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RANDOM YOUNG DIAGRAMS AND JACOBI
UNITARY ENSEMBLE

ABsTrRACT. We consider random Young diagrams with respect to
the measure induced by the decomposition of the pth exterior power
of C*®C¥ into irreducible representations of GL,, x GLj. We demon-
strate that transition probabilities for these diagrams in the limit
n,k,p — oo with p ~ nk converge to the large N limiting law for
the eigenvalues of random matrices in Jacobi Unitary Ensemble.
We compute the characters of Young—Jucys—Murphy elements in
AP(C™ ® C*) and discuss their relation to surface counting. We for-
mulate several conjectures on the connection between the correlators
in both random ensembles.

Dedicated to N. M. Bogoliubov
on the occasion of his 75th birthday

§1. INTRODUCTION

Transition probability for random Young diagrams attained prominent
role in the works of S. V. Kerov [1]. It was originally defined on the Young
graph which is graded graph that has Young diagrams v - n of n boxes
on n-th level that are connected to the diagrams A of n + 1 box if A is
obtained from v by addition of a single box, v  A. Transition probability

dim A
P A)= —— 1
w74 [A] dim v (1)
is then naturally related to the Plancherel measure on Young diagrams
Pl (dim \)?2
A)=—7"—"—
wo(A) ol
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by conditional probability formula

pPN) =D P A N ().
v,/ A\

Transition probability can be seen as a discrete measure defined on the
“corner boxes” of the diagram A that could be removed to produce diagrams
v. Similarly, cotransition probability can be introduced on the positions
where a corner box can be added. We will identify Young diagram with the
sequence of particles and holes on the half-integer lattice Z + % or Maya
diagram by rotating Young diagram in French notation 45° and putting a
particle in the midpoint of any unit interval on which the upper boundary
of the rotated diagram decreases. Then transition probability becomes a
discrete measure on half-integer lattice.

For example, Maya diagram for A = (5,5, 2, 1) looks as follows, transiti-
on probability is defined on shaded boxes or on corresponding particle
positions that are marked by the larger circles:

S. V. Kerov had shown that in the limit n — oo and scaling lattice
step by ﬁ, the transition measure for Plancherel-random Young diagrams

converges to the probability measure with the density o(x) = 7“12;“2 which
is the large N limiting density of eigenvalues of the Gaussian Unitary
Ensemble (GUE) of random N x N hermitian matrices (Wigner’s semicircle
law) [1], see also [2]. In the same limit random Young diagrams converge
in probability in supremum norm to the celebrated Vershik—Kerov—Logan—
Schepp limit shape Q(z) [3,4] which is related to the limiting density of
particles p(z) = arcsin (%) by Q' (z) =1 — 2p().

Moreover, the bijection between the diagram profile (x) and the tran-
sition probability measure ¢ was termed Markov—Krein correspondence. It
can be stated as a relation between two measures without relying on the
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limiting procedure as

/bda_(x) _ leXp ;/bd(Q(xz— |z])

where a and b denote the endpoints of the diagram,

(a,b) = supp((x) — |z[)-

This correspondence can also be expressed in terms of the particle density

p(z) = =L@ with supp p C (=00, b] as

b

JEC o) @

Uu— u—a uU—2x
a a

Later the same relation was demonstrated to hold between the limit
shape obtained by P. Biane for Schur—Weyl duality and Marchenko—Pastur
limiting law for Laguerre Unitary Ensemble (LUE) or Wishart random
matrices [5]. It is possible to extend this correspondence by constructing
a piecewise-linear function f by interlacing eigenvalues of random matrix
X from GUE or LUE with eigenvalues of X obtained from X by removing
last row and last column and then taking eigenvalues of X to be positions
of minima and eigenvalues of X to be positions of maxima and requiring
f'(z) = 1 between a minimum and the next maximum and f'(z) = —
between a maximum and the next minimum. Such a function for GUE in
the limit N — oo converges to Vershik—Kerov—Logan—Schepp limit shape
and to Biane’s limit shape for LUE [6, 7].

