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EXTENSIONS OF POONEN'S THEOREMS

Abstract. We prove some extensions of Poonen's form of Bertini
type theorems over a �nite �eld. These extensions are stated and
proved in section 2. First applications are given in section 3. Further
applications will be given in a next paper.

�1. Introduction

Let X be a quasi-projective subscheme of Pn of dimension m > 0 over
Fq. Let

∅ = Xn+1 ⊂ . . . ⊂ X2 ⊂ X1 = X

be a �ltration of X by closed subvarieties such that Xi −Xi+1 is smooth
equidimensional of dimension mi > 0. Then there exist homogeneous poly-
nomials f over Fq such that for each i the intersection of Xi −Xi+1 and
the hypersurface f = 0 is smooth of dimension mi − 1. In fact, the set of

such f has a positive density, equal to
n∏

i=1

ζXi−Xi+1
(mi + 1)−1, where for

an Fq-scheme Y the function ζY (s) = ZY (q−s) is the zeta function of Y .
As applications we prove Corollary 3.3 and Theorem 3.4. Further appli-

cations will be given in a next paper. Particularly, we expect to give a
detailed proof of existences of an elementary �bration for smooth varieties
over a �nite �eld. The latter statement was formulated in [2, Proposi-
tion 2.3] and a sketch of its proof was given there [2, Appendix B].

�2. Poonen's type theorems

Let Fq be a �nite �eld of q = pa elements. Let S = Fq[x0, . . . , xr] be
the homogeneous coordinate ring of Pr, let Sd ⊂ S be the Fq-subspace of
homogeneous polynomials of degree d, and let Shom = ∪∞d=0Sd. For each
f ∈ Sd, let Hf be the subscheme Proj(S/(f)) ⊂ Pr. Typically (but not
always), Hf is a hypersurface of dimension r − 1 de�ned by the equation
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f = 0. De�ne the density of a subset P ⊆ Shom by

µ(P) := lim
d→∞

](P ∩ Sd)

](Sd)

if the limit exists.

Notation 2.1. Let U ⊂ Pr be a smooth quasi-projective equidimensional
subscheme of dimension m. Let f ∈ Shom. We write Hf t U if the scheme
Hf ∩ U is smooth of dimension m− 1.

Let P ∈ U . We write (Hf t U)P if f(P ) = 0 and the scheme Hf ∩U is
smooth of dimension m− 1 at the point P .

Theorem 2.2 (Bertini type theorem). Let X be an arbitrary quasi-projec-

tive subscheme of Pr over Fq. Let

∅ = Xn+1 ⊂ . . . ⊂ X1 ⊂ X0 = X (1)

be a �ltration of X by closed subvarieties such that Ui := Xi − Xi+1 is

smooth equidimensional of dimension mi > 0. De�ne

P := {f ∈ Shom : for each i one has Hf t Ui}.

Then µ(P) =
∏
i

ζUi(mi + 1)−1 and µ(P) > 0.

Let W ⊆ Pr be a �nite subscheme of Pr. The following notation is
taken from [3, Theorem 1.2]. Given g ∈ Rd let g|W be the element of
H0(W,OW ) that on each connected component Wi equals the restriction
of g/xdj to Wi, where j = j(i) is the smallest j ∈ {0, . . . , r} such that
the coordinate xj is invertible on Zj . Theorem 2.2 is a partial case of the
following result. Indeed, takingWi = ∅ for all i and B = ∅ in Theorem 2.3
we get Theorem 2.2.

Theorem 2.3 (Bertini type theorem). Let X be an arbitrary quasi-projec-

tive subscheme of Pr over Fq. Let m = dimX > 2. Let

∅ = Xn+1 ⊂ . . . ⊂ X1 ⊂ X0 = X (2)

be a �ltration of X by closed subvarieties and B ⊂ X is a closed subset

with dimB 6 m− 2. Let Yi = Xi − B. Let W ⊂ Pr be a �nite subscheme

and T ⊂ H0(W,OW ) a nonempty subset. Suppose Vi := Yi−Yi+1 is smooth

equidimensional of dimension mi > 0. Put Ui = Vi −W and consider a

set

PT := {f ∈ Shom : f |W ∈ T and for each i one has Hf t Ui}.
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Then µ(PT ) = ](T )
]H0(W,OW )

n∏
i=0

ζUi
(mi + 1)−1 and µ(PT ) > 0.

