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ABsTrACT. This work presents a new approach to the construction
of general solution of the Yang-Baxter equation with supersymme-
try algebra. The factorizing R-operator acts in a tensor product of
two arbitrary Verma module representations of superalgebra s[(2]1).
The main building blocks in construction are even and odd inter-
twining operators.
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§1. INTRODUCTION

This paper is devoted to the construction of the general solution of the
graded Yang—Baxter relation [1]. To provide context, we recall that in su-
persymmetric Yang-Mills (SYM) theory, integrable spin chains with s((2|1)
symmetry arise in the analysis of the anomalous dimension spectrum of
composite operators [2,3]. The dilatation operator in A'=1 SYM can be
expressed as the logarithmic derivative of R-operator which is the general
solution of the Yang-Baxter equation. The R-operator acting in the ten-
sor product of two generic Verma module representations of superalgebra
s[(2[1) is obtained in the form of an integral operator in [4,5]. In [6-8] an
equivalent factorizing representation for the R-operator is given.

A general construction of the factorized R-operators with the symme-
try group SL(n,C) is worked out in [9]. The main building blocks in this
construction are Knapp—Stein elementary intertwining operators [10, 11]
between equivalent representations of the group SL(n,C) [12|. Each el-
ementary intertwining operator corresponds to the elementary reflection
(defined by a simple root) in the Weyl group. For sl(n) the Weyl group
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coincides with the symmetric group S, and an elementary reflection cor-
responds to an elementary transposition in the symmetric group.

In the case of superalgebra sl(n|m), the root system contains even and
odd roots [13,14]. The appropriate analog of the Weyl group is Weyl
groupoid [15,16] and there appears two type of intertwining operators.
Even intertwining operators correspond to reflections in even roots and
they are analogues of the corresponding operators present in the case of
s[(n). The new phenomenon is an appearance of odd intertwining oper-
ators corresponding to the odd reflections [17]. In the present paper, we
construct these intertwining operators in the simplest nontrivial case of
the superalgebra s[(2|1) and work out the construction of s[(2|1)-invariant
factorized R-matrix in analogy with sl(n).

In this way, we obtain the representation for the R-operator which is
equivalent to the ones obtained in [6-8], and it is a strong crosscheck for
the whole construction.

Beyond its computational utility, this approach elucidates key alge-
braic structures essential for the integrability. For example, in the case of
SL(n, C), the fundamental relation for the intertwining operators is equiv-
alent to the well-known star-triangle relation [9]. The natural analog of the
star-triangle relation for the case of s[(2]1) is given in the present work.

Recent developments in the study of integrability in quantum field the-
ories, particularly within the context of dynamical fishnet models [18,19],
have been fundamentally based on a new class of relations known as gen-
eralized, or supersymmetric, star-triangle relations (SSTR) [20]. While the
standard bosonic star-triangle relation is well-known to underpin the inte-
grability, the authors of [18,19] noted that an integrable spin chain whose
integrability is governed solely by the SSTR still has not been identified.
We find that the integrability of general supersymmetric spin chains is
guaranteed by the combination of the SSTR and certain local fermionic
relations, the latter having first appeared in [17]. For clarity and simplicity
in presenting the underlying machinery, we focus our explicit constructions
here on the case s[(2|1).

The paper is organized as follows. In Section 2, we develop the theory of
induced representations for the supergroup SL(2|1). A key distinction from
the SL(n, C) case is that SL(2|1) possesses non-conjugate Borel subgroups
[13,15]. We construct representations for a representative of each conjugacy
class and provide a complete classification of their intertwining operators
in the next section. A subsequent analysis of the even intertwiner, which
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corresponds to the Weyl reflection in an even root, leads directly to the
SSTR.

In Section 3, we construct all needed intertwining operators.

In Section 4, we demonstrate a novel method for factorizing the s[(2|1)-
invariant R-operator within the context of induced representations. We
study the structure of intertwining operators identifying two additional
intertwiners in the tensor product that permute odd and even elements
between the tensor factors. From these elementary building blocks, we con-
struct the operators R;. Direct computation verifies that our factorization
formulas reproduce known results [7,8].

§2. REPRESENTATIONS OF SL(2|1)

2.1. Lie superalgebras sl(2|1) and g[(2|1). We fix the grading of the
superspace C2/! as follows: [1] = [3] = 0 and [2] = 1. The Lie superalgebra
gl(2|1) is defined as a real Lie superalgebra by the commutation relations

eij, ext] = Ojpeir — (*1)([i]+[j])([k]+[l])5li€kj, (2.1)
where the graded commutator is defined as

less, ext] = €4 et — (—1) EHEIDEHI o g

In the simplest three-dimensional representation e;; are given by the stan-
dard matrix units

(eij)kg = 6ik5jl~ (2.2)
The superalgebra s1(2|1) is the subalgebra of gl(2|1) consisting of elements
with vanishing supertrace,
s[(2|]1) = {a € gl(2]1) | str(a) = a11 — a2 + ass = 0}.
In the simplest three-dimensional representation, it means the correspond-
ing redefinition of generators e;;,
€ij — €ij — (71)[3]5”[, (23)

where [ is the identity matrix. This redefinition changes the diagonal gen-

erators e;; only. To avoid additional complications with notations, we will

denote diagonal generators by the same symbols e;; for both superalgebras

gl(2|1) and sl(2|1), assuming substitution (2.3) in the case of s[(2]1).
Both superalgebras admit a standard root decomposition,

b= (ei)isi, ny=(eij)ics, 1o = {ei)i>j, (2.4)
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where b denotes the Cartan subalgebra of diagonal matrices in gl(2|1), or
5[(2|1). The standard Borel subalgebra is given by b = h @ n.