The third classical random matrix ensemble which is known as Jacobi
Unitary Ensemble (JUE) [8] or MANOVA matrix distribution [9] seems to
be missing in the literature from this discussion of connection to random
Young diagrams.

In the present paper we demonstrate that the limiting law for JUE is the
limit of transition probability of random Young diagrams with respect to
the measure induced by skew (GL,,, GL;) Howe duality [10]. We consider
the space A" (C"®CF), which has commuting actions of GL,, and GLj, and
decomposes multiplicity-free into irreducible GL,, x GLg-representations.
Taking the ratio of the dimension of the irreducible component correspond-
ing to Young diagram A to the dimension of the whole space we get the
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probability measure on Young diagrams of p boxes inside of n x k rectangle

_ dim Vg, (/\) dim Vg, (/\/)

In the limit n, k,p — oo with p ~ nk the convergence to the limit shape
was established several times by different methods and different authors,
see for example [11-13]. In Section 2 we demonstrate that the limit shape
of random Young diagrams with respect to u™ is connected to the limiting
law for the eigenvalues of JUE by Markov—Krein correspondence.

We expect that similar correspondence takes place for all correlation
functions as well because of a deeper structure. Okounkov in [14] has
demonstrated that correlators of row lengths of random Young diagrams
with respect to Plancherel measure are traces of powers of Young—Jucys—
Murphy elements. He also has shown that these traces count the number of
certain Riemann surfaces. On the other hand GUE correlators also count
surfaces. Okounkov proved that, asymptotically, these two sets of surfaces
coincide. We hope to prove the connection of JUE correlators and correla-
tors of row lengths of random diagrams with respect to ! in a similar way.
Therefore in Section 3 we compute the characters of the powers of Young—
Jucys-Murphy elements on A”(C™ ® C*). In the finite n, k, p setting we
observe the appearance of cotransition probabilities. We then explain that
these characters count the number of classes of certain Riemann surfaces.
We also recall existing results that connect JUE correlation functions to
Hurwitz numbers that also count Riemann surfaces and state the problem
of asymptotic correspondence.

In Conclusion we state three conjectures. First is that fluctuations of
random Young diagrams and JUE random matrices correspond to the
same asymptotic set of Riemann surfaces. This conjecture is supported
by the fact that fluctuations in both ensembles are described by the Airy
kernel, and by the analogous statement for GUE and Plancherel-random
diagrams proven by A. Okounkov [14]. Second, the generating function for
JUE correlators is tau function of an integrable hierarchy and admits a
free-fermionic formulation. There is a free-fermionic construction for the
correlation kernel for . We conjecture that these free-fermionic construc-
tions are asymptotically connected. At last, we conjecture that piecewise-
linear function obtained by interlacing JUE eigenvalues as described above
converges to the limit shape for x4 and present numerical evidence of that.
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§2. LIMITING LAW FOR JUE EIGENVALUES AND LIMIT SHAPE OF
YOUNG DIAGRAMS

The Jacobi Unitary Ensemble (JUE) can be defined as a probability
measure on the set of hermitian matrices H of size N x N with eigenvalues
in the interval (0,1):

amVP(H

)= ﬁ(det H)™(det(I — H))PdH,

N
where dH = [] dH;; ][] dReH;; dImH,; is Lebesgue measure and the nor-
i=1 i<j

malization constant ZJUE

JUE _ o ~ H)AAH = o Llat KT(B+E)
21 = [(aes syt —myan = [ ey E

is computed as

If a and 3 are integers, so that M, = a+ N and Mg = B+ N are integers,
this probability measure describes the distribution of the matrix that is
constructed from Wishart random matrices W, = A*A, W = B*B with
A being M, x N and B being Mg x N complex random matrices with
i.i.d. Gaussian entries as

H=Wa+Wg) 2Wa(Wa+Wg)~ 2.

