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ISOMORPHIC LODAY FUNCTORS OF
NON-HOMEOMORPHIC SPACES

ABsTrACT. Each commutative algebra A gives rise to a representa-
tion L 4, which we call the Loday functor of A, of the category 2 of
finite sets and surjective maps. In this paper we present two (infinite-
dimensional) non-isomorphic algebras over C with isomorphic Loday
functors, namely, the algebras of continuous functions on the Modbius
strip and on the cylinder.

§1. INTRODUCTION

Let §2 be the category whose objects are the sets (n) = {1,...,n},n € N,
and whose morphisms are surjective maps. A non-unital commutative al-
gebra A over a field k gives rise to a functor £4: Q@ — Vecty, that takes an
object (n) to the vector space A®™ and a surjection o: (n) — (m) to the
linear map o*: A®" — A®™

a1®"'®an'_>b1®"'®bma

bj = H ;.
1€o1(j)
Similar functors were considered in [1].

In [2] Podkorytov proved that if for finite-dimensional algebras A and B
over an algebraically closed field k the functors £4 and Lp are isomorphic,
then the algebras A and B are isomorphic.

In this paper we present two non-isomorphic algebras over C with iso-
morphic Loday functors. In particular, we show that the C-algebra of con-
tinuous functions on the cylinder and the C-algebra of continuous functions
on the Mdobius strip have isomorphic Loday functors. A related result in
the discrete case was obtained in [3].

Key words and phrases: Loday functor, representation of category, category of finite
sets and surjections, functor isomorphism.
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It is unclear what information about the space X can be recovered
from the functor Lo (x). By Gelfand-Kolmogorov theorem, if for compact
Hausdorff spaces X and Y, the algebras C(X) and C(Y") are isomorphic as
algebras, then X and Y are homeomorphic. As a result of Theorem 2.10,
we see that from an isomorphism of Lo (x) and Lo (y) one cannot conclude
that the spaces X and Y are homeomorphic.

§2. PROJECTIONS AND TWISTS

Let X and Y be topological spaces. Denote by (YX) the linear span
over C of the set of all continuous maps X — Y. We call an element
of (YX) an ensemble. An ensemble

A= Zuiai S <YX>,
i=1

where a;: X — Y are continuous maps and u; € C, gives rise to a linear
map C(Y) — C(X). Moreover, for each r € N such an A induces a linear
map

AT O(Y)®T = O(X)%T

by the rule
AN (@@ f) =Y uw(fioa)® & (froa)
i=1

We say that a topological space X is completely Hausdorff if for any two
points z # y in X there exists a function f: X — [0, 1] such that f(z) =0
and f(y) = 1.

Definition 2.1. Let » € N. An ensemble A € (YX) is called r-coherent
if A = 0.

There is a simple way to check if A is r-coherent. For any finite set T'— X
there is the restriction map

n
YX) "),  Aw A=) ulailr).
i=1
Lemma 2.2. Let X and Y be topological spaces and A € (YX) be an
ensemble. If Alr =0 for all finite sets T C X of alt most r points, then the
ensemble A is r-coherent. If Y is completely Hausdorff, then the converse
18 true.
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Proof. First, assume A|r = 0 for all finite sets T C X of at most r
points. Take T' = {z1,...,z,} C X (some of the points may coincide). In
the ensemble A|r regroup the indices to get

Alr= Y oy,
Wi T—Y

where the sum is taken over all maps T'— Y. Then the condition A|r =0
means that vy, = 0 for all functions ¢: T — Y. Take f1,..., f, € C(Y) and
a point (x1,...,x,) € X". With the natural inclusion C'(X)®" — C(X")
we can consider the element A" (f; ® --- ® f,.) as a function on X". We
have

A (fr @@ f)(@r,... %) = Zuiﬁ(ai(ﬂm)) o frlai(wy)).