Lie superalgebras typically possess non-conjugate root systems. In what
follows, we restrict our attention to the Borel subalgebras where the even
part coincides with the standard even Borel subalgebra of the upper tri-
angular matrices. According to the general theory [13,15,16], there exist
precisely three non-conjugate Borel subalgebras sharing the same even
part. These subalgebras are given explicitly as follows:

(1) The standard Borel subalgebra of upper-triangular matrices

hir hiz his
b= 0 hao  hos hij eC
0 0 hss
corresponds to the standard root system (2.4)
h=(e11,e22,€33), n4p = (€12,€13,€23), N_ = (€21,€31,€32).
(2) The Borel subalgebra
hi1 hia his
b = 0 hao 0 th cC (25)
0  hsa hss
corresponds to the root system
h=(e11,e22,e33), Ny =(e12,€13,€32), N_ = (ea,e31,€23). (2.6)
(3) The Borel subalgebra
hiy 0 his
b+ = ho1  haoa h23 hij eC (27)
0 0 hss

corresponds to the root system
b= (ei1,e22,e33), ny=(ea,e13,€23), n_=(e12,€31,¢€32). (2.8)

2.2. Induced representations. We now recall the construction of in-
duced representations [10, 21]. Let Z and B be the supergroups asso-
ciated with the Lie superalgebras n_ and b, respectively. For a generic
g € GL(2|1) and z € Z, there exists an unique decomposition

g tz=2h(zy9), (2.9)
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with 2z’ € Z and h € B. The induced representation is then defined by the
action

[T7(9)®](2) = h(z, g;0) (%), (2.10)
where o = (01,09, 03) and in the detailed notation
h(z,g;0) = (hll(zag))ol (h22(239))62 (hsg(Z,g))Ug . (2.11)

The matrix z € Z possesses a single non-trivial even element and two odd
elements. General principles imply that the representation can be realized
on functions defined on a superspace C2I*. We will consider Verma modules
so that the representation is realized on polynomials which depend on one
even and two odd variables.

For the case of SL(2|1), the representation depends on two complex
parameters, instead of three, since

sdet(h) = h1y hoy haz = 1.
We can fix the remaining freedom by imposing the linear constraint
o1+ 09 +03=0, (2.12)
or, explicitly,
op=——b, 0,=2b, o3=4{-0.
We will denote these representations by 7%,
[T°%(9)®](2) = hyy ™" hi3 hgg" (). (2.13)
The generators in representation 7% are defined by the following formula:
[T5(9)®](2) = ®(2)+e(— 1)) (B 0)(2)+0(e?), g=1+eeij, (2.14)

where the sign factor is introduced to ensure that the resulting generators
satisfy the commutation relations (2.1).

Using the generators e;; in three-dimensional representation (2.2) and
the generators F;; in the representation T4 we construct the L-opera-
tor [1],

3
The nontrivial part of the L-operator essentially coincides with the qua-

dratic Casimir operator for the tensor product of the three-dimensional
representation and the representation T%°.
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Remark 2.1. We should note that there is no difference in using the
standard matrix units or the transformed ones (2.3) in the last formula. It
is easy to check that the extra terms cancel,

3
L(u) =u+ Z (—1)b! (eij - (—1)[j]5ij1) ® Ej;
ij=1
3
=ut Y (~DVey @ Eji - I®ZE“—u+Z e, @ Ejs,
i,j=1 =1

since Eq1 + E92 + F33 = 0 in the representation 7%°.

Let us represent the operator under the consideration in the matrix
form in the standard basis, with the grading [1] =[3] =0,[2] =1,

1 0 0
€1 = 0 ) €2 = 1 5 €3 = 0
0 0 1

To calculate the matrix of an L-operator, we use the following definition
of the matrix of an operator:

3
F€Z = Z eiji.
j=1
We have
(eijEji)er = (=) IHUDK ¢ o) By = +lD Ik Z 1 (ei)ik Ejiy

so that
(eij Eji)ix = (—)E+LDIF (eij)ix Eji = (—)E+LDIE Sidin Eji,
and finally
(L(w) = udy, + (=) By
Or, in an explicit matrix form,

u+ En Eo Es
—ut Z [J]e” Q@ E;i= FEis u— Ea Es3o . (2.16)
ij=1 E13 E23 u —+ E33
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Remark 2.2. To avoid any misunderstanding, we should note that in the
construction of the L-operator, each term e;; ® F;; is even or the bosonic
operator by the definition. The element e;; has grading [i] + [j] and the
generator Ej; has the same grading [j] + [i], so that finally the grading of
the element e;; ® E;; is zero.

2.3. Explicit formulas for the superconformal transformations.
Existence of non-conjugate Borel subalgebras make it natural to consider
representations induced from these distinct Borel subgroups. The matrix
z € Z possesses a single non-trivial even element and two odd elements.
The general principles imply that the representations can be realized on
functions defined on a superspace C2!'. We will consider Verma modules so
that the representation is realised on polynomials depending on one even
and two odd variables.

We now present explicit formulas for the superconformal transforma-
tions and corresponding L-operators for different choices of the Borel sub-
algebra. We will start from the representation 7" induced from the sub-
group of upper-triangular matrices. We parameterize the group element
from Z in the following way:

1 0 0
z = 92 1 0
z+ %9192 0; 1

In these coordinates one obtains the formulae for group-like elements con-
structed for the Cartan subalgebra generators,

N B (2,01,0,) = NFP (2,01, Ms),
NP2 B (2,01, 600) = A2 B (2, 01, A7 10y),
A3 D(2,01,05) = XD (A2, A0, 6,) (2.17)

for the lowering n_-generators,
D (2,01,02) = B(2 — A, 01, 60),

e E2P(2,01,0,) = @ (Z - %,91 - 8,92> )

0
e D(2,0,0,) = @ <z + 501,02+ e) : (2.18)
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and for the raising n;-generators,

1 z 01+ ez
P12 = ) :
(01,02 = p g P \ T T2 2 )
1 A01057 7" z 0 )
ME1s _ 102 1 2
ez, 01,0) [1—Az]?¢ [1—‘_1)\,2} @ (1)\27 IEY 1)\z> ’
1 z Oy — ez
—eFbs _ 2
e (P(Z;01792) [1+€91]€+b <1+€91/2701; 1+591/2> . (219)

The formulas above reproduce the known results from [4,5,7]. After ex-
traction of the explicit expressions for the generators and substitution in-
side L(u) (2.16), one obtains the following factorized representation for the
L-operator:

L(u) = L(u1,u2,u3)
1

1 0 0\ [ur 0p,—2610. -0, 1 0 0\
=| 6 1 offo ug—1 —p, + 3620 02 r ol ,
z—&-% 0, 1 0 0 us z—i—% 0, 1

where we have shown explicitly in the matrix L(u) the dependence on
all the parameters, and have used the following compact notation for the
linear combinations of the spectral parameter v and the representation ¢
and b parameters:

ui=u+b+4, us=u-+2b, ug=u-+b—2~, (2.20)

Remark 2.3. Note that, we consider the Verma module representations
of the superalgebras s[(2|1) and gl(2]1) [4,5,7]. It means that all formulae
like (2.17), (2.18), and (2.19) we consider as formulae for the group-like
elements — the generating functions, which collect the action of arbitrary
powers of the corresponding generators on the polynomials ®(z, 6, 65).

