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�1. Ââåäåíèå

Àïïðîêñèìàöèîííûå ñâîéñòâà ñåìåéñòâ ôóíêöèé, èíâàðèàíòíûõ îò-
íîñèòåëüíî ñäâèãà, è, â ÷àñòíîñòè, ñèñòåì âñïëåñêîâ èçó÷àëèñü ìíîãè-
ìè àâòîðàìè (ñì., íàïðèìåð, ñòàòüè [2,4,7,14,15] è ññûëêè íà ëèòåðà-
òóðó â íèõ) â ðàçëè÷íûõ ïðîñòðàíñòâàõ äëÿ ïåðèîäè÷åñêèõ è íåïåðè-
îäè÷åñêèõ ôóíêöèé.

Â íàñòîÿùåé ðàáîòå ìû èçó÷àåì ñåìåéñòâà 1-ïåðèîäè÷åñêèõ âñïëåñ-
êîâ â ïðîñòðàíñòâå L2, îáðàçóþùèõ ôðåéì Ïàðñåâàëÿ. Èõ ñïîñîáíîñòü
ïðèáëèæàòü ôóíêöèè îöåíèâàåòñÿ ñ ïîìîùüþ ïîðÿäêîâ àïïðîêñèìà-
öèè. Â ðàáîòå [1] àâòîðàìè áûëè ïðåäëîæåíû êîíñòðóêòèâíûå íåîáõî-
äèìûå è äîñòàòî÷íûå óñëîâèÿ äëÿ ïîñòðîåíèÿ ïåðèîäè÷åñêîãî ôðåé-
ìà Ïàðñåâàëÿ âñïëåñêîâ (ñì. ïóíêò 4). Â íàñòîÿùåé ðàáîòå ìû èçó-
÷àåì âçàèìîñâÿçü ìåæäó ïîðÿäêîì àïïðîêñèìàöèè ôðåéìîì è ïîðÿä-
êîì àïïðîêñèìàöèè ñîîòâåòñòâóþùèì ïåðèîäè÷åñêèì êðàòíîìàñøòàá-
íûì àíàëèçîì (ÏÊÌÀ) â òåðìèíàõ ñèñòåì âñïëåñêîâ, ïîñòðîåííûõ
â [1]. Â ïóíêòå 3 ìû ðàññìàòðèâàåì àïïðîêñèìàöèîííûå ñâîéñòâà ìàñ-
øòàáèðóþùèõ ôóíêöèé è ôîðìóëèðóåì óñëîâèÿ, íåîáõîäèìûå è äî-
ñòàòî÷íûå äëÿ ïîëó÷åíèÿ îïðåäåë¼ííîãî ïîðÿäêà àïïðîêñèìàöèè ÏÊ-
ÌÀ (òåîðåìà 1). Â ïóíêòå 4 ìû èçó÷àåì àïïðîêñèìàöèîííûå ñâîéñòâà
ôðåéìîâ. Òåîðåìà 3 äà¼ò íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ äëÿ ïî-
ðÿäêà àïïðîêñèìàöèè ôðåéìîì â òåðìèíàõ ìàñøòàáèðóþùèõ ïîñëå-
äîâàòåëüíîñòåé. Â òåîðåìå 4 ìû ñðàâíèâàåì ïîðÿäêè àïïðîêñèìàöèè
ôðåéìîì è ÏÊÌÀ, è îòìå÷àåì óñëîâèÿ ñîâïàäåíèÿ ýòèõ ïîðÿäêîâ.

Êëþ÷åâûå ñëîâà: ôðåéì Ïàðñåâàëÿ, ïåðèîäè÷åñêèå âñïëåñêè, ïîðÿäîê
àïïðîêñèìàöèè.

Ðàáîòà âûïîëíåíà çà ñ÷åò Ðîññèéñêîãî Íàó÷íîãî Ôîíäà 23-11-00178,
https://rscf.ru/project/23-11-00178/.
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�2. Îáîçíà÷åíèÿ

Ñèìâîëîì L2 îáîçíà÷èì ïðîñòðàíñòâî 1-ïåðèîäè÷åñêèõ ôóíêöèé f
òàêèõ, ÷òî |f |2 ñóììèðóåì íà [0, 1], l2 îáîçíà÷àåò ïðîñòðàíñòâî äâóñòî-
ðîííèõ ïîñëåäîâàòåëüíîñòåé a = {a(k)}k∈Z, äëÿ êîòîðûõ ðÿä∑
k∈Z
|a(k)|2 ñõîäèòñÿ. Ñèìâîëû 〈 · , · 〉 è ‖ · ‖2 áóäåì èñïîëüçîâàòü äëÿ

îáîçíà÷åíèÿ ñêàëÿðíîãî ïðîèçâåäåíèÿ è íîðìû êàê â ïðîñòðàíñòâå L2,
òàê è â ïðîñòðàíñòâå l2, òî åñòü

〈f, g〉 =

1∫
0

f(x)g(x)dx äëÿ ôóíêöèé f, g ∈ L2,

è

〈a, b〉 =
∑
k∈Z

a(k)b(k) äëÿ ïîñëåäîâàòåëüíîñòåé a, b ∈ l2 .

Ñîîòâåòñòâóþùèå íîðìû îïðåäåëÿþòñÿ ðàâåíñòâîì ‖ · ‖2 = 〈 · , · 〉1/2.
Äëÿ n ∈ Z áóäåì îáîçíà÷àòü n-é êîýôôèöèåíò Ôóðüå ôóíêöèè f ∈ L2

ñèìâîëîì f̂(n) = 〈f, e2πin·〉.
Äëÿ j ∈ Z+ îáîçíà÷èì ÷åðåç S(2j) ïðîñòðàíñòâî âñåõ 2j-ïåðèîäè÷åñ-

êèõ ïîñëåäîâàòåëüíîñòåé {c(k)}k∈Z êîìïëåêñíûõ ÷èñåë, òî åñòü òàêèõ,
÷òî c(2jp+ k) = c(k) äëÿ âñåõ p, k ∈ Z.

Äëÿ ν ∈ R ïîä Hν áóäåì ïîíèìàòü ïðîñòðàíñòâî Ñîáîëåâà âñåõ 1-

ïåðèîäè÷åñêèõ ôóíêöèé f òàêèõ, ÷òî ‖f‖2Hν =
∑
k∈Z

(1+k2)ν |f̂(k)|2 <∞.

Â ïðîñòðàíñòâå L2 ðàññìîòðèì îïåðàòîð ñäâèãà Snj f := f(·+ 2−jn),
j ∈ Z+, n ∈ Rj , ãäå

Rj =
{
−2j−1 + 1,−2j−1 + 2, . . . , 2j−1

}
, R0 = {0} .

Ïîëîæèì δRj (k) =

{
1, k ∈ Rj
0, k /∈ Rj

� õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ìíî-

æåñòâà Rj .
Äëÿ êàæäîãî j ∈ Z+ çàôèêñèðóåì íàòóðàëüíîå ÷èñëî ρj è ôóíêöèè

ψmj ∈ L2, m = 1, 2, . . . , ρj . Ñåìåéñòâî ôóíêöèé

Ψ =
{
Skj ψ

m
j : j ∈ Z+,m = 1, 2, . . . , ρj , k ∈ Rj

}
íàçûâàåòñÿ ñèñòåìîé ïåðèîäè÷åñêèõ âñïëåñêîâ, à ñàìè ôóíêöèè ψmj ∈
L2, m = 1, 2, . . . , ρj , íàçûâàþò âñïëåñêîâûìè ãåíåðàòîðàìè èëè ïðîñòî
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âñïëåñêàìè. Ãîâîðÿò, ÷òî ñèñòåìà âñïëåñêîâ Ψ îáðàçóåò ôðåéì Ïàðñå-
âàëÿ â L2, åñëè äëÿ âñåõ f ∈ L2 âûïîëíÿåòñÿ ðàâåíñòâî Ïàðñåâàëÿ

‖f‖22 =

∞∑
j=0

ρj∑
m=1

∑
k∈Rj

|〈f, Skj ψmj 〉|2.

Â ëèòåðàòóðå ôðåéì Ïàðñåâàëÿ òàêæå íàçûâàþò íîðìàëèçîâàííûì
æ¼ñòêèì ôðåéìîì [5�7].

