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EXTENSIONS OF POONEN’S THEOREMS

ABsTrACT. We prove some extensions of Poonen’s form of Bertini
type theorems over a finite field. These extensions are stated and
proved in section 2. First applications are given in section 3. Further
applications will be given in a next paper.

§1. INTRODUCTION

Let X be a quasi-projective subscheme of P" of dimension m > 0 over
F,. Let

@ZXn+1C...CX2CX1:X

be a filtration of X by closed subvarieties such that X; — X; 1 is smooth
equidimensional of dimension m; > 0. Then there exist homogeneous poly-
nomials f over F, such that for each ¢ the intersection of X; — X;;, and
the hypersurface f = 0 is smooth of dimension m; — 1. In fact, the set of

n
such f has a positive density, equal to [] (x,_x,.,(m; +1)~!, where for

i=1
an F,-scheme Y the function ¢y (s) = Zy (¢~*) is the zeta function of Y.

As applications we prove Corollary 3.3 and Theorem 3.4. Further appli-
cations will be given in a next paper. Particularly, we expect to give a
detailed proof of existences of an elementary fibration for smooth varieties
over a finite field. The latter statement was formulated in [2, Proposi-
tion 2.3] and a sketch of its proof was given there [2, Appendix B].

i+1

§2. POONEN’S TYPE THEOREMS

Let F, be a finite field of ¢ = p* elements. Let S = Fy[zo,...,z,| be
the homogeneous coordinate ring of P", let S; C S be the F,-subspace of
homogeneous polynomials of degree d, and let Spom = U32;Sq. For each
f € Sq, let Hy be the subscheme Proj(S/(f)) € P". Typically (but not
always), Hy is a hypersurface of dimension r — 1 defined by the equation
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f = 0. Define the density of a subset P C Spom by

— im 1PN Sy)
wP) = i s

if the limit exists.

Notation 2.1. Let U C P" be a smooth quasi-projective equidimensional
subscheme of dimension m. Let f € Spom. We write Hy th U if the scheme
H;NU is smooth of dimension m — 1.

Let P € U. We write (Hy M U)p if f(P) = 0 and the scheme HyNU is
smooth of dimension m — 1 at the point P.

Theorem 2.2 (Bertini type theorem). Let X be an arbitrary quasi-projec-
tive subscheme of P" over F,. Let

g=X11C...CX7CXo=X (1)

be a filtration of X by closed subvarieties such that U; = X; — X;11 s
smooth equidimensional of dimension m; > 0. Define

P :={f € Shom : for each i one has Hy th U;}.
Then pu(P) = T Cv, (mi + 1)~ and p(P) > 0.

Let W C P” be a finite subscheme of P". The following notation is
taken from [3, Theorem 1.2]. Given g € Ry let g|w be the element of
HO(W,Ow) that on each connected component W; equals the restriction
of g/x? to W;, where j = j(i) is the smallest ;7 € {0,...,7} such that
the coordinate x; is invertible on Z;. Theorem 2.2 is a partial case of the
following result. Indeed, taking W; = @ for all i and B = @ in Theorem 2.3
we get Theorem 2.2.

Theorem 2.3 (Bertini type theorem). Let X be an arbitrary quasi-projec-
tive subscheme of P" over Fy. Let m = dim X > 2. Let

F=X,11C...CX;CXo=X (2)

be a filtration of X by closed subvarieties and B C X is a closed subset
with dimB < m — 2. Let Y; = X; — B. Let W C P" be a finite subscheme
and T C HO(W,Ow) a nonempty subset. Suppose V; := Y;—Y; 11 is smooth
equidimensional of dimension m; > 0. Put U; = V; — W and consider a
set

PT := {f € Shom : flw € T and for each i one has Hy h U;}.
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Then u(PT) = % 1:[0 Cu,(m; + 1)~ and p(PT) > 0.

Let U be a smooth equidimensional of dimension m quasi-projective
subscheme of P" over I, and r > 0 be an integer. Define Let U, be the
set of closed points of U of degree < r. Similarly define Us.,.. Let W be a
finite subscheme of P” with W NU = @. Let T be a subset in H°(W, Oy).
Define

PV = {f € Shom : (Hy M U)p at all P € U},
PUT .= {f € Shom : Hy MU at all P € U, and flw € T},
PU = {f € Shom : Hf M U}
PUT = {f € Shom : Hf MU and flw € T}.