We now provide explicit formulas for the action in the representation
Tf’b, induced from a Borel subgroup B~. We parameterize the group ele-
ment as

1 0 O
z_ = 92 1 91
z 0 1

The L-operator in this realization is given by

1 0 0\ [ur 8s, —0.—010,\ (1 0 0\ '
Li(u1,UQ,U3) = 92 1 91 0 uz 0 92 1 01 .
z 0 1 0 O us — 1 z 0 1
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A global form of the lowering operators is:
D =Bz -\, 01,0,),
e B = B(2,0, +¢,05 + 2),
e EnD = B(2,0,,0, + ¢). (2.21)
and there are corresponding formulae for the Cartan subalgebra operators,
AL ® = NP B (N2, 01, M0,),
A2z p = X" DALz, N0y, 0,),
APz @ = \7H0 (2, A710;, A7 16y),

and for the raising operators,

1 z 0
AEi3p — > 1_ 72
e [1— Az]2¢ (1)\2’( )\2)91,17/\2 ’
1 z 01
cBgp — P .05 ),
€ [1 — 802}6_}’[1 + EZHl]H'b 1-— 692’ 1+ €6y 2
1
efP2p — W <I>(Z — 65,04, 92) (222)

Finally, we consider the representation Tﬁ’b induced from a Borel subgroup
BT. We parameterize the group element as

1 6, 0
=(0 1 0
z 01 1

The L-operator in this realization is given by

L+(U1, Uug, U3)

1 92 0 Uy — 1 0 —62 1 92 0
= 0 1 0 *392 — 2391 U — 2 *391 0 1 0
z 6, 1 0 0 Uus3 z 61 1

The global form of the lowering operators is
P12 = ®(2,0,,0, — ¢),
D = Bz — N\ 6 — Ny, 0,),
eF2d = O(2,60, —¢,6), (2.23)
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and there are corresponding formulae for the Cartan subalgebra operators,
AP = NFP B (2, M0y, N6y),
A2 p = \"2 D (N2, 0,, A7 16,),
A p = N (N2 A0, 6,),

and for the raising operators,

_ 1 z +€91 91
Bng = P 0
¢ [1 —Egg]g_b (1—}—892’ 1 +8927 2) ’

1 z 0
—ePag — ) 01, ——
‘ [1 — eb,]HP[1 + e265]2¢ (1 el —20,) "V 14eby )’

1 z
[lAz]Qf(I)(lAz’el’az_)\al)' (2.24)

e)\Elg P =

§3. INTERTWINING OPERATORS

In this section, we consider the intertwining operators for the case un-
der consideration. One of these operators generalizes the gl(2) intertwiner,
corresponding to the action of the Weyl group on the weights, while the
others represent a new type of intertwiner corresponding to odd reflec-
tions. We refer to the latter as odd intertwining operators and begin our
discussion focusing on them.

3.1. Local intertwining operators. First of all, introduce two opera-
tors which depend on the parameter a:

Dos(a) = (9, +aby) e~ 720 Diy(a)=e"*02901 (9, +afy) e 2% (3.1)

The inverse operators have the form:

616 616
D, (a) —a e 70 (9p, +aby); Dyt(a)=a e "7 % (8p,+aby) 0201
(3.2)
Proposition 1. For a = —(¢ + b) = ug — ua, the operator Dag(a) is an
intertwining operator,
(41/2,b—1/2

Dos : THY — T

The set of the intertwining relations can be expressed in a compact matrix
form using the corresponding L-operators,

D23(U3 — UQ) L(ul, UQ,U?,) = L_(ul,uz — 1, uz + 1) DQg(Ug — ’U,g). (33)
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The relation for the inverse operator

Di))l . T‘€7b N Tf—l/Q,b—‘rl/Q
has the following form:
D;; (’LL3 — Uy — 2) L~ (ul,u2, U3) = L(ul, us + 1, ug — 1) Dggl(u;; — Uy — 2).
Proof. The derivation of all the relations is based on simple formulae

(Og +ab)(0g+ab)=a,
(89 Jrag)@(@g +a9) =0y,
(89 + ae)ae (89 + CL@) = a297

where 6 is a grassmanian variable and a € C. Using these formulae, we ob-
tain transformation rules for the building blocks of the matrix L(uq, ug, us),

1 0 0
Dys(a) 0 1 0| Dy(a)
z+ %9102 0; 1
1 0 O 1 0 0
=160, 1 0 0 1+a_191891 -0 ],
o 1/ \o —ale, 1
ur g, — 5010 -0,
Dos (a) 0 ug — 1 —891 + %9282 D2_31 (a)
0 0 us
U 692 + a_lagl 0, —0,
= 0 Ug — 1 &91 5
0 0 us
for an arbitrary parameter a. After the substitution a = —(¢ + b) and

multiplication of all the corresponding matrices, one obtains

Dos L(uy,uz, uz) Dyy'

1 0 0\ [ur s, —0.—0.0s, 1 0 0
= (92 1 01 0 U — 1 0 92 1 91 s
z 0 1 0 Op, u3 z 0 1

so that one can recognize the matrix L™ (uq,us — 1,u3 + 1). O
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Remark 3.1. To avoid any misunderstanding and to explain the absence
of some sign factors, we illustrate our calculations by the simple example
(see Remark 2.2)

0 0 O
Doz(a) | 02 0 0| Dy3'(a) = Dasla) ear @ 02 Dyt (a)
0 0 O
0 0 0
= —e91 ®D23(a) 02 D2_31(a) = —e21 Q (—92) =e31®0,=16 0 0
0 0

0
Proposition 2. For a = £ —b = u; — uy the operator Dia(a) is the
intertwining operator,
Dy : TH0 — T H/20H2,

The set of the intertwining relations can be expressed in a compact matrix
form using the corresponding L-operators,

Dio(uy — ug) Ly, ug,uz) = LT (uy — 1,uz + 1,u3) Dia(u — uz).
The corresponding relation for the inverse operator
D TJér,b L, t1/26-1/2 (3.4)
has the following form.:
Dot (ug —ua+2) LT (uy, ug, uz) = Luy +1, ug — 1, u3) Dyt (ug —ug+2).