Let U be a smooth equidimensional of dimension m quasi-projective
subscheme of Pr over Fq and r > 0 be an integer. De�ne Let U<r be the
set of closed points of U of degree < r. Similarly de�ne U>r. Let W be a
�nite subscheme of Pr with W ∩U = ∅. Let T be a subset in H0(W,OW ).
De�ne

PU
r := {f ∈ Shom : (Hf t U)P at all P ∈ U<r},

PU,T
r := {f ∈ Shom : Hf t U at all P ∈ U<r and f |W ∈ T},

PU := {f ∈ Shom : Hf t U}.
PU,T := {f ∈ Shom : Hf t U and f |W ∈ T}.

Lemma 2.4 (Lemma 2.2 of [3]). µ(PU
r ) =

∏
P∈U<r

(1− q−(m+1)degP );

µ(PU,T
r ) = ](T )

]H0(W,OW )

∏
P∈U<r

(1− q−(m+1)degP ).

As mentioned in the proof of [3, Lemma 2.4], the number of closed
points of degree r in U is O(qrm); this guarantees that the product de�ning
ζU (s)−1 converges at s = m+ 1. By Lemma 2.4

lim
r→∞

µ(PU
r ) = ζU (m+ 1)−1

and

lim
r→∞

µ(PU,T
r ) =

](T )

]H0(W,OW )
ζU (m+ 1)−1.

De�ne

PT
r := {f ∈ Shom : for each i (Hf t Ui)P at all P ∈ (Ui)<r andf |W ∈ T}.

PT := {f ∈ Shom : for each i Hf t Ui and f |W ∈ T}.

Clearly, PT
r = PU0,T

r ∩
n⋂

i=1

PUi
r and PT = PU0,T ∩

n⋂
i=1

PUi . Hence Lemma 2.4

yields the following

Lemma 2.5. One has

µ(PT
r ) =

[ ](T )

]H0(W,OW )

∏
P∈(U0)<r

(1− q−(m0+1)degP )
]

×
n∏

i=1

∏
P∈(Ui)<r

(1− q−(mi+1)degP ).
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Corollary 2.6.

lim
r→∞

µ(PT
r ) =

[ ](T )

]H0(W,OW )
ζU0

(m0 + 1)−1
] n∏
i=1

[ζUi
(mi + 1)−1].

De�ne

QUi

med,r := ∪d>0{f ∈ Sd : ∃P ∈ Ui with r 6 degP 6 d/(mi + 1)

such that Hf ∩ Ui is not smooth of dimension mi − 1 at P},
QUi

high := ∪d>0{f ∈ Sd : ∃P ∈ (Ui)>d/(mi+1) such that

Hf ∩ Ui is not smooth of dimension mi − 1 at P}
The following inclusions are obvious

PT ⊆ PT
r ⊆ PT ∪

n⋃
i=0

QUi

med,r ∪
n⋃

i=0

QUi

high (3)

Proof of Theorem 2.3. Due to inclusions (3) as µ̄(PT ), so µ(PT ) each

di�er from µ(PT
r ) by at most

n∑
i=0

µ̄(QUi

med,r)+
n∑

i=0

µ̄(QUi

high). By [3, Lemma 2.4]

for each i ∈ {0, 1, . . . , n} one has lim
r→∞

µ̄(QUi

med,r) = 0. By [3, Lemma 2.6]

for each i ∈ {0, 1, . . . , n} one has µ̄(QUi

high) = 0. By Corollary 2.6 the limit

lim
r→∞

µ(PT
r ) exists. Thus letting r tend to in�nity, we obtain

µ(PT ) = lim
r→∞

PT
r =

](T )

