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ELEMENTARY FIBRATIONS OVER FINITE FIELDS

ABSTRACT. In 1973 M. Artin introduced a notion of an elementary
fibration. It is a very useful tool for various applications. In this pa-
per we give a detailed proof of existences of an elementary fibration
for smooth affine varieties over a finite field. A short version of that
has been published in a paper of mine (Izvestia RAS, 2019). To give
the detailed proof we use our extension of Poonen’s form of Bertini
type theorems over a finite field.

§1. INTRODUCTION

Let Y be a quasi-projective subscheme of P™ of dimension m > 0 over

F,. Let

=Y C---CYaCY =Y

be a filtration of Y by closed subvarieties such that Y; — Y;,; is smooth
equidimensional of dimension m; > 0. Then there exist homogeneous poly-
nomials f over F, such that for each ¢ the intersection of ¥; — Y;; and
the hypersurface f = 0 is smooth of dimension m; — 1. In fact, the set
of such f has a positive density, equal to [} ; (v,—v,,, (m; + 1), where
for an F,-scheme X the function (x(s) = Zx (¢ ®) is the zeta function
of X. These yields two results proven in [4]. Namely, [4, Corollary 3.3]
and [4, Theorem 3.4].

Using these two results we give in the present paper a detailed proof
of existences of an elementary fibration for smooth affine varieties over
a finite field (Theorem 5.3). A proof of Theorem 5.3 was sketched in [5,
Appendix BJ. Since this Theorem was used for various applications we
decided to give its detailed proof in this paper.

The paper is organized as follows. In §2 we recall the notion of a weak
elementary fibration. In §3 we work with a weighted blow up to construct
a weak elementary fibration (Theorem 3.16). In §4 we construct the re-
quired weak elementary fibration (Theorem 4.8). Finally, in §5 we recall
Artin’s notion of elementary fibration and construct such a fibration in
Theorem 5.3.
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The present paper is inspired by the one [3]. The major difference is
that our projective variety X (a compactification of our affine smooth X)
is normal rather than smooth as in [3]. So, most of arguments used in the
present paper are essentially more refined.

§2. WEAK ELEMENTARY FIBRATIONS

It turns out that the following notion (introduced in [3]) is useful. It
is weaker than the notion of an elementary fibration introduced by Artin
in [1, Exp. XI, Déf. 3.1]. It coincides with the notion of an elementary
fibration if in the condition (iii) we require that ¢ is smooth projective all
of whose fibres are geometrically irreducible of dimension one.

Definition 2.1. A weak elementary fibration is a morphism of schemes
q: X — S which can be included in a commutative diagram

X ] 1? d Xoo (1)
\ S/

of morphisms satisfying the following conditions:
(i) @ is a closed embedding;
(ii) 7 is an open immersion dense at each fibre of q, and X = )A(—Xoo;
(iii) q is smooth projective all of whose fibres are equidimensional of
dimension one;
(iv) ¢oo 4 finite étale all of whose fibres are non-empty.

Remark 2.2. Under the hypotheses and notation of [4, Corollary 3.3]
the variety
Xy, :=={x € X|fi(z) # 0} is affine. Consider the morphism
g = (/7 T Xy, — AL
For an open neighborhood S C A™~! of the origin let Xg = ¢~!(S) and
write ¢ for q| x5 : Xg — S. It will be proved below that for each sufficiently
small S

1) the morphism ¢ : Xg — S is a weak elementary fibration;

2) moreover the scheme Zg := Z N Xg is finite over S.

However we need often a bit more. For an open neighborhood S ¢ A™~!
of the origin put Xs = X N Xg and write ¢ for ¢|x, : X5 — S. It will be
proved below that for each sufficiently small S
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1) the morphism ¢ : Xg — S is a weak elementary fibration;
2) moreover the scheme Zg := Z N Xg is finite over S.

