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Abstract. This paper proposes to use algebraic data types (ADT)
to describe the types of objects to be processed in deep learning
(DL). A method for constructing DL architectures for basic ADT
constructors such as the sum and product of types was described.
It has been shown that this approach allows to generalize exist-
ing approaches to constructing DL architectures for processing sets
and sequences, categories and missing values. Conducted practical
experiments showed that in some scenarios, the DL architectures
obtained for the task of filling missing values surpassed standard
methods.

§1. Introduction

Algebraic data types are actively used for data typing in functional
programming languages, analytic combinatorics [5] and databases [8]. The
algebraic type is constructed from basic constructors: empty type, sum
type and product type. Additional constructors are also used: Set, MSet,
Seq, Syc. These constructors allow to abstractly describe data invariants.

The empty type, or type ε, is the simplest type. The product type is
used to combine types, similar to tuples, records or structures in program-
ming languages. In machine learning, the product type can be used to
type multimodal data, for example, Input = Text × Image. The product
type can also be used for typification of vector data, for example, Iris =
SepalLength × SepalWidth × PetalLength × PetalWidth. The sum type
unites the types, similar to unions, enums or interfaces in programming lan-
guages. For example, Species = Iris-setosa+Iris-versicolor+ Iris-virginica.

Both Set and Seq typify a collection of elements. But for a sequence the
order of elements is important, while for a set it is not. For example, Text =
Seq(Word), but if Seq will be replaced with Set, a bag of words approach
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will be obtained. MSet and Syc are mostly used in combinatorics and are
not very important for deep learning. But another new type will be useful,
a vector of numbers or just Rn. Because deep learning architectures work
with vectors. And even if more complex data is used, it is first transformed
into vectors. The empty type can also be thought of as a zero size vector.

There are different approaches to formalizing deep learning architec-
tures, for example based on graphs [3] or category theory [7]. Graphs can
be used to encode collections, in particular sets (see Figure 1). But the
graph itself is defined by a set of vertices, and a vertex by a set of edges.
It turns out that the problem of processing a set remains, it is just hidden
inside the processing of a graph. Also, graphs cannot encode simple types.
However, graphs are very useful for handling fully recursive structures.
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Figure 1. Encoding collections with graphs.

The purpose of this study is to generalize data typing for deep learning
using an ADT description. This approach will allow building a large archi-
tecture for complex data types from basic functions for data with simple
types.

§2. DL Architecture Constructions by ADT

2.1. Key Ideas and Vec Type. The vector type is a universal type.
On the one hand, it is a universal intermediate representation, on the other
hand, in ADT construction, it will be a terminal type. It is assumed that
the ADT is given by an acyclic graph or a rooted tree, in which the vertices
are constructors and the leaves are a vector type. If the type is primitive
recursive, for example: Seq(X) = ε+X × Seq(X), then such a type must
be deconstructed dynamically for a particular object. If the type is fully
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recursive, then it is necessary to use approaches that are used to build DL
architectures for graph networks.

To build an architecture for X → Y transformation, it is necessary to
build auxiliary architectures for X → Vec and Vec → Y transformations.
Of course, with some transformations, for example: Set(X) → Set(Y ), it
can be encounter a bottleneck problem. In this case, it can be used pre-
prepared special architectures, but this will be some optimization to the
described universal algorithm.

Thus, it is necessary to be able to build architectures only for X → Vec
and Vec → Y transformations. Architectures for Vec → Vec transforma-
tion have been widely studied in deep learning. For an Eps type f : ε→ Rn
is a function that does not contain arguments. Therefore, it can only be a
constant trainable vector of size n.

2.2. Prod → Vec. There are two approaches that can be used to con-
struct the trainable function f : P → Rn where P =

∏k
i=1 Ti. In both

case, auxiliary trainable functions gi : Ti → Rmi are needed. In the first
approach, f(x1, x2, . . . , xk) = concati(gi(xi)) and

∑k
i=1mi = n. For ex-

ample, such an approach can be found in RNN [12], where the state vector
is concatenated to the input vector.

In the second approach, f(x1, x2, . . . , xk) =
∑
i(gi(xi)) and ∀i : mi = n.

For example, such approach can be found in transformers [15], where the
positional encoding vector is added to the corresponding input vector.

Let gi be the auxiliary functions for the first approach and
∑k
i=1mi = n.