Proof. All calculations are based on the same simple basic formulae and
after calculation of the product of the transformed matrices, one obtains

D12 L(u1, uz,u3) Diy
—1

1 02 0 (5% 0 782 1 02 0
=10 1 0 —0g, — 209, us—1 —0p, 0 1 0 ,
z 601 1 0 0 us z 61 1
so that one can recognize the matrix LT (u; — 1,us + 1, u3). O

A key ingredient for an understanding the structure of the standard
intertwining operators — which we refer to as even, or bosonic, intertwiners
— is the generalized differentiation operator. In the case of Verma modules,
we define this operator as follows:

1 T(z0+1) (35)

0 22T(z0+1—a)
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For a from the discrete set 1,2, . . ., one obtains an usual multiple derivative
and in the generic situation all expected properties:
o commutativity and group property, 0%0° = 9°0% = 9°*t# and
3 =1;
o FEuler differentiation rule, 0% z = 2 0% + a0*!;
o star-triangle relation in operator form, 0% z0tB9P = 2Boa+h o,
o transition to I'-functions,

['(z04+ 1+ «)
I(z0+1-p)

All these formulae can be proven in a direct way:

BHath o —

e commutativity,

a@aﬁ—i Nzo0+1) 1 T'(20+1)
20 T(20+1—a) 2 T(20+1- )’
1 I['(z0+1-p) I'(z0+1)
2 tPT(20+1—a—B)T(z0+1—p3)

1 [(20+1)

= = 9oth
208 T(204+1—a—p) ’
e Euler rule,
8“z—i I'(z0+1) - I'(z0+1) 20 +1
2o T(20+1—a)  20T(0+1—a)z0+1—a
_z I(z0+1) L I'(z0+1) L0 1,

22T(z0+1—a)  20-1T(20+2— a)
e the star-triangle relation,

gosarigs_ L _TGEO+D 51 T(Eo+1)
22T(z04+1—a) 2P T(z0+1-p)
_T(O+1+a) T(z0+1)  T(20+1+a)
[(z0+1) TI(z0+1-p8) T(z0+1-7p)
_i P(Za+1) a _ pyatp «a
7zaf(z8+l—a—ﬁ)z = 2O

Let us define the operator Di;(a) by the formula
Dis(a) = (0: + 010p,)". (3.6)
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Proposition 3. Fora = —2(—1=ug —u, — 1 the operator S%(a) is an
intertwining operator,

Dy T - 77710, (3.7)

The set of the intertwining relations can be expressed in a compact matrix
form using corresponding L-operators

Diy(us—u1—1)L™ (ug, ug, u3) =L~ (ug—1,u2, u1+1)D5(us—u1—1). (3.8)

Proof. We have to check the following explicit relation:

1 0 0\ [ur 9o, —0.-010s,\ (1 0 0\ °
D1_3(U3 — Uy — 1) 92 1 91 0 uz O 02 1 01
z 0 1 0 Oo, uz — 1 z 0 1
1 0 0\ [fus—1 8sy, —0.—6:190,\ (1 0 0\ '
= 92 1 91 0 Uz 0 02 1 91 ng(U3—u1—1).
z 0 1 0 0o, ul z 0 1

Everything is based on simple formulas that are valid for an arbitrary
parameter a,

1 0 0 1 0 0 1 0 0
D1_3 (a) 92 1 01 = 92 1 91 0 1 0 D1_3(a),
0 1 z 0 1 a(0, +6106,)"" 0 1

ur  Op, —0:—0100,

N

Dis(a) | 0 we 0
0 801 U3—1
Uy B, —0.—010,
= 0 U2 0 D1_3(a).
0 aglfa(62+01892)*1 uz—1

After multiplication of the transformed matrices, one obtains

1 0 0\ [ur 9o, —0-—018p,\ (1 0 0\ °
D1_3 (a) 92 1 91 0 u 0 92 1 6'1
z 0 1 0 Og, uz — 1 z 0 1

1 0 0 urt+a 9y, —0:—019,\ (1 0 0\ '
=16 1 6, 0 u2 0 6 1 0, ng(a),
z 0 1 % 09, us—1-—a z 0 1

so that for a = uz — u; — 1, we obtain the expected result. O

By combining Propositions 1 and 3, we obtain the following formula for
an even intertwiner acting on 7°.
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Proposition 4. There exists an intertwining operator
Dig: TO" — T4, (3.9)
defined by the formula
D13(u1, ug,us) = D;z,,l(ul — ug)D13(us — u1)Dag(ug — uz) (3.10)

_ Auz—u1—1 up —us _ 1 _ 1

= 9" (az o, O — 5020:)(n, 291@)) (3.11)
20 1 1

=921 <8z + 5506 — 5620:)(%, — 2918z)> . (3.12)

Proof. The construction (3.10) of the intertwining operator Sy3 is defined
by the following diagram:

Daz(uz—uz2)
T,

L(ul,UQ,Ug) Lf(ul,uQ —1,U3+1)

Df3(u3—u1)
_—

Li(U3,U2 — 17U1 + 1)
'D;;(’ul—’u.g)

L(us,uz,uy).

This diagram shows the needed commutation relation for intertwining op-
erators Dpz and Di;. Substituting the explicit expressions for the opera-
tors, yields

1 616
Dy = e 7 0% (9g, + (u1 — u2)b1)
Up — U2
U3z —uq —91926
X (az + 6‘1892) (891 + (U3 — u1)91) e z 7
1

616
= e e (w — )0

9192 5

+ (ul - u?)) 891 (602 - 9182))6_ 2 * )

where we have used the transformations
(0, 4 010p,)"* ™" = 927" 4 (ugz — up) 0271710, 0y,
= 0"~ H(9, + (uz — u1) 010p,)
and
(09, + (w1 — u2)01)(0, + (us — u1) 010p,) (Op, + (ug — uz2)b1)
= (u1 — u2)0, + (u1 — ug) Oy, (0, — 610.).
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Noting that

9102 5 9102

1
e 2 2(3'916 7 0- :(991 — 59232,

1
,9 s
5010

we arrive to the expression given in (3.11). O

9102 192

2058y, — 0,0,)e” E20: = 9, —

The operators D15 and Da3 become non-invertible in the special cases,
where £+ b =0, or £ —b = 0. In these degenerate situations, the kernels of
these intertwining operators form invariant subspaces. It can be directly
verified, that these invariant subspaces correspond to the states of a fixed
chirality.

