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CHARACTER MEASURES IN LARGE TENSOR
PRODUCTS OF REPRESENTATIONS OF SIMPLE LIE
ALGEBRAS

ABsTrRACT. We describe the asymptotics of the character measure
on irreducible components in large tensor products of the finite di-
mensional representations of simple Lie algebras with a non-generic
argument of characters.

Dedicated to N. M. Bogoliubov
on the occasion of his 75th birthday

§1. INTRODUCTION

1.1. An overview and the setup. Asymptotical behavior of measures
on irreducible components in large tensor powers has been studied before.
For example, in [1] the statistics of irreducible components of large tensor
powers of the vector representation of sl,, with respect to the Plancherel
measure was considered. The Plancherel statistics on irreducible compo-
nents of representations of Sy for large N was described in [2-8|. The
asymptotic of multiplicities of irreducible representations in large tensor
products of irreducible finite dimensional representations of a finite dimen-
sional simple Lie algebras was described in [9]. Essentially, this gives the
asymptotic of the Plancherel measure on irreducible components of such
representations.
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This paper is the continuation of [10] where first two authors described
the asymptotic of the character measure when the argument of characters
lies strictly inside the principal Weyl chamber. We use some of the re-
sults of [11] where the asymptotic of multiplicities in such tensor products
were computed for all values of the highest weights, i.e., strictly inside the
principal Weyl chamber and when it lies on one of its walls.

1.1.1. Notations. Let g be a simple Lie algebra. Choose a Borel subalgebra
b € g and let h be the corresponding Cartan subalgebra. Let A be the root
system of g and A, C A be subset of positive roots. Denote by a1, ..., a, €
A, enumerated fundamental roots. Here r = rank(g) = dim(h) is the rank
of the Lie algebra g.

The Killing form on g induces the nondegenerate bilinear form on its
Cartan subalgebra. If x = Y. _ x,a, where «, is the basis of simple
roots, then (z,y) = E;bzl ZTaBapys where By = (g, ap) = doCyyp is the
symmetrized Cartain matrix. Here Cy is the Cartan matrix and d, is the
length of root a,. From now on we will identify the Cartain subalgebra
h and it dual vector space h* using the Killing form. Define the principal
Weyl chamber b C b as the set of elements = € h with (z,«) > 0 for all
o € Ay, In the interior of by, (z,a) > 0 for all positive « on the walls
some of (z,a) = 0.

Fix an element ¢ € b4 and let go be a Lie subalgebra with the root
system Ay which is the subset of roots of g that are orthogonal to ¢ with
respect to the Killing form. If ¢ is in the interior of by, go = {0}, if
t = 0, then gy = g. Positive roots of g decompose into the disjoint union
At = Af U AT where (a,t) = 0 when a € A and (a,t) > 0 when
a € AT. The Lie algebra g decomposes as a vector space as g = go © g1
where g; is direct sum of root subspaces for roots from A}, —Af and of
the corresponding subspace of the Cartan subalgebra of g. Let ry be the
rank of go. We will use notation pg = % ZangJr « for the half of the sum

of positive roots of gy and p; = %ZaeAf Q.

1.1.2. The character measure. Let V) be the finite dimensional irreducible
representations of simple Lie algebra g with the highest weight A and N
be a positive integer. Any finite dimensional representation of a simple Lie
algebra is completely reducible and therefore:

VAN e @ Wi(v,N) ® Vi, (1)
X
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where the sum is taken over irreducible components of the tensor product,
V) is the irreducible finite dimensional g-module with the highest weight
A and Wy (v, N) is the “space of multiplicities™

Wi(v, N) ~ Homg(VV®N, V).

Its dimension m (v, N) is the multiplicity of V) in the tensor product and
we have isomorphism of vector spaces. Let D(u) € h* be the convex hull
of the orbit of weight u under the action of the Weyl group W. Highest
weights of irreducible components in V,*" lie in D(Nv) and have the form
Nv — 22:1 nqe, where n, are integers.

We will use notations xx(g) = try, ) for characters of irreducible rep-
resentations.

Let ggr be the split real form of g and hgr be its Cartan subalgebra. When
g=¢€', t € hg C gr the characters x,(e') and y,(e') are positive and as a
consequence of the tensor product decomposition we have the identity

xu(€)N = ma(v, N)xa(eh).
A

Therefore

ma(, N)xa(eh)
Yo (e)N

is a natural probability measure on irreducible components of tensor prod-

uct: pE\N)(t) >0 and Z/\pg\N) (t) = 1. We will call it the character measure.

We will also assume that components of ¢ in the basis H,,a = 1,...r
in the Cartan subalgebra corresponding to simple roots are nonnegative,
i.e., t = 0. Our goal is to describe this measure in the limit when N — oo
and v and ¢ remain finite.

