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PAINLEVE PROPERTY AND GENERATING
FUNCTIONS FOR ASYMPTOTICS

ABsTrACT. This paper proposes a new approach to the asymptotic
analysis of Painlevé equations. The approach is based on represent-
ing solutions of the Painlevé equations using formal series in two
variables, >3 y* Ay (z), with rational functions Ay (z). The ap-
proach is applied to the asymptotic analysis of the third degenerate
Painlevé equation.
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§1. INTRODUCTION

An ordinary differential equation (ODE) is said to have the Painlevé
property if the positions of singular points, other than poles, of its general
solutions do not depend on the initial values (integration constants) of
the solutions. This definition distinguishes singular points of solutions into
movable (poles) and non-movable (branch points and essential singular)
points; in this paper the latter points are often called the regular singular
points and irregular singular points, respectively. When we refer to both
types of singular points, regular and irregular, we call them critical points.

The location of the non-movable singular points can be deduced from
the analysis of the form of ODEs; say, denoting the independent variable
of the Painlevé equations in the canonical form as 7 € C, then it is not
complicated to establish that the sixth Painlevé equation has three regu-
lar (branch) singularities at 7 = 0, 7 = 1, and 7 = oo, the other Painlevé
equations have one irregular (essential) singular point at 7 = oo, the fifth
and third Painlevé equation, additionally, have a regular singular point at
7 = 0. The location of the movable poles of general solutions cannot be ex-
plicitly found through of any parameters uniquely define them (initial data,
monodromy data), which is a manifestation of their transcendency. At the
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same time, the Painlevé property of an ODE imposes certain conditions on
the behavior of its solutions in the neighborhoods of non-movable singular
points; this behavior is simpler compared to the behavior of solutions near
singular points of an ODE without the Painlevé property.

The asymptotic behaviour of general solutions of the Painlevé equations
in the neighbourhood of the non-movable singular points are also already
studied. One of the important consequences of the Painlevé property is that
it suggests existence of the connection formulae for the asymptotics of the
same solution in different singular points or between different directions at
a given singularity. These connection formulae are already obtained due
to the additional analytic structure which is appeared to be related with
the Painlevé equations, a theory of isomonodromy deformations for linear
ODEs. It can be said that the leading terms of the asymptotics, together
with the corresponding connection formulae describing the behaviour of
the general solution in some neighbourhood of a given singular point, rep-
resent the “surface” structure of this singular point!, so to say, the face
of the singularity. On the other hand, observing the results concerning
the full asymptotic series for the general solutions of the Painlevé equa-
tions [3,5,13,14, 20, 21], we conclude that the Painlevé property provides
a remarkably simple structure for these series: the reader can verify that
a random addition (or change) of any term of the Painlevé equation that
violates the Painlevé property destroys the structure of these series. This
latter structure can be called the “under the surface” structure? of the sin-
gular points, the root of the singularity, so to speak. The goal of this article
is to explicitly formulate what we mean by the root structure, develop an
analytical tool for studying it, and illustrate its main features using the
example of the degenerate third Painlevé equation.

Let u(7) be a solution of an equation with the Painlevé property and
To its critical point, denote ) = €2, a connected domain in the complex
7-plane such that 7y belongs to its boundary, 19 € 902. We call 2 a proper
domain at 7y if (1) 79 is a regular singular point and  is an open disc

L This structure can be represented as a neighborhood of a singular point in C,
divided by certain rays into sectors corresponding to the leading terms of the asymptotic
series for general solutions in the sectors. Parametrization of these asymptotic formulae
by the monodromy data of the solutions allows us to describe how the asymptotic
behavior varies from sector to sector, which is sometimes called the nonlinear Stokes
phenomenon. Thus, when discussing this structure, we are “looking at the surface.”

2 Clearly, the full asymptotic series contain “too many” correction terms that cannot
be placed on the same surface as the leading term, so we place them under the surface.
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centered at 79, with a radius cut, if the function u(7) has a countable num-
ber of poles/zeros accumulating at 7, then additionally, we have to delete
from € closed discs centred at these poles/zeros with an appropriately
shrinking with 7 — 7( radiuses (see, e.g. a construction presented in [10]),
so that in the presence of such poles/zeros € is a multiply connected do-
main, (2) 7o is an essential singularity, Q is a“fat” ray, i.e., the ray with
the origin at 7y together with some shrinking as 7 — 79 neighbourhood. In
case there are sequences of poles/zeros accumulating at 7 = 79 applies a
comment similar to the one in item (1). The exact definition of Q depends
on a particular equation with the Painlevé property under investigation
and arg T and will be specified below for the solutions of the degenerate
Painlevé equation. All examples that are considered by the author so far
are related with the Painlevé equations in the canonical form. For these
equations a regular singular point, if any, is always located at 79 = 0 and
the essential singular point, if it exists, at 79 = co. As mentioned above,
the only Painlevé equation that does not possess an irregular singularity
is the sixth Painlevé equation, instead it has at 7 = co a regular singular
point and one additional regular singularity at 7 = 1.

Now, the root structure of the non-movable critical points can be defined
in the following way. Let u(7) be any solution of some Painlevé equation
and 7 its critical point, then there exist a proper domain €2, functions
x = z(7) and y = y(7) holomorphic in €,, and independent of the initial
data of u(7), such that

w(r) = T A((T),y(7)), (L.1)

T—T0
TEQTO

where r is a rational number which depends on the Painlevé equation and
7o, and A(z,y) is a formal expansion,

Aley) = 3 A(a), (1.2)
k=0

where Ag(z) are rational functions of . The formal expansion (1.2) after
substituting @ = x(7r) and y = y(r) becomes an asymptotic series in 7,
possibly after specifying the parameters they may have.

This structure should be supplemented with the following, less obvious
features: (1) the choice of the functions z(7) and y(7) is not unique; (2)
all asymptotic series possess a certain symmetry which can be exploited
by making the corresponding symmetry transformations for the functions
x(r) — Z(1) and y(r) — y(7), and substituting the tilde-functions for
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x(7) and y(7) in the equation (1.2). We get also a valid asymptotic series,
which can be, in particular, used together with the original series (1.2) to
obtain a uniform asymptotic expansion; and (3) there is always a proper
choice of the functions z = z(7) and y = y(7) such that the following
representation is valid

A({E,y) = Zkak(y)v (13)
k=0

with some rational functions By (y); We call the varables z(7) and y(7)
and the expansions (1.2) and (1.3) conjugate functions and, respectively,
expansions. (4) The poles of the functions Ag(z) and Bi(y), k € N are
defined by the functions Ag(x) and By(y), respectively.

We claim that this root structure holds for all asymptotics at all critical
points of all Painlevé equations. The functions z(7) and y(7), as well as
the formal expansion A(z,y) depend on each object of study mentioned in
the previous sentence.

The reader noticed that the functions z(7) and y(7) appear in a pair,
so that they can be interchanged and, thus, it is not clear whether there
is any difference between expansions (1.1) (A — expansion) and (1.3)
(B — expansion)? In fact, we distinguish these expansions by referenc-
ing an original asymptotic expansion, which is an external object for us,
which was obtained by other authors as B-expansion (base expansion). In
all main examples for the general solutions, that we studied so far, the
B-expansion is symmetric, y*¥By(x) = §*By(¥) and By (y) are polynomi-
als. These B-expansions serves us the sources of the functions z(7) and
y(7). These features can be readily observed from Section 3. After the
proper variables z(7) and y(7) are defined one can obtain, with a help of
the Painlevé equation under investigation, a partial differential equation
(PDE) for determining A/B-expansions.

In principle, a reader familiar with Appendices A-C [10] and who has
studied Sections 2 and 3 of this paper should have no problem finding
the variables z(7) and y(7) for the “power” and/or “logarithmic” asymp-
totics at regular singularities and the “trigonometric” and/or “trancated”
asymptotics at irregular singular points for any Painlevé equation, pro-
vided that the leading term of the corresponding asymptotics is known.
The situation with “elliptic” asymptotics at irregular singularities is more
complicated because we have no one example of the complete asymptotic
expansion for this type of the asymptotic behaviour. Two sighting shots
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for elliptic expansions are made in Section 4, both were partially suc-
cessful, because in Subsection 4.1, we introduce variables z(7) and y(7)
such that the expansion (1.2) is valid but the variables z(7) and y(7) are
non-conjugate, in Subsection (4.3) we introduced formally conjugate vari-
ables x(7) and y(7) and not to overload the notation we denote one of
the expansions as B-expansion but in this case the conjugate variables
appear to be symmetric, i.e., Z(7) = y(7) and y(7) = z(7), so that in this
case, these conjugate variables define a symmetric expansion, rather than
the conjugate one. The main propery of the B-expansion is violated, it is
not symmetric. An inderect consequence of it is the presence an infinite
sequence of constants of integration in the expansion, while a proper B-
expansion should not have any indetermined coefficients and we use it for
determination of initial conditions for the functions Ay (z).> In theory, we
could probably determine these constants by substituting this expansion
into the Painlevé equation, but that is beyond the scope of our method:
leave the Painlevé equation itself alone.

Let us recall that modern methodologies based on isomonodromy defor-
mations do not require a preliminary asymptotic analysis of the Painlevé
equations and provide the researcher with the “face structure” of singular-
ities. The PDEs for A/B expansions, which determine the “root structure”
of singularities, are, of course, based on the corresponding Painlevé equa-
tions, but ideologically, the method is different. While in standard classical
asymptotic analysis we study a simplified /truncated /reduced version of the
Painlevé equation, which defines the leading term of the asymptotics; for
general solutions, this is the equation for elliptic functions or their degen-
eracies, in our approach we deal only with rational solutions and avoid any
asymptotic ansatzes and expansions that appeared in studies based on the
study of simplified equations.

3 Calculating the B-expansion at first glance seems similar to substituting the as-
ymptotic ansatz into the Painlevé equation. However, from a computational stand-
point, there is a significant difference. When substituting the asymptotic ansatz into
the Painlevé equation, we must initially allocate memory for all its terms with undeter-
mined coefficients and perform the calculations by storing all these terms, as well as the
corresponding algebraic equations, in memory, then solving them sequentially. Mean-
while, the By (y) function appears in explicit (complex) form only after its calculation,
and the memory usage increases step by step. Furthermore, calculating the coefficients
hidden in By (y) is done by integration, while calculating the same set of coefficients
in the asymptotic ansatz is done by differentiation. For asymptotic series with a large
number of terms, the advantage of using the B-expansion becomes obvious.
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In this paper, we discuss the application of A/B expansions to the
study of the asymptotic behavior of the Painlevé equations, which has
a dual nature: (1) we show that the rational functions Ay (z) and Bi(y),
k € Z>o generate explicit formulae for infinite/finite subsequences of co-
efficients of the asymptotic expansions therefore we call them generating
functions. The formal expansions (1.2) and (1.3), representing collections
of these generating functions, we call supergenerating functions; (2) the
A- and B-expansions for a suitable choice of the parameters in the func-
tions = z(7) and y = y(7) define asymptotic expansions, which are an
analytic continuation of each other. Moreover, these expansions have an
overlapping domains of validity in the parameter space. This fact has the
following consequence, if a parametrization of one of the asymptotic ex-
pansions of the solution u(7) by its monodromy data is obtained, then the
same parametrization is true for the other asymptotic expansion, so that
mo any additional calculations for finding of such monodromy parametriza-
tions are required for the latter asymptotics (see example in Section 3).

In this paper u(7) is a solution of the degenerate third Painlevé equation

u'(7)= (“u((:))) - “/f) +% (—8¢(u(r))?+2ab) +ulZT), (1.4)

where the prime denotes differentiation with respect to 7, ¢ = +1, b €
R\ {0} is a scaling parameter, and a € C is a so-called formal mon-
odromy parameter, which cannot be changed by any scaling transforma-
tions. Equation (1.4) is also referred to as the third Painlevé equation of
typeD7 (see [12]). The choice of this equation is due to the fact that it
has both types of critical points, has one (non-scaling) parameter a, but
not as many such parameters as other Painlevé equations with two types
of singular points, and, in fact, it is somewhat more involved as an object
of asymptotic study than other Painlevé equations, which look even more
complicated.