Integrating over U (NN), we obtain the probability measure for the distribu-
tion of the eigenvalues A1,..., An

1 «@
Ay (A, AN = PRI TTOw =22 T ae@=x)Pdn. (1)

i<j

N
Introduce the empirical measure with the density on(z) = 4 . d(z—X;).

=1
Then in the large IV limit such that N, M,, Mg go to infinity with the same

rate, so that lim % = ¢, and lim % = cg with ¢4 +cg > 1, the empirical

measure converges weakly in probability oy (x)dx — o(z) dx to measure
with the density

A —x)(z — Az
\/( ;rx(l)( x) )]l()‘”)“r)(x) (5)
+ max(0,1 — ¢ )0(z) + max(0,1 — cg)d(z — 1),

o(z) =
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where the boundaries of the continuous part of the density are
ca(Ca +cs— 1)+ cg £2y/cacs(ca +c5— 1)
(Ca +cs)?
This density generalizes Wigner’s semicircle law and Marchenko—Pastur
law. This result was obtained in [17] and, for the sum of Wishart matrices
in [15], see also [16,18] and Proposition 3.6.3 in [8]. A plot of this density
and a random samples for different N is presented in Figure 2. To recover
this result we, for example, can write (4) in the exponential form as
dpdis (on) = exp(=N?J[on])

in terms of oy and minimize the functional

Ay =

11 1
Jlo] = O/O/U(x)a(y) Injz —y|™! dXdy—|—O/U(az)V(m) dx

with V(z) = (1 — ¢o)Inz + (1 — ¢5) In(1 — z) by solving the variational
problem for the density o. Taking variation of J with respect to ¢ and
differentiating with respect to x we obtain the following equation:

B oly)dy 1.,
v.p. / BT +2V(x)—0.

suppo
It can be interpreted as the electrostatic equilibrium condition for the
charged two-dimensional particles on real line. The density ¢ is then a
density of charged particles held in equilibrium by the external field V.
Denote by G,(z) the electric field strength G,(z) = — [ %, then it is
analytic on C\suppo and lim._,o G, (z+ie) = Firo(z)+1V’(z). Therefore
G, (z) satisfies Riemann—Hilbert problem. Assuming the support of o to
be single interval [a,b] we can write the solution in the form [8, equation
(1.67)] or [19, Chapter 6]

b

o) = V- - [

a

Vi(z) = V'(y) dy

z—y  Jb-yy—a)

with a, b obtained from equations

[ Viydy _0 1/b yWiydy
S NVOo-yly-a) T 7S b-yly—a)
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This solution, after substitution of the potential V(x), can be simplified
to the continuous part of (5).

10 A

p(A)

0.0 012 0?4 ofe 0r8 1fo
Eigenvalues A of X € JUE

Figure 1. Histogram of JUE eigenvalues for N = 1000
and ¢, = 0.95, ¢g = 1.235 and limiting law (red). Note
the discrete load at zero due to ¢, < 1.

The limit shape for the random Young diagrams with respect to the
measure (3) can be obtained in a similar way, see for example [20]. First, use
Weyl dimension formula to write the measure as a product of Vandermonde
determinant and a binomial coefficient

1 S n+k—1
we () ZH II()\Z A+ ) iIIl (/\i +n— Z)

i<j

We omit the expression for the normalization constant ZH as it is not

needed here. Then introduce the empirical particle density for the diagram
A as pp(x) = %Z o(x — %), rewrite the measure as the exponential of
1

a functional J[p,] and apply Stirling approximation for n, k,p — oo with

limg =c, nkpip = oM to get the potential

Viz)=(c—x)In(c—z)+ (z+ 1) In(x + 1) + Cx,
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with the term (& coming from the condition A - p and ¢ being the Lagrange

multiplier.
Minimizing the functional the same way as described above, we get
Riemann-Hilbert problem for G,(z) = — [ %. Solving it with the

additional condition we obtain ¢ = Inaf and
1 He—1 1—all
p(x) = — arccos ol D+all—al) ,
™ 2y/al(c—z)(z +1)
for x in the support of p, where supp p(x) = [t_,t4+] C [—1, ] with

af(c—1)+2vVale

ol +1

ty =

x

See Figure 2 for a rescaled plot of limit shape Q(z) =1+ [ (1 — 2p(t))dt
“1
obtained by integrating the density p(z).