Again, regroup the summands to get
A @@ ) m) = S vy @) fo (@) = 0.
Y: T—Y
For the other direction, assume that A" (f; @ ---® f,) = 0 for all
elements f1,..., fr € C(Y). Suppose there exists a finite set
T={x1,...,2.,} CX
with A|r # 0. Then there is a function ¢: T'— Y such that
Z u; = v, # 0.
i ailr=¢
Define the sets S; = {a;i(z;) | @ = 1,...,n}. Because Y is completely

Hausdorff we can choose the continuous functions f;: ¥ = C,j=1,...,7,
such that f;(¢(x;)) =1and f; =0o0n S; \ {¢(z;)}. Then

AL @@ f)(x,. .., xp)
= > vy i) (@) + g - firlp(z) . (o)

P: T—Y,
bFe

= V¢ 75 0. O
Definition 2.3. Let X and Y be topological spaces. The following set of
functions is called a set of projections and twists:

(1) pn: X = X, qp: Y =Y, n €N, satisfying the identities

2
® D = Pn;
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Pi ©p; = Dj ©pi,
qu = qn;
qi ©q; = 45 ©qi,
the sets Mov p, = {x € X|pn(x) # x} are pairwise disjoint,
the sets Mov ¢, = {y € Y| qn(y) # y} are pairwise disjoint.
(2) hp: X =Y, h,: Y = X, n €N, satisfying the identities

® gj Of}i = f}iopj,

® pjoh; =h;oqj,

® hjoh;=pjopi,

® hjoh;=g;oq;.

If such a collection of maps exists, we say that X and Y are connected by
projections and twists.

In Theorem 2.10 we show that if X and Y are connected by projections
and twists then the functors L¢(x) and L (y) are isomorphic.

Define the ensembles

n
Zn:H(l—pi)G(XX>, Zn:H(l—qi)e(YY),
i=1 i=1
where the product is the composition and 1 is the identity map. We also
set Zp =1 and Z, = 1.

As p, and ¢, are idempotent, the elements 1 — p, and 1 — ¢, are also
idempotent and hence Z,, and Z,, are idempotent.

Lemma 2.4. We have the identities
Zop1 +Z1p2+ -+ Zp_apn =1 — Zy,
ZOQI +21Q2 + - +Zn71Qn =1- Zn
forn e N.

Proof. We prove the first identity by induction on n > 1. The base
case n = 1 is trivial. Assume the identity is true for n — 1. We have

ZOpl + le2 +-+ Zn72pn71 + anlpn
=1-Z 1+ anlpn =1- anl(l _pn) =1-2,.
The second identity is analogous. O
Next, define the ensembles

T, = ZZi—lhi € <YX>, Tn = ZZi—lf_li € <XY>

=1 i=1
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Lemma 2.5. For any n € N we have the following identities
T, T, =1— 2Z,, T, T, =1— Z,.
Proof. We have

n n n
T.T, = (Z Zilhi> (Z Zilhi> =Y Zi1hiZ; 1h;.
i=1 i=1 i,j=1
Using the properties of projections and twists we can swap h;Z;_1 to
Z;_1h; and simplify to get

n

T.T, = Z Zi1Zj_1hihj = Z Zi1Zi-14iq;-
ij=1

i,j=1

Split this sum into the diagonal and the off-diagonal sums:

n n
T.Tn =Y ZiaZiagii+ Y, Zi1Zi1qig;-
i=1 ij=1, i#j
For the diagonal sum we get

n n

Z Zi 1 Zi 1qiq; = Z Zi1qi=1-2,

i=1 i=1

by Lemma 2.4. To deal with the off-diagonal sum, consider one summand
Ziflzjfl%’qw

where i > j (the case i < j is similar). Note that the element Z; ; contains

the factor 1—g;. Now, because all of the maps ¢; commute with each other,

we have Z;_1q; = 0 and the whole off-diagonal sum is zero. The second
identity is analogous. U

Lemma 2.6. The ensembles Z, 1 and Z, 1 are n-coherent.