Finally, let us discuss some further questions and perspectives related
with the root structure of the critical singularities. (1) The representa-
tion (1.1) for asymptotcs of solutions is an implication of the Painlevé
property for the second order ODEs, i.e., necessary conditions for the
Painlevé property of the second order ODEs. So, a natural question is
what is a generalization of these expansions for the higher order Painlevé
equations of one and several variables?
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(2) Is that possible that a moving critical singularity of general solu-
tion of a second order ODE has a root structure described by the expan-
sion (1.1)7?

(3) If some second order ODE have some non-movable critical points
with the root structure (1.1) and some movable critical points, then the
movable critical points cannot enter into some neighbourhoods of the non-
movable critical points because they would destroy (it contrudicts to) the
structure (1.1). So, the union of neighbourhoods of the non-movable crit-
ical points with the root structure (1.1) form a “repulsive” domain for the
movable critical points, i.e., a domain without movable critical points, this
domain can be called the Painlevé domain and its completion is the non-
Painlevé domain where the movable critical points are walking. So, this
idea gives a theoretical explanation of a possible existence of the equations
with partial Painlevé property. One of the candidates to equations of such
type were considered in [6]. The major question here is that although the
root structure (1.1) is a local property of a critical point, it is defined by
all terms of the corresponding ODE. Is that possible that such ODE which
holds the structure of the non-movable points allows to move some critical
singular points?

§2. REGULAR SINGULARITY:
LOGARITHMIC ASYMPTOTICS

Equation (1.4) has one regular singular point located at 7 = 0. In the
paper [10] we studied the one-parameter solution of this equation which

has the following asymptotic expansion®
+oo —+oo
U(T) = Z T2k_1 Z Egk,Lm(lIl 7_)—m7
k=0 m=—2|k/2] (2.1)
~ ~ ~ 1
c10=¢C-11=0, c_12= e

The expansion (2.1) depends on the single parameter ¢_; 3 € C and is
convergent in a neighbourhood of 7 = 0; furthermore, as in [10], we assume
that |arg 7| < 7 and the principle branch of In-function is chosen. The

4 For details, see Appendix C of [10]. In this section, for the convenience of the
reader, we retain the notation adopted in [10], in particular, in this section ¢ = +1, to
obtain formulae with € = +/ —1 it is sufficient to replace u— > eu and b— > ¢b in both
parts of all equations. In the equations with the function A(z,y), the function A(z,y)
should be changed to eA(z, y).
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expansion (2.1) is valid for all values of the parameter of formal monodromy
a € C. We say that the coefficients ¢ar—1,, are the coefficients of level k.
In contrast with the other types of the asymptotic expansions as 7 — 0
of solutions u(7) the number of coeflicients that belong to each level for
¢_1,3 # 0 is infinite. In Appendix C of [10], we constructed the super-
generating function Z(x, y) with = 1/In(7) and y = 72, that allowed us
to find explicit formulae for the coefficients ¢ar—1 , for all m > —2|k/2] of
the levels k£ = 0,1,2, and 3. Using the super-generating function g(x,y),
one can continue to construct the coefficients ¢of_1 ., for higher levels k,
however the corresponding formulae quickly become rather complicated,
nevertheless, some general properties of the coefficients can be derived. By
other words the construction presented in Appendix C.2 says that for any
given k the corresponding inner series of the double series (2.1) is nothing
but a rational generating function Ay (z).

The choice of the functions z(7) = 1/In(7) and y(7) = 72 is not a proper
choice in the sense discussed in the Introduction. Because, the conjugate
expansion with respect to variable z is a Larent (doubly infinite) expansion,
and does not have the form (1.3). Below we consider the proper choices of
the pair of functions x(7) and y(7).

The first choice is

z(1) = 7% In(7), y(7) = 1/1In(7). (2.2)

Using variables (2.2) the expansion (2.1) can be written in terms of the
function A(z,y) := 7u(7) as the expansion (1.1), where

Ak(ac) = Zg2n71,k7nxn7 k 2 0. (23)
n=0

In equation (2.3) we assume that for k = 0 all coefficients corresponding to
odd n € N vanish, i.e., ¢y—3,1-9; = 0 for [ € N. Define the linear differential
operator D acting in the space of formal power series of two variables x
and y as follows:
0]

—_— 27'
Tor Y oy’
then, the function A = A(x,y) solves the PDE

D=(y+2) (2.4)

bxy bxy 2
2 — < —
D*(InA) = —8A+ 2a Y ( 1 > . (2.5)
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Now we substitute the expansion (1.1) for the function A into the equa-
tion (2.5), equate the coefficients y* to zero and obtain differential equa-
tions for determining the generating functions Ag(x). For Ag(z) we obtain
a nonlinear differential equation with the only rational solution

Cxz?

Aol@) = Az

(2.6)

Expanding Ag(z) into the Taylor series, and comparing the result with the
expansion (2.3), one finds that C'=¢3 _5 and for [ € N finds:

n=20—-1: 541_371_21 =0, l €N, (27)
-1
. 1 ' (a® +1)!
n=2l: Cal—1,-21 = <—4> l’é‘é’72 = _T (28)

In the last equation of (2.8), we used the value of ¢35 _» which was cal-
culated in [10] via a direct substitution of the expansion (2.1) into the
equation (1.4). Other generating functions Ag(x), k € N, are defined as
rational solutions of non-homogeneous linear equations of the second order,
the homogeneous parts of which are degenerate hypergeometric equations.
In this case appear an additional problem, that does not occur in other
situations that we considered so far, namely, this is a resaunant case, by
other words, the homogeneous part of the ODEs defining Ag(x) have a
rational solution, so that the rational solution that define Aj(x) is not
unique and we faced to the problem of determining for each k one initial
parameter. This parameter, of course, can be calculated but it requires
additional efforts. Let’s see what happens for A;(x);

C12%(Cx® — 4)
Al(x) = (ng +4)3
z(ab(Caz? — 12)(C2x* 4 56C2? — 48) 4 2304Cx)
+ 18(Cz2 1 43

(2.9)

The first term in equation (2.9) is a rational solution of the homogeneous
ODE, depending on the constant of integration C7, which must be deter-
mined, and the parameter C is the same as in equation (2.6), which is
already known. Expanding A;(z) into the Taylor series one obtains

Ay (z) = %bm + (20 - Cfé) z® — abCz® + O(z*). (2.10)
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Comparing the expansion (2.3) for k& = 1 with the expansion (2.10) for
n=0,1,2, and 3, one finds

- ~ b C
c_11 =0, 010:&7 31 = —— 420,
7 ’ 2 ’ b3 (a2 j_Gl) (2.11)
55’,2 = —abC = %,

The coefficient ¢3 _1 was calculated in [10],
G31=—b((a®*+1)e 13 —a® —1/2) =4C(c_1 53— 1) — b?/2.  (2.12)

We continue to use the notation C' = —b?(a? + 1)/4, since in terms of C
the formulae look simpler. Substituting instead of ¢35 _; , its expressions,
given by the equations (2.12), into the third equation of the list (2.11), one
gets

C1 = 8b*(2(a®* 4+ 1)c_1,3 — 3a® — 2) = —8(8Cc_1 3 — 12C — b%). (2.13)
Now, we can decompose A;(x) into partial fractions,
3

ab k1 + ko

Aie) = 32 g 2.14

(=) 18 + 1; (1 + Ca2/4)k” (2.14)
where
4 32 32
§11 = §ab, §21 = —jab7 &30 = ?ab’
~ 2b2 _ 6b2
§r0=—16c 15+ = +24, 2,0 =48C_13 — o 04

_ 4b?
£30=—320_13+ Yol 40.

Developing A;(x) given in terms of the partial fractions (2.14) into the
Taylor series at x = 0 and comparing the coefficients of the latter expan-
sion with the coefficients of expansion (2.3) for k£ = 1, one arrives at the
following explicit formulae, ¢1,0 = ab/18 +&11 + 2,1 +&3.1 = ab/2 and for
leN:

l
n=20+1: E4l+1,21=<f) (51,1+(l+1)§2,1+(l+1)2(lm§3,1>,
(2.15)
l
n=2: Cy_11-au= <4€> (51,0+(l+1)52,0+(l+1)2(l+2)§3,0> . (2.16)
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Note that formula (2.16) works also for [ =0, ¢c_1 1 = &1,0+&2,0+E&3,0 = 0.

Remark 2.1. The determination of the functions Ay (z) for k > 2 is sim-
ilar, but the corresponding expressions quickly become quite complex. I
calculated Ay, A3, and A4 using MAPLE and did not notice a significant
increase in computation time, so I suspect that in practice, several more
generating functions could be calculated, but MAPLE might not be able
to display them. To determine the integration constants of type Cp (see
above) for functions Ag(z), it is necessary to know the corresponding co-
efficient of level 3, ¢3 5_2; these coefficients (for all k) are calculated in
Appendix C.2 [10] (see equation (C.30) in [10]).

The order of pole of the function A (z) is k42, so that the corresponding
coefficients ¢ay, 1 k—n = O(nFF1).

Consider the conjugate expansion (1.3). The corresponding generating
functions By (y) read,

Bi(y) = Gop-t1n-ra”, k=0 (2.17)
n=0

Comparing (2.17) with the equation (C.12) in Appendix C.2 of [10], we
see that the set of coeflicients defining Bj is the same as the one for the
generating function Aj, considered in [10], so that the construction below
should produce the same explicit expressions for the coefficients ¢og—1,m
as those obtained in Appendix C.2 of [10]. This construction, however,
is important, because it illustrates the idea of choosing a proper pair of
functions z(7) and y(7) and the existence of the conjugate expansions
discussed in the Introduction. Since in this case the construction of the
expansion (1.3) is similar that considered in [10], we will only briefly outline
its main features below.

1 ~

Bo(y) (1/y _ 0)2 5 C 20_1,3. (218)
Function By(y) with the change y — # coincide with function Ag(x) in-
troduced in Appendix C.2 of [10]. The functions By(y) for k > are deter-
mined via substitution of the expansion (1.3) into the equation (2.5) and
equating successively the coefficients of y* to zero. Like in the case with
functions Ag(z), considered above, one obtains nonhomogeneous ODEs for
the determinantion of the functions Ay (x) whose inhomogeneous part is a
rational function of y, and the homogeneous part is the second order ODE
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equivglent to a degenerate hypergeometric equation. In contrast with the
case considered above the homogeneous ODE does not have rational solu-
tions, and the determining of the functions By/(y) is straightforward: it is
the only rational solution of the inhomogeneous ODE. The final answer is
By (y) = y*Ap(z)|s=y, where Aj(z) are the functions determined in Ap-
pendix C.2 of [10]; this relation means that the conjugate B-expansion
coincide with the expansion studied in Appendix C.2 of [10].

All the expansions of (2.1), A, and B considered in this section are
asymptotic series. From a practical point of view, the series (2.1) is difficult
to use; the expansion of A converges very slowly; the expansion of B is
the best of them, but the formulas for the functions By (y) k& > 6 become
very complicated (see the discussion at the end of Appendix C.2 in [10]), so
further research is required even to display the results of their calculations.