Lemma 2.4 (Lemma 2.2 of [3]). u(PY) = [[ (1 —q (mthdeer)
€U<r

pPT) = gttty I1 (1= g (miier),
PcU.,

)

As mentioned in the proof of [3, Lemma 2.4|, the number of closed
points of degree r in U is O(grm); this guarantees that the product defining
Cu(s)~! converges at s = m + 1. By Lemma 2.4

Jim pu(P)) = Gu(m +1)7

and

T p(PT) = St o + 1)

Define
PT .= {f € Shom : for each i (H; h U;)p at all P € (U;)<, andf|w € T}.
PT .= {f € Shom : for each i Hy W U; and flw € T},

Clearly, PT = PVo.T'n N PYi and PT = PVo-T'n N PVi. Hence Lemma 2.4
) .

i= =1

yields the following

Lemma 2.5. One has

r —(mo+1)deg
w(Pr) = [TMO?I(/VLW)PE(I;[) (1— g (mothd P)}

% ﬁ H (1 _ qf(miJrl)degP).

i=l Pe(Ui)<r
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Corollary 2.6.

. Ty _ 4(T) -1 & ] -1
Jim 197) = [ g gmy G (mo + 17 IJico: e+ 171
Define
Quiar = Uaz0{f € Sa: 3P € U; with r < degP < d/(m; + 1)

such that Hy NU; is not smooth of dimension m; — 1 at P},
lelgh =Ugso{f €Sq:3P € (Ui)>d/(mf;+1) such that
H; NVU; is not smooth of dimension m; — 1 at P}
The following inclusions are obvious

PrCelcPtu Lnj Qnioa,r U Lnj @high (3)
i=0 i=0

Proof of Theorem 2.3. Due to inclusions (3) as a(PT), so u(PT) each

differ from p(P1) by at most i ﬂ(Qf{;d’T)—&-Zn: ﬂ(Q}l{fgh). By [3, Lemma 2.4]

for each i € {0,1,...,n} on(;ilfas rlggo i Zglfd’r) = 0. By [3, Lemma 2.6]

for each i € {0,1,...,n} one has ﬂ(Qf{i%h) = 0. By Corollary 2.6 the limit

lim w(PT) exists. Thus letting r tend to infinity, we obtain

p(PT) = lim P = WJ(%VT)OW) H)Cui (mi+1)7% (4)

O

§3. FIRST APPLICATIONS

Proposition 3.1. Let X be a projective equidimensional subscheme of P”
over Fy. Let m > 2 be the dimension of X. Let fy € Shom be such that
Y := Hy N X is equidimensional of dimension m — 1. Put Xog = Yiea. Let
B C Xy be a closed subset with dim B < m — 2 and such that X — B and
Xo — B are smooth. Let x = {x1,...,2;} be a finite set of closed points
in X := X — Xo. Then there exists a homogeneous polynomial f1 € Shom
such that

1) for the scheme X1 := Hy, NX the one X1 — B is smooth of dimension
m —1;

2) the scheme (Xo N X1) — B is smooth of dimension m — 2;
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3) @ﬂ(XoUXl) = J;

4) deg fo divides deg f;.

Let {Z.}.cc be any finite family of closed irreducible subsets in X. Then
one can choose f1 € Shom such that additionally for each ¢ € C' one has
dim(X; N Z.) < dimZ. — 1. Particularly, one can choose fi1 € S such that

5) dim(X; N Xp) < m—2;

6) dim(X; N B) < m — 3.

If X is absolutely irreducible then one can choose f, € Syom such that
additionally

7) the scheme X is absolutely irreducible.