In this limit the lattice region D(Nv) in the weight lattice rescaled by
N becomes region D(v) in the Euclidean space C R". When ¢ is strictly
inside the principal Weyl chamber?, i.e., when t, > 0 forall a = 1,...,r
the limit of the probability measure was computed in [10]. Here we describe
the limit of the probability measure (2) when t is on a wall of the main
Weyl chamber, i.e., when for some a, t, = 0.

(2)

py () =

LThe principal Weyl chamber is in the dual space of the Cartan subalgebra, but we
will apply the same term to the Cartan subalgebra using the Killing form
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1.2. The main result. Consider an irreducible highest weight g-module
V., as a go-module. It decomposes into the direct sum of gyp-irreducible
modules V3°:

Vilgo = @ W, @ VO
Here the dim(W};) is the multiplicity of V,#° in V.. Define

>, triwy (!)e® () dim(Vg0)
"7 dim(ah) ¥, trw, (¢) dim(V,E°)
gdo

where c5° (i) is the value of the Casimir element for go on V/f°

As we explain in Section 3.4, the leading contribution to the character
measure in the limit when N — oo with ¢ and v being fixed and ¢ is on a
wall of the principal Weyl chamber comes from the region where

A = Nn+ VNka + VNb.

Here n = n(t,v) is defined in Section 3.4, b lies on the wall of the principal
Weyl chamber where t is, i.e., (a,b) = 0 for all @ € Ay, and a is strictly
inside the principal Weyl chamber, i.e., (a,a) > 0 for all a € A,.

(3)

Theorem 1. As N — oo the character measure weakly converges to the
probability measure on Rg’o x R"™70 with density function

2
’P(a,b,t):dL{(le_%(val(")b) detfo H (a,q) e_%(“’a)".
(271')%;9 (2r)= cat (po, @)
aCBg

The matrix K is described in Section 3.3, By is the symmetrized Cartan
matriz of go and (a,b)q is the Killing form on go, restricted to by.

The key element in proving this theorem is the asymptotical behavior
of the multiplicity my (v, N) in the limit when N — oo, v is fixed and A/N
is finite. It was found in [9], see also [11].

The weak convergence of measures in the context of Theorem 1 means
the following. For any bounded continuous function h on ]R;jo X R"™70 and
an increasing sequence of natural numbers N,, we have

3" h(VR/NGA VTN (A = Nan))p (1)
AeD
— / / h(a,b)P(a,b,t)day ...dar,dby ...db,_r,. (4)
IR;OO RT—"0

Here we assume that v and ¢ are constant as n — oo.
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1.3. The paper is organized as follows. This paper is a research announce-
ment. The details of proofs are left to a follow up article.

§2. THE MULTIPLICITY m) (v, N) FOR LARGE N
Here we give an overview of [9-11].

2.1. Character estimates. Consider the character of the irreducible g-
module V,,:

Xu(g) = xu(e) = > e(v; B,
BeEQ(V)
where ¢t € h and ¢(v; 8) are the multiplicities of the weights 8 € h* of V.
Q(v) C b* is the convex hull of the Weyl orbit of v. The following lemma
was proven in [9], see also [11]:

Lemma 1. For any fired x € X the following inequalities hold:
o (€)] < I (e9)-
The number of points for which both expressions are equal is det Cyy.

2.2. Integral formula for multiplicities. The character of tensor prod-
uct of modules can be expressed as a sum of characters of irreducibles as

Xu (€N = " ma(v, N)xa(e),
A

and due to the orthogonality of characters and the Weyl integration for-
mula the multiplicities m (v, N) could be computed as the following inte-
gral:

ma(v, N) = / (@) @)y

G
1 , | ‘
:W/Xv(ew)NXA(ew)\A(e"’)l2d91 ...db,,
T

where
A(ew) _ ei(&,p) H (1 _ efi(G,a))
aeAt
is the denominator of the Weyl character formula
NG

X/\(ew) — A=
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and
<I>/\(ei9) = Zg(w)ei(&w(kﬂ)),

w

p is a half sum of positive roots, |WW| is the order of the Weyl group.
Remark 1. The characters are orthogonal on T*

/X,,(eie))o\(e“’)|A(ei9)|2d01 ...dl. = /@U(ew)@)\(ew)dﬁl ...do,
T

T
_ /ZO_(w)ei(Q,UJ(u+/)))ZO-(u)ei(e,u(/\-i-p))dgl .o,
T w u

= /Z0(w)U(u)ei(e’“’(”+p))_(9’“(>‘+”))d91 o dB. = 0N |T||W].
T u,w

since the only nontrivial contribution to this sum is when ©v = w and v = A.