Markov—Krein correspondence (2) can be seen as the relation G, (u) =

u%rl exp G,(u) between G, and G,. Computing the transition measure o

from this relation we obtain

atle — 1 H_ ¢

oM(z) = max (o, aH(c+1)) §(x + 1) + max (0, af{‘(cm> 5(c— )

L+ /(@ —t_)(ty — )
2ra® (e—2x)(x+1)

1

“7o;—7 and rescaling the interval (—1,¢)

By choosing ¢ = 2 and oM =
to (0, 1) we recover (5).

§3. RANDOM DIAGRAMS AND COUNTING OF RIEMANN SURFACES

Consider now the finite n, k, p. The space A”(C" ® C*¥) decomposes into
(7;]“) sign representations of the symmetric group .S, and so an introduction
of transition probability by formula (1) does not seem to be related to this
case. But we can consider the exterior power as a module over the center of
the symmetric group algebra ZC[S,], as was demonstrated in [21]. In this
section we will compute the characters of powers of Young—Jucys—Murphy
elements by using Stanley’s character formula [22].

The group algebra C[S,] consists of linear combinations > a,w with
weSy

complex coefficients a,, € C. Center of the group algebra ZC[S,] is spanned
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by the basis elements Cy = > w for A b p, where [)\] is the conjugacy
we[A]

class of permutations that have cycle type A. Young—Jucys—Murphy ele-

ments are defined as sums of transpositions J; = 0, J, = (1a)+(2a)+- - -+

(a—1a),a=2,...,p. These elements are not central, but commute among
themselves. Symmetric polynomials of p variables evaluated at J1,...,J,
p
generate the center ZC[S,]. Moreover [[ (1+¢eJ,) = Y. e?P~*NC,, where
a=1 Ap

£(A) is the number of rows in .
Sniady and Panova in [21] defined the character of ZC[S,]-module V,, :=
A’(C" ® C*) as a function xv, : S, — C:

xv, (w) = dimvptr[pr].

Here p,, is the action of w on W, = (C" ® C¥)®P, which permutes the

factors in the tensor product. One can obtain the space V}, as a subspace

of W, by applying the projection II, = ﬁ g (—1)Yw € ZC[S,]. This
w P

means that the character of any permutation from S, of cycle type A can

be computed as the character of the corresponding basis element C'y of the

center ZC[S,] divided by the cardinality of [A]. Note that we can extend the

character xy, to C[Sp] by linearity, and that this character is normalized

so that yv, (Id) = 1.

According to Lemma 3.2 in [21], for any p’ > p the character v, is
equal to the restriction of XV, Therefore, it is sufficient to consider only
the character xv,,, . Corollary 3.3 in [21] provides that the character xv,,
as the restriction of the character xv,,, is equal to the restriction of the
Snk character ygn : Spx — C of the representation corresponding to the
rectangular n x k Young diagram. To compute the latter we use the results
of [22]. Let X denote the unnormalized character of the symmetric group,
satisfying Xy (Id) = dim()). For a diagram A F p consider the diagram
(A, 1"%=P) |- nk obtained by padding A by nk — p rows of unit length. For
u F nk, define
(nk)1X, (N, 17F7P)

(nk — p)! X, (1nk)

For p = k™, formula (7) in [22] gives the following expression:

X (A 17P) = (1) Y 7 Hys, (1), (17%) X, (N), (6)
vkp

Xu(A177P) =



RANDOM YOUNG DIAGRAMS 221

where H, = [] h(0;;) is the product of hooks of diagram v, s, are
Oi;ev
Schur polynomials and s, (1") = dim Var,, (v), s,(17%) = (— )""s (1%) =
(—=1)? dim Vg, (v'). Hook product can be written as H,, = . From (6)
we then obtain:
X (0, 175~ 1))
X (17F)

d1m v

nk )!p! : i
_ p P Z d1 d1m Vo, (v) dim Var, (V') X, (A).