�3. Àïïðîêñèìàöèÿ ïåðèîäè÷åñêèì ÊÌÀ

Ñóùåñòâóåò íåñêîëüêî ðàçëè÷íûõ îïðåäåëåíèé ïåðèîäè÷åñêîãî êðà-
òíîìàñøòàáíîãî àíàëèçà, îòëè÷àþùèõñÿ íàáîðîì àêñèîì è îáúåìëþ-
ùèì ïðîñòðàíñòâîì (ñì., íàïðèìåð, [3,6,9,10,12,13]). Â äàííîé ðàáî-
òå ìû áóäåì èñïîëüçîâàòü îïðåäåëåíèå ñ íàèìåíüøèì ÷èñëîì àêñèîì,
ïðèâåä¼ííîå â ðàáîòàõ [6,9]. À èìåííî, áóäåì ãîâîðèòü, ÷òî äëÿ çàäàí-
íûõ ôóíêöèé ϕj ∈ L2, j ∈ Z+, ïîñëåäîâàòåëüíîñòü ïîäïðîñòðàíñòâ
Vj = span

{
Skj ϕj , k ∈ Rj

}
⊂ L2, j ∈ Z+, îáðàçóåò ÏÊÌÀ â L2, åñ-

ëè Vj ⊆ Vj+1 äëÿ âñåõ j ∈ Z+ è
⋃∞
j=0 Vj = L2. Ïðè ýòîì ôóíêöèè

ϕj íàçûâàþòñÿ ìàñøòàáèðóþùèìè ôóíêöèÿìè, à ïîñëåäîâàòåëüíîñòè
èõ êîýôôèöèåíòîâ Ôóðüå {ϕ̂j(n)}n∈Z � ìàñøòàáèðóþùèìè ïîñëåäîâà-
òåëüíîñòÿìè.

Àïïðîêñèìàöèîííûå ñâîéñòâà ÏÊÌÀ áóäåì îïèñûâàòü ñ ïîìîùüþ
ïîðÿäêà àïïðîêñèìàöèè â òåðìèíàõ íàèëó÷øåãî ïðèáëèæåíèÿ. Íàè-
ëó÷øèì ïðèáëèæåíèåì ôóíêöèè f ∈ L2 ïîäïðîñòðàíñòâîì Vj íàçûâà-
þò âåëè÷èíó

E(f, Vj) = dist(f, Vj) = inf
g∈Vj
‖f − g‖2 .

Ãîâîðÿò, ÷òî ÏÊÌÀ {Vj}j∈Z+
èìååò ïîðÿäîê àïïðîêñèìàöèè, ðàâ-

íûé µ > 0, åñëè µ åñòü ñóïðåìóì íåîòðèöàòåëüíûõ ÷èñåë γ, äëÿ êîòî-
ðûõ íàéäóòñÿ òàêèå ïîëîæèòåëüíûå ïîñòîÿííûå Cγ è Jγ ∈ N, ÷òî äëÿ
âñÿêîãî j > Jγ è âñåõ ôóíêöèé f ∈ Hγ âåðíî íåðàâåíñòâî

E(f, Vj) 6 2−jγCγ‖f‖Hγ . (3.1)

Â îïðåäåëåíèè íå òðåáóåòñÿ, ÷òîáû ñóïðåìóì äîñòèãàëñÿ.
Ïðè îïèñàíèè ïîðÿäêà àïïðîêñèìàöèè ÏÊÌÀ â òåðìèíàõ ìàñøòà-

áèðóþùèõ ïîñëåäîâàòåëüíîñòåé {ϕ̂j(n)}n∈Z ìû ñëåäóåì èäåÿì, ïðåä-
ëîæåííûì â [2]. Ââåä¼ì âñïîìîãàòåëüíûå îáîçíà÷åíèÿ.
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Äëÿ ïîñëåäîâàòåëüíîñòåé a, b ∈ l2 è j ∈ N îáîçíà÷èì ÷åðåç [a, b]
j

ïîñëåäîâàòåëüíîñòü ñ êîýôôèöèåíòàìè

[a, b]
j
k :=

∑
l∈Z

a(2j l + k)b(2j l + k), k ∈ Z .

Îïðåäåëåíèå êîððåêòíî â ñèëó íåðàâåíñòâà Êîøè�Áóíÿêîâñêîãî�
Øâàðöà∣∣∣∣∣∑

l∈Z
a(2j l + k)b(2j l + k)

∣∣∣∣∣
2

6

(∑
l∈Z
|a(k + 2j l)|2

)(∑
l∈Z
|b(k + 2j l)|2

)
6 ‖a‖22 · ‖b‖22.

Èç îïðåäåëåíèÿ òàêæå ÿñíî, ÷òî [a, b]
j ∈ S(2j).

Ñèìâîëîì Λj áóäåì îáîçíà÷àòü ïîñëåäîâàòåëüíîñòü, ýëåìåíòû êî-
òîðîé çàäàþòñÿ ñ ïîìîùüþ ñîîòâåòñòâóþùåé ìàñøòàáèðóþùåé ïîñëå-
äîâàòåëüíîñòè

Λj(k) :=

(
1− |ϕ̂j(k)|2

[ϕ̂j , ϕ̂j ]
j
k

)1/2

, k ∈ Z.

Ïîëàãàÿ 0
0 = 0, ïðèõîäèì ê êîððåêòíîìó îïðåäåëåíèþ.

Òàêæå çàôèêñèðóåì V̂j =
{
{f̂(k)}k∈Z : f ∈ Vj

}
� ìíîæåñòâî âñåõ

ïîñëåäîâàòåëüíîñòåé êîýôôèöèåíòîâ Ôóðüå ôóíêöèé èç ïîäïðîñòðàí-

ñòâà Vj . Ïîíÿòíî, ÷òî V̂j åñòü ëèíåéíîå ïîäïðîñòðàíñòâî â l2 è ñóùå-
ñòâóåò âçàèìíî îäíîçíà÷íîå ñîîòâåòñòâèå ìåæäó ýëåìåíòàìè ìíîæåñòâ

Vj è V̂j , ñîïîñòàâëÿþùåå êàæäîé ôóíêöèè ïîñëåäîâàòåëüíîñòü å¼ êî-

ýôôèöèåíòîâ Ôóðüå. Îáîçíà÷èì ÷åðåç Pj è P̂j îðòîãîíàëüíûå ïðîåê-
òîðû íà ïîäïðîñòðàíñòâà Vj è V̂j ñîîòâåòñòâåííî.

Ëåììà 1. Ïóñòü f ∈ L2. Òîãäà äëÿ k ∈ Z

P̂j f̂(k) = P̂jf(k) =


[f̂ , ϕ̂j ]

j
k

[ϕ̂j , ϕ̂j ]
j
k

ϕ̂j(k), åñëè [ϕ̂j , ϕ̂j ]
j
k 6= 0,

0, èíà÷å.

Êðîìå òîãî, åñëè suppf̂ ⊂
{

2jm+Rj
}
äëÿ íåêîòîðîãî ôèêñèðî-

âàííîãî m ∈ Z, òî

E2(f, Vj) =
∑

k∈{2jm+Rj}

|f̂(k)|2Λ2
j (k).
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Äîêàçàòåëüñòâî. Èç ðàâåíñòâà Ïàðñåâàëÿ ñëåäóåò, ÷òî P̂j f̂ = P̂jf .
Îáîçíà÷èì

αjk(f) =


[f̂ , ϕ̂j ]

j
k

[ϕ̂j , ϕ̂j ]
j
k

, åñëè [ϕ̂j , ϕ̂j ]
j
k 6= 0

0 , èíà÷å

.

ßñíî, ÷òî αj(f) åñòü 2j-ïåðèîäè÷åñêàÿ ïîñëåäîâàòåëüíîñòü è
αj(f)ϕ̂j ëåæèò â l2 ïî íåðàâåíñòâó Êîøè�Áóíÿêîâñêîãî�Øâàðöà:

‖αj(f)ϕ̂j‖22 =
∑
k∈Rj

|αjk(f)|2
∑
n∈Z
|ϕ̂j(2jn+k)|2 =

∑
k∈Rj

∣∣∣∣[f̂ , ϕ̂j]j
k

∣∣∣∣2(
[ϕ̂j , ϕ̂j ]

j
k

)2 · [ϕ̂j , ϕ̂j ]jk
6
∑
k∈Rj

[
f̂ , f̂

]j
k

= ||f ||22 .