]H0(W,OW )

n∏
i=0

ζUi
(mi + 1)−1. (4)

�

�3. First applications

Proposition 3.1. Let X be a projective equidimensional subscheme of Pr

over Fq. Let m > 2 be the dimension of X. Let f0 ∈ Shom be such that

Y := Hf0 ∩X is equidimensional of dimension m− 1. Put X0 = Yred. Let
B ⊂ X0 be a closed subset with dimB 6 m− 2 and such that X − B and

X0 − B are smooth. Let x = {x1, . . . , xl} be a �nite set of closed points

in X := X −X0. Then there exists a homogeneous polynomial f1 ∈ Shom

such that

1) for the scheme X1 := Hf1∩X the one X1−B is smooth of dimension

m− 1;
2) the scheme (X0 ∩X1)−B is smooth of dimension m− 2;
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3) x ∩ (X0 ∪X1) = ∅;
4) deg f0 divides deg f1.
Let {Zc}c∈C be any �nite family of closed irreducible subsets in X. Then

one can choose f1 ∈ Shom such that additionally for each c ∈ C one has

dim(X1 ∩Zc) 6 dimZc − 1. Particularly, one can choose f1 ∈ S such that

5) dim(X1 ∩X0) 6 m− 2;
6) dim(X1 ∩B) 6 m− 3.
If X is absolutely irreducible then one can choose f1 ∈ Shom such that

additionally

7) the scheme X1 is absolutely irreducible.

Proof. (of Proposition 3.1). Take the �ltration ∅ ⊂ X0 ⊂ X. Put Y1 =
X − B, Y0 = X0 − B. Clearly, Y0 and Y1 are smooth. Consider a �nite
family W of closed points in X such that W contains at least one point of
each irreducible component of X0 and B and contains at least one point
of each Zc (c ∈ C). Suppose also that W contains x. Consider W as a
closed subscheme of Pr with the reduced structure. For each w ∈ W set
Tw = Fq − {0} and take T =

∏
w∈W

Tw ⊂ Γ(W,OW ). Put U(0) = Y1 − Y0
and U(1) = Y0, and

PT := {f ∈ Shom : f |W ∈ T and for each s one has Hf t (U(s) −W )}.

Clearly, for each f1 ∈ PT the assertions (1)�(3),(5) and (6) are true. By
Theorem 2.3 the density µ(PT ) of PT is well-de�ned and it is positive.
Thus we may choose f1 ∈ PT such that conditions (1)�(6) and (4) are
satis�ed.

Suppose now that X is absolutely irreducible. Consider a set

P1 := {f ∈ Shom : the scheme Hf ∩X is absolutely irreducible}.

Clearly, for each f1 ∈ PT ∩ P1 the assertions (1)�(3), (5), (6), and (7) are
true. By [1, Theorem 1.1] the density of P1 is 1. Thus the density of PT ∩P1

is well-de�ned and positive. So, we may choose f1 ∈ PT ∩ P1 such that
conditions (1)�(3), (5)�(7) are satis�ed and the condition (4) is satis�ed
too. �

Theorem 3.2. Let X ⊂ Pr, m > 2, f0 ∈ Shom, Y , X0 ⊂ X, B ⊂ X0,

X = X −X0 and x ⊂ X be the same as in Proposition 3.1. Then for each

integer n with 1 6 n 6 m there exist homogeneous polynomials f1, . . . , fn
such that for schemes Xi := Hfi ∩X and any subset I in {0, 1, . . . , n} and
the scheme intesection XI :=

⋂
i∈I Xi we have
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1) the scheme XI −B is smooth of dimension m− |I|;
2) x ∩ (X0 ∪X1) = ∅;
3) x is contained in

⋂n
i=2Xi;

4) deg fi divides degfi+1 for each i ∈ {0, 1, . . . , n− 1};
Let {Zc}c∈C be any �nite family of closed irreducible subsets in X. Then

one can choose f1, . . . , fn ∈ S such that additionally for each c ∈ C and any

subset I in {1, . . . , n} one has dim(XI ∩ Zc) 6 dimZc − |I|. Particularly,
one can choose f1, . . . , fn ∈ S such that

5) for any subset I in {0, 1, . . . , n} the scheme XI has dimension m− |I|;
6) for any subset I in {1, . . . , n} one has dim(XI ∩B) 6 dimB − |I|.