Additionally, the finite-dimensional invariant subspaces arise when 2/ €
Np, which are defined as the kernel of the operator D;3.

3.2. Intertwining operators for the tensor products. Consider the
tensor product of two representations Tf’b@)Tf,’b . We identify the represen-
tation space with polynomial functions depending on two sets of variables

(I)(Z’ 917 92 ) w,éla é?) S be ® Tf:’b, .

We denote L7 (u1,us,us) the L-operator with the spectral parameter u
acting in C2! ®Tfi’b, so that its matrix elements are generators Tf’b acting
on polynomials of the variables z,6;,0,. In a similar way, L3 (v, ve,vs) is
an L-operator with the spectral parameter v acting in C2' @ T f:’b/ and its
matrix elements are the generators of Tf;’b, acting on polynomials of the
variables w, 51, 0. The expressions for the parameters have the form

uy=u+L+b, uy=u+2b, us=u-+b—1{, (3.13)
vp=v+0+Y, vy=v+20, vs=v+b -1, (3.14)
We will use the compact notation Djs, Dis, D55 for the analogs of intertwin-

ing operators Dio, D13, D23 acting on polynomials of the variables w, 61, 0,.
For example,

Dég ((I) = (891 +a0~1) 67%81”, Dﬁ(a) :e—wézagl (aéz +a92> 661292 aw.

In addition to the permutations within the tensor factors, we have addi-
tional operators that permute parameters between the tensor factors.



86 S. E. DERKACHOV, D. I. GETTA

Proposition 5. For any a € C, there exists an intertwining operator for
the tensor product of two representations of gf(2|1),

813(05) T ® 7o T(o1t+a,02,03) ® T(ai,aé,aé*a)a

! / / / /
where o = (01,09,03), 0 = (01,04,0%), 06 = (01 + @,09,03), and o), =
(04,05, 05 — ). In an equivalent way, this relation can be expressed as a
relation for the L-operators

Si3(a) (L1(u1,uz,us) + La(vi,v2,v3))
= (L1(u1 — a,ug,uz) + La(v1,v2,v3 + @) Syz(er).  (3.15)
The operator Sy3(c) is defined by the formula

N (z _wq 00 (61 =006 - 92)) . (3.16)

2 2

For the special value o = uy — vz, it satisfies the Yangian intertwining
relation,

Si5(ur — v3) Ly (u1, ug, uz) La(vy,v2,v3)
=L1(U37U27U3)LQ(U1,U2,U1)31§(U1 —U3)- (3-17)

Proof. Denote

026, + 6,6 0, — 6,)(6, — 6
S:Z_w+2142r12+(1 1)2(2 2).

We demonstrate that the operator (3.16) is intertwining under the stated
conditions. Observe that S is a matrix element of the product
1

1 0 0\ 1 0 0
wly = 0y 1 0 0, 1 0
w + 91252 91 1 zZ+ % 91 1

1 0 0

=6.—-6. 1 0
S 0 —6; 1
Under a group action

Yw = w'h(w, g), (3.18)

2z =gtz =2h(zg), w— g
the matrix w™! z transforms as

w2 = w2 = h(w, 9w gg 2k (2, 9) = h(w, 9w zh T (2, g),
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whence S transforms according to
S(Z, ’UJ) — S(Z/a ’UJ/) = h33(w7 g)hl_ll(za g)S(Z, ’LU) (319)

Consequently, multiplication by S implements the intertwining as clai-
med. Indeed, we have (2.10),

S%(z,w) [T7(9) ® T7 (g) ) (2, w)

= S%(z,w) h(z,g;0) h(w,g; 0" )®(z',w)

= h{1(2,9) bz, g;0) h(w, g; ") haz*(w, g) S*(2',w") @(2, w')
_ [plereon) (g) g T on 71 (g) S Bz, w).

We now verify relation (3.17) by a direct computation. First, consider the
transformation of the central matrix,

U 802 - %0162 _8z
S*1 0 ug — 1 —0g, + %9282 ST
0 0 us — 1
Uy —«@ 892 - %0182 —(’L o 1 B
= 0 U — 1 —891 + %9232 +§ 0 (S 91—91 1) .
0 0 Uus 0

Note, that there appears a row vector from the product w~! z. Similarly,
one finds

v 95, — 2010, —0y
S0 w—1 -8 4100, | S
0 0 V3
v 0, — 36100 = ol 1.
=|0 vy — 1 —69“1 + %ég@w - g 0y — 6o (O 0 1) ,
0 0 vz + « S

so that there appears a column vector from w~!z. For the whole L-
operators, we obtain

S¥L1(u1,u2,u3)S™ " = Li(u1 — a, u2, u3)

1
o - .
w2l (w6 1),
S 0,60 2
2 Gl
S¥Lo(v1,v2,v3)S™% = La(v1,v2,v3 + )
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1
_a 0y (_w+@ —0, 1).
S\, 4+ 08 2
2
The relation (3.15) is a direct consequence of these two relations. Next,
using the formulae

(—w+% —6, l)Lz(U1,1127U3+04)=(U3+04) (_w+é12é2 —0 1),

1 1
Ly(uy — o, ug, us) 929 \ =(u1 — @) 020 Ak
s+ b s+ b

we arrive to the relation
S% Ly (u1,u2,ug) La(vi,v2,v3) S™% = L1 (u1 — @, ug, uz) La(v1, v2, v3+0a)

a(vs —uy + «)

+ S

1
b | (-wt B 4, 1)
z 4 b2
2
Thus, the intertwining operator (3.16) satisfies (3.17) for o« = uq —vs. O

For other tensor products with A = X = +, or A = M = —, there no
intertwining operator exists, that permutes parameters between the tensor
factors and acts by multiplication. The suitable matrix element satisfying
the relations of type (3.19) is odd, precluding raising it to an arbitrary
power.