Proof. We prove that Z,, ;1 is n-coherent. By Lemma 2.2 it is enough
to prove that for any finite set 7' C X consisting of at most n points
the restriction Z,,11|7 is zero. As the sets Mov p; are pairwise disjoint by
definition, there is j such that Mov p; N T = (). Hence, (1 — p;)|r = 0 and
thus Zn+1|T =0. [l

Corollary 2.7. The ensemble Tn+1Tn+1 mducef the identity map on the
tensor power C(X)®", and the ensemble T, 11T, 11 induces the identity
map on the tensor power C(Y)®™.
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Proof. Follows from Lemma 2.5 and Lemma 2.6. O

Lemma 2.8. Forr € N we have

r—1 r—
T7€+1 = Tﬁ Y.
Proof. Consider the ensemble T, — T, = Zrhr+1. We have

Tf.rﬁl) _ Tr(rfl) _ Zﬁrfl)hgz_—ll) -0
as ZU Y =0 by Lemma 2.6. O

Take any surjection o: (r) — (r — 1). It is clear that for an arbitrary
ensemble A € (YX) the following diagram commutes

C(Y)®r el C(y)®r—1

lAm lAw—l) (1)

C(X)®r —— C(X)®r1,
Lemma 2.9. The following square is commutative
C(Y)®r —Z— O(y)=r!
b e
C(X)®r —T O(X)®r—1,
Proof. By Lemma 2.8 it is enough to prove that the square
CY)®r 2 C(Y)er—t
[ |z
C(X)® 2 C(Xx)®or!
is commutative, which follows from the general case (1). O

Theorem 2.10. Let X and Y be topological spaces that are connected
by projections and twists. Then the Loday functors Lo(xy and Locy) are
isomorphic.

Proof. Define the morphism ®: Lo(x) — Le(y) with the r-th compo-
nent ®: C(X)®" — C(Y)®" being TT(:_)I and V: Loy — Lox) with
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the r-th component ¥U: C(Y)®" — C(X)®" being Tr(l)l. We have a dia-
gram

CX)&E—— C(X)®2&—— C(X)® &———— ...

CY) S — ()2 §&—— C(V)® &———— ...

where each square for a chosen surjection o: (r) — (r—1) is commutative.
By Corollary 2.7 the vertical maps are isomorphisms. Hence ® and ¥ are
mutually inverse natural isomorphisms of the Loday functors. O

§3. THE CYLINDER AND THE MOBIUS STRIP

In this section we show that the cylinder and the Mobius strip are
connected by projections and twists. By Theorem 2.10 these two non-
homeomorphic spaces have isomorphic Loday functors.

Define the cylinder X as the quotient of [0, 1] x [0, 1] obtained by iden-

tifying the vertical sides via (0,y) ~ (1,y) and the Mdbius strip Y as
the quotient of [0,1] x [0,1] obtained by identifying the vertical sides
via (0,y) ~ (1,1 —y).
Set x, = n%_l; choose €, > 0 so that the intervals (z,, — €,, 2, + €,)
and (T, — €m, Tm + €n) do not intersect for any n # m. Looking at the
picture below denote by R,, C [0, 1]x [0, 1] the space on the right and denote
by r,: [0,1] x [0,1] — R, some vertical retraction, symmetric about the
line y = %

0 Tp — €n Tn T, + €n 1

The composition
[0,1] x [0,1] ™ R,, < [0,1] x [0, 1]
gives rise to the maps p,: X = X and ¢,,: ¥ — Y.
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Denote by v,,: R, — R, the half-twist of the right half of R,

(z7y)7 Ogl"g‘r/n/’

n\T, =
() (z,1—y), z, <z <L

The composition
[0,1] x [0,1] = R,, ™ R,, < [0,1] x [0, 1]
gives rise to the maps h,: X - Y and h,: Y — X.

The reader can easily check that this set of maps defines a set of pro-
jections and twists.

Acknowledgments. The proof in this paper is based on ideas from [3].
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