The left-hand side is exactly the restriction of the S,x-character xy» to Sp.
Now to compute xv, (J,") we should expand J," as a linear combination
over diagrams A of at most p boxes, then for each A compute the character.
The final step is to take into account that eigenvalues of Young—Jucys—
Murphy elements in irreducible S,-representation corresponding to diag-
ram v are contents of the boxes that can be removed from v, so X, (J;") =
> dim(v —0;)(v; —4)™, where the sum is over the rows where the last box

O; can be removed to produce Young diagram with one less box [14]. The
ratio §;(v) = % is a dual object to the transition probability (1)

and is called cotransition probability or decay rate. Therefore we obtain

XV jm Z H Z 6 Vz - Z
vkp
where we have substituted the dimension of V,, = A”(C"&C*), dim V,, = (’;k)

This computation can be iterated for other Young—Jucys—Murphy ele-
ments J,, a < p, since the J,-eigenspace, that corresponds to the eigenva-
lue (v; — i), is the irreducible representation of the subgroup S,_1 in S,
that fixes p € {1,...,p} and corresponds to the diagram v — J;. Therefore
the eigensubspaces of J,_1 in this eigenspace correspond to the corners of
the diagram v — [J; and are irreducible over the subgroup S,_o that fixes
p and p — 1. See [14, equation (3.14)].

On the other hand, any permutation wy in S, of the cycle type A acts
on every basis vector in V, by multiplication by sign(\) = (—1)N=¢X) g0
the corresponding character is:

v, () = (~)PO),
S
The product [] J, +1 , can be written as a sum of terms of the following
i=1

form:

w(r) = (111p) . (T1,P) (P21 P—1) o . (T2, P—1) .. (T, D+ 1—5). (7)
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Every transposition changes the sign of the final permutation w(7). This
means that every term contributes (—1)%1+#2++5: — (_1)I%l to the value
S

of xv, applied to [[ Ji;_;:
i=1

XW<H:£pJ(1WHﬂL ®)

i=1
where {7} is the set of all possible choices of individual 7;;. Each 7;; takes
values from 1 to p — i, so the cardinality in (8) can be easily calculated:

(H pt1— ) (D -1 p=-2)"=. . (p—9). (9

The third expression for the character of Young—Jucys—Murphy ele-
ments can be obtained by using Stanley’s formula [22, Theorem 1]. Ac-
cording to this formula, the character of the permutation w(r) € S, is
given by

Xjn (w(T), 17F—P nk — p)!
ey = (U T e,

wy,wyw(T)=Id

where the sum runs over all p! pairs w,,w, € S, of arbitrary cycle types
w, v satisfying w,w,w(r) = Id. Summing over all 7 and rearranging the
final sum, we obtain

(H ) Y Y aen)

T wywy,w(T)=Id

= (-1 "k p Z 220118l 3 <_>£(V)Hg(n,u,y).

920 p,vbp

Here Hgy(k, pt,v) is defined to be the number of tuples (w,,w,,w(r)) of
permutations in S, such that

(1) 2=29 = £(p) + £(v) — |5,

(2) w, € V], w, € [l

(3) w(r) is defined in (7),

(4) wyw,w(r) =1d.

The relation w,w,w(r) = Id, where w(7) is defined in (7), can be seen

as a monodromy representation for the Riemann covering of a sphere with
|| branch points having simple ramification and two additional points
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with ramification profiles u,v. We can assume all branching points to be
distinct from 0 and co and all loops to start at 0 and encircle the branching
points. The product of all loops around branching points is contractible,
and hence the product of corresponding monodromies must be equal to
one.