§3. APPLICATIONS OF WEIGHTED BLOWUPS

Let X, P" over Fy, x € X, m > 0, closed subsets B and Z in X, ho-
mogeneous polynomials foy, f1, ..., fm, integers eg, e1, ..., e, subschemes
X, := Hy, N X be enjoying the conclusion of [4, Theorem 3.2]. Write w for
the subscheme ﬂ;ll X; in X. It is finite étale over Fy and wNZ = @ =
wNXop, Xo, . mNB=CandwNB=g.

Notation 3.1. Let P"™" be the weighted projective space with homoge-

neous coordinates [tg : ¢y : -+ : t,,] of weights 1,eq /e, ..., emn /e respec-
tively. Let P™~1% be the weighted projective space with homogeneous
coordinates [zy : - -+ : &,,] of weights 1,es/eq, ..., e, /el respectively.

We will write O(e) for Opr(e)|x and s; € T'(X,0(e;)) for fi|x. We
will write X, for X — X;, P/ for P™" — {t; = 0} and Py~ 1" for
prm-lw _ (g = 0}.

For all 4,5 =0,...,m with j > ¢ put d; ; = e;/e;. Note that ]P)Tl_l’“’ is
the affine space A™~1. The identification is given as [z1 : 29 : -+ : 2] —
(mz/xfl'z, . ,xm/x(lh”").

Note that P;* is the affine space A™. The identification is given as

d do,m
[tott1 st = (B )t b [T

Construction 3.2. Define X as a closed subscheme of X x Pm—1w given
by equations sj;v?i’j = s?"'”'x]- (j > 7). We regard X as a weighted blowup
of X at the subscheme w.

If X =P™" is the weighted projective space as in Notation 3.1 then
P is a closed subscheme of P™® x Pm=1:% given by equations ¢,z =
tf"’j z;. We regard P™" as a weighted blowup of P™* at the point 0 :=
[1:0:---:0].

Projections X x Pm—bLw _ pm—lLw gpd pmw x pr-lLw _y pm-Lw
induces morphisms g : X — P™~ L% and p : P™% — P™~L% allowing
to consider the schemes X and P™" as P™~1"_schemes. The morphism
T xid: X x Pm—bw 5 prw o pm—Lw indyces a morphism

7 X =P
This is a morphism of the P~ 1% schemes. Put X,, = g '(Pp—hv) and
P = p=L(P7-1w). Recall that P~ 1* is the affine space A™ 1.
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Consider the weighted P* with weighted homogeneous coordinates
[to : t1] of weights 1, eq/eq respectively. Put di = eq/eq. It is known that
P is isomorphic to P' with homogeneous coordinates [t3' : ¢,]. Particu-
larly, P2 is smooth. Consider a morphism

@ @Zgw — PLY x A1
given by ([to : -t tyl, [21 -+t o)) = (b0 : 11, (w22, ™).
Consider a morphism
W P x AMTL o P
given by
([to : t1], (Y2, - -y ym)) — ([to : t1 : t‘f”yz Deee tfl‘"‘ymL [T:yg - ym])-

Lemma 3.3. The morphisms ¢ and ¢ are well-defined and they are mutu-
ally inverse isomorphisms. Moreover, they are isomorphisms of the A™~1-
schemes.

Corollary 3.4. The scheme @;’i“} is smooth. The morphism
ﬁ: @;r;,w N @zfl,w — Amfl
is smooth projective with P = P! qs a fiber.

Notation 3.5. Projections X x P"~1% — X and P™% x P—Lw — pmw
induces morphisms 7 : X - X and o : P — pmow respectively. Put
E, =1"Yw), Ey = c71(0).

Put B = 71(B). Recall that BN w = @. Thus, 7 identifies B with B.

Put
Xo:)?iqvlé\(ﬁ)’ ﬁ\pm,w,o:ﬁ\pm,wiﬁlq\(ﬁ), mel,w,ozpmfl,wia\(é)'
Finally, put X° = X—T(fla\(é)), prw,e — ]Pm’w—a(ﬁl(f(g)), Am—le .—

Pﬁ—l,w,o'

For each locally closed subset S in X put S°=58n X°. For each locally
closed subset M in X put M° =M N X°.