Ðàññìîòðèì ëèíåéíûé îïåðàòîð Tj íà l2, äåéñòâóþùèé ïî ïðàâèëó

Tj f̂ = αj(f)ϕ̂j . Äîêàçàòåëüñòâî ïåðâîãî óòâåðæäåíèÿ òåîðåìû òåïåðü
ñâîäèòñÿ ê äîêàçàòåëüñòâó òîãî, ÷òî îïåðàòîð Tj ñîâïàäàåò ñ îïåðàòî-

ðîì P̂j . Â ñèëó ëèíåéíîñòè îïåðàòîðîâ äîñòàòî÷íî äîêàçàòü, ÷òî îíè
äåéñòâóþò îäèíàêîâî íà ýëåìåíòàõ ïîäïðîñòðàíñòâà Vj è åãî îðòîãî-
íàëüíîãî äîïîëíåíèÿ V ⊥j â L2. Äëÿ ôóíêöèè f ∈ V ⊥j è ëþáîãî k ∈ Rj
èìååì

0 = 〈f, Skj ϕj〉 =
∑
n∈Z

f̂(n)ϕ̂j(n)e2πi·2
−jnk

=
∑
m∈Rj

e2πi·2
−jmk

∑
n∈Z

f̂(2jn+m)ϕ̂j(2
jn+m)=

∑
m∈Rj

[f̂ , ϕ̂j ]
j
me

2πi·2−jmk,

÷òî âîçìîæíî òîëüêî ïðè óñëîâèè [f̂ , ϕ̂j ]
j = 0 ââèäó ëèíåéíîé íåçàâè-

ñèìîñòè ýêñïîíåíò. Òàêèì îáðàçîì, Tj f̂ = 0 äëÿ f ∈ V ⊥j è, ïî îïðåäå-

ëåíèþ, P̂j f̂ = P̂jf = 0.
Âñÿêàÿ ôóíêöèÿ f ∈ Vj ìîæåò áûòü ïðåäñòàâëåíà â âèäå ëèíåé-

íîé êîìáèíàöèè êîíå÷íîãî ÷èñëà ñäâèãîâ ìàñøòàáèðóþùåé ôóíêöèè
{ϕj(·+ 2−jk)}k∈Rj . Ïîýòîìó äîñòàòî÷íî èçó÷èòü äåéñòâèå ðàññìàòðè-
âàåìûõ îïåðàòîðîâ íà ñäâèãè ìàñøòàáèðóþùåé ôóíêöèè. Åñëè
[ϕ̂j , ϕ̂j ]

j
n = 0 äëÿ íåêîòîðîãî n ∈ Z, òî â ÷àñòíîñòè ϕ̂j(n) = 0 è

P̂j
(
Ŝkj ϕj

)
n

= e2πi·2
−jknϕ̂j(n) = 0.
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Åñëè [ϕ̂j , ϕ̂j ]
j
n 6= 0 äëÿ íåêîòîðîãî n ∈ Z, òî

αjn
(
Skj ϕj

)
=

[
e2πi·2

−jknϕ̂j , ϕ̂j

]j
n

[ϕ̂j , ϕ̂j ]
j
n

= e2πi·2
−jkn

äëÿ âñåõ k ∈ Rj è, ñëåäîâàòåëüíî,

Tj

(
Ŝkj ϕj

)
n

= e2πi·2
−jknϕ̂j(n) = Ŝkj ϕj(n) = P̂j

(
Ŝkj ϕj

)
n
.

Äëÿ äîêàçàòåëüñòâà âòîðîãî óòâåðæäåíèÿ ëåììû âîñïîëüçóåìñÿ

òîëüêî ÷òî äîêàçàííîé ôîðìóëîé äëÿ îïåðàòîðà P̂j :

E2(f, Vj) = E2(f̂ , V̂j) = ‖f̂‖22 − ‖P̂jf‖22 = ‖f̂‖22 − ‖αj(f)ϕ̂j‖22

=
∑
k∈Rj

|f̂(2jm+ k)|2 −
∑
k∈Rj

∣∣∣∣∣∑p∈Z f̂(2jp+ k)ϕ̂j(2jp+ k)

∣∣∣∣∣
2

(
[ϕ̂j , ϕ̂j ]

j
k

)2 · [ϕ̂j , ϕ̂j ]jk

=
∑

k∈{2jm+Rj}

|f̂(k)|2
(

1− |ϕ̂j(k)|2

[ϕ̂j , ϕ̂j ]
j
k

)
=

∑
k∈{2jm+Rj}

|f̂(k)|2Λ2
j (k). �

Òåïåðü ââåä¼ì âñïîìîãàòåëüíóþ ôóíêöèþ g∗j (x) =
∑
k∈Rj

e2πikx è ïðî-

ñòðàíñòâî V ∗j = span{g∗j (·+2−jk), k ∈Rj}, ïîðîæä¼ííîå ñäâèãàìè ýòîé
ôóíêöèè g∗j . Îáîçíà÷èì ÷åðåç P∗j îðòîãîíàëüíûé ïðîåêòîð íà V ∗j . Òî-
ãäà äëÿ f ∈ L2

P̂∗j f(k) =

∑
l∈Z

f̂(2j l + k) · ĝ∗j (2j l + k)

∑
l∈Z

∣∣∣ĝ∗j (2j l + k)
∣∣∣2 ĝ∗j (k) =

{
f̂(k), k ∈ Rj
0, k /∈ Rj

.

Ëåììà 2. (1) Äëÿ âñåõ f ∈ L2 è k ∈ Z∣∣E (f, Vj)− E
(
P∗j f, Vj

)∣∣ 6 E (f, V ∗j ) .
(2) Äëÿ âñåõ f ∈ Hµ, µ > 0,

E
(
f, V ∗j

)
6 εj(f) · 2−jµ · 2µ · ‖f‖Hµ ,
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ãäå

εj(f) =


∑

k∈Z\Rj

(
1 + |k|2

)µ |f̂(k)|2∑
k∈Z

(1 + |k|2)
µ |f̂(k)|2


1/2

,

à çíà÷èò, 0 6 εj(f) 6 1 è lim
j→+∞

εj(f) = 0.

Äîêàçàòåëüñòâî. Èñïîëüçóÿ ýëåìåíòàðíûå ñâîéñòâà ðàññòîÿíèÿ è
ðàâåíñòâî Ïàðñåâàëÿ, ïîëó÷àåì

E2 (f, Vj) = ‖f‖22 − ‖Pjf‖22 = ‖f̂‖22 − ‖P̂jf‖22.

Ïðèìåíèì íåðàâåíñòâî òðåóãîëüíèêà è âîñïîëüçóåìñÿ ñâîéñòâàìè
îðòîïðîåêòîðîâ, â ÷àñòíîñòè òåì, ÷òî îðòîïðîåêòîð ÿâëÿåòñÿ ñæèìà-
þùèì îòîáðàæåíèåì. Ïðèõîäèì ê îöåíêå

∣∣E (f, Vj)− E
(
P∗j f, Vj

)∣∣ =
∣∣∣E (f̂ , V̂j)− E (P̂∗j f, V̂j)∣∣∣

=
∣∣∣E (f̂ , V̂j)− E (δRj f̂ , V̂j)∣∣∣ =

∣∣∣‖f̂ − P̂j f̂‖ − ‖δRj f̂ − P̂j(δRj f̂)‖
∣∣∣

6
∥∥∥f̂ − P̂j f̂ − δRj f̂ + P̂j(δRj f̂)

∥∥∥ =
∥∥∥(1− δRj )f̂ − P̂j

(
(1− δRj )f̂

)∥∥∥
=
∥∥∥(I − P̂j)

(
(1− δRj )f̂

)∥∥∥ 6 ‖I − P̂j‖ · ‖(1− δRj )f̂‖ 6 ‖(1− δRj )f̂‖ .
Ñ äðóãîé ñòîðîíû,

E
(
f, V ∗j

)
= E

(
f̂ , V̂ ∗j

)
=

(
‖f̂‖2 −

∥∥∥P̂∗j f∥∥∥2)1/2

=

∑
k∈Z
|f̂(k)|2 −

∑
k∈Rj

|f̂(k)|2
1/2

= ‖(1− δRj )f̂ ‖ .