If g′i are selected as the auxiliary functions for the second approach, then
they will be equivalent if

• g′1(x) = (g1(x)1, g1(x)2 . . . g1(x)m1 , 0 . . . . . . 0),
• g′i(x) = (0 . . . 0, gi(x)1, gi(x)2 . . . gi(x)mi

, 0 . . . 0),
• g′k(x) = (0 . . . . . . 0, gk(x)1, gk(x)2 . . . gk(x)mk

).

2.3. Vec → Prod. Let P =
∏k
i=1 Ti, construct f : Rn → P . Let gi :

Rmi → Ti be auxiliary functions. Both Prod → Vec approaches can be
inverted. The first approach will be as follows:

(1) Apply another auxiliary function h : Rn → Rm, wherem =
∑
imi.

(2) Split the result into k subarrays.
(3) Apply the functions gi to corresponding subarrays.
(4) Combine the results into a tuple.
The second approach will be as follows:
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(1) Directly apply gi to input. ∀i : mi = n required.
(2) Combine the results into a tuple.

2.4. Sum → Vec. To construct the trainable function f : S → Rn
where S =

∑k
i=1 Ti auxiliary trainable functions gi : Ti → Rn are also

needed. In this approach, pattern matching must be used to calculate
f(x : Ti) = gi(x).

2.5. Vec→ Sum. Let S =
∑k
i=1 Ti, construct f : Rn → S. Let c : Rn →

Rk and gi : Rn → Ti be auxiliary functions. Then f(x) = gargmax(c(x))(x).
Since argmax makes a strict decision, it will not be differentiable. There-
fore, c cannot be trained as usual. But if it is trained, inference will work
fine. There are three approaches that can be used for training.

2.5.1. Supervised Approach. If S is the output of the function (the correct
choice of i is known), then c(x) can be trained directly as for classification.

2.5.2. Branching approach.

(1) Let w = SoftArgMax(c(x)).
(2) Then calculate several branches for all i.
(3) Consider the result of i-th branch in loss function with the

weight wi.
This approach can lead to exponential growth of branches.

2.5.3. RL [16] approach. Let c(x) predict the value of the quality func-
tion. It can be trained using reinforcement learning, where i is chosen as
in contextual multi-armed bandit problem [18]. Note that training Eps→
Sum architecture would be equivalent to solving the classic multi-armed
bandit problem [11].

2.6. Collections. Img and Seq are very popular and well-studied data
types. There are many architectures for Vec→ Seq, Seq→ Seq, Vec→ Seq
transformations and for Img type too. It seems that Set is not such a pop-
ular type, but a very popular transformer block can be used to handle Set,
because, in fact, transformers works with sets, not sequences. Also a spe-
cial DL architecture [17] was developed for it. Table is a less popular type
in deep learning, but special architectures [6, 9] were developed in meta-
learning. A table can be represented as Table(X) = Setrow(Setcol(X)) ×
Setcol(Setrow(X)). Note that Table(X) = Setrow(Setcol(X)) is not enough,
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because if values in the rows are swapped not synchronously, the table will
be corrupted, although the invariant will be saved.

Note that all of these architectures for collections work with vectors.
For example, a transformer is of the Set(Vec)→ Set(Vec) type. Therefore,
to use it for Set(X)→ Set(Y ) transformation, two auxiliary architectures
of types X → Vec and Vec→ Y are needed.

§3. Analysis of Existing Architectures

3.1. Seq ↔ Vec. A sequence can be defined recursively as Seq(T ) =
ε+ T × Seq(T ). If the previously described approach applied to construct
the Seq → Vec transformation, the result will be an architecture similar
to the classical recurrent network. But this architecture will process the
elements of the sequence from right to left and the initial state vector
(memory) will be trainable.

   Seq(X)

   Seq(X)X

   Seq(X)X
   Seq(X)X

   Seq(X)X Eps

Figure 2. Seq → Vec architecture. hk is a result of trans-
formation.

If the Vec → Seq transformation will be constructed, the resulting ar-
chitecture will generate elements correctly from left to right. But instead
of using a special stop token, an auxiliary decision function from the sum
type will be used.

Eps
Eps

Figure 3. Vec → Seq architecture. Eps encode stop of se-
quence generation.
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3.2. Differentiable Programming. Vec→ Sum architectures is a step
towards differentiable programming. As in the previous example Vec→ Seq
is based on Vec → Sum architecture. It turns out that Vec → Seq(Eps)
architecture can be used to obtain a natural number in a differentiable
way. Of course, it may be pointless to use such number to set the size of
an collection, since it can usually be set directly during its generation.