If X is absolutely irreducible then one can choose f1, . . . , fn ∈ S such

that additionally

7) for any I in {1, . . . , n} with |I| < m the scheme XI is absolutely irre-

ducible.

Proof. Assuming the theorem is true for all integers strictly less than n
prove it for the integer n. Proposition 3.1 shows that we may assume n > 2.
Thus we are given with f1, . . . , fn−1 which enjoy properties (1)�(6). Our
aim is to �nd fn ∈ Shom such that f1, . . . , fn enjoy properties (1)�(6).

For each s ∈ {1, . . . , n} put X(s) :=
⋃

Card(I)=s

XI , where

I ⊂ {0, 1, . . . , n − 1}. Put X(0) := X. Consider the following �ltration on
X via closed subschemes

∅ ⊂ X(n) ⊂ . . . ⊂ X(1) ⊂ X(0) = X (5)

Put Y(s) = X(s)−B. Clearly, Us := X(s)−X(s+1) is smooth equidimensional
of dimension ms = m − s > 0. If n = 2, then put X = X. If n > 2, then

put X =
n−1⋂
i=2

Xi.

Consider all closed sets of the form Zc ∩XI (c ∈ C and I ⊂ {0, 1, . . . ,
n− 1}). Consider all closed sets of the form XI with I ⊂ {0, 1, . . . , n− 1}
and all closed sets of the form B ∩ XJ with J ⊂ {1, . . . , n − 1}. Let E
be a set enumerating all irreducible components of these sets. So, for each
e ∈ E there is a unique irreducible component Ze of one of the mentioned
closed sets. For each e in E choose one point ze ∈ Ze. If dimZe > 0,
then choose ze ∈ Ze − x. For each x ∈ x set x(2) = Spec(OX/m

2
X,x). Put

W ′n = (te∈Eze) − x and Wn = W ′n t (tx∈xx(2)). For each x ∈ x put
Tx = (mX,x/m

2
X,x) − {0}. If w ∈ W ′n, then put Tw = Fq(w) − {0}. Put

T = (
∏

w∈W ′
n

Tw) × (
∏
x∈x

Tx) ⊂ Γ(W,OW ). Put U(s) = Y(s) − Y(s+1) and
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consider

PT := {f ∈ Shom : f |W ∈ T and for each s one has Hf t (U(s) −W )}.

It is straight forward to check that for each fn ∈ PT the polynomials
f1, . . . , fn enjoy the properties (1)�(5) and (6). By Theorem 2.3 the density
µ(PT ) of PT is well-de�ned and it is positive. Thus we may choose fn ∈ PT

such that f1, . . . , fn enjoy properties (1)�(6) and (4).
Suppose now that X is absolutely irreducible. Let I be a subset of

{1, . . . , n − 1}. If |I| < m − 1, put PI := {f ∈ Shom : the scheme Hf ∩
XI is absolutely irreducible}.Write Sub(n−1) for the set of all subsets I of
{1, . . . , n−1} with |I| < m−1. Clearly, for each fn ∈ PT ∩

⋂
I∈Sub(n−1) PI

the assertions (1)�(3),(5)�(6) and (7) are true. By [1, Theorem 1.1] for
each I ∈ Sub(n − 1) the density of PI is 1. Thus the density of PT ∩⋂