Remark 3.6. Note that o o™ = 7 o 7. Clearly, the morphisms

~

T: X°—-FE,—>X°—w

and R
o P — By — P — {0}
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are isomorphisms.
Note that X° = (X° —w) U X and P™"° = (P™"° — 0) UP"°.

Proposition 3.7. The following are true
1) the morphism T : )?jl —(Bw)z, = X3, 0 ]@;@w@ —(Eo)g, — P7°
are isomorphisms;
2) the schemes )?;,’1 —(Bw)ay s I@”;}l’w@ —(Ep)zy, X2

o
s, P are smooth.

Proof. The first assertion is clear. Prove the second one. The scheme X°
is smooth. Hence so are the schemes X¢ and X7 — (Ey)s,. By Corol-
lary 3.4 the scheme @2’1“’ is smooth. Hence so are the schemes @;”1’“”0,
Prmwe — (Ey),, and Py°. O

Lemma 3.8. Put A™° = P}"""°. Let X2 =% P;"""° = A™° be the base
change of the morphism m: X — P™". Then my is finite flat.

Proof. By [4, Proposition 3.5] the morphism 7 is finite surjective. Thus
the morphism 7y is finite surjective as the base change of 7. Since X and
A™° are smooth it follows that m is flat. And it is also finite. O

~o &~ : ~o . Yo om,w,o
Lemma 3.9. Put 7y = 7a, Then the morphism wy : X7 — Pbv

is finite flat.

I%e, -
X,

Proof. One has X2, = (X°— Ey)s, U(XS),,, P = (@mvwvo—Eo)fl U

RN

-~

(]P’Z:’“”O)xl. Thus, it is sufficient to check that morphisms ()?O —FEy)s
(@m,w,o — Eg),, and ()A(;Do)xl EITN (I@g’w’o)xl are finite flat.
The morphism 7 is finite flat by Lemma 3.8. The morphism X’;’O o,

1

@:’;’w’o is a base change of mg. Thus it is finite flat too. Eventually the
morphism (X )., — (P{*"°);, is a base change of the morphism 7.
Thus it is finite flat as well.

The morphism

X°—w=X°—E, - P — Eg=P™"° —[1:0:---:0]

is finite surjective. Thus the morphism le — (Bw)z, — I/P\ﬁw —(Eo)a,
is finite surjective. By the second item of Proposition 3.7 the source and
the target are smooth schemes. Thus, the morphism )?;1 — (Bw)z, —
J}A”;’i’“’vo — (Eo), is flat and finite. Hence 73 is finite flat. O
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Lemma 3.10. The morphism q : )?:21 — @;’Tl’“”o = A™~b° s flat pro-
jective.

Proof. We know that ¢ = po7,,. Apply now Lemma 3.9 and Corollary 3.4.
O

Proposition 3.11. The scheme )?;’1 s smooth.

Proof. By Lemma 3.8 the morphism 7y is finite flat. The scheme
7o 1({0}) = X1 » = w is smooth of dimension zero by [4, Corollary 3.3].
Thus, 7y is étale over the origin {0}. So, we can take a Zariski open
U C A™° containing {0} such that for W = m;*(U) the morphism
mo : W — U is finite étale. Then the morphisms 7( : W — U and
(T0)ay : le — ﬁml are finite étale as base change of my. Note that ﬁml
is open in ]IAD;";w’O and the latter is smooth by Corollary 3.4. Hence T/J\'ml is
smooth and so is Wml as an its étale cover.

One has )A(;’l = (X° = Ey)q, Uﬁ/\zl. By Proposition 3.7 (X° — Ey),, is
smooth. We know already that ﬁ/\wl is smooth. Thus, )?;jl is smooth. 0O

Recall that p : I@ﬁw — Pt = A™~1 is smooth projective with the
projective line P! as fibres. For the morphism § : )A(I1 — Pgi_l’“’ one has
G="7s, 0.