The correlation functions for JUE are also expressed using Young-
Jucys—Murphy elements. The generating functions for JUE correlators
are hypergeometric Kadomtsev—Petviashvili tau functions [23|. Below we

adopt the notation from [24]. Consider the correlation functions of Jacobi
(k)
Unitary Ensemble { [] trH"® ), where we can assume k1 > ko = ... =

i=1

Ke(r) and k to be a Young diagram. Denote by Zy(u1,uz,...) the for-
mal generating function in infinitely many variables (u1,us,...) for the
correlation functions

ZN(’U,l,...):ZZl<
N K

(k)
trH’W> Upgy - -+ U,

j=1
:/exp Z %ter dmy'E(H),
m>1

where z, = [] "™ (m;!) and m; is the number of rows in x of length i.

i>1
Consider the space of symmetric functions of infinitely many variables
x1,T2,.... It can be seen as spanned by the power sums p,, = >z}, by

(]
elementary symmetric polynomials, homogeneous symmetric polynomials

or Schur polynomials sy (z1, 22, ...). Let v(z) = O:rj)(ilja) and r(y,€) =
cu+05

IT ~(e(j —4)) . Then the hypergeometric tau function can be defined by
Oijer

dim k
T (eprpa, ) =Y ] (7, €)sk (21, 22, ).

For any p > 0 a multiparametric Hurwitz number H,i,l(li) is defined as the

K

p
coefficient of €?C,, in class basis expansion of [] v(¢J,)
a=1

p

£ [T v(ea)-

a=1

1

2K

Hf/l(li) =



224 A. A. NAZAROV, M. S. SUSHKOV

The hypergeometric tau function admits the expansion in terms of these
Hurwitz numbers as
(k)

(5 p1,P2 - Z ZHd )Hpm"
i=1

d>1 K
The generating function for the correlators is the hypergeometric tau func-

m
. _ 1 _ Co m
tion for € = ~ and p,, = (CQHB) Ny,

1 Ca C "
7z Nuy, ... o N™u, .. ).
N(ul7u27 ) T’Y<N <0a+cﬁ> Uy, 7<Ca+cﬁ) U, )

Using this result it is possible to write genus expansion for the correlation

(k)
functions <H trH"‘J‘> as

j=1

Nl(rc) |"i| Ht Hri Z ( )l"“ Z cé(u)hg(,%,,uw)
N2g—2 (_ )Z(H)+€(U)+Z(n)+2g72’

920 vk Ca 0B
(10)

where hg(k, p, v) is called triple monotone Hurwitz number. It is the num-
ber of tuples (w,, wy,7i,...,7), with

(1) r= 29 2 — x| +€( )+ L(p) + £(v),

(2) wy € [u], wy € V],

(3) transp051t10ns 7i = (a4, b;), a; < b; are ordered by < ... < by,

(4) wyw,Ty ... 7 € [K].
Triple monotone Hurwitz numbers count Riemann surfaces of degree d with
three branching points with branching profiles x, u, v and simple branching
at r points. They are connected to multiparametric Hurwitz numbers by
the formula

29—2+|k|+Hl(K
H?9 Ikl+6(x) ()

1 Z A =IR (g — o) IRIF220 =L =L~y (15 11 1),

~ Al o

Correlators of large powers of H in JUE are dominated by the eigenvalues
near the edge of the spectrum A;. In the asymptotic regime x; ~ &N%
(soft edge) correlators are described by the Airy kernel [8]. The fluctu-
ations of the largest eigenvalue obey Tracy-Widom distribution [25]. In
this regime the terms of genus expansion (10) also depend on N through

vt s|
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kK, therefore we need more than the asymptotic of a single Hurwitz num-
ber hy(x, pt,v). The JUE version of Hurwitz measure [26,27] needs to be
introduced and studied asymptotically.