Proof. (of Proposition 3.1). Take the filtration @ C Xo C X. Put ¥} =
X — B, Yy = Xo — B. Clearly, Y, and Y; are smooth. Consider a finite
family W of closed points in X such that W contains at least one point of
each irreducible component of Xy and B and contains at least one point
of each Z. (¢ € C). Suppose also that W contains z. Consider W as a
closed subscheme of P with the reduced structure. For each w € W set
Ty = Fg — {0} and take T' = [] Tw C I'(W,0w). Put Ug = Y1 = Yo

weW
and Uy = Yy, and
PT .= {f € Shom : flw € T and for each s one has Hyth (U — W)}

Clearly, for each f; € PT the assertions (1)-(3),(5) and (6) are true. By
Theorem 2.3 the density u(P?) of PT is well-defined and it is positive.
Thus we may choose f; € PT such that conditions (1)—(6) and (4) are
satisfied.

Suppose now that X is absolutely irreducible. Consider a set

P1:={f € Shom : the scheme H; N X is absolutely irreducible}.

Clearly, for each f; € PT N Py the assertions (1)—(3), (5), (6), and (7) are
true. By [1, Theorem 1.1] the density of P; is 1. Thus the density of PT NP,
is well-defined and positive. So, we may choose f; € PT N P; such that
conditions (1)—(3), (5)—(7) are satisfied and the condition (4) is satisfied
too. t

Theorem 3.2. Let X CP", m > 2, fo € Shom, ¥, Xo C X, B C Xy,
X=X — Xy and z C X be the same as in Proposition 3.1. Then for each
integer n with 1 < n < m there exist homogeneous polynomials f1,..., fn
such that for schemes X; := Hy, N X and any subset I in {0,1,...,n} and
the scheme intesection Xy := ﬂiel X,; we have
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1) the scheme X; — B is smooth of dimension m — |I;
2) xN (XO @] Xl)
3) z is contained in ﬂl o Xi;
4) deg f; divides degfi;y1 for each i € {0,1,...,n—1};
Let {Z.}ccc be any finite family of closed irreducible subsets in X. Then
one can choose f1, ..., fn € S such that additionally for each c € C' and any
subset I in {1,...,n} one has dim(X; N Z.) < dim Z, — |I|. Particularly,

one can choose f1,..., f, € S such that
5) for any subset I in {0,1,...,n} the scheme X has dimension m — |I|;
6) for any subset I in {1,...,n} one has dim(X; N B) < dim B — |I|.

If X is absolutely irreducible then one can choose f1,..., f, € S such

that additionally
7) for any I in {1,...,n} with |I| < m the scheme X is absolutely irre-
ducible.

Proof. Assuming the theorem is true for all integers strictly less than n
prove it for the integer n. Proposition 3.1 shows that we may assume n > 2.
Thus we are given with fi,..., f,—1 which enjoy properties (1)-(6). Our
aim is to find f,, € Shom such that fi,..., f, enjoy properties (1)—(6).
For each s € {1,...,n} put X(5:= |J Xi, where
Card(I)=s

I c{0,1,...,n—1}. Put X := X. Consider the following filtration on
X via closed subschemes

GCXpC...C X CT X=X (5)

Put Y(,) = X(5)—B. Clearly, Us := X (,)—X(541) is smooth equidimensional
of dimension mg=m—s > 0. If n =2, then put X = X. If n > 2, then
put X = ﬂ X;.

1=2
Consider all closed sets of the form Z.N Xy (c € C and T C {0,1,...,

n — 1}). Consider all closed sets of the form X; with I € {0,1,...,n—1}
and all closed sets of the form BN X; with J C {1,...,n —1}. Let E
be a set enumerating all irreducible components of these sets. So, for each
e € F there is a unique irreducible component Z, of one of the mentioned
closed sets. For each e in E choose one point z, € Z.. If dimZ, > 0,
then choose z, € Z, — z. For each z € z set z(? = Spec(Ox/m% ,)- Put
W) = (Ueepze) — z and W,, = W/ U (I_Imegac(z)). For each x € z put
Ty = (mx../m%,) — {0}. If w € W}, then put T, = Fy(w) — {0}. Put

= ( H Ty) X (H Tw) C F(VV,OW). Put U(S) = Y(S) — Y(S+1) and

weW,, z€z
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consider
PT = {f € Shom : flw € T and for each s one has Hy th (U5 — W)}.

It is straight forward to check that for each f, € PT the polynomials
f1,---, fn enjoy the properties (1)—(5) and (6). By Theorem 2.3 the density
w(PT) of PT is well-defined and it is positive. Thus we may choose f,, € PT
such that fi,..., f, enjoy properties (1)—(6) and (4).