Proposition 3.12. Let C = ¢ *({0}). Then

1) C is a smooth projective curve;

2) 7l¢ : C — X is a closed embedding;

3) 7(C) coincides with the smooth closed dimension one subscheme

X2,...,m mn X.
Proof. Let U and W be as in the proof of Proposition 3.11. Prove the
first assertion. One has an open cover C' = (C' — E,,) U (C'N W) Note that
7:C—E, — X5 . ,,— wis an isomorphism. Since X5, is smooth,
thus so is C — Ey.

The 7y : W — U is finite étale. Hence so is the one C N W — (P* x
{0}h)n U. Since P! is smooth, hence so is C N W. Thus C is smooth. Since
C is closed in X it is projective.

Prove the second assertion. Put [ := p~'({0}). By Corollary 3.4
ol : 1 — P™" identifies [ with the closed subscheme Py"" —:= {t; =
ts3 = - = t,,, = 0}. Particularly, o|; : | = P™" is a closed embedding and
ol N U — U is a closed embedding as well. Put 7¢ := 7|¢. One has

,,,,,,,,,,
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X = (X —w)UW. Thus C = 75 (X —w) Ut (W) = (C— Ey)U(CNW).
Since 7¢ : C — E,, = X —w is a closed embedding it remains to check that
7¢ : (CNW) = W is a closed embedding. But this morphism is a base
change of the closed embedding o|; : (IN 17) — U. Thus, the morphism
7¢ 1 (CNW) = W is a closed embedding indeed.

Prove the third assertion. The morphism 7 : X — X is the base change
of the one o : Pmw — prmow by means of m. The closed embedding jc :
C < X is the base change of 5; : | — prmw by means of 7. Thus, 7¢ : C <
X is a base change of o|; : [ < P"™" by means of 7. Recall that o|; identifies
I with P;"* . Thus 7¢ identifies C' with the subscheme 7~ !(Py"", ) =

seey M

Xa.....m of the scheme X. O

Corollary 3.13. There exists a Zariski open neighborhood S of the origin
0 € A™1° such that for X := g~'(S) the morphism q : X3 — S is
smooth projective.

Proof. Lemma 3.10 and Proposition 3.12 yield this corollary.
O

-1 ~
Notation 3.14. Write j for the composition X2 —— X2 — (Ey)s, —
X, , where 7 is the isomorphism as in Proposition 3.7. Then j is an open

embedding.

Write Z° for = (Z°) C X°. Since ZNw = @ the morphism 7 identifies
Z° with Z°. Also j identifies Z2 with Z2,.

Put g =goj: X3 — Pr-twe — gm=le,

Write 4 for the closed embedding A™~1° x w = (E2),, < )A(;’l and put
(oo = qO1. N

Below in this paper we also often use Notation 3.5.
Lemma 3.15. The morphism q|Z§1 CZg = Am~L° s finite. The mor-
phism g 1s finite étale.
Proof. The morphism q|Z§1 is affine and projective. Thus it is finite. [

Consider the following commutative diagram

J

X2, Xe L AmTLe kg (2)

Tl

Am—l,o
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The morphism ¢ is flat projective. The morphism ¢, is finite étale. The
morphism ¢ is a closed embedding, the morphism j is an open embedding
identifying X¢ with X;l — i(A™~1° x w). The closed set z is in Xg . If
Z C X is as in [4, Theorem 3.2], then Z,, C X,, and Z, is finite over
A™~1L° by Lemma 3.15.

Theorem 3.16. Let S C A™1° be as in Corollary 3.13. Then the base
change of the diagram (2) by means of the open embedding S — A™~1:°

xXg—1 X L Sxuw (3)
S

is the diagram of a weak elementary fibration and x C Xg. Moreover, if
Z C X is as in [4, Theorem 3.2|, then Z§ := ZJ N X is finite over S.