I∈Sub(n−1) PI is well-de�ned and positive. So, we may choose fn ∈ PT ∩⋂
I∈Sub(n−1) PI such that conditions (1)�(3), (5)�(6), (7) are satis�ed and

the condition (4) is satis�ed too. The proof is completed.
�

Corollary 3.3. Let X ⊂ Pr, m > 2, f0 ∈ Shom, Y , X0 ⊂ X, B ⊂ X0,

X = X − X0 and x ⊂ X be the same as in Proposition 3.1. Then there

exist homogeneous polynomials f1, . . . , fm such that for Xi := Hfi ∩X and

any subset I in {0, 1, . . . ,m} and the scheme intesection XI :=
⋂

i∈I Xi

we have

1) X{0,1,...,m} = ∅;
2) X{1,...,m} is smooth of dimension 0;
3) X{0,2,...,m} is smooth of dimension 0;
4) X{2,...,m} is smooth of dimension 1;
5) x is contained in X{2,...,m};
6) x ∩ (X0 ∪X1) = ∅;
7) deg fi divides deg fi+1 for each i ∈ {0, 1, . . . ,m− 1}.

Let Z be a closed subset in X with dimZ 6 m−1 such that (Z ∩X0) ⊂ B.

Then one can choose f1, . . . , fm ∈ Shom such that additionally

8) X{1,...,m} ∩ Z = ∅;
9) X{0,2,...,m} ∩ Z = ∅.

If X is absolutely irreducible then one can choose f1, . . . , fm ∈ S such that

additionally

10) the scheme X{2,...,m} is absolutely irreducible.

Also, Theorem 3.2 easily implies the following result.
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Theorem 3.4 (Bertini type theorem). Let X be a smooth projective equidi-

mensional subscheme of Pr over Fq. Let x = {x1, . . . , xl} be a �nite set of

closed points in X. Let m > 0 be the dimension of X. There exist homoge-

neous polynomials f0, f1, . . . , fm of degrees e0, e1, . . . , em respectively such

that the subschemes Xi := Hfi ∩X enjoy the following properties:
1) for any I ⊂ {0, 1, . . . ,m} the intesection XI := ∩i∈IXi is smooth of

dimension m− |I|;
2) X0 and X1 do not contain any point of x;
3) for any i > 1 the scheme Xi contains the set x; 4) for each i =

0, 1, . . . ,m− 1 the number ei divides ei+1.

Let Z be a closed subset in X with dimZ 6 m − 1. Then one can

choose f0, . . . , fm ∈ Shom such that additionally (∩mi=1Xi) ∩ Z = ∅ and

(∩mi=2Xi) ∩ (Z ∩X0) = ∅

We will write O(e) for OPr (e)|X and si ∈ Γ(X,O(ei)) for fi|X .

Proposition 3.5. Let Pm,w be the weighted projective space with homogen-

neous coordinates [t0 : t1 : . . . : tm] of weights 1, e1/e0, . . . , em/e0 respecti-

vely. Then under the notation of Theorem 3.4 the morphism

π = [s0 : s1 : . . . : sm] : X → Pm,w (6)

is well-de�ned and �nite.

Proof. One has X = ∪mj=0X
(j), where X(j) := Xsj 6=0. Let Pm,w

j be the
open subscheme of Pm,w, where the j-th weighted coordinate does not
vanish. Then π−1(Pm,w

j ) = X(j). Since each X(j) is a�ne, the morphism
π is a�ne. At the same time π is projective. Thus, π is �nite. �

Let Pm−1,w be the weighted projective space with homogeneous coordi-
nates [x1 : . . . : xm] of weights 1, e2/e1, . . . , em/e1 respectively.

Proposition 3.6. Under the hypotheses of Corollary 3.3 let M ⊂ X be

a closed subscheme such that X1,...,m ∩M = ∅. Then the morphism [s1 :
. . . : sm] : M → Pm−1,w is �nite. Particularly, morphisms

[s1 : . . . : sm] : Y → Pm−1,w,

[s1 : . . . : sm] : B → Pm−1,w,

[s1 : . . . : sm] : Z → Pm−1,w

are �nite.

Proof. They are a�ne and projective. �
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