Also Vec→ Sum architecture can be used to control the flow of program
execution. Consider the logical category B = {True,False} ADT

= True +
False and some function f : Rn → B. Now this can now be used for
branching, for example: if (f(state)){ action1} else { action2}. For some
actions, such branching can also be implemented in classical deep learning.
For example: if (c(state) > 0){v = a} else {v = b} can be transformed into
w = σ(c(state)), v = wa+ (1− w)b, where c : Rn → R.

3.3. Object as a Product and a Set of Features. Object can be
represented as product of features. For example: Iris = SepalLength ×
SepalWidth × PetalLength × PetalWidth. The resulting architecture will
be equivalent to a matrix multiplication to V if sum approach for product
type is used and the auxiliary functions gi are the product of the input
scalar xi and the trainable vector vi, where V is a matrix stacked from vi.

Object type can be represented as a set of feature types. For example:
IrisFeature = SepalLength + SepalWidth + PetalLength + PetalWidth
and Iris = Set(IrisFeature). The resulting architecture will be equivalent
to a matrix multiplication again, if the same auxiliary functions from prod-
uct type were selected for sum type and summation was used to aggregate
the set type. Also this proves that the architecture with a Linear transfor-
mation is invariant to permutations of features in the dataset.

3.4. Missing Values Encoding. The previous model can handle miss-
ing values, because if a value is missing, the corresponding feature will
not be added to the set. The resulting architecture is equivalent to the
standard zero-filling approach.

However, using ADT, it is possible to directly encode missing values.
The object type again will be specified as a feature product type. Each
feature can be specified as a sum type of a number and an empty type.
Now this type of object will take into account possible missing values that
may occur in it. Therefore, the DL architecture built for this type of data
will be able to work with missing values without pre-imputing it. Note that
although there is an autoencoder that claims to impute missing values, it
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actually restores the object after imputing missing values with another
method.

If the previously proposed approaches are used to implementing func-
tions for the corresponding ADT constructors, the following function will
be obtained. For each feature of the object a vector is obtained. If the
feature value was missed, then the trainable constant vector is taken. Oth-
erwise, the feature value is multiplied by another trainable vector. After
this, the vectors are added or concatenated depending on the chosen ap-
proach to working with a type product. In this work the sum of vectors will
be used, since the resulting architecture will be more similar to the stan-
dard one that simply processes vectors. The resulting architecture will be
equivalent to zero-filling approach, but with the addition of a new missing
indicator feature. An example at Figure 4.

WeakSepalLength

SepalWidth  5.1

WeakSepalLength

Eps

SepalWidth  5.1

SepalWidthMissing  0

SepalWidth  0

SepalWidthMissing  1

Figure 4. An example of obtained architecture for work-
ing with missing values (left) and standard imputing with
an indicator addition (right). The upper case is when the
value of the feature is present, the lower case is when it is
missing.

3.5. Category Encoding. As mentioned in the Introduction, a category
can be represented as a sum of the category’s value types. And type of each
value can be represented as an empty type. It turns out that the auxiliary
functions for the sum type will be trainable constant vectors. So each
category is associated with a trainable vector, as in equivalent trainable
embeddings approach.

This approach can be extended to recommender systems with the fol-
lowing encodings: User =

∑
iUseri, Item =

∑
i Itemi, Object = User ×

Item. If concatenation will be used for type product and decision function
will be dot product, the resulting architecture will be equivalent to matrix
decomposition.
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§4. Experiments with Handling Data with Missing
Values

For practical testing of the proposed method, the task of classifying data
with missing values was chosen. Because, to build the corresponding archi-
tecture, it is necessary to implement the construction of the architecture
for all basic ADT constructors: Eps, Vec, product and sum.

4.1. Datasets. The experiment was conducted on 459 medium-sized
datasets from the OpenML database. The distributions of the basic char-
acteristics of the datasets are presented in Figure 5.
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Figure 5. The distributions of number of objects, features
and classes in the considered datasets.