Proof. This follows from Corollary 3.13 and Lemma 3.15. (|

§4. FAMILY OF CURVES

In this section we construct a diagram of the form (6) under the hy-
potheses and notation of [4, Corollary 3.3]. First consider the diagram (2)
and call it (4)

X; ———— X, AT X (4)
Am—l,o

Notation 4.1. Let M C X be a closed subscheme such that M Nw = &.
Write M for 7=1(M) C X. Since M Nw = & the morphism 7 identifies M
with M. Also j identifies M, with M,,. We use below also Notation 3.5.

Lemma 4.2. Under the Notation 4.1 M;, is finite over A™~°. Particu-
larly, Y7, B, and Z3, are finite over A™~°. The schemes Yo By, and

517 xr1?
Z3, are also finite over A™1°,

Proof. This follows from [4, Proposition 3.6] and the fact that j identifies
M2 with M2, . 0
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Recall that X5 ,, N B = @. This yields that cf(éxl) does not contain
{0} € Am=1°. Thus, g71({0}) N B, = @ and ¢~ '({0}) N Bs, = @. The
following Proposition is proved in Section 3 (Proposition 3.12).

Proposition 4.3. Let C =g 1({0}). Then
1) C is a smooth projective curve;
2) 7|l : C = X is a closed embedding;
3) 7(C) coincides with the smooth closed dimension one subscheme

.....

The following Corollary is proved in Section 3 (Corollary 3.13).

Corollary 4.4. There exists a ijski open neighborh/(\)od S of the ori-
gin {0} € A™~1° such that S N q(B,,) = @ and for X := g *(S) the
morphism q: X — S is smooth projective.

Theorem 4.5. Let S C A™Y° be as in Corollary 4.4. Then the base
change of the diagram (4) by means of the open embedding S — A™~1°

X3 X3 Sxw (5)
S

is the diagram of a weak elementary fibration and x € XZ. Moreover, if
Z C X is as in [4, Corollary 3.3], then Zg := Z{ N Xg is finite over S.

Proof. This follows from Corollary 4.4 and Lemma 4.2. (]

Remark 4.6. Recall that X = X — Xg = X — Y,oq . In Remark 2.2 we
promised to prove that the morphism ¢|x, : Xg — S is a weak elementary
fibration. To achieve that we need to do an additional work.

Lemma 4.7. There exists a Zariski open neighborhood S of the origin
{0} e A™=1° such that B := B NX¢=& and for Y\, ; = (Y34)s N Xs
the morphism q : Y2, ¢ — S is finite étale.

red,

Proof. First take S ¢ A™~1° as in Corollary 4.4. In this case Bg = @.
Thus, Y%, ¢ = Y74 s — Bs is smooth. By Lemma 4.2 (Y;24)s, is finite over
A™~L°_ Thus, Y4 s is finite over S. Since the morphism Y3, ¢ — S is
finite surjective and S is smooth it follows that Y?,; ¢ is finite flat over 5.
Recall that X (g2, .. ) is smooth of dimension 0. Thus, Yiisis finite étale

over a neighborhood of {0} in S. O
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Theorem 4.8. Let S be as in Lemma 4.7. Then for Xg := X N XZ the
morphism q : X3 — S is a weak elementary fibration. If 23 = Z% N X°,
then 2% is finite over S.

Proof. Consider the commutative diagram

. R .
J ° %

g X3 SXxwUYS, (6)
\‘Ti lwd’s
S

Corollary 4.4 and Lemma 4.7 show that ¢ : X3 — S is a weak elementary
fibration. It is easy to see that Zg NY\, s = @. Thus, Z3 C X3 and

€

2% = Zg . By Theorem 4.5 Zg is finite over S. Thus, 23 is finite over S. [

§5. ELEMENTARY FIBRATIONS

In this Section we extend a result of M. Artin from [1] concerning exis-
tence of nice neighborhoods. The following notion is introduced by Artin
in [1, Exp. XI, Déf. 3.1].

