t 6= s and each nontrivial a ∈ At one
has a(Us) ⊂ Ut, then 〈A1, . . . , Ak〉 = A1 ∗ . . . ∗Ak.

Let k > 1, and let T1, . . . , Tk be pairwise disjoint nonempty subsets
of X. Let G act on itself by left shifts. For every 1 6 t 6 k set

Ut = {u ∈ G | the normal form ofu looks likeu′x±1i u′′,

wherexi ∈ Tt andu′ ∈ (Y ±)∗}.
The sets Ut are nonempty and pairwise disjoint. We say that a subset S
of G is greedy if it possesses the following property: if the concatenation
of two words uu′ is already in the normal form, and u ∈ S, then uu′ ∈ S.
Clearly, each Ut is greedy.

Proof of Theorem 1.2. Fix 1 6 t 6= s 6 k and an element a ∈ At \ {1}.
We aim to show that au ∈ Ut for each u ∈ Us.

Let u′xεiu′′ be the normal form of u, where xi ∈ Ts and u′ ∈ (Y ±)∗.
Let p be the normal form of au′. Since a ∈ 〈Y, Tt〉 and u′ ∈ 〈Y 〉, we
have p ∈ (Y ± ∪ T±t )∗ by Remark 2.1. Hence the last letter of p is not x−εi ,
and the word pxεiu′′ is the normal form of au.

The word p contains x±1l for some xl ∈ Tt, since if this is not the case,
then a = pu′

−1 ∈ 〈Y 〉, which contradicts the assumptions. Hence p ∈ Ut.
The result follows since Ut is greedy. �

Consider the special case where ϕi = ψi for each 1 6 i 6 n. In this
case, we formulate a condition that ensures the second condition from
Theorem 1.2. The presentation (1) reads now as

G = 〈y1, . . . , ym, x1, . . . , xn | [xi, y
wij

ij ] = 1, 1 6 i 6 n, 1 6 j 6 mi〉.

If we add the relations [xi, yj ] = 1 for all i and j, then we obtain a
map π : G� F (X)× F (Y ). Consider the following commutative diagram
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of projections:

F (X)

F (X ∪ Y ) G F (X)× F (Y ).

F (Y )

πX

[−]

πY

π

πX

πY

Proposition 2.3. Let ϕ be an automorphism of a free group F (X ∪ Y )
that descends as the identity map on F (X)× F (Y ), let w ∈ F (X ∪ Y ) be
an element with πX(w) 6= 1, and let A be a subgroup of G generated by the
set {[ϕk(w)] | k ∈ Z}. Then the intersection A ∩ 〈Y 〉 is trivial.

Proof. Note that the restriction [−] |F (Y ) : F (Y )→ G is injective, since G
is an HNN-extension of F (Y ). Hence the restriction

π |〈Y 〉 : 〈Y 〉 → F (X)× F (Y )

is injective. Therefore, it is enough to show that

π(A) ∩ π(〈Y 〉) = 1.

Note that

π(A) = π(〈[ϕk(w)] | k ∈ Z〉) = 〈(πX(ϕk(w)), πY (ϕk(w))) | k ∈ Z〉
= 〈(πX(w), πY (w))〉

and π(〈Y 〉) = 1 × F (Y ). The result follows since the restriction of πX
to 〈(πX(w), πY (w))〉 is injective while πX(1× F (Y )) = 1. �

§3. Free subgroups in pure braid group

We now apply the general machinery developed above to the pure braid
group. The pure braid group contains many free subgroups. We list some
of them below.

(1) For every 1 6 i 6 n + 1 there is a strand-removing homomor-
phism di : Pn+1 → Pn. It is well known that its kernel ker(di) is
free of rank n. The proof is homotopy-theoretic.

(2) There is a rank n free subgroup of Pn+1 given by an embedding
of Milnor’s construction F [S1] into a simplicial group AP of pure
braids. The classical proof [4, 5] relies on the Lie rings gr∗(Fn)
and gr∗(Pn+1). There is also a group-theoretic proof [9].
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(3) The images of the above subgroups under automorphisms of the
pure braid group are also free. These include, for example, the free
subgroup of rank n generated by the braids1 A0,1, . . . , A0,n, where

A0,i = (A1,iA2,i . . . Ai−1,iAi,i+1 . . . Ai,n+1)−1.