§3. IRREGULAR SINGULARITY:
TRIGONOMETRIC ASYMPTOTICS

Consider asymptotic expansion for the general solution of equation (1.4),

e’} =k
e(eb)®3 15 13 .
) S m g P\ e | g
req k=1 j=— :
Q:={|Im0(7)| < 4, § > 0},
where
w = T%(;"'l)eie(ﬂ, 0(1) := 33/2(519)1/37'2/3, (3.2)
Re? + 1| < 1/2,
and
i(v+1
aio =0, iw+1) (3.4)

a1,101,—-1 = —W-

The remaining coefficients ay; can be determined uniquely in terms of
a1, a1,—1, and the coefficients of the equation (1.4) by substituting the
expansion (3.1) into it. In Appendix C [9] we discussed various properties
of this expansion, in particular, we conjectured explicit formulae for aj +i
and ay +(x—2), and we also mentioned that these formulae can be proved
using generating function technique, but the details were omitted. In this
paper, we provide the corresponding construction. Here, we follow the
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notation introduced in [9],

w=v+1, a = 2iV3a. (3.5)
Denote,
a(r)=0(r)"Pw™, y(r)=w, 0(r)/2=3%4(ch)"/Sr'/3 =073, (3.6)

where the function w is defined in (3.1).

o0
3.1. Super-generating function A(x,y). The super-generating func-

tion A (z,y) is a function of two independent variables z and y,
A(z,y) = ZykAk(x), (3.7)
k=0
where the generating functions

Ak(ac) = i @”an}k,nm", ke Zgo, ap,0 = 1. (38)
s

o0
Assuming that the function A (z,y) is constructed, the asymptitics of the
solution u(7) can be written in the form

2/3 -
u(r) = L 3 (a(r) (), (39

where 2(7) and y(7) are defined in (3.6). The linear differential operator
D acting in the space of formal power series in two variables z and y in
this case is defined as

x 0 i 0 0
D=-=—- — ) (y= —z—). 1
2 0x <%+ x2y2> <y8y xé)x) (3.10)
The function A = A (z,y) satisfies the following PDE

1 00 1 ia
4,4 T o2 | T 50 *
3ty (A) 20242 A

Substituting the expansion (3.7) into the equation (3.11) and equating to
zero the coefficients at the powers y*, k = —4,—3,..., one obtains for

D?In ;102—

(3.11)
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k = —4 a nonlinear ODE for the generating function Ag(x),

2 oo oo
(xdda:) In Ag(z) = % Ao(x) = —— | (3.12)

and linear second order ODEs for the functions A k(z), k > 1. The general
solution of equation (3.12) can be written using the Weierstass g@-function
of Inx, However, according to what is written in the Introduction, there
must be a rational solution to this equation and it does exist,

00 by _
Aoz) =1+ 11—15”27
(1 — b17_1£17/6)

where by _; € C is the constant of integration. By expanding the function

(3.13)

oo
Ay, given by the equation (3.13), into a Taylor series at x=0 and compar-
ing the result with expansion (3.8) for k = 0, we obtain formulae for the
coefficients an,—n,

n(by, 101"  nay_,

Up,—p = G 1 = Gl (3.14)

The function ;10 1(x) solves the second order linear homogeneous ODE,
A2 A (2)
dz?

dA(x) (3.15)
dx

a(xby,—1 — 6)(x%b7 _; + 24wby _y + 36)

= (20} _; — 542%b] _| — 540xby, 1 — 216)
+ 72b1’,1($b17,1 + 6) A 1(.’E)
One of the independent solutions of (3.15) is a rational function and the
other includes In(z), so that
0 o Cle(:rbL_l + 6) o 1

Aq(z) = @b 167 f%ﬁ + O(x?), (3.16)

where C is the integration constant. Comparing the expansion (3.16) with
the expansion (3.8) for & = 1, we confirm that a; o = 0, and find the
relation —C1/36 = ay _102. In [9] we found that as 41 = 0, therefore
Cy = 0, this, in turn, means that a, ;—, = 0 for all n € N. The function



PAINLEVE PROPERTY AND GENERATING FUNCTIONS 115

o0
Az (x) is a rational solution of a linear second order inhomogeneous ODE.
This solution can be written as

o Cox3(xby,_1 + 6) iz
Aq(x)= : -
2(1’) (Ib17_1 — 6)3 121)17_1(1?(71,_1 — 6)3
+6(c+ 93¢+ 9)b7 ;2" — 108(4ax + 533 + 53)b} _ 2
—216(60v+1435+151)b7 _ 2> —1296(a+930)by, 12— T7763)

(Get1)b7 2
(3.17)

where C5 is the integration constant to be determined by expanding the
right-hand side of the equation (3.17) in a Taylor series at 2 = 0,

o0 3iz i

Aq(z) = — z— = (o + 1250)2°
b 2 3.18)
_ %+ 441%4»317&4»@ b 3+O( 4) (
36 3 4 T )t v

Comparing the expansion (3.18) with the expansion (3.8) for k = 2, one
gets

3ix 3isx 1
Qa1 = — =— 0%a5 9= —= 12 3.19
ai,1 b PRRTC) az,0 2(04+ x), ( )
C 44i¢  3iae 1511
3 2
1= —— — —_— 4+ — _1. 2
Q3az 2 (3 +4+12>b171 (3.20)

The first equation in (3.19) is equivalent to the last equation in (3.4), the
second equation for ag o is equivalent to the expression for this coefficient
obtained in [9] (cf. the last equation in (C.9) of [9]). The coefficient ag,_1
was also computed in [9] (see the last equation in (C.10) [9]), that allows
one to find

3i

0225

(3a? + 24ase + 305 — 6a — 2723¢ — 305)by 1. (3.21)

o0
Substituting this value for C5 into the equation (3.17) for As(x) and de-
composing the resulting equation in partial fractions, we get

a+12x+12 , 9

00 i w41
As(z) = E <12b£{’,—11’3 T e
3 i n
Ep—205¢ — 53)by, 17 +36(Z; + 6¢ — 23 M
+ (B0 = 53)bn, 1 +36(E + B = 2+ <1b1,_1x/6>”>’

(3.22)
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where
Zp = 3(a? + 8ause + 1054 + 4a), (3.23)
m = —27(38y + 42:c — 47), 1z = 9(7=2 + 1625c — 59),
N3 = —18(Z2 + 305 — 5).
Expanding the right-hand side of the equation (3.22) into a Taylor series at
2 = 0, one reproduces the first three off-set coefficients: a; 1, a2,0, and a3 _;

(cf. equation (3.18) and a paragraph below), and, comparing the resulting
expansion with the expansion (3.8), arrives at the general formula,

(3.24)

n—2
1(11 1

n+1)(n+2
a"v_(n_Q) 6n@2 <771 + (n + 1)7724‘%

5 773) , n=4.  (3.25)

The formula (3.25) for n = k is equivalent to the formula that was con-
jectured in [9] (see Conjecture C.2 of [9], for the lower choice of signs in
equation (C.14)).

Now we will describe the continuation of the procedure for calculating
the generating functions Ay(z). This procedure requires a priori knowl-

edge of the coefficients ay,_1, & > 4. The coefficients a4,y = as,—1 = 0
and as 1 were calculated in [9]. At this stage we conjecture that The

oo
functions Aq¢j_q1(z) = 0 for all j € N. This statement can be proved by
mathematical induction provided that it is confirmed that ag; —1 = 0. Ac-

tually the induction hypothe51s for the function A1 is estabhshed above,

then, assuming that Azz_l( ) = 0 for ¢ < j, one shows that AQJ 1(x)
is a solution of a second order linear homogeneous ODE, whose rational
solution reads,

Coj_12% (xby,_q +6) O

($b17_1 — 6) 36
where Cy;_1 is the integration constant. Comparing the expansion (3.26)
with the expansion (3.8) for k = 2j — 1, we find that —Cs;_1/36 =
azj,—10%; this would complete the inductive step provided it is estab-
lished that azj —1 = 0.5

Aoy (a) = 2 + O, (3.26)

Calculating the generating functions A;(x) for j > 2 is technically
more complicated, but practically resembles the case 7 = 1. It is helpful

5 One can prove that agj _1 = 0 and calculate az;_1,_1 for all j € N with the help
of the conjugate expansion constructed in Subsection 3.2, see Remarks 3.2 and 3.3.
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that MAPLE contains an implementation of an algorithm for construct-
ing rational solutions to linear ODEs, but these solutions quickly become
quite complex as j grows, so making the results of the computer calcula-
tions comprehensible takes considerably more time than constructing the

o0
rational solution itself. As an example, consider the calculation of A 4(z),
which takes less than 1 second on a computer, but took the author several
hours to find the representation of the results given below. It seems that
there may be more appropriate variables and relatively simple algebraic
algorithms that could help to write explicit formulae for the generating

functions of A 25 () in the general case.
o 5 2
Aale) = Cél(zb(f_bi:lGJ)rsm - 864bi,1(5b1,_1 6
+ 3(3¢ 4+ 1)(Za + 240 + 1245 + 91)b] _y2”
— 7203+ 1)(Z2 + 24a + 1345 + 101)b5 _,2°
+ 54(Z3 + 6052 + 5225 + 33601(25¢ + 1)+ 50685¢° + 57285+ 1539)b; _,°
+ 648(Z3 4 60522 — 3852 — 960r(25¢ + 1) — 5485° — 25883 — 423)b] _ a*
+ 933125¢(Z2 — 24a — Tds — 3)bi _ 1 2°

(2(%+ 1%} _ya®

— 1399685¢(E; — 24cr — 643 — 3) + 3359232%2)7 (3.27)

where Z9 is defined in the equation (3.23). Expanding A,(x) given by
(3.27) in the Taylor series at x = 0, one gets

2
Ra(w) = — 202 4 (=2, — 24a — 805 — 3)a
v 8by 1
: ) . (3.28)
_ = 790 — _g =t Ca s 6
<%(3_2 720 — 2325 — 9) Tt 36> z° + O(z°).
Comparing expansions (3.28) and (3.8) for k = 4, we find that
352 352
a9,20? = BT e = aso=ai,/3, ai0=0, (3.29)
43.0% = (2, — 240 — 805 — 3)
’ 8b1,-1
= 7 (302 + 2sca + 3052 — 12a — 805 — 3), (3.30)
8&17_16

b1 — C
5 — 1,—-1 4
a5,10° = — (;:(:L2 ~ 720 - 2325 - 9) 1l 4 36) (3.31)
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The formulae for the coefficients az 2 and a4, in (3.29) coincide with the
corresponding formulae obtained in [9] (cf. with the equations (C.9) and
(C.11) in [9], respectively). Taking into account that

= ia171a17_1\/§(5b)1/3

(see the last equation in (3.4) and the first equation in (3.5), and using
the relation ©* = 33(£b)2/? (see the last equation in (3.6)), it is confirmed
that the formulae for as; given by equation (3.30) and the formula for
ag,1 presented in the paper [9] are equivalent (cf. with the equation (C.10)
in [9] with the choice of upper signs). The coefficient a5 _; is also calculated
in [9] (see equation (C.12) for the lower signs), this allows us to find the
constant of integration Cy,

by
Cy = 13’21 (Eg — 1605y — 7255, — 145,

(3.32)
+ 48a(430 — 1) — 2000563 — 18925¢% — 1685 + 81).

Substituting the value of Cy, given by the equation (3.32), into the equa-

o0
tion (3.27) and decomposing the resulting formula for A 4(x) into partial
fractions, one obtains

0o 1 (> +1)? w+1,_
Aylz) =— ( 5 bS _ 2%+ 553 (22424041405 +107) b7 _,2°

1
+ 25 (23 + (16c + 1685¢ + 94)=5 + 144a(4s¢ + 1) 4 20005 4 87325

3
+ 5824 + 493)b; _ a® + 3 (23 + (8 + 1165 + 30)=5 + 24c(105¢ + 3)

81
+ 10005¢° +-43705¢°+21085¢+-247) bl’,1x2+§ (323 + (160 + 2925¢ + 42)=,

+ 48a(105¢ + 3) + 20005¢° + 94445¢° + 34845¢ + 511)by 12 + 432(E3
+ (4o + 885¢ + 7)Za + 120(105¢ + 3) + +5005> + 25625¢> + T423¢ + 133)

4
= T AT bl:ﬂ/@ﬂ) (3.33)

n=1
where

135
v = = (2553 + (80a + 20605 + 78)Z; + 240a(105¢ + 3)

+100005¢% + 554525¢2 + 126925« + 2773),
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27
ve = — (9153 + (1760 + 66925 — 246)Z5 + 5280/(105¢ + 3)

+ 220005¢% 4 1530125¢ + 140125¢ + 6943),
vz = 27(9Z2 4 (8a + 5965¢ — 62)Z5 + 24a(105¢ + 3)
+ 5(2005¢% + 2256¢* — 188 + 87)),
81 )

vy = —?(:2 + 303 — 5)

oo
Expanding now A4(z) given by the equation (3.33) into a Taylor se-
ries at x = 0, we reproduce the first four off-set coefficients presented by
equations (3.29)—(3.31); note that the coefficients v}, satisfy the relation

1 + dv9 + 15v3 + 3514 = 0. (3.34)

from which it follows that the coefficient a4 = 0. Comparing the coeffi-
cients of the Taylor expansion with the corresponding coefficients of the

oo
expansion defining Aj(z) (see equation (3.8) for &k = 4, we get at the
power % the last off-set coefficient,

(22 — (8a — 4+ 26)Z,
( 2 (3.35)

— 24a/(105 + 3) — 100058° — 19905¢% — 14085« — 171).