Similarly the correlators of particle positions near the edge of the limit
shape for u!f are described by the Airy kernel, and the fluctuations of the
first particle position or the first row length obey Tracy—Widom distribu-
tion [28, Section 4.2]. Here we need to consider the regime r; ~ &ms ~
fip%. In this regime we can neglect the permutations between sheets num-
bered p,p—1,...,p—s+1in (7) similar to [14, equation (3.15)] as it does not
change the leading asymptotic of order ppl/3 in (9). For random diagram A
and finite 7 in this regime we have \; —i =~ \;. Therefore we can conjecture

that the joint distribution of random variables ni (ti—;l — 1) corresponding
to row lengths in random Young diagram with respect to u!! is identical to

the join distribution of random variables N 3 ( ;\\i — 1) corresponding to

the largest JUE eienvalues. We expect that leading asymptotic contributi-
ons to these distributions are given by the same set of Riemann surfaces
the same way as for GUE/Plancherel correspondence in [14].

CONCLUSION AND CONJECTURES

We have demonstrated that limit shape of random Young diagrams
with respect to skew Howe measure pHf in the limit n,k,p — oo with
p ~ nk is related to the limiting distribution of the JUE eigenvalues when
a,B,N — oo with a ~ N and § ~ N.

We have also computed the characters of Young—Jucys—Murphy ele-
ments in A”(C" ® C*) and discussed their connection to Riemann surface
counting.

Let us state three conjectures that give the directions for the future
work.

(1) For random Young diagram \ with respect to u!! in the asymptotic
regime n, k,p — 00, p ~ nk introduce the random variables z; =

t+n

B(E) = if: exp(€xy).

For random matrix H from JUE with eigenvalues A1 > Ay >
... 2 Ay in the asymptotic regime o, 5, N — co, a ~ N, B ~ N

Ag
At

ni ( A _ 1) fori =1,..., s for any finite s and Laplace transform

introduce the random variables y; = N 3

—1)fori=1,...,s
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Q(x)

0.25 1

0.20 1

0.10 1

0.05 1

0.00 1

[ee]
for any finite s and Laplace transform 3(¢) = > exp(€y;). We
i=1

conjecture that all mixed moments of the random variables Z(§)
and y(§) exist and are identical to each other and therefore the
joint distribution of random variables 1, ...,z is identical to the
joint distribution of y1,...,ys for any s.

The generating function for JUE correlators is tau function of an
integrable hierarchy and admits a free-fermionic formulation [29,
30], see also [31]. In particular, there exists an integral representa-
tion for tau function [30, Proposition 14]. There is a free-fermionic
construction that gives an integral representation for the correla-
tion kernel for uf, see for example [28, Theorem 1.1]. We con-
jecture that these integral representations are asymptotically con-
nected.

Otl OjZ 0?3 Ot4 0?5
X

Figure 2. Piecewise-linear function constructed by inter-
lacing eigenvalue of JUE random matrix H and matrix
H , obtained from H by removing last row and column,
with ¢, = 1.6, ¢g = 4.8 and N = 50 (orange), N = 500
(green), N = 1500 (blue), and a rescaled limit shape of
random Young diagrams for the measure ! (red).
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(3) Construct a random piecewise-linear function f by interlacing
eigenvalues of JUE random matrix H with the eigenvalues of ran-
dom matrix H , obtained by removing last row and last column of
H and then taking eigenvalues of H to be positions of minima and
cigenvalues of H to be positions of maxima and requiring f'(z) = 1
between a minimum and the next maximum and f/(z) = —1 be-
tween a maximum and the next minimum. We conjecture that in
the limit o, 8, N — oo with @ ~ N, 8 ~ N such random function
converges to the limit shape € for ! in supremum norm. In Fig-
ure 2 we present results of numerical simulations that support this
conjecture.
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