Note that 〈A0,1, . . . , A0,n+1〉 is a subgroup of braids that become
trivial after being transplanted onto a two-sphere. It is worth not-
ing that by the main result of [6] we have an isomorphism

ker(Pn+1 → Pn+1(S2)) ∼= Fn × Z.

(4) In [13], it is proved that each pair of non-commuting braids x and y
in Pn+1 generate a free subgroup of rank 2. The proof involves the
theory of 3-manifolds and the theory of group actions on trees.
This result suggests that there might be a lot of free subgroups in
general.

We refer to [17] for standard notions of braid theory. The group P (2)
n+1

decomposes as a semidirect product

P
(2)
n+1 = F (x1, . . . , xn) o F (y1, . . . , yn−1), (2)

and the action of yj = Aj,n on xi = Ai,n+1 is given by the following
relations:

x
yj
i =



xi, i < j;

x
(xixn)

−1

i , i = j;

x
[xn,xj ]
i , j < i < n;

x
x−1
j
n , j < i = n.

(R1)

(R2)

(R3)

(R4)

We start with some manipulations with relations in the group P (2)
n+1.

• The relation (R1) reads as

[xi, yj ] = 1. (R1’)

• The relation (R2) reads as xyixixn

i = xi, which is equivalent by (R4)
to

xxn
i = x

y−1
i
i . (R2’)

1See [9, Fig. 1] for a picture of the braid A0,i.
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• The relation (R3) reads as xyjxjxn

i = x
xnxj

i , which is equivalent

to xxn
i = x

xny
−1
j

i by (R4), which is equivalent to xxn
i = x

y−1
i yj
i

by (R2’). By (R4), one can replace this relation with

[xi, y
yi
j ] = 1. (R3’)

• By (R2’), the relation (R4) is equivalent to

yxn
i = yi[xi, yi]. (R4’)

Hence

P
(2)
n+1 = 〈xi, yi | (R1), (R2), (R3), (R4)〉

= 〈xi, yi | (R1’), (R2’), (R3’), (R4’)〉.
Let Gn be the group given by the following presentation

Gn := 〈x1, . . . , xn−1, y1, . . . , yn−1 | [xi, yj ] = 1, i < j; [xi, y
yi
j ] = 1, i > j〉.

The group P (2)
n+1 admits a semidirect product decomposition

P
(2)
n+1 = Gn o 〈t〉,

where the letter t := xn acts on Gn via the automorphism ϕ : Gn → Gn
given by

ϕ(xi) = x
y−1
i
i , ϕ(yi) = yi[xi, yi]. (3)

Let X := {x1, . . . , xn−1} and Y := {y1, . . . , yn−1}.

Corollary 3.1 (Normal form for Gn). Each element of Gn can be uniquely
written as a reduced word w in the extended alphabet X±∪Y ± such that w
does not contain subwords xεiy

η
j and xεjy

−1
j yηi with i < j and ε, η ∈ {±1}.

Example 3.2. The group P4 decomposes as the semidirect product

F (x1, x2, x3) o F (y1, y2) o 〈A1,2〉.
If we replace A1,2 with the generator of the center

z = (A1,2A1,3A1,4) · (A2,3A2,4) ·A3,4 = (A1,2y1x1) · (y2x2) · x3,
then we can rewrite this decomposition as

P4 = P
(2)
4 ⊕ Z = (G3 o Z)⊕ Z

= 〈y1, y2, x1, x2 | [x1, y2] = 1, [x2, y
y2
1 ] = 1〉o (Z⊕ Z),

where the generators of Z ⊕ Z are x3 and z. The letter x3 acts on the
normal subgroup 〈y1, y2, x1, x2〉 of P4 by the automorphism ϕ given by the
formula (3), and z is central.
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Lemma 3.3. Let G be a group, ϕ an automorphism of G, and H a sub-
group of G. Consider the semidirect product Goϕ Z of G with the infinite
cyclic group Z = 〈t〉. The following are equivalent :

(1) the natural map
∐
k∈Z ϕ

k(H)→ G is injective;
(2) the subgroup 〈H, t〉 of GoϕZ decomposes as the free product H∗〈t〉.