Definition 5.1. An elementary fibration is a morphism of schemes q :
X — S which can be included in a commutative diagram

! X : Y (7)
\ | /

of morphisms satisfying the following conditions:

X

(i) 7 is an open immersion dense at each fibre of G, and X = X —Y;
(ii) g is smooth projective all of whose fibres are geometrically irre-
ducible of dimension one;
(iii) p is finite étale all of whose fibres are non-empty.

Remark 5.2. Clearly, an elementary fibration is an almost elementary
fibration in the sense of [7, Defn. 2.1].

We prove the following result, which is a slight extension of Artin’s
result [1, Exp. XI, Prop. 3.3]. Its proof is sketched in [5, Appendix B.
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Theorem 5.3. Let F be a finite field, X be a smooth geometrically ir-
reducible affine variety over the field ¥, x1,xz2,...,z, € X be a family
of closed points. Then there exists a Zariski open neighborhood X° of the
family {x1,2a,...,2,} and an elementary fibration q : X° — S, where S
is an affine open subscheme of the projective space PH™X—1

If, moreover, Z is a closed codimension one subvariety in X, then one
can choose X° and q in such a way that qlznxe : 21X — S is finite
surjective.

Proof. If dimX = 1, then take X° = X and p the structure morphism.
Clearly, p is an elementary fibration. So, we may assume that m=dim X > 2.
Let p: X — A™ be a finite surjective morphism. Let in : A™ — P™ be
the open embedding. Let X be the normalization of P™ into Spec(IF(X)).
Since X is smooth it is Zariski open in X. Since F(X) = F(X) it follows
that X is geometrically irreducible.

Let Xo = X — X be a closed subscheme of X with the reduced scheme
structure. Clearly, X = X — Xg. Let p : X — P™ be the canonical finite
morphism. It is a unique morphism whose restriction to X is in o p. Con-
sider the projective subspace H = P™ — A™ as a Cartie divisor on P™.
Then Y := (p)"!(H) is a Cartie divisor on X. Since p is finite the Car-
tie divisor Y is ample. Thus, for appropriate N >> 0 the Cartie divisor
N -Y is very ample. Hence there is a closed embedding X C P" such that
Hi;;,NX =N -Y. In this case Xg = Yied.

Let Z & X be as above, Z be its closure in X. Let B = Sing (Xo) U
Sing (X) U (XoN Z). Then B is a closed subset in X and dim B < m — 2.
Clearly, X — B and Xy — B are smooth. Also X = X — Xj,.

Put fo = to and stress that Xy = Yieq. Now by Corollary [4, Corol-
lary 3.3] there exist homogeneous polynomials f,..., f,, such that for
X, := Hy, N X and any subset I in {0,1,...,m} and the scheme intesec-
tion X7 :=(;c; Xi we have
X(01,..m} = 9;

X11,...,m} is smooth of dimension 0;
3 X{O 2,...,m} is smooth of dimension 0;
.m} is smooth of dimension 1;

2

e

1)
)
)
) X
5)
)
)
)

x 1s contalned in X{g m}s
6 xN (XO @] Xl)
7) deg f; divides deg fiy1 for each i € {0,1,. -1k
8 X omy N Z =
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9) X{0,27...,m} nNZzZ=ga.

10) the scheme X5 .3 is geometrically irreducible.

Use again Notation 3.5 and 3.14. Let S be as in Lemma 4.7. We claim
that the morphism ¢ : X3 — S as in the diagram (6) is an elementary
fibration. By Theorem 4.8 the morphism ¢ : Xg — S is a weak elementary
fibration. Since the scheme Xy, .} is geometrically irreducible it follows
that ¢ : X3 — S is an elementary fibration.

Also by Theorem 4.8 Z% := Z N X° is finite over S. The theorem is
proved. O
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