Ïåðåéä¼ì ê äîêàçàòåëüñòâó âòîðîãî óòâåðæäåíèÿ ëåììû. Äëÿ k ∈
Z \ Rj èìååì (1 + |k|2)−µ 6 (1 + 22j−2)−µ 6 2(2−2j)µ. Òîãäà äëÿ âñÿêîé
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f ∈ Hµ ïîëó÷àåì

E
(
f, V ∗j

)
= ‖(1− δRj )f̂‖ =

 ∑
k∈Z\Rj

|f̂(k)|2
1/2

6

2(2−2j)µ
∑

k∈Z\Rj

(
1 + |k|2

)µ |f̂(k)|2
1/2

=


∑

k∈Z\Rj
(1 + |k|2)µ|f̂(k)|2∑

k∈Z
(1 + |k|2)µ|f̂(k)|2


1/2

· 2−jµ · 2µ · ‖f‖Hµ �

Òåîðåìà 1. Ïóñòü {Vj}j>0 � ÏÊÌÀ â L2 ñ ìàñøòàáèðóþùèìè ôóíê-

öèÿìè {ϕj}j>0. Ïîðÿäîê àïïðîêñèìàöèè ÏÊÌÀ ðàâåí µ0 > 0 òîãäà è

òîëüêî òîãäà, êîãäà µ0 åñòü ñóïðåìóì òàêèõ ïîëîæèòåëüíûõ ÷èñåë

µ, äëÿ êîòîðûõ íàéäóòñÿ òàêèå ïîëîæèòåëüíûå ïîñòîÿííûå Cµ è

Jµ ∈ N, ÷òî äëÿ âñåõ öåëûõ j > Jµ(
2−2j + |2−jk|2

)−µ
Λ2
j (k) 6 Cµ äëÿ ëþáîãî k ∈ Rj . (3.2)

Äîêàçàòåëüñòâî. Äîêàæåì, ÷òî âûïîëíåíèå íåðàâåíñòâà (3.2) äëÿ
íåêîòîðîãî µ > 0 ðàâíîñèëüíî òîìó, ÷òî äëÿ ýòîãî µ âûïîëíåíû óñëî-
âèÿ (3.1) èç îïðåäåëåíèÿ ïîðÿäêà àïïðîêñèìàöèè ÏÊÌÀ.

Äëÿ äîêàçàòåëüñòâà íåîáõîäèìîñòè ðàññìîòðèì ôóíêöèè fk=e2πik·,
k ∈ Rj . Òàê êàê ‖fk‖2Hµ = (1 + |k|2)µ, òî èç ëåììû 1 ñëåäóåò, ÷òî

Λ2
j (k) =

∑
n∈Rj

|f̂k(n)|2Λ2
j (n) = E2(fk, Vj) 6 2−2jµCµ‖fk‖2Hµ

= 2−2jµ(1 + |k|2)µCµ,

ãäå ïîñòîÿííàÿ Cµ áåðåòñÿ èç îïðåäåëåíèÿ ïîðÿäêà àïïðîêñèìàöèè è
çàâèñèò òîëüêî îò µ.

Äëÿ äîêàçàòåëüñòâà äîñòàòî÷íîñòè âîñïîëüçóåìñÿ ðåçóëüòàòàìè
ëåììû 1 è ëåììû 2. Äëÿ f ∈ Hµ è j > Jµ

E(f, Vj)= E(f, Vj)−E
(
P̂∗j f, V̂j

)
+E

(
P̂∗j f, V̂j

)
6E(f, V ∗j )+E

(
P̂∗j f, V̂j

)
= E(f, V ∗j ) +

∑
k∈Rj

∣∣∣f̂(k)
∣∣∣2 |Λj(k)|2

1/2
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6 E(f, V ∗j ) +

∑
k∈Rj

∣∣∣f̂(k)
∣∣∣2 · Cµ (2−2j + |2−jk|2

)µ1/2

6 εj(f) · 2−jµ+µ‖f‖Hµ +
√
Cµ · 2−jµ‖f‖Hµ 6 2−jµC ′‖f‖Hµ ,

ãäå C ′ = 2µ +
√
Cµ.Òàêèì îáðàçîì, ìíîæåñòâî ÷èñåë µ > 0, óäî-

âëåòâîðÿþùèõ óñëîâèþ (3.1) èç îïðåäåëåíèÿ ïîðÿäêà àïïðîêñèìàöèè
ÏÊÌÀ, è èç óñëîâèé òåîðåìû ñîâïàäàþò, à çíà÷èò ñîâïàäàþò è èõ
ñóïðåìóìû. �

Çàìå÷àíèå 1. Èç òåîðåìû 1 ñëåäóåò, ÷òî ìíîæåñòâî ïîëîæèòåëüíûõ
÷èñåë µ èç îïðåäåëåíèÿ ïîðÿäêà àïïðîêñèìàöèè åñòü èíòåðâàë (0, µ0).
Äåéñòâèòåëüíî, åñëè íåðàâåíñòâî (3.2) ñïðàâåäëèâî äëÿ íåêîòîðîãî
µ∗ > 0, òî îíî áóäåò ñïðàâåäëèâî è äëÿ âñÿêîãî íåîòðèöàòåëüíîãî
µ < µ∗ (ñ òåìè æå ïîñòîÿííûìè Cµ∗ è Jµ∗ ∈ N). Çàìåòèì, ÷òî Λ2

j (k) íå

çàâèñèò îò f è µ è, ïîñêîëüêó
(
2−2j + |2−jk|2

)−1
= 22j

(
1 + |k|2

)−1
> 1

ïðè k ∈ Rj , ïîëó÷àåì(
2−2j + |2−jk|2

)−µ
Λ2
j (k) 6

(
2−2j + |2−jk|2

)−µ∗
Λ2
j (k) 6 Cµ∗

äëÿ âñåõ j > Jµ∗ .

Çàìå÷àíèå 2. Âñå ðåçóëüòàòû äàííîãî ðàçäåëà âåðíû è äëÿ áîëåå
îáùåãî ñëó÷àÿ ïîäïðîñòðàíñòâ ïðîñòðàíñòâà L2, èíâàðèàíòíûõ îòíî-
ñèòåëüíî ñäâèãà, ïîñêîëüêó â äîêàçàòåëüñòâàõ íå èñïîëüçóþòñÿ îñî-
áåííîñòè êîíñòðóêöèè ÏÊÌÀ. Îäíàêî, äëÿ íàãëÿäíîñòè äàëüíåéøåãî
èçëîæåíèÿ òåîðèè, êàñàþùåéñÿ âñïëåñêîâ, íàì áûëî óäîáíî ôîðìóëè-
ðîâàòü äàííûå ðåçóëüòàòû ñðàçó â òåðìèíàõ ìàñøòàáèðóþùèõ ôóíê-
öèé.

�4. Ïîðÿäîê àïïðîêñèìàöèè ôðåéìîì Ïàðñåâàëÿ

âñïëåñêîâ

Ñóùåñòâóåò íåñêîëüêî ðàçëè÷íûõ ñïîñîáîâ ïîñòðîåíèÿ ôðåéìîâ
Ïàðñåâàëÿ âñïëåñêîâ. Ñðåäè íèõ íàèáîëåå èçâåñòíû ïðèíöèï óíèòàð-
íîãî ðàñøèðåíèÿ è ñêîøåííûé ïðèíöèï ðàñøèðåíèÿ (unitary and obli-
que extension principles), ñôîðìóëèðîâàííûå äëÿ ïåðèîäè÷åñêîãî ñëó-
÷àÿ â ðàáîòå [5]. Â äàííîé ðàáîòå ìû áóäåì èñïîëüçîâàòü áîëåå îáùèé
ñïîñîá ïîñòðîåíèÿ âñïëåñêîâ, ïðåäëîæåííûé â ñòàòüå [1].
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Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü ôóíêöèé ϕj ∈ L2, j ∈ Z+, óäîâëå-
òâîðÿþùèõ ìàñøòàáèðóþùåìó óðàâíåíèþ

ϕ̂j(n) =
√

2 âj+1(n)ϕ̂j+1(n), n ∈ Z, (4.1)

äëÿ íåêîòîðûõ ïîñëåäîâàòåëüíîñòåé âj+1 ∈ S
(
2j+1

)
. Êàê áóäåò ïîêà-

çàíî äàëåå, ϕj ÿâëÿþòñÿ ìàñøòàáèðóþùèìè ôóíêöèÿìè è ïîðîæäàþò
ÏÊÌÀ â L2 ïðè âûïîëíåíèè óñëîâèé, íåîáõîäèìûõ äëÿ ïîñòðîåíèÿ
ôðåéìà Ïàðñåâàëÿ.