The formula (3.35) coincides with the formula for ag 2 obtained in [9] (cf.
the last equation in the list (C.13) [9] for the lower choice of signs). For the
remaining coefficients of the expansion (3.8) for k = 4, we get the general
formula

n—4 4
ay 1 n+l—-1
an4—n = _671(—)4 ZZE - ( n )U[, n > 7. (336)

Remark 3.1. The expansion (3.1) is uniquely determined by its first non-
trivial coeflicients a; 1 and a;,_1 and, of course, by the coefficients of the
equation (1.4). In particular, this fact implies that the following symmetry
property for the coefficients a;, ;: any relation between the coefficients ay, ;
will remain valid if we simultaneously replace all the second subscripts j of
the coefficients involved in this relation by —j, as well as the symbols i, «
and s, if they are present in the relation, by —i, —a and — ¢, respectively.
For example, applying this symmetry to the equation (3.14), one proves
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that

nay |
According to the symmetry principle formulated above the equations (3.19)
are invariant under application of the symmetry transformation. As a less
elementary example of the application of this symmetry principle, we can
obtain the explicit formula for ag _; with the help of the equation (3.30),

az 1= 302 4 24500 4 305¢% + 120 + 803 — 3)

_L(
8&171@4

. (3.38)
1\/iﬁ(iioﬁ + 240z + 305¢° + 1200 + 803 — 3),

S (cb)1/3
which coincides with the corresponding formula (C.10) [9].
Note that instead of variables x(7) and y(7) (cf. equation (3.6)), one
can define symmetric variables Z(7) and y(7),

%’(7) = 9(7_)—1/2{17—1 _ (_)—17_—1/37_2J«t/3ei9(‘r')7
3.39
?3(7) — o =w = T—Zu/Be—iG(-r)’ ( )
and reproduce a similar construction for another super-generating function
for infinite sequences of coefficients ay ;, but with j — +o0.

3.2. Conjugate Expansion. Let us consider the construction of the ex-
pansion conjugate to the expansion (3.7). Note that the equation (3.11)
is invariant under successive application of the following two transforma-
tions, (i) ¢ — y, » — 3 —1/2 and (ii) (i, a, %) — (=i, —a, —%) (see
Remark 3.1). The shift of 5 by 1/2 should not be confusing, since the
definition of the variables 2 and y is not completely symmetric (the factor
771/3 in the definition (3.6)). Thus, if we substitute into the equation (3.11)

oo
for A the expansion (1.3) and choose the general rational solution for
oo oo o0
Bo(y) = Ao(x)|z=y, then the remaining generating functions By(y),

(o]
k > 1 would coincide with the corresponding functions A (z)|y=y, =5
The supergenerating function constructed by this method for the func-

tions B x(y) is equivalent to the supergenerating function A (z,y): the
parameter 3 has the same meaning as the original parameter s, it is just
a difference in the notation of this parameter as well as the substitution
x <> y, however, these supergenerating functions are different, because the
new supergenerating function is an even function of z, while the function
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oo
A(x,y) is an even function of y. Therefore, the construction of the above
proposed “B-expansion” is not conjugate to the “A-expansion”.

o0
The conjugate expansion for A (z,y) is constructed by taking the cut-off
rational solution,

Boly) = 1. (3.40)

For B1(y) one gets the linear ODE, y% By(y) — d% B4 (y) =0, so that

= 2
Bi(y) = b11y” + b1 -1, (3.41)
where b; +1 € C coincide with the corresponding parameters introduced
oo
in the previous subsection. Equation for B(y) reads

d2 e d o %)
29>— B —6y— B 6B
v 2(y) — 6y i 2(y) +6B2(y)

du2
=207 1y + (i — 4by 1by —1)y” + 267 4, (3.42)
so that the general solution is a polynomial
oo 3 b% 1 4 1. 2 b%.—l
Ba(y) = Cay” + Cay + =3V - 5(104 —4by 1by, 1)y + 5 (3.43)

where C5,Cy € C are integration constants that need to be determined.

oo
Continuing this procedure one obtains for the function Bg(y) the linear
second order ODE,

2

3yt —
Va7

Baly) 1593 Ba(y) + 24 Ba(y)
= 26?7196 + 2(3is + bl,lbl,—l)(bl,1y2 + bl,—l)y2
+2b7 ;4 6(Cay® — C3)(br1y” — b1,—1)y,
that has the following general solution,

0 1

Bs(y) = Coy* + C5y* + §(3i%+ by,1b1,-1)(b11y” — b1,—1)y* In(y)

b?l 6 1 . 2 2 b? —1
Téy - 6(31% +b1,1b1,-1) (b1 1y” + b1,—1)y° + v
204b ) 2C3by _
+ %yf’ +2(Cyby 1 + Csby1)y® + %Ly (3.44)
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where C5, Cg € C are integration constants. The rationality condition leads
to the relation

iz + b171b17_1 =0, (345)
so that
£y b% 1
Bs(y) = 12 y® + 0451 19° + Cey?
; (3.46)
+2(Cyby,—1 + C3b11)y® + Csy” + §C3b1,7ly + 11’; .

o0
At this stage, the function B3(y) depends on two complex parameters, Cs

o0
and Cy, and the function B3(y) depends on four complex parameters, Cs,
C4, Cs, and Cg. Let us describe how the algorithm for determining these

o0
parameters works. In general, the linear ODE for the function B, (y) for
n>4is

2 o) o0
s Bao) = 20 Dy Boalo) + (02 = DB (0

= Pa,(y;b1,—1,b1,1,Con—s5,Cop_a,Cop_3,Cop_2),

(3.47)

where Pay, (y;b1,-1, 01,1, Can—s, Can—a, Can_3, Cap_2) is a polynomial in y
of degree 2n, a polynomial of degree n in two variables b;,_; and by 1, and
a linear function of parameters Cy, k = 2n — 5,2n — 4,2n — 3,2n — 2,%
which appeared durmg the 1ntegrat10n of the corresponding linear ODEs

for the functions B n—o and B n—1 and have not yet been determined. The
ochom

general solution of the homogeneous part of the equation (3.47), B, (y),
reads,

ocohom

B, =Cony" ™ 4+ Cop1y" 1t (3.48)

n

6 In fact, this statement is not true for the polynomial Pg(y;...) and, correspond-
ingly, for the polynomial Qg(y;...) (see equation (3.49) for n = 4 below), the coefficients
of the terms y® and y2 of these polynomials contain quadratic dependencies Cg and
CZ, respectively. This circumstance does not create any problems when constructing a
supergenerating function.
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The general solution of the equation (3.47) can be written as

cogen sohom

B, (y)=B, ) +Qan(y:bi,—1,b1,1,C2n—5,Con_s,C2n—_3,Cop_2)
+ Li(b1,—1,b1.1,C2n—5, Cop_a)y™ ' In(y)

+ La(b1,-1,b1,1, Con—s, Con_a)y" ' In(y), (3.49)
where Q2y, (¥ b1,-1,b1,1, C2n—5, C2n—4, Con_3, C2n—2), is a polynomial func-
tion of the same type as Pop(y;b1,-1,b1,1, Con—5, Con—4, Con—3, Con_2),
Ly(b1,-1,01,1,C2n—5,C2n—4), k = 1,2, are linear functions of Cs,_5 and

Can—a. For brevity, we denote Ly := Ly(b1,-1,b1.1, Can—s, Con—a.
For n = 2k + 2, k € N, one proves that

1
L = 5 (2b§,104k—1 + (2b1,1b1,—1 — 3i(2k — 1)) Cuz) ,

1 (3.50)
Ly =~ (2671 Cl + (2b1.1b1 -1 +3i(2k — 1)) Caia)
For n = 2k + 3, k € N, one finds that
1 .
Ly = 3 (b7 1 Carsr + (brabr—1 — 3ik) Capra) + b11 Fp (52, ),
(3.51)

1 .
Ly = —3 (b7 _1Clapga + (b1,1b1,—1 + 3ik) Cuapqr) + b1,—1F5;, (52, ),

where s is defined in equation (3.45), and Fl, (5, ), | = 1,2, are polyno-
mials in two variables s and « of degree 2k.

Now we can describe the algorithm for constructing the polynomials
ocogen

%o n(y). The function B, (y) depends on three pairs of complex parame-
ters: Caop, Con_1, Cop_2,Co,_3, and Co,,_y4, Csy,_5, which are to be deter-
mined. By equating the coefficients of the logarithmic terms to zero (see
equation (3.49)), we find that the pair of parameters with the smallest
subscripts, Ca,—4, Cap—5, are solutions to the system of two linear equa-
tions, L1 = 0 and Ly = 0, with non-zero determinant, so that they can be

o0
determined uniquely. Thus, we arrive at a polynomial B,,(y) that depends
on two pairs of undetermined parameters: Cs,, Cs,_1 and Co,_o, Co,_3.

oo
This fact, in turn, means that polynomial B, _;(y) depends on one pair

[ee]
of parameters Cy,_2,C,_3 and the polynomial B, _s(y) is completely
determined. Therefore, by a mathematical induction argument, one proves

o0
the existence and uniqueness of the sequence of polynomials B, (y),n € N.
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Two important remarks regarding the construction of the polynomials
o0
B, (y) should be made.

Remark 3.2. The equations (3.50) are homogeneous, so that Cyr_1 =
Cyr = 0 for £ € N, since, non-homogeneous terms in these equations
can appear only as linear combinations of the coefficients of products of

o0
monomials of the B,,(y) polynomials with m < n that contain an odd
number of monomials of odd degree, but such monomials are absent in

o0
the B,,(y) polynomials, which can be justified using the mathematical

induction argument. This observation confirms that As;_;(z) = 0 (cf. the
paragraph above equation (3.26)).

Remark 3.3.
ap1 = C, 07", An,—1 = Con107", n = 2. (352)

Thus as follows from Remark 3.2, asr1 = agr,—1 = 0 for £ € N. Putting
n = 2k—1, we find that the coeflicients as41,+1, which the key coefficients

for constructing the generating functions Ao (z), are computed via the
coefficients Cyj 42 and Cypq1.

3.3. Application to Asymptotics of General Solutions: s #* 0.
The goal of this subsection is to show that the super-generating function
constructed in the previous subsection, under a proper restrictions on the
parameters, can serve as an asymptotic expansion for the solution u(7). Of
course, we started Subsection 3.1 with the asymptotic expansion for the
general solutions of the equation (1.4), however, here we obtain an analytic
continuation of the latter expansion to the new values of its parameters.

In this section we consider the expansion constructed in Subsection 3.1
but for the symmetric variables Z(7) and 7(7) defined in Remark 3.1. All
formulae constructed in the previous subsection for variables x(7) and y(7)
remain valid for variables Z(7) and y(7) after the symmetry transformation
described in Remark 3.1. We turn to the symmetric variables because
we would like to get exact correspondence with the asymptotic formulae
obtained in [9].7

7 The formulae in terms of variables z(7) and y(7) also can be used to define correct
asymptotics, which is valid in a different domain of the parameters (see Subsection 3.4.)
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oo
Consider the symmetric (in the sense of Remark 3.1) to A (z,y) super-
generating function

3@ = > X @), (3.53)
k=0

and substitute in it T = Z(7) and y = y(7) defined by the equations (3.39)
as a result we have an expansion that depend on 7 which we are going to
treat as an asymptotic expansion for the function u(7) in the same domain
Q (see the equation(3.3)) as the original asymptotic expansion (3.1).