All categories except the target one were transformed using one-hot en-
coding and PCA. From each dataset, 25% and 50% and 75% of values were
removed in two ways: a random subset of values and values not exceeding
the corresponding quantile value were removed. The missing values were
then imputed using three standard imputers from the scikit-learn [13] li-
brary: SimpleImputer, KNNImputer, IterativeImputer. Each imputer was
run twice: with standard parameters and with the addition of a missing
indicator feature in dataset. Such imputers will be named with the suffix
WI.

4.2. Experiment Setup. In the experiment, two similar architectures
were trained. The first one processed vector data with missing values
imputed by different imputers. Let n = #objects, f = #features, c =
#classes, h = hidden size. If new features were used as a missing indica-
tors, f = #features / 2. The model consisted of the following PyTorch [1]
modules:

Sequential(Linear(f, h),ReLU,Linear(h, h),ReLU,Linear(h, c))
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The value of h was chosen as the solution to the equation: (fh+h)+(h2+
h) + (hc+ c) = p, where p = n

10 is the expected number of parameters. So

h = max

(
3,

[√
s2−4(c−p)−s

2

])
, where s = f + 2 + c.

The second architecture was almost the same, but the first transforma-
tion Linear(f, h) was replaced by a model built from the corresponding
ADT description

∏
i(Fi + ε) → Rh. Since this model can directly handle

missing values, it was fed data without imputation as input.
Each dataset was split into training and testing parts in a ratio of 3:1.

Both architectures were trained for 50 epochs using stochastic gradient
descent with Adam optimizer [10]. Cross entropy [2] with SoftArgMax was
used as the loss function. Weighted F1-score was used as testing quality
function.

4.3. Results. The results of the experiment are presented in Figure 6.
As can be seen from the graphs, the imputors performed approximately

equally. When missing values were removed randomly, imputors without
adding missing values indicators performed better than imputors that did.
The ADT-based model performed slightly worse than the others.

When the positions of missing values were not random and themselves
contained dependency from quantiles, imputors that added missing values
indicators performed better than imputors that did not. The ADT-based
model performed better than the others.

Despite the fact that theoretically the ADT-based model and simple
model with missing indicator should be equivalent, in practice it turned
out that they differ. Most likely, this is due to the explicit separation of the
learning parameters for cases when feature values are present and when
they are missed.

§5. Conclusion

In this paper, a method for constructing deep learning models from alge-
braically typed data was proposed. For this purpose, methods for connect-
ing existing architectures for the main ADT constructors were developed.
Theoretical experiments showed that the proposed approach can formalize
and derive existing methods of working with data. A practical experiment
showed that the proposed approach allows construct deep learning mod-
els that are superior in some scenarios to existing approaches for filling
missing values. A disadvantage of the proposed approach is the additional
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Figure 6. Dependence of the weighted F-score averaged
over all datasets on the epoch.

branching of the execution flow, which can slow down the operation of the
constructed model due to the use of SIMD parallelization.
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§6. Future Work

The described approach requires using many basic functions for simple
types to build a function for a complex type. This process can theoretically
be automated using NAS [4]. It is also necessary to create a full-fledged
framework with the ability to check types and integrate it into the NAS
system. This is difficult now because datasets typically do not contain such
complex type information.

This approach can also be modified to construct operators for evolu-
tionary computations or even hash functions. For example, such approach
is used to solve a tree isomorphism problem [14], when Tree = Eps +
Set(Tree) and hash of set is a sum of subtree hashes with some non addi-
tive function application.

Also it can also be applied to typify hyperparameters. For example,
hyperparameters of the nearest neighbor classifier can be specified by the
type Dist ×Window × Kernel, where Dist = Minkowski(R+) + Cosine,
Window = Variable(R+) + Fixed(N), Kernel = Gauss + Binominal(R+ ×
R+).

Types can be extended, which can be useful for automatic transfer
learning. For example, an image from a MNIST dataset can be typed as
Img28×28(R ∈ [0; 255]) and input of pre-trained VGG19 as Img224×224(R×
G × B), where R = Normµ=0.485,σ=0.229(R ∈ [0; 1]) etc. The task is also
much easier to define using ADT. For example, segmentation task tar-
get: Img(Class), object detection task target: Set(BoundingBox × Class),
Word2Vec task with bag of words: Set(Word) → Word.

The theoretical research can be continued with other ADT constructors.
For example, a function of type X → Y can also be written in ADT as
Y X . Also, ADT can be symbolically differentiated, which makes sense in
analytical combinatorics and functional programming, but has not been
researched for deep learning.
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