Äëÿ êàæäîãî j ∈ Z+ çàôèêñèðóåì ïîëîæèòåëüíîå öåëîå ÷èñëî ρj
è îïðåäåëèì âñïëåñê-ôóíêöèè ψmj ∈ L2, m = 1, . . . , ρj , ñ ïîìîùüþ
óðàâíåíèÿ âñïëåñêîâ

ψ̂mj (n) =
√

2 b̂mj+1(n)ϕ̂j+1(n), n ∈ Z (4.2)

äëÿ íåêîòîðûõ ïîñëåäîâàòåëüíîñòåé b̂mj+1 ∈ S
(
2j+1

)
, m = 1, . . . , ρj .

Äëÿ óïðîùåíèÿ äàëüíåéøèõ îáîçíà÷åíèé ìû ïîëàãàåì ϕ0 = ψ1
0 è

â1(n) = b̂11(n).

Ïîñëåäîâàòåëüíîñòè âj(n) è b̂mj+1(n), n ∈ Z, ïðèíÿòî íàçûâàòü ìàñ-
êàìè ìàñøòàáèðóþùèõ ôóíêöèé è ìàñêàìè âñïëåñêîâ ñîîòâåòñòâåííî.

Äëÿ j ∈ Z+ îïðåäåëèì ðåêóðñèâíî ïîñëåäîâàòåëüíîñòü θj(n)∈S(2j):

ρj∑
m=1

∣∣∣b̂mj+1(n)
∣∣∣2 + θj(n) |âj+1(n)|2 = θj+1(n), (4.3)

θ1(n) =

ρ0∑
m=1

∣∣∣b̂m1 (n)
∣∣∣2 , θ0(n) = 0.

Ñëåäóÿ òåðìèíîëîãèè, ïðåäëîæåííîé â [1] è ñîãëàñîâàííîé ñ òàêî-
âîé äëÿ íåïåðèîäè÷åñêèõ ôóíêöèé â [11], ÷èñëà θj(n) áóäåì íàçûâàòü
ôóíäàìåíòàëüíûìè êîýôôèöèåíòàìè.

Ïî êðèòåðèþ ôðåéìîâîñòè, ñôîðìóëèðîâàííîìó â òåîðåìå 2 ñòàòüè
[1], ñåìåéñòâî

{
Skj ψ

m
j : j ∈ Z+,m = 1, 2, . . . , ρj , k ∈ Rj

}
îáðàçóåò ôðåéì

Ïàðñåâàëÿ â L2 òîãäà è òîëüêî òîãäà, êîãäà

lim
j→∞

2j |ϕ̂j(n)|2θj(n) = 1, n ∈ Z, (4.4)

è

θj(n)âj+1(n)âj+1(n+ 2j) +

ρj∑
m=1

b̂mj+1(n)b̂mj+1(n+ 2j) = 0,

n ∈ Z, j ∈ Z+,

(4.5)
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èëè ϕ̂j+1(n) = 0, èëè ϕ̂j+1(2jk + n) = 0.
Íåÿâíûå óñëîâèÿ (4.4) è (4.5), íàëàãàåìûå íà ìàñêè âñïëåñêîâ, îïè-

ñàíû â ÿâíîì âèäå â òåîðåìå 4 ñòàòüè [1]. Äëÿ óäîáñòâà ÷òåíèÿ ïðèâå-
ä¼ì ýòî îïèñàíèå. Âíà÷àëå îïðåäåëèì âñïîìîãàòåëüíûå êîýôôèöèåí-

òû ãj+1(n), b̃mj+1(n) ∈ S
(
2j+1

)
, j ∈ N, ðàâåíñòâàìè

ãj(n) =

(
ρj−1∏
r=1

cos tkr

)
e
itkρj−1+1 , (4.6)

b̃mj (n) =

(
ρj−1∏
r=m+1

cos tkr

)
sin tkme

itkρj−1+1+m ,

k = 0 äëÿ n = 0, . . . , 2j−1 − 1, k = 1 äëÿ n = 2j−1, . . . , 2j − 1, j ∈ N, ãäå
ïàðàìåòðû tkr = tkr (j, n), r = 1, . . . , 2ρj−1 + 1, óäîâëåòâîðÿþò ñèñòåìå
óðàâíåíèé

ρj−1∑
m=0

cos
(
t0ρj−1+1+m − t1ρj−1+1+m

) 1∏
k=0

sin tkm

ρj−1∏
r=m+1

cos tkr = 0,

ρj−1∑
m=0

sin
(
t0ρj−1+1+m − t1ρj−1+1+m

) 1∏
k=0

sin tkm

ρj−1∏
r=m+1

cos tkr = 0,

(4.7)

è ïðîèçâåäåíèå
ρj−1∏

r=ρj−1+1
cos tkr ñ÷èòàåì ðàâíûì 1, ïðè θj+1(n+ 2j) 6= 0.

Åñëè θj+1(n + 2j) = 0, òî ïàðàìåòðû tkr = tkr (j, n), r = 1, . . . , 2ρj + 1,
çàäàþòñÿ ïðîèçâîëüíî.

Òîãäà ïî òåîðåìå 4 ñòàòüè [1] ñåìåéñòâî{
Skj ψ

m
j : j ∈ Z+,m = 1, 2, . . . , ρj , k ∈ Rj

}
,

óäîâëåòâîðÿþùåå óñëîâèÿì (4.1)�(4.2), îáðàçóåò ôðåéì Ïàðñåâàëÿ â
L2 òîãäà è òîëüêî òîãäà, êîãäà

{j : ϕ̂j(n) 6= 0} ∩

{
j :

ρj−1∑
m=1

∣∣∣b̂mj (n)
∣∣∣2 6= 0

}
6= ∅; (4.8)

è
∞∏

r=j1+1

|ãr(n)|2 = 2j1
ρj1−1∑
m=1

∣∣∣b̂mj1(n)
∣∣∣2 |ϕ̂j1(n)|2 , (4.9)

ãäå

j1 := min

{
j : ϕ̂j(n) 6= 0 è

ρj−1∑
m=1

∣∣∣b̂mj (n)
∣∣∣2 6= 0

}
. (4.10)
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Ïðè ýòîì ìàñêè âñïëåñêîâ b̂mj (n) çàäàþòñÿ ñëåäóþùèì îáðàçîì

(a) ïðîèçâîëüíû, j ∈ {1, . . . , j0},
(b) 0, j∈{j0+1, . . . , j1−1},

(c)
ρj1−1∑
m=1

b̂mj1(n)b̂mj1(n+2j1−1)=0, j=j1,

(d) b̃mj (n)

√
ρj1−1∑
m=1

∣∣∣b̂mj1(n)
∣∣∣2∏j

r=j1+1
|âr(n)|
|ãr(n)| , j∈{j1+1, j1+2, . . . },

(4.11)

ãäå

j0 := min{j : ϕ̂j(n) 6= 0} − 1. (4.12)

Çàôèêñèðóåì îáîçíà÷åíèÿ j0 è j1 çà îïèñàííûìè âûøå èíäåêñà-
ìè äî êîíöà òåêóùåãî ïàðàãðàôà. Â òåîðåìå 4 ñòàòüè [1] äîêàçàíî,

÷òî âñïîìîãàòåëüíûå êîýôôèöèåíòû ãj+1(n), b̃mj+1(n) ñâÿçàíû ñ ìàñ-
êàìè ìàñøòàáèðóþùèõ ôóíêöèé è ôóíäàìåíòàëüíûìè êîýôôèöèåí-
òàìè ðàâåíñòâàìè

ãj(n)=

√
θj−1(n)

θj(n)
âj(n), b̃mj (n)=

√
1

θj(n)
b̂mj (n), åñëè θj(n) 6=0. (4.13)