The leading term of the, so far, proposed asymptotic expansion is

E B b,12(7) _1_ 3
A = T ey T )

Hr)=60(1) —i(3¢—1/2)In (1) —iln (a1’1/6) +i(3¢ — 1/2)In(©?),
(3.55)

(3.54)

where we used the symmetry defined in Remark 3.1 to the equation (3.13).
Note that b;; = Oay,1, as follows from applying symmetry to the equa-
tion (3.14) for n = 1.

Formulae (3.54) and (3.55) coincide, up to parameterization a1 by
monodromy data, with the corresponding formulae (C.26) and (C.28) from
[9], which define the leading term of the asymptotics u(7) in the region 0 <
Re (») < 1.8 At this stage, we have no restrictions on the parameter »; we
will find them below, based on the requirement that the expansion (3.53)
defines an asymptotic expansion for u(7).

Consider first the case when Z(7) — 0 (or O(1)) as 7 — oo, then
the first equation (3.39) implies that Res < 1/2. If Res < 1/2, then
o0

Aoi(Z) = O(3*) as T — 0; this fact for k = 0, 1, and 2 follows from the
equations (3.13), (3.18), and (3.28), respectively. f Resr = 1/2 (z = O(1)),

then the equations (3.13), (3.22), and (3.33) imply that Ao (Z(7)), k =
0,1, 2 are bounded functions of 7 in ©.%1° To confirm the above mentioned

8 The parametrization of a1,; via monodromy data is given by equation (C.8) in [9].

oo
9 Recall that A oy_1(Z(7)) = 0, k =€ N, see Remark 3.2.
101f 5 = 1 /2, then for a proper choice of aj,; there might be an infinite sequence
Tn of zeros, ¥(7n) = 27n of the function sin in the denominator of (3.54). For solu-
tions corresponding to this choice of aj,;; one has to redefine the domain Q (see the
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oo

behaviour of Aoy (Z(7)) for k € N, one has to apply a mathematical induc-
o0

tion argument to a recurrence relation for the sequence A o (%), which can
be obtained by substituting the expansion (3.7) into the partial differential
equation (3.11). Now we can obtain a condition that the expansion (3.53)
after substituting Z(7) and y(7) for Z and g, respectively, define an asymp-
totic series,

@2 A2 @G0 _ o (ir))25)

(@(7))2k Ag(3(7)) (3.56)

:O<771/372”/3) = Re%>f%.

Thus, we see that the expansion (3.53) for z = Z(7) and y = y(r) for

Res € (—1/2,1/2] defines an asymptotic series. We impose one more
requirement, namely, the term with sin? (39(7)) in the denominator of the

second equation (3.54) is the leading term of the asymptotic series, i.e., it

o)
should be “visible” against the second term of the series, (7(7))? A2(Z(7)),

o0

(?j(T))2AVQ(.%(T)) = 0(5(7')) = O((ﬂ(T))Q) =o0(l) = Resx >0. (3.57)
Consider the case when Z(7) is growing. In terms of the parameter s it

means that Re > > 1/2. In this case, A;(Z(7)) = O((2(7))3%). For k = 0,
1, and 2, it follows from the explicit formulae (3.13), (3.22), and (3.33),
respectively. For general k¥ € N can be confirmed by the mathematical
induction argument, we left this proof for the interested reader. Thus, the
requirement that the expansion (3.53) after substituting Z = Z(7) and
¥y = y(7) defines an asymptotic series is,

) AsG(0) _ g (myany)
(@(r))% Aoy (3 (7)) (3.58)

=0 (7'71/3“(”71)/3) = Rex< g

equation (3.3)) as Q* = Q \ UCR(9), Cn(6) = |9(1) — 9(mn)| < § < ¢, which is called

sometimes a cheese-like domain.
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If we want that the term with sin® (39(7)) in the denominator of the
second equation (3.54) to determine the leading term of the asymptotic
series, then this condition should be strengthen; the visibility of this term

against the second term of the asymptotic series means that

(@‘(T))Qi(fﬁ)) =o(1/2(r)) = (G(1)*@(r)* =o(1) (3.59)
—§—§+§Re%<07 = Rex<1. (3.60)

We can summarize the above study as follows, the formal expansion (3.53)

after substituting £ = Z(7) and y = y(7) defines an asymptotic series

for Re» € (—1/2,3/2). For Res € (—1/2,1/2) this series (after the re-
o0

expansion of the functions A o1, (Z(7)) coincide with the original asymptotic
series (3.1), in that sense both series are equivalent for these values of .
On the practical viewpoint the asymptotic series (3.1) gives better ap-
proximation for the solutions, then the asymptotic series defined by the
expansion (3.53) for Re »r € (—1/6,1/6), while the latter series “works” bet-
ter for Res € (1/6,1/2). The length of these segments are conventional,
of course, since it depends also on the values of the other parameters.
Thus, asymptotic series defined by the expansion (3.53) can be viewed as
an analytic continuation of the asymptotic series (3.1) with respect to the
parameter s to the strip Re s € [1/2,3/2). Furthermore, if Re s € (0, 1),
o0

then Ao(Z(7)) given by the equation (3.54) is the sum of two largest
terms of the asymptotic series. In [8] it was proved that for any given s

with Res € (0,1) and a;,; € C, there exists a unique solution u(7) such
oo

leading term of its asymptotics coincide with A o(z(7)). Asymptotic series
o0

A(%(7), (7)), represent full asymptotic series of this solution because all
o0

its terms are uniquely determined in terms of Ag(Z(7)) by substituting
into the equation (1.4).

The function jlo(x, y) after substituting x = z(7) and y = y(7), where
the functions z(7) and y(7) are defined by the equations (3.6) define an-
alytic continuation with respect to the parameter s to the strip —3/2 <
Re s < —1/2 of the asymptotic series (3.1). This asymptotic series is equiv-

o0

alent to the asymptotic series defined by A (Z,¥); both asymptotic series
define the same solution u(7) of the equation (1.4).
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One can define (two equivalent) asymptotic series based on the conju-
gate expansion constructed in Subsection 3.2; both asymptotics represent

the same asymptotic series (3.1).
oo oo

The supergenerating functions A and B allow, instead of three dif-
ferent asymptotic expansions of the solution u(7) for different ranges of
the parameter Re s, to define a uniform asymptotic expansion valid for
Resx € (—3/2,3/2),

2/3 (XN %0
u(r) = S0 71/3< i |

~(@(T)* Bily(r)) + 0(<x<7>>N+1BN+1<y<T>>)> ,
where the functions z(7) and y(7) are defined by the equation (3.6) and the

o0
functions Z(7) and y(7) by the equation (3.39), the functions A (z(7)) are

symmetric to the functions A (z(7)) (in the sense of Remark 3.1, and the

term (x(T))k%ok(y(T)) can be substituted by (Z(7))* B (§(r)), since they
are equal. Note that if we send N — oo, then equation (3.61) will coincide
with equation (3.9), because the A and B-expansions are conjugate.

The asymptotic series (3.61) is convenient to use in computer calcu-
lations when the value of the parameter s is a priori unknown and is
obtained as a result of computations.

3.4. Asymptotics of the Truncated Solutions. All Painlevé equa-
tions with an irregular singular point have so-called truncated solutions;
this is a class of special solutions whose asymptotics are given by trans-
series in certain open sectors at the point at infinity. This trans-series are
obtained in the following way. Consider the asymptotic series (3.1) for
“regular” general solutions. It can be truncated in three different ways:
(1) a1 = ai,—1 = 0; (2) a1 = 0 and a1,—1 75 0; and (3) a1,—-1 = 0
and a7 1 # 0. Such truncation means that the series (3.1) in case (1) does
not contain terms with the exponents e*%(") in case (2) are abscent the
terms with with ¢?(™) and in case (3) there are no terms proportional to
e (") Note, that in all three cases the parameter » = 0, so that it is a
characteristic property of the truncated series/solutions.

Consider, now truncated series more carefully, the constructions of for-
mal expansions given in Subsections 3.1 and 3.2 are valid for the truncated
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expansions. Let’s consider case (1). In this case we have to put in all formu-
lae, a1 £1© = b1,+1 = 0 and s¢ = iby 1b1,-1/3 = 0 (cf. the equation (3.45)).

o0 o0
Expansions A (x,y) and B(x,y) coincide in this case. In each coefficient
of these expansions after we take into account conditions by 41 = 0 sur-

o0
vives only one term, namely in the generating functions A (x) it is the

term proportional to z¥, in the generating function %o t (y) - the term
proportional to y*. Since these terms enter the corresponding expansions
in a combinations y* jlok(x) and z* f?ok(y) and 2(7)y(t) = O 1771/3, we
should get for both expansions the same asymptotic expansion. Of course,
it is quite cumbersome to find the coefficients of the truncated asymptotic
expansion by making corresponding simplifications of the expansions for
general solutions. Much easier to get this expansion from scratch using the
algorithm presented in Subsection 3.2. Note that in this case all generat-

ing functions %O on—1 (y) = 0. The result can be presented as the following
asymptotic expnasion

Airuncl@(T),9(1) = Burunc(a(r),y(7) = 143 bp, 07 27721/%
" (3.62)
The first 10 coefficients of this asymptotic series are:
: f (2 202
by — %’ by =0, by _1a(oz24 12)7 by = o (a48 12)7
by = Jia(a? — 12) by — a?(a? —12)(a? — 66)
8 ’ 144 ’
by — Sia(a? — 12)(a* — 1202 — 2160) bg = _30[2(042 —12)(2a2 - 99)
1152 ’ 16 ’
by, _ Tia0? = 12)(110° — 22080* + 249120 + 2721600)
41472 ’
b — _0°(07 12)(130° — 1500* — 2042640 + 13055904)
10368
(3.63)

Combination of the Wasow theorem (see Chapter 33 of [23]) with the
isomonodromy results [7] allows one to prove that under the additional
assumption 71/3 > 0 for 7 > 0, there exist a unique solution of the equa-
tion (1.4) with the asymptotic expansion (3.62) in the sector | arg(7%/%)| <
7. We denote this solution ug(7). Using this solution we define solutions



130 A. V. KITAEV

ur(7) == —ug(re™*), k € Z.'' Asymptotics of these solutions are given

by (3.9) where A (2(7),y(r)) = B prane(@(7e™*), y(re™*)) defined by the
equation (3.62) (in which 7 — 7e™*) in the sector —m — 27k /3 < arg(72/3)
< m—27k/3. For example, on the positive real semiaxis (arg 7 = 0) there
exists exactly three solutions: ug(7), k = 0, £1 with the truncated expan-
sion for the case (1).!2 For a = in (a = 2v/3n), n € Z, the functions
ug(T) = upy3(7) are rational functions of 7/3) so that the series (3.62)
for this (and only these) choices of the parameter a are convergent. For
a=0,+i (e =0, $2\/§), these solutions can be found immediately from
the series (3.62), because the coefficients Bs,, |n| > 2 are proportional to
a(a? —12). For a = in, with |n| € N explicit formulae for these solutions
can be found by successive application of |n| Bécklund transformations
to the solution for « = a = 0. Solutions rational in 7'/3 together with
the Bécklund transformations were discovered by Gromak [4]. Here, we
note that it is important to distinguish different branches of 7'/3, not only
for the solutions rational in 7'/2, but also for the general truncated solu-
tions, because these solutions have different initial (and monodromy) data
(see [9], Corollary 4.1). Without these solutions one cannot complete a
description of asymptotic behaviour of solutions at the point at infinity.
We call these solutions doubly truncated solutions.

Truncations of the types (2) and (3) are mapped to each other by the
symmetry considered in Remark 3.1; this symmetry for general expan-
sion maps the expansion to itself, in case of the truncated solutions the
symmetry is a mapping between two different truncated expansions.

The asymptotic series obtained by truncations of types (2) and (3) of
the general asymptotic series (3.1) are mapped onto each other by the
symmetry discussed in Remark 3.1; recall that for a general series, this
symmetry maps it onto itself; in the case of truncated series, the symmetry
is a mapping between two different truncated series. Thanks to this fact,
we can translate any formula/result obtained for one of the truncated
series into the corresponding formula/result for the other. Therefore, we
will consider in detail truncation of type (2).