However, such an operator does arise in the tensor product of represen-
tations with A = + and \’ = —. A mnemonic rule here, is that the non-
trivial intertwining operators acting by multiplication on functions arise
only when the number of pluses minus the number of minuses, associated
with both the L-operators, are equal to zero.

Proposition 6. For any o € C, there exists an intertwining operator,
S2Q(a) : Tf ® Tf/ N TJ(ral,02+o¢ o3) ® Tﬁai,aéfoc o'é),
defined by o 3
D — [1 + 92(92 — (9111/) + 0191}06(13. (320)
The intertwining relation is equivalent to the relation for L-operators
Sys(@) (LT (u1,ug,us) + Ly (v1,v2,03)) =
(LT (w1, ug + a,uz) + Ly (v1,v2 — o, v3)) Sps (). (3.21)
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For the special value oo = va —ua +2, the operator Sy3 satisfies the Yangian
intertwining relation

Sy5(v2 — ug + 2) L (u1, up, us) Ly (v1,v2,v3)
= L (u1,us + o, u3) Ly (v, v2 — o, v3)Sy5 (V2 — ug + 2).

Proof. The proof closely follows that of Proposition 5. Indeed, the func-
tion

S=1+ 92(&2 — élw) + 9191 (3.22)

is a matrix element of the corresponding product,
10 0\ ' /1 6 0
’U}:1Z+ = 92 1 01 0 1 O
w 0 1 z 601 1

o1 0 0

= —92 — 91 (Z — w) S —91

zZ—w 601 — why 1

The matrix w=' z, transforms as

=1 _1

w2 = h(w-, g)wZlggT 2 hT (24, 9) = h(w-, g)wZ 2 h T (24, 9),
whence S(z4,w_) transforms according to
S(zg-v ’U)/_) = h22(w—a g)h2_21 (z+7 g)S(Z-i-a U)_)-

Consequently, multiplication by S¢ implements the intertwining as clai-
med,

S (z4,w-) [TZ(9) T (g) B (24, w-)
= Sa(ZJra ’U),) h(Z+, g; 0') h(w,, g; U/)(I)(er, wL)
= i1 (24, 9) 24, g5 0) h(w—, g 0”) hog* (w—, g) S%(2] , wl) (2, wl)
= [T{772F %) (g) @ T2 () §% ) (24, w_).
Let us now turn to the relations with L-operators. By analogy, we compute,
0o . 3 3
1 (—924—11)91 1 - 91) s
01
@ 02 ~ ~ ~
SQLQ_(Ul,’UQ,U:;)S*O‘ :Lg(vl,vg—a,vg)—kg 1 (—92+w911 —01).
2

SaLf(ul, ug,uz)S™¢ = Li"(ul, us+a, ug)—

0| e
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Using the relations

D) D)
L (up,ug +a,u3) [ 1] =(ug+a—-2)( 1],
91 91

(—ég—f—wél 1 - 9~1) LQ_ (Ul,UQ—Oé,U:;):(’UQ—OZ) (—ég—‘r’wél 1 — él) s

we obtain

SQLT (Ul, Uug, Ug)LQ_ (’Ul, V2, Ug)Sia :LT(Ul, U2+Ol7 U3)L2_ (Ul, V2 —Q, Ug)

02
alug —v2 — 2+« ~ ~ ~
G R ) (=05 +wby 1 —6).
5 o
1
Thus, the intertwining relation holds only if o = vy — ug + 2. O

In summary, we conclude that the intertwining operators in the tensor
product of the induced representations of Y (s[(2]1)) are determined by
permutations of the representation parameters and changes of the Borel
subalgebra from which the representation is induced. However, not all the
parameter permutations are permitted—they must be performed in a such
way, that they preserve the number of the odd elements in each tensor
factor.

§4. THE GENERAL R-MATRIX

The general R-matrix acting on the tensor product of representations
T4 @ T can be determined from the relation:

Ryo(u —v) Ly (w1, ug, uz)La(vi, va, v3)
= Lo(v1,v2,v3) L1 (u1,uz,u3) Ria(u —v). (4.1)

It is convenient to pass to the operator Ri2(u—v), obtained by composing
Ri2(u — v) with the permutation operator P,

Piy ®(2,01,02,w,01,05) = B(w, 01,02, 2,601,02) . (4.2)
Introduce the notation
Riz(u —v) = Pia R(u —v). (4.3)
The defining relation for R then becomes

R(u—wv) Ly (u1, ug,ug)La(vi, v, v3) = L1(v1,v2,v3) La(ur, uz, us) R(u—wv).
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Thus, the operator R can be interpreted as an operator permuting simul-
taneously all the parameters, u; <> v;. This operator can be realized as a
product of three commuting intertwining operators, each implementing an
elementary permutation, namely, for i = 1,2, 3,

Ri Uy < Vg,
so that
R(U - ’U) = RleRg.

Using the set of intertwining operators computed above, we can explicitly
construct the operators R;.

Proposition 7. The intertwining operator Rq, defined by:
Ra(u1lvy, ve,v3) = Sy3(vs — v1) Diz(v1,v2,u1) Sy5(ur — vs) (4.4)
= Di5(v1, v2, u1)S5(u1 — v1)Di5(v1, v2, v3), (4.5
satisfies the relation
R1L1(ur,ue,ug)La(vy,ve,vs) = L1(v1,ue, ug)La(ur, va, v3)R1.

The operator R1 is explicitly expressed in terms of the operator-valued
gamma functions,

(_1)1)1—“1517?/1571 _ F(wa’w + Uy — U3 + 1) ( V1 — Uy 5
1=

T(wdy +v1 —v3+1)
vy —up  D(wdy + up — v3)
v) — vy T(wdy +v1 —vg + 1)

w(“)(;l 852 ,

where the shift operator Sy is defined by the relation

016 _ 15 - 15 016
S =e 15720, ,01(95, +3020u) ,02(95,+3010w) o (24752 ) 0w

Proof. The construction (4.4) of the operator R, is defined by the fol-
lowing diagram

Sy3(u1—v3)
Ly (u1,u2,u3)La(v1,v2,v3) Bt kN Ly (v3,u2,u3)La(vy,v2,u1)

Dis V2,
D), 1 (v, us) La(ur, v, 01)

5.2 (ve—
S0, L (or, g, us) Lo (s, v, vs).