Äàëåå äëÿ îïèñàíèÿ àïïðîêñèìàöèîííûõ ñâîéñòâ ôðåéìîâ âñïëåñ-
êîâ ìû áóäåì èñïîëüçîâàòü ñëåäóþùèå îáîçíà÷åíèÿ. Ïîä ÷àñòè÷íîé
ñóììîé ðàçëîæåíèÿ ïî ñèñòåìå âñïëåñêîâ, îáðàçóþùåé ôðåéì Ïàðñå-
âàëÿ óðîâíÿ j ∈ N, áóäåì ïîíèìàòü

Qj(f) =

j−1∑
r=0

ρr∑
m=1

∑
l∈Rr

〈f, Slrψmr 〉Slrψmr . (4.14)

Áóäåì ãîâîðèòü, ÷òî ôðåéì Ïàðñåâàëÿ èìååò ïîðÿäîê àïïðîêñèìà-
öèè ôðåéìîì ν > 0, åñëè ν åñòü ñóïðåìóì òàêèõ íåîòðèöàòåëüíûõ
÷èñåë γ, äëÿ êîòîðûõ íàéäóòñÿ òàêèå ïîëîæèòåëüíûå ïîñòîÿííûå Cγ
è Jγ ∈ N, ÷òî äëÿ âñÿêîãî j > Jγ è âñåõ ôóíêöèé f ∈ Hγ âåðíî íåðà-
âåíñòâî

||f −Qj(f)||2 6 2−jγCγ‖f‖Hγ . (4.15)

Â ðàáîòå [7] äëÿ æ¼ñòêèõ ôðåéìîâ âñïëåñêîâ, ïîñòðîåííûõ ñ ïî-
ìîùüþ óíèòàðíîãî ïðèíöèïà ðàñøèðåíèÿ, áûëè óñòàíîâëåíû íåîáõî-
äèìûå è äîñòàòî÷íûå óñëîâèÿ, ïðè êîòîðûõ ôðåéì Ïàðñåâàëÿ èìååò
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çàäàííûé ïîðÿäîê àïïðîêñèìàöèè. (Àíàëîãè÷íûå óñëîâèÿ äëÿ íåïå-
ðèîäè÷åñêèõ ôðåéìîâ âñïëåñêîâ ìîæíî íàéòè â [16].) Äàëåå ìû ïî-
êàæåì, ÷òî ýòè ðåçóëüòàòû ìîæíî ðàñïðîñòðàíèòü è íà ïåðèîäè÷å-
ñêèå ôðåéìû Ïàðñåâàëÿ, ïîñòðîåííûå ïî îïèñàííîé âûøå ñõåìå. Óñëî-
âèÿ â íàøèõ óòâåðæäåíèÿõ áóäóò ñôîðìóëèðîâàíû â òåðìèíàõ ôóí-
äàìåíòàëüíûõ êîýôôèöèåíòîâ. Áîëåå òîãî, â îòëè÷èå îò [7], â äàí-
íîé ðàáîòå èñïîëüçóåòñÿ íîðìà ïðîñòðàíñòâ Ñîáîëåâà Hν âìåñòî ïî-
ëóíîðìû, ÷òî ïîçâîëÿåò íàì èçáàâèòüñÿ îò äîïîëíèòåëüíîãî óñëîâèÿ
ϕ̂j(0)ϕ̂j(2jp) = δp0, p ∈ Z, ïðèñóòñòâóþùåãî â ñîîòâåòñòâóþùèõ òåîðå-
ìàõ ñòàòüè [7].

Òåîðåìà 2. Ïóñòü ñèñòåìà
{
Skj ψ

m
j : j ∈ Z+,m = 1, 2, . . . , ρj , k ∈ Rj

}
îáðàçóåò ôðåéì Ïàðñåâàëÿ, óäîâëåòâîðÿþùèé óñëîâèÿì (4.1)�(4.5).
Òîãäà äëÿ ëþáîãî ν > 0 è äëÿ âñåõ f ∈ Hν è âñåõ j ∈ N

‖f−Qj(f)‖26max
{

2C̃j,1+4C̃j,2, 2C̃j,3+4C̃j,4+22ν+1
}
·2−2jν‖f‖2Hν , (4.16)

ãäå

C̃j,1 = max
k∈Rj

(2−2j+|2−jk|2)−ν
(
1− 2jθj(k)|ϕ̂j(k)|2

)2
C̃j,2 = max

k∈Rj
22jθ2j (k)|ϕ̂j(k)|2 · (2−2j+|2−jk|2)−ν

∑
p∈Z\{0}

|ϕ̂j(2jp+k)|2

C̃j,3 = max
k∈Rj

22jθ2j (k)|ϕ̂j(k)|2 ·
∑

p∈Z\{0}

(2−2j+|p+2−jk|2)−ν |ϕ̂j(2jp+k)|2

C̃j,4 = max
k∈Rj

22jθ2j (k)
∑

p∈Z\{0}

|ϕ̂j(2jp+ k)|2

×
∑

q∈Z\{0}

(2−2j + |q + 2−jk|2)−ν |ϕ̂j(2jq + k)|2.

Äîêàçàòåëüñòâî. Ïåðåïèøåì âíóòðåííèå ñóììû â îïðåäåëåíèè
(4.14), èñïîëüçóÿ ðàâåíñòâî Ïàðñåâàëÿ è ñâîéñòâà êîýôôèöèåíòîâ Ôó-
ðüå:

ρr∑
m=1

∑
l∈Rr

〈f, Slrψmr 〉Ŝlrψmr (k)

=

ρr∑
m=1

∑
l∈Rr

∑
q∈Z

f̂(q)ψ̂mr (q)e2πi·2
−rlq · ψ̂mr (k)e−2πi·2

−rlk
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=

ρr∑
m=1

∑
l∈Rr

∑
p∈Z

∑
n∈Rr

f̂(2rp+n)ψ̂mr (2rp+n)e2πi·2
−rln · ψ̂mr (k)e−2πi·2

−rlk.

Ïîñëåäíåå ðàâåíñòâî ïîëó÷åíî çàìåíîé ñóììû ïî âñåì öåëûì q íà
äâå ñóììû, èñõîäÿ èç ïðåäñòàâëåíèÿ q = 2jp + n, ãäå p ∈ Z, n ∈ Rj .
Òàêæå â ïîêàçàòåëÿõ áûëà ó÷òåíà ïåðèîäè÷íîñòü ýêñïîíåíò. Äàëåå,
ìåíÿÿ ìåñòàìè ïîðÿäîê ñóììèðîâàíèÿ è ñêëàäûâàÿ ýêñïîíåíòû, ïðè-
ìåíèì óðàâíåíèå âñïëåñêîâ (4.2):

ρr∑
m=1

∑
l∈Rr

〈f, Slrψmr 〉Ŝlrψmr (k)

=
∑
p∈Z

∑
n∈Rr

f̂(2rp+ n)

(
ρr∑
m=1

ψ̂mr (2rp+ n)ψ̂mr (k)

) ∑
l∈Rr

e2πi·2
−rl(n−k)

= 2r
∑
p∈Z

f̂(2rp+ k)

(
ρr∑
m=1

ψ̂mr (2rp+ k)ψ̂mr (k)

)

= 2r
∑
p∈Z

f̂(2rp+ k)

(
2

ρr∑
m=1

b̂mr+1(2rp+ k)b̂mr+1(k)ϕ̂r+1(2rp+ k)ϕ̂r+1(k)

)
.

Ñìåíà ïîðÿäêà ñóììèðîâàíèÿ îïðàâäàíà àáñîëþòíîé ñõîäèìîñòüþ
ðÿäà. Òåïåðü, ïðèìåíÿÿ (4.3) è (4.5), ïîëó÷èì, ÷òî äëÿ ÷¼òíûõ p = 2q

ρr∑
m=1

b̂mr+1(2r+1q + k)b̂mr+1(k) =

ρr∑
m=1

∣∣∣b̂mr+1(k)
∣∣∣2 = θr+1(k)− θr(k)|âr+1(k)|2,

à äëÿ íå÷¼òíûõ p = 2q + 1

ρr∑
m=1

b̂mr+1(2r+1q + 2r + k)b̂mr+1(k) =

ρr∑
m=1

b̂mr+1(2r + k)b̂mr+1(k)

= −θr(k)âr+1(2r + k)âr+1(k).