The first thing to notice is that truncation condition of type (2) implies
that ar; = 0, £, j € N. This condition means that the corresponding series

I Trnasformation u(r) — —u(—7) is the symmetry of the equation (1.4).

12 1 [7] and all follow-up papers of these authors solutions of the equation (1.4) are
defined on the real positive semi-axis (arg 7 = 0) with subsequent analytic continuation.
In this article, we retain this agreement.
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depends on one parameter a; _; and does not contain the terms propor-
tional to €("). Thus, if we impose the condition Im é(7) < ¢, with some
¢ > 0, then the series is asymptotic. We recall that the general asymptotic
series is considered in the fat ray |[Im6(7)| < c. The exponent e~ (") is
decaying in the sectors of the complex 7-plane defined by the condition
Im6@(7) < 0. This condition defines the sectors in the complex 7-plane,
Qy = —m < arg(7%/3) < 0. Sector Q_ is bounded by the (fat) rays where
the exponent is oscillating e (™). If we further want to apply Wasow’s
theory (Sections 34 and 35 of [23]), we have rearrange the original asymp-
totic series (3.1) into the telescopic series reordering it as the exponential
series,

ug (1) = _w; (1)e 700, (3.64)
=0

where in Wasow’s theory vy (7) = uo(7), where ug(7) is the solution intro-
duced above, when we consider truncation of the type (1); and the func-
tions v; (1) are characterized as solutions of the infinite system of linear
ODEs. On the practical level, the functions v} (1) are obtained successively
as asymptotic series in powers of 1 3 i.e., we can construct the series
for the function v; () only after all functions v, (7) with the subscripts
k < j are obtained. Following this methodology, we get a representation
of the solutions where the exponent, e=71%(") appears at the first time at
the position w - j + 1, where w is the standard notation for the transfinite
ordinal corresponding to the set of natural numbers. Such an asymptotic
representation of truncated solutions is called a transseries. The series for
the functions v; () are Borel-summable, so that these functions can be
treated as the inverse Borel transform of the corresponding Borel sums,
which constitutes another approach to the transseries. We now can use
the symmetry foot:u-symmetry and define the series u; (1) = —ug (ei*7),
which has asymptotic expansions,

uj, (1) = = Y _ w5 (e r)e OCTN e, (3.65)
§=0
in the sector

3
Q= —5m - wk < arg T < —7k. (3.66)
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To fix the notation, we note that the truncation of type (3) of the se-
ries (3.1), lead to the transseries

uf (r) = = > vf ()T ke, (3.67)
=0

in the sector

Qf == —mk <arg 7 < —7k + gw. (3.68)
Here we will not dwell on further details of the construction, since they
were already discussed in the work [11], where the authors proved that in
each sector Qki there exists a unique solution of the equation (1.4) with
the corresponding asymptotics; from now on, we will denote (with some
abuse in notation) these solutions in the same way as the corresponding
transseries, uj ().

As an example of the application of this classical theory, we see that
on the positive real semi-axis (arg 7 = 0) there exist exactly two solutions
whose asymptotics are given by the transseries, u_,(7) and uil(r); these
solutions (and the corresponding transseries) depend on one parameter
a1,—1 Or a1,1, respectively. In [22] parameters were expressed in terms of
the monodromy data.

A specific feature of the truncated solutions to the Painlevé equations is
that one can present them in terms of the truncated asymptotic series (3.1)
which approximate these solutions not only in the open sectors Qf, but
also in their closure, Qf, in the (fat) rays representing the boundaries of the
sectors, the truncated solutions are oscillating, rather than exponentially
decay. The parameter a;,_; or, respectively, a; ; characterizing a truncated
solution is the same in Qf Here, we will not discuss/use this feature and
concentrate on A/B-expansions for these solutions.

Applying the scheme of Subsection 3.2, I calculated first 13 polynomials
oo

B (y) in the truncated case (2), a;;1 = ©7'b;; = 0. The polynomials
in the truncated case are considerably simpler than those for the general
solutions, so that this calculation takes about 10 minutes. The polynomials

are even functions of y with deg B, (y) = deg Bant1(y) = 2n. The first
eight polynomials read:

0 ioy? b 4
2 37

(3.69)
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o0 i(0? +4a — )by 1y b _,
B =_ ’ ’
3(y) 5 + 5
Fal) = — i(? +4a +1/3)b _yy? N b1 _1
12 54
o0 (@ +3)%(a—1/3)(a—3)b 1yt i(a® +da+1/9)bF 7
BS(y) - 27 - 25
5b 4
6+
0o ia(a? —12)y% (3ot +160° — 100® — 128 — 57)b7 _1y*
Bﬁ(y) = - 592 .
24 253
i(a® +4a—-1/6)b] 4> B
- 2233 64
o _ by _1y8
Br(y) =i(a® — 4a® — 67a* — 152a° + 5790a* 4 20760 — 225) 12’1015
329\ b3 _ 1yt
- (9a4 +560° + 1002 — 3280 — T) 1’2913‘1’
29 b5 B y2 7b7 _
: 2 1,—1 1,—1
— 1(25a + 1000 — §> S+ g

The expansion (1.3) for B(y) = %O;g(y) and z = z(7) and y = y(7)
defined by the equations (3.2) and (3.6) (with v + 1 = 3 = 0 for the
truncated solutions): z(7)y(r) = @7 17~/3 and z(r) = @ 17~ 1/3e=10(7),
exactly coincide with the truncated asymptotic series (3.1).

Let us now consider the A-expansion (3.7). At first glance, the function
y(1) = &%) in Qy increases, so the expansion (3.7) has only a formal

o0
meaning. However, the functions Aj(z) in the truncated case s = 0 are

proportional to z¥, therefore the k-th term of the expansion, y* ;10 k(x),
after the substitution # = x(7), y = y(7) has the order 77%/3 as 7 — o0,
T € Qg , and the expansion (3.7) is in fact an asymptotic series. Thus, to
form the asymptotic series in the truncated case it is convenient to rewrite
the expansion (3.7) in the following way,

oo

A trune(,7) = i(yw)% A%x) . (3.70)

k=0 =0
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Recall that the functions A 2k+1(z) = 0, as proved in Remark 3.2. Below,
we will focus on constructing the asymptotic series. The reader interested
in explicit formulae for the coefficients of the truncated B-expansion should
substitute » = 0 into the corresponding formulae for the coefficients of

the general solution; see equations (3.37) (does not contain s, cf. E)n(()),
n=20,...,6in (3.69)), (3.25), and (3.36).

Now let us consider explicit formulas for the first few terms of the expan-
sion (3.70). The first term of the expansion (3.70) is the function ;100 (x),
which does not depend on s and is therefore given by the same equa-
tion (3.13) as in the general case. However, the next term undergoes some
simplifications,

As(x) bz i 1(30% 41200 —5)

= i
2 12 2 2(1 = by _12/6)3
=0 ( 1-17/6) (3.71)

3i(30” + 120 = 13)  i(30® + 120 — 53)
4(1 - b17_1.’£/6)2 4(1 - b17_1£L'/6) ’

4 TS 9 6

2=0

Ay(z) bz (bl,lx 3a2 + 36a + 107

9a* + 88a? + 23402 + 152a + 165 N 9a? + 7203 + 11402 — 120a + 25
4(1 — 1‘[)17_1/6)3 4(1 — l‘b17_1/6)4

9a* + 12003 + 618a2 + 1272 + 493
24(1 — wby _1/6)2 '

(3.72)
Ag(z) ibi_lxg i(3a2 + 36a + 85)bi_1x2

6 = omr * 2631
=0
i(3at + 5603 + 238a% — 328 — 2289)by 17 (3.73)
_|_
2932
_i(e® 4+18a” 4 60a — 30) [k

5
1
24 +@; (1 —by,_12/6)%

where

1
= 5(3& + 84a° + 10410 + 72400° + 31141a” + 63204c + 15383),
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1 111787
Lo = _2—3(45a6+876a5+7167a4+31288a3+81483a2+116828a+ ),
1 5 5 A 5 ) 24689
1y = 55 (750" +1188a” 472570 + 215760” + 338650 + 289960 + ~——),
1, & 5 4 5 ) 2875
fa = —5(45() + 612a° + 2871a” + 5208 + 2769 + 540 — ?),
12
ps = 9a® +108a° + 387a* + 216> — 64502 + 3000 — =

Xs(w)

To calculate —5 using the scheme in Subsection 3.1, it is necessary

2=0
to calculate the leading coefficient of the polynomial %o 7(y) presented for
this purpose above.

Combining together equations (3.9), (3.70), and (3.6), we obtain the
following asymptotic series for the truncated solutions in the sector €2,

u(t) = Mﬂmi@*?’%*%/i" AL(SU)
T—00 2

2k ’
= x
TEQ, k=0 0 (374>
1 _02.2/3
r=0 17_ 1/3e 0T ,

where the scaling parameter © = 33/4(eb)*/6 > 0. The asymptotic se-
ries (3.74) is significantly more complicated than the original truncated
asymptotic series (3.1); further research is needed to understand whether
this asymptotic series provides any new practical advantages, such as a
better approximation of u(7) near the boundaries of the Q sector.

§4. IRREGULAR SINGULARITY: ELLIPTIC EXPANSIONS

The explicit form of the complete "elliptic" asymptotic expansions of
the Painlevé equations are not known yet. That makes a difficulty in con-
firmation of the expansions (1.1) and (1.3) in this case. Recently an ex-
tensive studies of the Boutroux-type elliptic asymptotics for the third-fifth
Painlevé equations were undertaken by S. Shimomura [15,17-19]. These
results concerns the leading term of the corresponding asymptotics as well
as the estimate for the correction terms. The latter results should be com-
pared with the formal constructions presented in this section.

To simplify our constructions in this section, we now assume that a = 0.
We begin with the definition of the domain 2, in which we will construct
our formal expansions. Put 7 = rei¥°, where g # wk/2, k € Z, is some
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fixed angle in the complex 7-plane and r € C. On the other hand, we
can present 7 via the polar coordinates, 7 = |7]el¥, so that Re(r?/3) =
17|2/3 cos(2(¢ — ¢0)/3), Im(r?/3) = |7|2/3 sin(2(¢ — ¢0)/3). Now, define the
domain 2 as a "fat" ray originating from the point at infinity at an angle
—pp, more precisely,

Q:={r: [Im(r?/3)| < &y, |r| > no, where 6y > 0and o > 0}.  (4.1)
In this section, we will discuss two types of function pairs (z(7), y(7)) that

are related to elliptic Jacobi functions with modulus &.'3

4.1. Elliptic Expansion: Non-conjugate Variables. The first
straightforward generalization of the functions z(7), y(7) introduced in
the trigonometric case (see equations (3.2) and (3.6)), reads

.’IJ(T) — @_17“_1/3 dn(ﬂ(r)/Q, H)—1/2e—2iam(q9(r)/2,)<,)7

y(,r) — o2 am(v?(r)/Q,n)’ (42)
where O is defined in (3.6) and
I(r) = 02Pr¥/3 49, P, eC. (4.3)

The points r where dn(9(r)/2, k) = 0 should be excluded from this con-
struction, we, however, do not pay any special attention to this points,
because one can make a similar construction with dn(9(r)/2,k)*1/2, so
that zeros of dn(1¥(r)/2, k) = 0 does not play any role in the theory of the
function wu(7).