Proof. (1)⇒ (2). Let Φ: H ∗ Z→ Go Z be the natural map. Let

w = tn1h1t
n2h2 . . . hk−1t

nk

be an element in the free product H ∗ Z written in the normal form, i.e.,
we assume that ni 6= 0 for all i /∈ {1, k}, and hi 6= 1 for all i. One has

Φ(w) = tn1h1t
−n1tn1+n2h2t

−(n1+n2) . . . hk−1t
−(n1+...+nk−1) · tn1+n2+...+nk

= ϕ−n1(h1)ϕ−(n1+n2)(h2) . . . ϕ−(n1+...+nk−1)(hk−1) · tn1+...+nk .

In the above expansion, all adjacent powers of ϕ are distinct since ni 6= 0.
Hence if k > 1, then Φ(w) 6= 1. If k = 1, then Φ(w) = tn1 , which is trivial
if and only if n1 = 0, i.e., if w = 1.

(2)⇒ (1). This follows since we have the natural embedding∐
k∈Z

t−kHtk ↪→ H ∗ 〈t〉. �

Proof of Theorem 1.3. Let Bi = 〈wi〉 for 1 6 i < n. We aim to show
that the natural map

B1 ∗ . . . ∗Bn−1 ∗ 〈t〉 → Gn o 〈t〉 = P
(2)
n+1

is injective.
Let Ai = 〈ϕk(wi) | k ∈ Z〉 for 1 6 i < n. In the light of Lemma 3.3, it

is enough to show that:
(1) for each 1 6 i < n, the set {ϕk(wi)}k∈Z is a free basis of some

subgroup in Gn;
(2) the natural map A1 ∗ . . . ∗An−1 → Gn is injective.

By the main result of [13], the condition [wi, t] 6= 1 implies that the sub-
group 〈wi, t〉 is free of rank two. The other direction of Lemma 3.3 implies
the statement (1).

The formula (3) lifts the automorphism ϕ : Gn → Gn to an automor-
phism of F (X ∪ Y ). The latter induces the identity map on the prod-
uct F (X)× F (Y ). In Gn we have Ai ∩ 〈Y 〉 = 1 by Proposition 2.3. Then,
the statement (2) follows from Theorem 1.2. �
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3.1. Possible generalization. It is natural to ask whether the statement
of Theorem 1.3 still hold true if the last generator t = xn is replaced by a
word wn such that

wn ∈ 〈Y, xn〉, expxn
(wn) 6= 0, and [wi, wn] 6= 1 for every i < n.

It seems that in this case, the subgroup 〈w1, . . . , wn〉 would also be free,
but the argument has to be modified: the presented proof uses the fact that
the conjugation by the last generator induces the identity automorphism
on F (X)×F (Y ) in order to demonstrate that 〈w−kn wiw

k
n | k ∈ Z〉∩〈Y 〉 = 1.

Our argument easily generalizes to words wn from the normal closure of xn
in the group 〈Y, xn〉. However, for the case of three strands we can ensure
that no restrictions are needed. Note that G2 = 〈y1, x1〉 and P (2)

3 = P3.

Proposition 3.4. Let w1, w2 ∈ P3 be braids such that w1 ∈ 〈y1, x1〉
and expx1

(w1) 6= 0. Then the intersection 〈w−k2 w1w
k
2 | k ∈ Z〉 ∩ 〈y1〉 is

trivial.