Ñëåäîâàòåëüíî, èç ìàñøòàáèðóþùåãî óðàâíåíèÿ (4.1) èìååì
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ρr∑
m=1

∑
l∈Rr

〈f, Slrψmr 〉Ŝlrψmr (k)

= 2r+1θr+1(k)ϕ̂r+1(k)
∑
q∈Z

f̂(2r+1q + k)ϕ̂r+1(2r+1q + k)

− 2rθr(k)ϕ̂r(k)
∑
p∈Z

f̂(2rp+ k)ϕ̂r(2rp+ k) .

Ïðîñóììèðîâàâ ýòè ðàâåíñòâà ïî 0 ≤ r ≤ j − 1, ïîëó÷àåì òåëåñêîïè-
÷åñêóþ ñóììó ñïðàâà îò çíàêà ðàâåíñòâà, òî åñòü

Q̂j(f)(k) =

j−1∑
r=0

ρr∑
m=1

∑
l∈Rr

〈f, Slrψmr 〉Ŝlrψmr (k)

= 2jθj(k)ϕ̂j(k)
∑
p∈Z

f̂(2jp+ k)ϕ̂j(2jp+ k)

− 2θ1(k)ϕ̂1(k)
∑
p∈Z

f̂(2p+ k)ϕ̂1(2p+ k)

+

ρ0∑
m=1

∑
n∈Z

f̂(n)ψ̂m0 (n)ψ̂m0 (k) ,

ãäå

ρ0∑
m=1

∑
n∈Z

f̂(n)ψ̂m0 (n)ψ̂m0 (k) =
∑
n∈Z

f̂(n) · 2

(
ρr∑
m=1

b̂m1 (n)b̂m1 (k)

)
ϕ̂1(n)ϕ̂1(k) .

Ïðèíèìàÿ âî âíèìàíèå, ÷òî b̂m1 ∈ S (2), ïî îïðåäåëåíèþ θ1, θ0 è óñëî-
âèþ (4.5) äëÿ j = 0 ïîëó÷àåì, ÷òî ñóììà â ñêîáêàõ ðàâíà íóëþ, åñëè
n è k èìåþò ðàçëè÷íóþ ÷¼òíîñòü, è ðàâíà θ1(k), åñëè èõ ÷¼òíîñòè ñîâ-
ïàäàþò. Òîãäà

ρ0∑
m=1

∑
n∈Z

f̂(n)ψ̂m0 (n)ψ̂m0 (k) = 2θ1(k)ϕ̂1(k)
∑
p∈Z

f̂(2p+ k)ϕ̂1(2p+ k) .

Ñëåäîâàòåëüíî,

Q̂j(f)(k) = 2jθj(k)ϕ̂j(k)
∑
p∈Z

f̂(2jp+ k)ϕ̂j(2jp+ k). (4.17)
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Òåïåðü, ñëåäóÿ èäåå äîêàçàòåëüñòâà â [7], äëÿ ν > 0 è f ∈ Hν , îöåíèì
ðàçíîñòü

‖f −Qj(f)‖22 =
∑
k∈Rj

∣∣∣Q̂j(f)(k)− f̂(k)
∣∣∣2

+
∑
k∈Rj

∑
p∈Z\{0}

∣∣∣Q̂j(f)(2jp+ k)− f̂(2jp+ k)
∣∣∣2 . (4.18)

Ïîñêîëüêó

Q̂j(f)(k)− f̂(k) =
(
2jθj(k)|ϕ̂j(k)|2 − 1

)
f̂(k) + 2jθj(k)ϕ̂j(k)

×
∑

p∈Z\{0}

f̂(2jp+ k)ϕ̂j(2jp+ k),

äëÿ ïåðâîé ñóììû â (4.18) ïîëó÷àåì, ÷òî

∑
k∈Rj

∣∣∣Q̂j(f)(k)− f̂(k)
∣∣∣2 6 2

∑
k∈Rj

(
1− 2jθj(k)|ϕ̂j(k)|2

)2 ∣∣∣f̂(k)
∣∣∣2

+ 2 · 22j
∑
k∈Rj

θ2j (k) |ϕ̂j(k)|2 ·

∣∣∣∣∣∣
∑

p∈Z\{0}

f̂(2jp+ k)ϕ̂j(2jp+ k)

∣∣∣∣∣∣
2

.

Óìíîæàÿ è äåëÿ êàæäûé k-é êîýôôèöèåíò Ôóðüå ôóíêöèè f â ïåðâîé
ñóììå íà 22jν(1 + |k|2)ν è êàæäûé (2jp + k)-é êîýôôèöèåíò Ôóðüå
ôóíêöèè f íà (1+ |2jp+k|2)ν âî âòîðîé ñóììå, ãäå p ∈ Z\{0}, k ∈ Rj ,
ïîëó÷àåì äëÿ ïåðâîé ñóììû

∑
k∈Rj

(
1− 2jθj(k)|ϕ̂j(k)|2

)2 ∣∣∣f̂(k)
∣∣∣2

=
∑
k∈Rj

(
2−2j + |2−jk|2

)−ν (
1− 2jθj(k)|ϕ̂j(k)|2

)2
2−2jν

(
1 + k2

)ν ∣∣∣f̂(k)
∣∣∣2

6 C̃j,1 · 2−2jν
∑
k∈Rj

(
1 + k2

)ν ∣∣∣f̂(k)
∣∣∣2 ,
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à äëÿ âòîðîé ñóììû ñ ïîìîùüþ íåðàâåíñòâî Êîøè�Áóíÿêîâñêîãî�
Øâàðöà ïðèõîäèì ê îöåíêå

22j
∑
k∈Rj

θ2j (k) |ϕ̂j(k)|2 ·

∣∣∣∣∣∣
∑

p∈Z\{0}

f̂(2jp+ k)ϕ̂j(2jp+ k)

∣∣∣∣∣∣
2

6 22j
∑
k∈Rj

θ2j (k) |ϕ̂j(k)|2 ·

 ∑
p∈Z\{0}

(1 + |2jp+ k|2)ν |f̂(2jp+ k)|2


×

2−2jν
∑

p∈Z\{0}

(2−2j + |p+ 2−jk|2)−ν |ϕ̂j(2jp+ k)|2


6 C̃j,3 · 2−2jν
∑
k∈Rj

∑
p∈Z\{0}

(1 + |2jp+ k|2)ν |f̂(2jp+ k)|2.

Òåïåðü, èñïîëüçóÿ (4.17) äëÿ äâîéíîé ñóììû â ïðàâîé ÷àñòè ðàâåíñòâà
(4.18), àíàëîãè÷íûì îáðàçîì ïîëó÷àåì, ÷òî∑
k∈Rj

∑
p∈Z\{0}

∣∣∣Q̂j(f)(2jp+k)−f̂(2jp+k)
∣∣∣2

=
∑
k∈Rj

∑
p∈Z\{0}

∣∣∣2jθj(k)ϕ̂j(2
jp+k)

∑
q∈Z

f̂(2jq+k)ϕ̂j(2jq+k)−f̂(2jp+ k)
∣∣∣2

6 2
∑
k∈Rj

∑
p∈Z\{0}

∣∣∣f̂(2jp+ k)
∣∣∣2 + 2 ·

∑
k∈Rj

∑
p∈Z\{0}

22jθ2j (k)
∣∣ϕ̂j(2jp+ k)

∣∣2

×

∣∣∣∣∣∣
∑
q∈Z

f̂(2jq + k)ϕ̂j(2jq + k)

∣∣∣∣∣∣
2

6 2
∑
k∈Rj

∑
p∈Z\{0}

∣∣∣f̂(2jp+ k)
∣∣∣2 (4.19)

+ 4 · 22jθ2j (k)
∑
k∈Rj

∣∣∣f̂(k)
∣∣∣2 |ϕ̂j(k)|2

∑
p∈Z\{0}

∣∣ϕ̂j(2jp+ k)
∣∣2

+ 4 · 22jθ2j (k)
∑
k∈Rj

 ∑
p∈Z\{0}

∣∣ϕ̂j(2jp+ k)
∣∣2

×

∣∣∣∣∣∣
∑

q∈Z\{0}

f̂(2jq + k)ϕ̂j(2jq + k)

∣∣∣∣∣∣
2

.
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Çàìåòèì, ÷òî (1+|2jq+k|2)−ν 6 22ν äëÿ âñåõ p ∈ Z\{0}, k ∈ Rj . Òîãäà
âíîâü, óìíîæàÿ è äåëÿ êàæäûé êîýôôèöèåíò Ôóðüå f íà 22jν(1+|k|2)ν