Thus, for the multiplicity we have the following integral formula:

ma(v,N) = Tl / (xu (")) e " OAMPA(?)db, . .. db,.
T

The function x(z) = x(e®T%) is a holomorphic function on z, therefore

we can deform the contour of the integral from the unit circle z = €%’ to
ea:—&-ie:

1 41 N _(z+i T+
m(v, N) = |T|/ (Xu(e +9)) e~ (T+ 0,>\+p)A(e +9)d0
T

1 et . ) )
_ m‘/eN(ln(XU(e + "))7(gg+z9,§))e—(w—',—z@,p)A(eze)de7 (5)
T

where df = df; ...df, and £ = A\/N .

2.3. The steepest descent computation of the asymptotic. Now
by a suitable deformation of the integration contour we can evaluate the
integral (5) in the limit N — oo when £ = A/N and v are fixed. For this
we need critical points of

In(x, (%)) = (2,€). (6)
As it is shown in [11] Lemma 1 implies that the leading contribution comes
from real critical points. Because the character x, (e”) is a strictly convex
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, there exists unique such critical point ., in the principal Weyl chamber
h. It is the unique solution in h+ to the equations

dIn(x, (e
E B
9 abgb

In the vicinity of this point

In(x () — (2,6) = S©) + 5 O Danlarer)yats + O,

a,b=1

where y, = (T — Ter)a, S(€) = In(xu(e%)) — (zer, &) is the critical value
of function (6), and

Note that because x,(

€”) is a convex function of x, S(£) is also the Le-
gendre transform of x, (e*

):
S5(€) = min (In(x, (e)) = (2,€)) = In(x (€77)) = (er, §)-

After the steepest descent analysis we obtain the asymptotical behavior
of multiplicities for generic values of & [9,11]:

o A(zer) _ 1
mx(v,N) =N~z = e~ (Pren) NSO (10— )).
A1) (21)3 /det D(z.,) (1+o(5))

§3. THE ASYMPTOTIC OF THE CHARACTER MEASURE

3.1. The characters y,(e'). Let t be on the wall of the principal Weyl
chamber, gg C g is a Lie subalgebra with roots orthogonal to t. We will
use notations of section 1.2.

Let AJ be the subset of positive roots of go. Denote by V¥ the irre-
ducible finite dimensional gy module with highest weight A. Let A € g* be
a highest weight for the Lie algebra g. Denote by A¢ its projection to gg.
Note that if ¢ is an a wall of the principal Weyl chamber, (A, t) = (Ao, t).

For ¢ > 02 the leading term in x(e*) when A — oo can be computed as
follows:

xaleh) = e(ro:t) dim( VgO Z dim( Vgo (A= miaist) +...

n; >0,
aiEAT

2This means (o, t) > 0 for each a € AT,
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dim(V 20
— o(ot) H l(rn( Ao )( t))(1+0(1))
1—e ™
OéiGAT
dim(V¥)
_ e(ont)+(l)17t) ) 0 —on (1 + 0(1))
H (e 2 — e 2 )
QIEAT
— M0t T A+ po, ) ! (1+o(1)).
cieAt (pO’a) H (6% —67%>
’ aiGAT

Thus, when A = N§, N — oo, the leading part of the asymptotics is

Xne(eh) = N (& +(p1.t) 1AL

(& @) 1
o =y (L +o(1)).
ai]gsr (pOaa) H (e( P) - — 6_%)
aiEAT
3.2. The matrix D(y) when y is on a wall of the principal Weyl

chamber. Denote by f(y) = Inx,(e¥). Let us repeat some steps from [11]
and compute the matrix of second derivatives of f(y):

Du(y) = O%f 0 agptrv(e?)
N yadyy  Oya try, (¢¥)

_ ﬁgyb (try, (e¥)) try, (e¥) — a%a (try, (e¥)) a%b (try, (e¥))
(trv, (ev))?
try, (HoHyeV) try, (e¥) — try, (Hqe¥) try, (Hye?)
(try, (ev))? '

The irreducible g-module V,,, being restricted to gg decomposes as

V, ~ @, W ® Ve

where V7 are irreducible representations of go, where the lower index de-
notes the highest weight. Denote by «, simple roots of go and by «; simple
roots corresponding to simple root subspaces of g; and let us compute ma-
trix elements of D(y) when y belongs to the same wall of P, as t.
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When ag, @, are simple roots of gy we have (a,,y) = 0 and
(as,y) = 0 and we can simplify the factor

tr, (H Hye') = trwy (e)try oo (HyH,).
y7

One can note that in H,, Hy, € hy C go and Vioisa go-module, so
we have:

C2 (903 ,LL) dlm(vtgo)
tryso (H H,) = dmay) £ -BO).
Taking into account the identity
try, (e¥) = Z trwy () dim(VJ°)

12

and
try, (Hse?) = ZUW; (e¥)trys0 (Hs) =0
“w
we obtain )
Ffly) B
0Ys0Yy v

where « is given by (3). Note that when y = 0, i.e., go = g this
expression coincides with the one obtained for Plancherel measure
Piw) e
yaOys '~ dim(g) "
Now assume that «y is a simple root for go, i.e., (aq,,y) = 0 and
«a; is the root system of gy, i.e., (a;,y) > 0. In this case we have:

try, (HsHie¥) = ZtrW:(Hiey)trvio (H,) =0
n

because
tTVVQO (HS) =0.
Thus, we have

i) _,
8yaayi

Thus the matrix of second derivatives of f(y) at y =t has the following
block form

2= [ ]
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where & is given by (3) and

_ 91y
0y;0y;

3.3. Pointwise asymptotic of the density of the character mea-
sure. Taking into account the asymptotic of the multiplicity and the as-
ymptotic of the characters when N — oo and £ = A\/N, v and ¢ are fixed,

D1 (y)ij

we obtain the following pointwise asymptotic of the probability pE\N)(t)
assuming & is generic:

(N)/py  npr Aler) —(pwer) JN(S(E)—Inxu(eh))
t)y=N"2 - e~ \PTerle Xy 7
() (27)% \/det D (o) ")
+ (&) 1
« eNE)+(p1,t) pIAT] H o) o oy (L+o(1))
e | G
aEAT
s 8 (€.0) !
(2m)% \/det D(zer) oy (Po-) T (e@ ,67%>
i€8g

aiGA;r
% e_(p,xm«)-‘r(Pl vt)eNg(T’E) (1 + 0(1))a

where N
S(€) = S(&) —Inxu(e") + (£, €).
From this we see that the character measure concentrates in a vicinity
of the maximum of S(¢).

3.4. The function S(¢) near its relevant points. Because —S(¢) is
the Legendre transform of a strictly convex function, it is strictly convex,
so is —S(§), as it follows from its definition. Let us find its minimum. We
have

9S(€) = 0@y (Oxu(e?)
&, _Z 08 ( Oy

The first term vanishes because ., is the critical point of (6). Thus, the
critical point 7(¢, v) is the unique globally defined (because of the convexity
of (6)) solution of

|rw—@)+vumfuﬂ

b

xCT (§7 t’ V) = t'
This point is also the global maximum of S &).
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Now let us consider the function S(€) near its critical point 7:

5© =50+ 33 2o i€~ e+ 0~ ).
a,b @

First, let us compute the critical value:

S(n) = S(€) — Inxu (") + (t,€)
= Xu(ezcr) - (1'07"777) - thV(et) + (tvn)-

This expression is zero because ., = t.

Define
0289
Kan = = 5,08, "

It can be written as

Kac - Z Bad(D(xcr)_l)debcv
b,d

where By, = d,Cyp is the symmetrized Cartan matrix.
Thus, in the vicinity of £ = n we have:

5(6) = — 5 Kas(€ ~ m)al€ ~ s + O((E — 1))

If ¢ is on a wall of the principal Weyl chamber D(z..) has the block
structure described in Section 3.2. As a consequence, in this case the matrix
K has the block structure

Iﬂl_lBo 0
K= [ 0 K :| '

3.5. The weak limit of the character measure. The function 5(¢)
has maximum at 7 which is the Legendre image of ¢. If ¢ is on a wall of
the positive Weyl chamber, its Legendre image is on the same wall. Let us
compute S(£) in a neighborhood of the critical point 7.

Based the block diagonal structure of K we can treat the problem on the
subspaces and note that on hp-subspace the matrix of second derivatives
is equal to B, and this is equivalent for the one for Plancherel measure.
On h;-subspace the problem is equivalent to the general case when t is
regular. Therefore we will admit the following rescale

A= Nn+VkNa+ VNb, (8)
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where a € hg and b € by, ie., (a,a) = 0 for « € Ay, (a,b) = 0 for

«

€ Ag. Because 7 lies on the same wall as t, it belongs to the hi-subspace.

Therefore, in hy-subspace the fluctuations are centered around 0, whereas

in

hi-subspace they will be centered around 7.
When ) is in the asymptotical region (8) we have:

2
P (0 = N1 LKL gy YALBy T (@0 -y
o) en? L (o)

aEA(J{

Taking the expectation value of a test function, as in (4), we obtain the
weak convergence of the character measure and thus, the proof of Theo-

re

10.

m 1.
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