This diagram shows the needed commutation relation for intertwining op-
erators S5 and Dyz, which results in the permutation u; & vy.
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The construction (4.5) of the operator Ry is defined by a different dia-
gram

) Djiz(v1,v2,v3)
B

Ly (u1,u2,u3)La(v1,v2,v3 Ly (u1,u2,u3)La(vs, v2,v1)

S.a(ug—
o) Li(v1,u2,u3)La(v1,v2,u1)

M} Ll(’Ul, Uug, U3)L2(U1, Vg, 1}3),
which results in the same permutation u; = v;. The two considered di-
agrams show that the product of intertwining operators (4.4) and (4.5)
performs the same permutation u; = w; in the product of the two L-
operators. Below we prove its coincidence by a direct computation.

Note that the shift operator S; is determined by the conditions

S1 (z —w+ 0261 + 616, + (6 — él)(% — 52)> Sfl = —w,

2 2
1 -1
Si | 95, — 5491811, Si =0,
1~ B -
S1 (3@1 — 2928w> St = 05, — 020,
so that all needed intertwining operators

Uy —v - Uy —v] — 1 1
Diz(v1, v2,u1) = Ot ™Vt 4 L UL guasesl (851 - 592%) (8‘52 - 591%) ’

V1 — V2
0201 4+ 0102 (01 — 01)(02 — 02)\°
S3(a) = z—w+21+ 12+(1 1)(62 2)
2 2
transform to a much simpler form, and we obtain
S1R1ST!
— (1)%1—V14,v3— V1 ui—vy 4 Y1 T UL gui—u1-1 (5 _ g - u1—v3
= (-1 w (aw e (601 926w> 602> w
— (— U1 —V1,,V3—V1 Ul —v1 — v1 u1 ~
—(-1) w (aw (1 p— zagz)
vl —u1 v —1 _
e 05,0, ) w1~

It remains to transform this expression to a final form, using the following

formula:
T(wdy, + 1+ «)

Baa+B o
A O N gy
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Now, we are switching to the relation

813(vs —v1) Diz(v1,v2,u1) Sy3(u1 — v3)
= Dy3 (vg,vg,ul) 13(”1 —U1)Dig(v17vzavs),

which results in turn to

— Ui
V1 — V2

w?s (aul—vl + o= (85, — 020, 852) Wt

U3 — Uy
U3 — V2

(a% R p— ot (9, — 020, a§2> 7

after a similarity transformation using the operator Si. After a multipli-
cation, one obtains

_ (af,gl—”s + o (aél ~ 020, aé2> W

w¥3 VL 811:1—1)1 w¥1 Vs V1 —ul w31 8171.11—1}1—1 (851 _ é2aw) 852 w41—v3
V1 — Vg

_ _ - vz —u
= GUITUB UL TVL GUBT UL 4

1 qu;—vg—1 _ D . U] —v V3 —v
o O (9, = 0200) 0, w1 o=
Y1 798 gui—wg ui—vigus—vi—1 (9. _§ -
S T w0 (95, — 020 05,
U3 T ULUL U3 gui—uz—1 (9. _ g = i1 grs—vi—l (5. _§ _

v3 — Vg V1 — V2 O (891 028w> Op, w 0y (801 9261”) 9%,

The first terms cancel each other due to the star-triangle relation in the
form w? 9%+ wb = 9% w**t 92, and, in fact, the second and the last terms

in the RHS coincide. After a simple transformation, one obtains

U1 — UL vy qui—vi—1 o u—v3
DL e g 05 — G20, 05, w
U1 — V2
U3z — U1 —va—1 ~ _ _
= BT gu-nl (5 G50, ) 05, w1 9L
U1 — U2
U1 — U3 quy—vg , us—v1 qug—v1—1 )
+ m 8w w aw 6)51 — Ggaw 8@27

that results in two relations, namely,

i wv3 Y1 63)1*711*1 w3 — bz — w1 au1*713*1 v 35}3*01
U1 — V2 U1 — V2
+ b1~ Gl Vs gy V1 gus v —1

V1 — Vg
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and

T QUL gyt s
U1 — V2

U3 — U1 U1 — V3
= +
V1 — U2 V1 — U2

U1 —U3 U] —vV1 QU3 —V1
) g w g2,

The last relation is reduced to the star-triangle relation in the form
w* 9ot wb = 9% w92, The first relation can be rewritten in a sim-
pler form

(a+b)w* %= b= w =l w92 4 a8 w9,

where a = v3—v; and b = u; —vs, and then, using the star-triangle relation
in the LHS, it can be transformed as follows:

(a+b) 0y w08 w = byt w0 + a bl w Oyt
— (a4 b) w19 w = bw™ 9% + a d,, w TP L
— (a4 b) w1 (w0l +adl™)
=bw 9% +a (WL + (a+b)w T OL) O
The same line of reasoning establishes the following proposition.
Proposition 8. The intertwining operator Rs, defined by
Ra(u1, uz, us|vs) = Sy3(us — u1)D13(vs, ug, uz)S;5(u1 — vs)
= D13(vs, u2, u1)Sy3(us — v3)Diz(ur, uz, us),
satisfies the relation
Rs Li(uy,ug,us) La(vy,ve,v3) = Li(ug,us,v3) La(vy, ve, u3) Rs.

The intertwining operator Rs is explicitly expressed in terms of the opera-
tor-valued gamma functions,

_ [(z0, +u; —vs+1) VU3 — U3
SRSt = 1-— 020
37373 (20, +u; —us + 1) U3—U2202
vy —usz [(20, +u; — v3)
vy —ug (20, + up —ug + 1)
where the shift operator Ss is defined by

2691 892,

0,6 =, 5o 1 6162
Sy =c¢e 1223z691(091+%923z)692(892+291‘9Z)€(w+ 3 )62.
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Proof. The construction of the operator R is defined by the following
diagram:

S13(ur—v3)
) 2% Ly (vs, ug, uz) Lo (vi, v2, up)

Di3(vs,uz2,u3)
e,

Ly (u1,u2,u3)La(v1,v2,v3

Ll(u37 uz, Us)Lz(Uh V2, Ul)

S = (us—
E DN L1(u1,ug,v3)La(vi, v, us).