Proof. The center of P3 is generated by the braid z = y1x1t, where t = x2
as before. Hence we can assume that w2 is from 〈y1, x1〉. It is sufficient
to demonstrate that the normal closure of w1 in 〈y1, x1〉 does not inter-
sect 〈y1〉. If w1 = (uk)v, then the normal closure of w1 is contained in the
normal closure of u. Hence we can assume that the cyclic reduction of w1

is not a proper power.
Note that 〈y1, x1〉 is free of rank two. The one-relator group

〈x1, y1 | w1〉

is torsion-free by [15, Theorem 4.12]. It follows that any nontrivial intersec-
tion should give y1 = 1 in this group. Hence this group would be generated
by x1. But since expx1

(w1) 6= 0, this would imply that this group is finite
cyclic, which is impossible. �

3.2. Lie-theoretic approach. With a group G filtered by the lower cen-
tral series one can associate a graded Lie ring

gr∗(G) :=
⊕
k>1

γk(G)

γk+1(G)

with the Lie bracket given by the commutator. This construction is functo-
rial. Moreover, if G is residually nilpotent, then injectivity of a homomor-
phism f : G → H follows from injectivity of the homomorphism gr∗(f).
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This approach was taken in [4, 5] to show injectivity of the natural sim-
plicial map

F [S1]→ AP.

In degree n, it corresponds to the homomorphism Fn → Pn+1.
Note that if two homomorphisms f, g : G → H induce the same ho-

momorphism of abelianizations Gab → Hab, then they induce the same
homomorphism of graded Lie rings gr∗(G)→ gr∗(H). Since the subgroup

〈y1x1, . . . , yn−1xn−1, t〉 ⊂ Pn+1

is isomorphic to Fn−1 × Z, it follows that the corresponding homomor-
phism Fn → Pn+1 is not injective. Therefore, the induced homomor-
phism gr∗(Fn) → gr∗(Pn+1) is not injective. On the other hand, Theo-
rem 1.3 implies that the subgroup

〈x1y1, . . . , xn−1yn−1, t〉 ⊂ Pn+1

is free of rank n. But this clearly could not be deduced via Lie-theoretic
approach, since yixi = [yi, xi]xiyi and the two homomorphisms Fn → Pn+1

induce the same map of abelianizations.
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Appendix §A. Proof of local confluence

In this section, we fill a gap in the proof of Theorem 1.1 and show that
the rewriting system is locally confluent.

In order to demonstrate that a rewriting system is locally confluent,
one must inspect all possible ways to apply two rules in some overlapping
fragments of a given word. It is easy to see that the left hand sides of the
rules (3) and (4) do not intersect and there are no self-intersections for the
rules (3) and (4). The case of self-overlappings for the rules (1) and (2) is
analysed in Fig. 2. The cases of overlappings of the rules (1) and (3), and
of the rules (2) and (3), are analysed in Fig. 3 and Fig. 4 respectively. The
cases of overlappings of the rules (1) and (4), and of the rules (2) and (4),
are completely analogous.

. . . xεix
−ε
i xεi . . .

. . . xεi . . . . . . xεi . . .

. . . yεjy
−ε
j yεj . . .

. . . yεj . . . . . . yεj . . .

(1)(2)(2) (1)

Figure 2. Self-overlapping for rules (1) and (2).

. . . xiv
−1
ij y

ε
ijy
−ε
ij . . .

. . . xiv
−1
ij . . . . . . w−1ij y

ε
ijwijxiv

−1
ij y

−ε
ij . . .

. . . w−1ij y
ε
ijwijw

−1
ij y

−ε
ij wijxiv

−1
ij . . .

. . . w−1ij y
ε
ijy
−ε
ij wijxiv

−1
ij . . .

. . . w−1ij wijxiv
−1
ij . . .

. . . xiv
−1
ij . . .

(1) (3)

(3)

(1)

(1)

(1)

Figure 3. Overlapping of rules (1) and (3).
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. . . x−1i xiv
−1
ij y

ε
ij . . .

. . . x−1i w−1ij y
ε
ijwijxiv

−1
ij . . .. . . v−1ij y

ε
ij . . .

. . . v−1ij y
ε
ijvijx

−1
i w−1ij wijxiv

−1
ij . . .

. . . v−1ij y
ε
ijvijx

−1
i xiv

−1
ij . . .

. . . v−1ij y
ε
ijvijv

−1
ij . . .

. . . v−1ij y
ε
ij . . .

(2) (3)

(4)

(1)

(2)

(1)

Figure 4. Overlapping of rules (2) and (3).
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