Suppose now that X is absolutely irreducible. Let I be a subset of
{1,...,n =1} If |I| <m —1, put Py := {f € Shom : the scheme H; N
X7 is absolutely irreducible}. Write Sub(n—1) for the set of all subsets I of
{1,...,n—1} with [I| < m— 1. Clearly, for each f, € P"N\;cgup(n_1) Pr
the assertions (1)—(3),(5)—(6) and (7) are true. By [1, Theorem 1.1] for
each I € Sub(n — 1) the density of P; is 1. Thus the density of P N
ﬂIEsub(n_l) P; is well-defined and positive. So, we may choose f,, € PT N
Mresub(n—1) P1 such that conditions (1)~(3), (5)=(6), (7) are satisfied and
the condition (4) is satisfied too. The proof is completed.

O

Corollary 3.3. Let X C P", m > 2, fo € Shom, Y, Xo C X, B C X,
X =X — Xg and x C X be the same as in Proposition 3.1. Then there
exist homogeneous polynomials fi, ..., fm such that for X; := Hy, N X and
any subset I in {0,1,...,m} and the scheme intesection X1 := (;o; X;
we have
1,...m} = I,
2) X{1,...,m) 1s smooth of dimension 0;
2,...,m} 18 smooth of dimension 0;
Xyo,....m} 18 smooth of dimension 1;
z is contained in X3 m};
gﬂ(X()UXl) = J;

7) deg f; divides deg fi+1 for each i € {0,1,...,m —1}.
Let Z be a closed subset in X with dim Z < m—1 such that (ZNX,) C B.
Then one can choose f1,..., fm € Shom such that additionally

8) X(1,..myNZ =&

9) X{O,z’”.’m} nNZzZ=ga.
If X is absolutely irreducible then one can choose fy,..., fi, € S such that
additionally

10) the scheme Xya .. my is absolutely irreducible.

Also, Theorem 3.2 easily implies the following result.
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Theorem 3.4 (Bertini type theorem). Let X be a smooth projective equidi-

mensional subscheme of P™ over F,. Let x = {x1,...,2;} be a finite set of
closed points in X. Let m > 0 be the dimension of X. There exist homoge-
neous polynomials fo, f1,..., fm of degrees ey, e1,..., e, respectively such

that the subschemes X; := Hy, N X enjoy the following properties:

1) for any I C {0,1,...,m} the intesection X := N;c1X; is smooth of
dimension m — |I|;

2) Xo and X1 do not contain any point of x;

3) for any i > 1 the scheme X; contains the set x; 4) for each i =
0,1,...,m — 1 the number e; divides e;41.

Let Z be a closed subset in X with dimZ < m — 1. Then one can
choose fo,..., fm € Shom such that additionally (N, X,)NZ = & and
(N, X)N(ZNXy) =2

We will write O(e) for Opr(e)|x and s; € T'(X, O(e;)) for f;|x.

Proposition 3.5. Let P™" be the weighted projective space with homogen-
neous coordinates [tg : t1 : ... : t,,] of weights 1,e1/eq, ..., em/eo respecti-
vely. Then under the notation of Theorem 3.4 the morphism

T=[s0:81:...:8y): X = P™Y (6)
is well-defined and finite.

Proof. One has X = U;-”:OX(j), where X0 .= X, 20. Let }P’;n’w be the
open subscheme of P™", where the j-th weighted coordinate does not
vanish. Then 7~ (P}"") = X ) Since each X ) is affine, the morphism
m is affine. At the same time 7 is projective. Thus, 7 is finite. O

Let P~ 1% be the weighted projective space with homogeneous coordi-
nates [z :...: &, of weights 1,es/e1,..., e, /e1 respectively.

Proposition 3.6. Under the hypotheses of Corollary 3.3 let M C X be
a closed subscheme such that X1, ., N M = &. Then the morphism [s :
8m] : M — P™LW s finite. Particularly, morphisms

[81:...:8m) Y — Pm-bw,
[$1:...:8m): B— Pmbw,
[81:...:8p]: Z — Pm—bw
are finite.

Proof. They are affine and projective. (]
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