This diagram shows the expected commutation relation for the intertwin-
ing operators S;5 and D3, which results in the permutation uz = v3. The
second formula for the operator Rg3 is defined by the diagram

) Di3(u1,uz2,us)
—emml,

L1 (u1,ug,us)La(vi, va,v3 Ly (us, ug,u1)La(v1,v2,v3)

S ~ —
M L1 (v3, u2,u1)La(v1,v2,us)

Ds: 5
Dol 2y 1) (uy, g, v3) D01, v, ).

Note that the shift operator Ss is obtained from the operator S; by the
simple change of the variables z,0,,05 &= w, 60,05, so that, due to an
evident symmetry, one obtains

)

s B0 0B

1
Ss <892 - 29162) Syt = 0p,,
1 —1
S3 | Og, — 502@ Sy~ =0y, — 020, .

All needed intertwining operators

_ VU3 — U3 a1 1 1
D 3)=0¥ 7 2" QU™ Op, — =020, O, — =010 |,
13(vs, Uz, 13) =07 v3—Uy ( 01572 ) ( 027571 )

020, + 0105 (01 — 61)(05 — 05) \
P S
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transform to a much simpler form, and we obtain

S5R3Sy " = s (aﬁ;ﬂa + 722 :Zz 923731 (B, — 020,) 892> Z1s

_ _ V3 — U3 V3 — U3 —pa—1 _
_ g (ags g (k egagg) TS gy aa)
(% u

V3 — U2 3 — U2

It remains to transform this expression to a final form using the following
formula:

I'z0,+ 1+ )

BHath o _
2P0 2= —=
® I'(z0,+1-5)
The proof of an equivalence of the two representations for the operator R
is very similar to that in the case of the operator R;. O

While the operators R; and Rg replicate the well-known structure of
the intertwiners in SL(2, C), where the key relation for understanding their
integrability is the star-triangle relation (STR), the remaining operator R
is based on fermionic-type relations discovered in [17].

Proposition 9. The intertwining operator Ra, defined by

Rg(ul, UQ|’U2, U3) = Dggl (1}3 — ’U,Q)Df; (u1 — UQ)SQQ(UQ — UQ)
><D12(u1 — UQ)'Dég(U?, — ’UQ) (46)

satisfies the relation
Ro L1 (u1,uz,u3) La(vi,va,v3) = L1 (u1,v2,u3) La(v1,u2,v3) Ra.  (4.7)

The intertwining operator Ry can be explicitly expressed as a differential
operator

(v3 — ug)(u1 — v2) SRS = (u1 — ug)(vs — o)
Ug — V2 U2 — V2

— (u1 — u2) 01095, — (uz — v2)010209,05, — (z — w + 0102)99,05,, (4.8)

+ (113 — ’1)2) (92892

where the shift operator So is defined by the formula

616,
12231”.

) ~ 0105
Sy = 720021198, 7770z o~
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Proof. The construction of the operator Ry is defined by the following
diagram:
Ll(ula Uz, U3)L2(U1, V2, 'Ug)

Di2(u1—u2)Ds3(v3—v2)

L1+(’U,1 — ].,UQ + 1,’LL3)L5(’U1,'U2 — 1,1}3 + 1)

522 (1)2 —ug)
=5

Lf(ul —1,v9 + 17U3)L5(U1,UQ —1,v3+ ].)

Dyt (vs—u2) Dy (w1 —v2)

Ly (u1,v2,v3)La(v1, ug, us).

We have

(v3 — u2)(u1 — v2) Ro

616 0102

=e 2 8w67 P} 0z <a§1 —+ (1)3 — UQ)é1> ((992 —+ (U1 — U2)92)

X (1 + 0252 + 0151 + (Z — w)0201)v2_“2
9"1526

& 0102 5
X (892 + (U1 - u2)02) (le + (Ug - 02)91) e 2 9zp7 73 uw,

In the next step we use the formulae

< NP
(1+ 00)* (3 + ab) = (Jp + ab) (1 - a_1089> :
(09 + ab)(0p +b8) = b+ (a — b)8y
and rewrite everything in the following form:
(v3 — ug)(uy — v2) Sy Ry Syt = P20z 1%,

X (u1 — Uy + (UQ — ’U2)02892) (’Ug — Vg — (UQ — 02)51801)

1 ~ 1 2 —w V2 —U2
1 0209, — 0,05 0,05
X( T 2 T T ) (0 — ) 91)

x e~ 02005 c=019%,

Let us introduce a compact notation for a simplicity, u = u; — ug,v =
v3 — Vg , A = ug — vo. After expansion in a series we obtain

1~ 1 z—w -
(1 + —0209, — 791351 + 8928§1>
U v uY
AA+1)

uv

=1- %672892 + %91(9@1 — L;magzagl + 5291892651
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and after a multiplication, one further concludes that

(u + A2y, (v - Aélaél)

AA+1)

0o, (9@1 + o

A A Az —
x (1 20y, + 20,9, M)
u v v

52918928§1>

= (ww-+ X002y, — Xubr 5, +X202010,0, ) + (~\B20, ~\2020195,05, )
+ (b1, + N?010500,05,) — Az — w) 0,05, + M + 1)020105,05,
= uv + )\1}(92 - §2)892 + )\u(ﬂl - 51)851 + )\2(91 - él)(th - 52)892851
_ )\(z —w + 9192)892851.

The last similarity transformation is equivalent to a simple shift
0 — 03 + 05,07 — 61 4+ 01, so that finally we obtain

(1}3 — UQ)(U1 — ’UQ) 52 RQ 52_1

= uv + M0 0209, — Mu0195, — \201020p,05, — Mz — w + 0102)0p,05,
uv

=\ (7 +’U92892 7uéla§1 7)\&192392851 7(wa+919~2)89269*1) . O

§5. CONCLUSION

This work presents a novel approach to factorizing R-matrices invariant
under the action of the superalgebra sl(2|1). By applying representation-
theoretic techniques we have specialized this approach to the first non-
trivial case where both bosonic and fermionic degrees of freedom appear.

Significantly, the set of relations ensuring the integrability of a super-
symmetric spin chain comprises both the generalized star-triangle relation
and the fermionic relation discovered in [17]. Our formulae naturally reduce
to the well-known ones, where they reproduce the operators R; previously
obtained in [4,7,8§].

The next natural step is a generalization of the present approach to
the general case of the superalgebra sl(n|m) and, in particular, to repre-
sentations of the supergroup SL(n|n), which have different structures, in
comparison with the Verma modules.
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