Define differential operator D acting in the space of analytic functions
of two variables x and y

__iP 0 x iP K2(y? —1) 0
D=y~ (2 T (H Ty T 20— 1>2>)) o Y

Consider the following partial differential equation

Dl A = P oL ) s
s |t Ry

13 We use notation for these functions adopted in [2].
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ool

ool
where D is defined in (4.4), p = *%0/3 and A, = A (x,y)."* If a solution
u(7) of the equation (1.4) admits representation (1.1) with rational func-
tions Ag(z), more precisely, in the elliptic case we employ the following
notation

e(gb)?/3

2

where the functions x(7) and y(7) are defined in the equations (4.2), and

u(r) = P34 (w(r),y(r), (4.6)

ool © ool
Ae(.’IJ,y) :ZykAeﬁk(x)’ (47)
k=0
ol
where A, ,(v), k=0,1,2,..., are rational functions of . Our immediate

goal is to demonstrate the existence of a formal solution (4.7) to PDE (4.5).

oo
Consider construction of the coefficients A, ;(z). Substituting the ex-
pansion (4.7) into the equation (4.5), expanding the resulting expression
in the power-series in y and successively equating to 0 the corresponding
1
oo
coefficients, we get obtain ODEs defining the coefficients A, ;(z). One

ol
finds the first equation defining A, ((), by equating to 0 the coefficient of

the term y~*; this is a nonlinear ODE, which after simple transformations
reads

sol 42 ool d ool 2 ool d ool
30 Fealo) gz Aeole) =30 (G Aeol®)) +5Teole) g Aeoa) =0

da? de @
(4.8)
The general solution of the equation (4.8) is
001 .
Aop(@) = qexp(=3¢/(22%7)),  ¢eC\{0}, ceC. (4.9)
Thus the only rational solution of (4.8) is
ool
Aco(@) =q. (4.10)

1

oo
14 The superscript 1 is used in the notation of the function A (), since in Sub-
2

oo
section 4.3, we will consider the generating function A _(z,y), which is related to a
different way of introducing elliptic variables, moreover, the construction similar to
2

oo
that used for the function A (z,y) also works for the variables z(7), y(7) considered
in this subsection.
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ool
The ODEs for the rest coefficients A, ;. (x), k € N, are linear inhomgeneous
second order ODEs, whose inhomogeneous part is a polynomial in £2; more
precisely,
d2 ool d ool
Phg2kg2k=1(922 — A, (x) —3(8k —5)z— A, 4 (x)
dz? " © de ©
(4.11)

ool

+8k(2k — 1) Ae,k(m)> = Ri(x,P,p,q, k),

where the polynomial R, € Rz, P,p,q,«] is an even function of z and
deg, Ry = 2|2 |15
Let’s consider the first few equations (4.11):

(1) k=1,
2 2 o d? oot d ot oot 64 5 3
Pk q 9z @Ae,l(‘r)_gxaAe,l(a‘.)—"_SAe,l(‘r) :gp (q _1)
(4.12)
Equation (4.12) has the only one particular rational solution, namely,
ool 8p?(¢® — 1)
Ae,l(x) = 3P2K)2q 5 (413)
(2) k=2,
i d2 ol d ool ool
Peie? (912dx2 A, o(x) — 33z A, o(z)+ 48A672(1:)> =Ry, (4.14)
where
256
Ry = ==p*(¢* = 1)(3P%¢*(x* — 2) + 2" (4" — 1)),
The general rational solution of the equation (4.14) reads
ol
A, o(r) = @r? + Ry /(48P*k %), ¢ € C; (4.15)

d2 ool d ool ool
POx0¢° <9x2dx2 A, s(x) — 5Tz A, s(z) + 120A673(x)) =Rz, (4.16)

15 The notation |r| represents the integer part of the rational number 7.
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where

Rs = R322* + Ry,

16 .
R3o = §P3q3/<4 (3P3q2q2(2 — k%) +4Pp*qa(4q® — 1) + 8ip?q(¢® — 1)),

Rso = —p°(¢° — 1) (9P ¢" (23k" — 1287 + 128)

81
+240P?p?¢? (4¢°K? — 8¢® — k* + 2) + 32p* (34¢° — 26¢° + 1)).
(4.17)
The general rational solution of equation (4.16) can be presented in the
following form

1 2

o0 R3ox B3

A — 4 5 s
e3(®) = 02+ SR 5 T 90 Ps kg

qs € C; (4.18)

ol
We see that for £ = 1,2, and 3, A_;(z) are, in fact, are polynomials

of z2. Since for the functions Ry, one can get a recurrence relation in
1
o0
terms of A, (z) with m <k, one proves the following statement via the
mathematical induction argument:

N
2(k—1
Ry = Z Ry om®®™, Ry om=Riom(P,p,q, k), N= {(3)J . (4.19)

m=0

;101 . 2(N+1) Rk 2m 2m
e,k(x) = Q2(N+1)T Pkazk 2k—1 Z ’

m= 0

Dy(m) = 4(2k — 3m)(2k — 3m — 1),

(4.20)

where gy(n11y) = 0, if Dp(N 4 1) # 0 and go(n41) € C, if Dp(N +1) = 0.
By other words, ga(n41) = 0 for k = 1431, | € Z0, otherwise ga(v41) € C.

Thus, we have constructed a general rational formal solution of the
partial differential equation (4.5). To obtain the corresponding solution of
the equation (1.4), we need to choose the parameters P, ¢, k and gop,
n € N. Below, in the equation (4.21), we operate with a formal series, and
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the notation O(x?) means all terms proportional to x2:1¢

001 oo 001 oo 001
=D Y (A0 +0%) =D yF A 4(0) + O(a?)
k=0 k=0
ool
ool > A, . (0) -1
_ E ek 2y _ q
—Q+Ae,1(0)zy ool +0@@%) =q+ 3P2ﬁ2 Zky +0(z
k=1 Ae,l(o)
(4.21)
8p?(q® — 1
_y -1y ~ 4+ 0(a?), (4.22)

0ol
where in the equation (4.21) we replaced A, ;(0) with its expression (4.13)

and set
ool ool
Ae7k(0)/Ae,1(0) =k for keN. (4.23)

The infinite system of equations (4.23) impose the following conditions on
the parameters:

s (s-D(s+3) P*_2(s—3)
G+DGE-3 P B(-1)

Substituting into the equation (4.22): (1) relations (4.24); and (2) for z
and y, variables z(7) and y(7), respectively, which are defined by the
equations (4.2); using the definition of the elliptic sine, after the straight-
forward simplifications, one, recalling the definition of the function u(r)
(4.6), arrives at the following “candidate” for a leading term of the large-7
asymptotics:

Now, we obtain “our candidate” for the leading term of the large-r
asymptotics of the function w(7). For this purpose, using the rela-
tions (4.24), we simplify the formula (4.22),

ool _ (s—3) qy
Awy) = 0+ 4T

Substituting in the equation (4.21) for = and y the variables z(7) and y(7),
respectively, which are defined by equations (4.2) and using a definition
of the elliptic sine, we derive for u(7) (see equation (4.6)) the following

s2=8¢+1.  (4.24)

+ O(2?). (4.25)

16Note that for 7 — oo z(1)2 = O(r—2/3).
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asymptotics,
e(eb)?® ) (s —3) q a3
_ _ 4.2
U(T) a}—g_)‘l‘:kpoqo 2 ! 4 (S - 1) Sn2(19(7")/27 "Q) +0(T ) ’ ( 6)

where 9(r) is defined by the equation (4.3) and 7 = rel¥° with r € Q (see
equation (4.1)). Moreover, after formula (4.26) is obtained, the fat ray
Q) should be turned into a “cheese-shaped” domain by cutting out disks
around the zeros of the elliptic sine. Depending on the radius of these
disks, the error estimate in formula (4.26) may deteriorate. We will not
discuss these standard asymptotic issues here, since our main goal is to
consider the algebraic aspects of deriving the formula for the leading term
of the asymptotics of u(7).

The formula (4.26) contains two parameters P and 9y, because due to
the relations (4.24), & is given in terms of P and p = e*#0/3. At first
glance, this may not seem bad, as we are dealing with the second-order
ODE (1.4), however, in fact, this means that not all the parameters have
been determined, because elliptic asymptotics of the Painlevé equations
along a fixed ray in the complex plane contain only one parameter in their
leading terms.!” The second parameter appears only when we consider
Yy as a function of . In principle, we haven’t studied yet the y-series
that appear as the coefficients of the powers of 22", the coefficients of
latter series depend on P and the other parameters ¢o,q4,..., so that
their convergence can impose some additional conditions on P. One of
the instruments to study this question is the conjugate expansion (1.3),
however, in this case the functions z(7) and y(7) are not conjugate, at
least for generic values of P, so that the structure of the expansion (1.3)
is not clear yet.

On the other hand, the Boutroux-type asymptotics for the degenerate
third Painlevé equation was recently obtained by S. Shimomura [18] via
the isomonodromy deformation method. In the next subsection, we will
examine in detail the correspondence between the asymptotics obtained
by Shimomura and the asymptotic formula (4.26), that allows us to fix
the parameter P in terms of the so-called modulus function defined by
Shimomura.

17 This was first shown by P. Boutroux [1], who consider the example of the first
Painlevé equation.
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4.2. Comparison with the Boutroux-Type Asymptotics. In this
subsection, we use the subscript s in the notation xz and y introduced in
Shimomura’s paper [18], because the notation « and y used in the previous
section have a different meaning. Shimomura considered the degenerate
third Painlevé equation in the following form,
/\2 /
3a 1
Yy = W) % 20+ —+ —, (4.27)
Ys T Ts Ys
where ys; = ys(z) and y, = dys(z,)/dzs), which comes from (1.4) via the
substitution

etu(r) = (2:/3)°ys(z5),  ebr? = 2(xz,/3)%. (4.28)

Recall that throughout this section, we assume, for simplicity, that a = 0,
the latter assumption having no effect on the leading term of the asymp-
totics of ys(xs), unless we consider a parametrization of this asymptotics
by monodromy data and corresponding connection formulae for the asymp-
totics, which we do not do here.

In this subsection, we assume that the reader is familiar with the stan-
dard notation and well-known facts from the theory of the Weierstrass
elliptic p-function; all the necessary information is collected in [2] and will
be used hereafter without references. The asymptotic formula obtained
in [18] reads

. _ A
bo(w) = iy — ) + 0@, )i g2 0) + 52, (429)

where z, = t,e'® — oo, such that 0 < ¢ < 7/3, and t, € C belongs
to a “cheese-like” strip defined in [18]; § > 0, the phase-shift z( is given
explicitly via monodromy data of the associated linear ODE, and
(4y)? g = (As)° |

12 7 T ‘
The complex-valued modulus function Ay is defined in a certain way via
a normalization condition for an elliptic integral. The reader is referred to
the paper [18] for precise definitions.

Our main goal in this subsection is to establish the correspondence
between the asymptotic formulae (4.29) and (4.25). Equations (4.6) and
(4.28) imply that

92 = (4.30)

ool

A (2(7),y(7)) = 2%y, (). (4.31)

€
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1
oo
Let us rewrite asymptotics of the function A, (z(7),y(7)) in terms of the

Weierstrass g-function,

A (x(7),y(r)) =q— Es _ 1; sn2(19(z)/2’“)
(s —3) p(i(T — Tpo)) — e3

—g— —2/3
a q(s—l) e1 —e3 o),

+ (9(7'_2/3)
(4.32)

where there exists ¢ € C\ {0}, such that
e1 = (2 — K%)u?, ex = (262 — D)p?, ez = —(k* + )p?,  (4.33)
and
I(r)/2 = (e1 — es)Y (T — Zg) = V3iu(T — Z). (4.34)
The equation (4.34) together with the definition of ¥(r) (see equation (4.3))
implies that
T = _@ﬁ/{
2v/3p

Using the second equation (4.28), we find

Vo = —2V/31uy. (4.35)

3 o2 i i
s =513 (eb)'/37%/3 = 21/3\/37“2/319 =1, p=e/3 = ¢ =20/3,
(4.36)

where in the second equation the definition of © (see equation (3.6)) is
used. The compatibility condition for the Weierstrass p-functions in (4.29)
and (4.32) reads

X

rs=7 and Tp=ag; (4.37)
as follows from the equations (4.35) and (4.36), it is equivalent to the
following relations,

_ S _ i P
190 = *2\/31#%0 s o= 7%5 (438)
Now, the second equation (4.24) allows to calculate p? in terms of the

elliptic coordinates,

—~
g

9 qg (s—3
= — . 4.39
a 21/33 (s — 1 (4.39)

—
~—
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We proceed now with the simplification of the leading term of the asymp-
totics (4.32); it can be rewritten as follows,

(s—3) s (s —3) @(i(ffo)):q<1_(83) (H2+1))

Q+q(s—1)el—63_q(s—1) e1 — es (s—1) 3
(4.40)

qs=3) . - q(s*+3) 1/3 (s +
Sy A—— — ==——2 42 s — , 4.41
3M2(8 — 1) p(l(ﬂ? IO)) 3 (82 — 1) + p(l(ﬂ? Lo )) ( )
where we used the equations (4.33), (4.24), (4.39), and (4.37). Substituting
now for the functions in both sides of the equation (4.31), their asymp-
totics, we arrive at the relation between the modulus function and the
parameter q,

Ay q(s>+3) 2¢° + 1
g1/34s _ a(s"+3) A, —=92/320 T 4.42
2 362-1 ¢ (4.42)

Denoting ¢ = 2'/3z, one finds that 42% — A42% + 1 = 0, so that parameter
21/3¢ has a sense of a branching point of the elliptic curve w? = 423 —
Apz?+1 = 0, which is used by Shimomura for the definition of the function
Ag. Since the invariants g» and g3 are well-known symmetric functions of
the roots e1, ez, and ez (cf. [2], the relations (4.39), (4.33), and (4.42),
allow one to reproduce equations (4.30).

The second equation (4.42) solves our problem, it fixes the parameters:
q, s and therefore P and s for a given ¢ (see the third equation (4.36))
and allows one to use equation (4.26) as the asymptotic formula for u(7);
the error estimate in this formula is written under the assumption that the
parameter ¢s,qq, - .. can be chosen such that the corresponding series in y
converges in the same cheese-shaped region as that defined for the leading
term of the asymptotics. Since these series are not studied yet, the reader
should rely on the less sharp error estimate obtained by Shimomura (4.29).

4.3. Elliptic Expansion: Symmetry-Conjugate Variables. To de-
fine the conjugate variables Z and 7 in the elliptic case, we use the same
notation as in Subsection 4.1, but change the definition of the variables x
and y to a more symmetric form,

x(T) = @*17,71/3dn—1/2(19(7,)/2’K/)efiam(ﬁ(r)/zn)
y(T) = @717"71/3(111_1/2(19(7‘)/2, H)eiam(ﬂ(r)/z,m).

)

(4.43)
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For this choice of the functions z(7) and y(7) the differential operator

o~ (42 (i) &

4.44
2y \2 4(dzy+rk*(y—1x)?)/)) 0x’
and the PDE defining A/B-expansions is
002 Ap? 002 1
D2ln A, =— P ——— |,  (445)
3ry(dwy + K2 (y — x)?) (20 )2

002 002 002 002
where A, = A_(x,y) or B_(x,y) (see below). For the functions A ,(z,y)
2

and %o .(x,y), one can find two types of conjugate formal expansions: one
of them has the standard form (1.1), (1.3), which is considered in this
section and the other to be discussed elsewhere. Our goal is to construct
the most general formal solutions of the equation (4.45) that are defined
by the following expansions:

002 > 002 002 © 002
Ae(xay) :ZykAe,k(x)v Be(zay) :Zkae,k(y)a (446)
k=0 k=0

where A, ,(x), and B, ;(y) are rational functions of z and y, respec-

tively. As series of two independent variables x and ¥, the formal solutions
002 2

[e.e]
A (x,y) and B _(z,y) are different. However, they are related to each
other by symmetry; more precisely, the following statement holds.

002

Proposition 4.1. Assume that the expansion of A (x) given by the first
equation (4.46), with coefficients A, ,(z) = A, (v, P) that are rational

functions of x, is a formal solution of the equation (4.45). Define the func-

tions
002 002

B, x(y,P):= A, (y,—P), k € Z>o. (4.47)

002
Then the expansion of B (x,y) given by the second equation (4.46) with
2 2

o0 o0
coefficients B, (y) = B, x(y, P), which are rational functions of y, is a
formal solution of the equation (4.45), and vice versa.
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2
o0

Let’s consider the expansion B_(z,y) and find the first few rational
functions:

5 (y) = e C\{0} 5 (y) = cay®+c L8 ) (4.48)
e0\y) =4, ¢q ) e,1\Y) = C2Y 1Y 3I£2P2qy ) .

002

B, ,(y) = cay® + sy’
n 3k2P2gc? + 6ik%2Pq?c; — 12(k? — 2)P2¢%ca + 16p%(2¢° + 1)ca
Y

6r2P2g2
2(3(/@2 —2)P3q%c; — 4Pp2 (4¢3 — 1)y + 8ip2q(q® — 1))
9k2 P32
16p2(g® — 1) (3(k2 — 2)P2¢% + 2p%(4¢® — 1
L 16p (¢* —1)(3(k* — 2) q* +2p°(4g )). (4.49)
27K PAg3y2

The following proposition can be proved with the help of mathematical
induction argument based on the equations (4.48) and (4.49).

Proposition 4.2. Let the partial dzﬁerentwl equation (4.45) have parame-
ters P,p, k € C\{0}. Assume that A , given by the second equation (4.46),
is its formal solution with Be o(y) £ 0 and rational (in y) coefficient func-

002

tions B (y). Then

02 002 2k 2.2m—k N
Be,O(y):qec\{O} and Be,k(y): Z Be,k Y Tk eN,
m=0
(4.50)
02,2m—k
where the coefficients B, are independent of y rational functions of
P, p?, k2 and for k > 1 are polynomials in ci,ca,...,cCon—1,con € C.
Moreover,'8
02,3k 002,3k—2
B ek —Cgky Be,k ZCgk_1y3k_2, Cop,cop—1 € C, keN, (4.51)
502,2m—k 2k—2
B, Z bkna,.. ,n%zm P,p,q) HCJ , 0,1,...,2k-2,
Sinj<m
n; >0
(4.52)

18 Below we assume that =1
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where the coefficients Br.n, .. now_» (K%, P,p,q) are rational functions of
their variables. In particular, for k > 2,

02—k
Be7k = bk;O,...,O(H27P7p7 Q)a

002,2—k

Beyk - bk;l ..... 0(H2»Pvp7 Q)Cl + bk;O ..... 0("723 P7p7 q)a

(4.53)

Conversly, let p,P k € C\ {0} and ¢, € C, n € N, then there exists a

formal solution A given by the second equation (4.46) with Bc (y) #0
002

whose coefficients Beﬁk(y) are rational functions of y, P, p*, and k2. These
coefficients have representation (4.50). Under the normalization (4.51) the
solution is unique.

Corollary 4.1. Under the same assumptions as in Proposition 4.2 there
2
o0

exists the unigque formal solution A. of the partzal differential equa-

tion (4.45) given by the first equation (4.46), with A _1(x) # 0 and ra-
002

tional in x, P, p?, k2 coefficient functions A, (z). Denoting explicitly the
dependence on P of the coefficients A, ,(v) = A, (z; P) and B, (y) =

002 002 002

B, ;(y; P), one have the following relation A, ,(z; P) = B, ;(x;—P).

002
Now, consider a relation of the expansion B _(z,y) to the construction

of the Boutroux-type asymptotics of the solution u(7). In this case, the
relation (4.6), should be substituted by

o(eh)2/3 002
u(r) = 0 F (a(), y(r), (4.54)

where the functions z(7) and y(7) are defined by the equations (4.43). This
constructio? is similar to the one that was used in Subsectié)n 4.1 for the

oo o0
function A _(x,y); we sum all terms in the formal solution B (z,y), which,
after substituting 2 (7) and y(7) for the variables x and y, respectively, have
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the behavior O(1) as 7 — oc;

k=1
02—k
002 —1 o0 T k‘ B
—o B Y (1) S 0w
h=1 B., (4.55)

8p2(q3 —1) z/y 2
3P (1—afyr O

where in the last equation (4.55) we assume that the parameters P and &
are chosen such that they solve the following system of equations,

02—k o02,—1

B,y /Ben =k for kel (4.56)

002~k ool

Since B,., = A,.(0), the solution of this system coincide with the
solution of the system (4.23) and given by the same equations (4.24). In
the rest of this subsection, we assume that the parameters P, p,
k?, and ¢ satisfy the conditions given in equations (4.24). Now, we
can reproduce the leading term of the asymptotics

002 8p*(¢® - 1)

B (@(r),u(r) = g+ 3+ 0>
Y I 362 P2q(\/y(7)/x(1) — /a(7) /y(7)) ( )
o (s=3) q +—2/3
=1 GonsEemze T
(4.57)

where we used the conditions (4.24) and the definitions (4.43) of the func-

tions z(7) and y(7). Now, combining together equations (4.54) and (4.57),

one arrives again at the asymptotics (4.26) for the function (7).
Consider the correction term in the equation (4.55),

X 502,2-k Lk

O(?) =Y B, = O(a*), (4.58)
k=1
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where the notation (’)( 4) represents all terms of the second expansion
(4.46), which, when y = x is substituted, have the order x*. Substitut-
ing now into the equation (4.58) x(7) and y(7), determined by the equa-
tions (4.43), we obtain the correction term in the equation (4.57) in the
form of a one-sided complex Fourier series with respect to the amplitude
function,

o2/ = @—27_—2/3(dn( (r)/2, 5 ) Zb —kg—2i(k—1)am (0(r)/2.5)

+(’)(T_4/3),
(4.59)
where
02,2—k
T =pr?3 W =pB,, . (4.60)
eq.(4.24)
002,2—k

The last notation means that the coefficients B,  are calculated for
the parameters satisfying the relations (4.24). According to the last equa-
tion (4.53), the coefficients b>,* are linear functions of ¢;. The coefficients
can be presented as follows: ’

P (35> —25-09)
blo=cp, W,=—di—+-""— " L ocp, 4.61
e,1 1p e,2 p (S + 3)(5 — 1) 1P ( )

where

P (21553
P V3 Vs—1

and for k > 2

Rk gl Qar—4(3)
ek p (2k — 1)!(s + 3)F=2(s — 1)k—2
(2(k—1)2+1)(s—3)(s+1)+4s

(s+3)(s—1)

(4.62)
+

201pa

where Qar—_4(s) are polynomials in s with deg(Q2r—4(s)) = 2k — 4 and
integer coefficients. The first six polynomials Q2j—4(s) read:
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E=2: Qo(s) =6, k=3: Qas)=2°3%(s*—5),
k=4: Qa(s) = 2"3(1241s" + 2436s° — 132665 — 11340s + 16065),
k=5: Qe(s) =2"23%(71s° + 284s° — 585s* — 32645° + 20375

+ 37805 — 2835),
k=06: Qs(s) = 2°3%(197823s" + 1184920s" — 824620s° — 11736120s°

— 166805345" + 47405160s° + 28997645 — 461538005 + 22920975),
E=7: Quo(s) =2"3%(1398679s"" + 111873845” + 7677153s"

— 1471173605 — 795883625° 4 30783168s” + 721058418s"

— 8754389285 — 2224698215 + 13135122005 — 492567075).

As follows from (4.62) a part of the series (4.59) proportional to ¢; is
easy to sum up, however, the rest of the series looks complicated and
most probably related with a solution of an equation of the Lamé type.
The latter equation, together with the value of the parameter c;, could be
obtained by a substitution of the expansion (4.57) with 0(7*2/ 3) given by
equation (4.59) into the degenerate third Painlevé equation (1.4).

If instead of the expansion (4.54), we consider the conjugate expansion

e(eb)?/3 002

u(r) = T3 A (2(7),y(7)), (4.63)

then, because of the symmetry stated in Corollary 4.1, we arrive at: the

same constraints (4.24) for the parameters P, p, ¢, and s; exactly the same
2

o0
formula for the leading term of the asymptotic expansion A, (z(7),y(7))

002
as for B (z(7),y(7)) (see the second equation (4.57)); and to the formula
for the correction term 0(7*2/ 3), which differs from the corresponding

formula for the function %oe(x(r), y(7)) (see equation (4.59)) by the reflec-
tion of P — —P in 9(r) and in all the coefficients b>,*. The sign of the
parameter P is not fixed in our construction, so we will not discuss this
issue at this stage; it may be related to the representation of the correction
term in different sectors where the elliptic asymptotics is valid..
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