äëÿ k-ãî êîýôôèöèåíòà, k ∈ Rj , è íà (1 + |2jp+ k|2)ν äëÿ (2jp+ k)-ãî
êîýôôèöèåíòà, p ∈ Z \ {0}, k ∈ Rj , ïîëó÷àåì ñëåäóþùèå îöåíêè. Äëÿ
ïåðâîé ñóììû ñïðàâà îò çíàêà ðàâåíñòâà â (4.19)∑
k∈Rj

∑
p∈Z\{0}

∣∣∣f̂(2jp+k)
∣∣∣2622ν

∑
k∈Rj

∑
p∈Z\{0}

(1+|2jp+k|2)ν
∣∣∣f̂(2jp+k)

∣∣∣2
Äëÿ âòîðîé ñóììû ñïðàâà îò çíàêà ðàâåíñòâà â (4.19)

22jθ2j (k)
∑
k∈Rj

∣∣∣f̂(k)
∣∣∣2 |ϕ̂j(k)|2

∑
p∈Z\{0}

∣∣ϕ̂j(2jp+ k)
∣∣2

= 22jθ2j (k)
∑
k∈Rj

2−2jν(1 + |k|2)ν
∣∣∣f̂(k)

∣∣∣2 (2−2j + |2−jk|2
)−ν |ϕ̂j(k)|2

×
∑

p∈Z\{0}

∣∣ϕ̂j(2jp+ k)
∣∣2 6 C̃j,2 · 2−2jν ∑

k∈Rj

(1 + |k|2)ν
∣∣∣f̂(k)

∣∣∣2
Íàêîíåö, èñïîëüçóÿ íåðàâåíñòâî Êîøè�Áóíÿêîâñêîãî�Øâàðöà äëÿ ïî-
ñëåäíåé îñòàâøåéñÿ ñóììû â ïðàâîé ÷àñòè (4.19), èìååì

22jθ2j (k)
∑
k∈Rj

 ∑
p∈Z\{0}

∣∣ϕ̂j(2jp+ k)
∣∣2∣∣∣∣∣∣

∑
q∈Z\{0}

f̂(2jq + k)ϕ̂j(2jq + k)

∣∣∣∣∣∣
2

6 22jθ2j (k)
∑
k∈Rj

 ∑
p∈Z\{0}

∣∣ϕ̂j(2jp+ k)
∣∣2

×

2−2jν
∑

q∈Z\{0}

(2−2j + |p+ 2−jk|2)−ν |ϕ̂j(2jq + k)|2


×

 ∑
q∈Z\{0}

(1 + |2jq + k|2)ν
∣∣∣f̂(2jq + k)

∣∣∣2
2

6 C̃j,4 · 2−2jν
∑
k∈Rj

∑
q∈Z\{0}

(1 + |2jq + k|2)ν
∣∣∣f̂(2jq + k)

∣∣∣2
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Ñêëàäûâàÿ âñå ïîëó÷åííûå íåðàâåíñòâà, ïðèõîäèì ê èñêîìîé îöåí-
êå

‖f −Qj(f)‖22 6 2−2jν
(

2C̃j,1 + 4C̃j,2

) ∑
k∈Rj

(1 + |k|2)ν
∣∣∣f̂(k)

∣∣∣2
+2−2jν

(
21+2ν+2C̃j,3+4C̃j,4

) ∑
k∈Rj

∑
q∈Z\{0}

(1+|2jq+k|2)ν |f̂(2jq+k)|2

6 max
{

2C̃j,1 + 4C̃j,2, 2C̃j,3 + 4C̃j,4 + 22ν+1
}
· 2−2jν‖f‖2Hν . �

Òåîðåìà 3. Ôðåéì Ïàðñåâàëÿ
{
Skj ψ

m
j :j ∈ Z+,m=1, 2, . . . , ρj , k ∈ Rj

}
,

óäîâëåòâîðÿþùèé óñëîâèÿì (4.1)�(4.5), èìååò ïîðÿäîê àïïðîêñèìà-

öèè ôðåéìîì ν0 ≥ 0 òîãäà è òîëüêî òîãäà, êîãäà ν0 åñòü ñóïðåìóì

òàêèõ ïîëîæèòåëüíûõ ÷èñåë ν, äëÿ êîòîðûõ íàéäóòñÿ òàêèå ïîëî-

æèòåëüíûå ïîñòîÿííûå Cν è Jν ∈ N, çàâèñÿùèå òîëüêî îò ν, ÷òî

max
{
C̃j,1, C̃j,2

}
6 Cν , ∀ j > Jν . (4.20)

Äîêàçàòåëüñòâî. Ïîêàæåì, ÷òî äëÿ âûïîëíåíèÿ óñëîâèÿ (4.15) äëÿ
íåêîòîðîãî ν > 0 íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèå óñëîâèÿ (4.20)
òåîðåìû äëÿ ýòîãî ν. Òîãäà ìíîæåñòâà ÷èñåë ν èç óñëîâèÿ òåîðåìû è γ
èç îïðåäåëåíèÿ ïîðÿäêà àïïðîêñèìàöèè ôðåéìîì ñîâïàäóò, à çíà÷èò,
ñîâïàäóò è èõ ñóïðåìóìû. Äàëåå â äîêàçàòåëüñòâå èíäåêñû ó ïîñòî-
ÿííûõ Cν è Jν äëÿ óïðîùåíèÿ áóäåì îïóñêàòü, ïîäðàçóìåâàÿ, ÷òî îíè
çàâèñÿò òîëüêî îò ν.

Íà÷í¼ì ñ äîêàçàòåëüñòâà íåîáõîäèìîñòè. Ïóñòü

‖f −Qj(f)‖2 6 2−jνC‖f‖Hν

äëÿ j > J è íåêîòîðûõ ôèêñèðîâàííûõ êîíñòàíò J,C è ν > 0. Çàôèê-
ñèðóåì j > J è k ∈ Rj è ðàññìîòðèì ôóíêöèþ f ∈ Hν òàêóþ, ÷òî

f̂(n) = δkn. Òîãäà äëÿ âñåõ n ∈ Rj , p ∈ Z èç ðàâåíñòâà (4.17) ñëåäóåò,
÷òî

Q̂j(f)(n+ 2jp) = 2jθj(n)ϕ̂j(n+ 2jp)
∑
q∈Z

f̂(2jq + n)ϕ̂j(2jq + n)

= 2jθj(n)ϕ̂j(n+ 2jp)ϕ̂j(n)δkn.
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Ïîýòîìó

||f −Qj(f)||22 =
∑
n∈Rj

∑
p∈Z

∣∣∣f̂(2jp+ n)− 2jθj(n)ϕ̂j(n+ 2jp)ϕ̂j(n)δkn

∣∣∣2
=
(

1− 2jθj(k) |ϕ̂j(k)|2
)2

+ 22jθ2j (k) |ϕ̂j(k)|2
∑

p∈Z\{0}

∣∣ϕ̂j(k + 2jp)
∣∣2 .

Òàê êàê ‖f‖2Hν = (1 + |k|2)ν , òî(
1− 2jθj(k) |ϕ̂j(k)|2

)2
+ 22jθ2j (k) |ϕ̂j(k)|2

∑
p∈Z\{0}

∣∣ϕ̂j(k + 2jp)
∣∣2

6 C · 2−2jν(1 + |k|2)ν .

Òîãäà è êàæäîå ñëàãàåìîå íå ïðåâîñõîäèò C ·2−2jν(1+|k|2)ν . Äëÿ çà-
âåðøåíèÿ äîêàçàòåëüñòâà íåðàâåíñòâà (4.20) îñòàëîñü âñïîìíèòü îïðå-

äåëåíèÿ âåëè÷èí C̃j,1 è C̃j,2.
Ïåðåéä¼ì ê äîêàçàòåëüñòâó äîñòàòî÷íîñòè. Äëÿ ýòîãî áóäåò äîñòà-

òî÷íî ïîêàçàòü, ÷òî

2jθj(k)
∑
p∈Z

∣∣ϕ̂j(2jp+ k)
∣∣2 6 1 äëÿ âñåõ k ∈ Rj . (4.21)

Äåéñòâèòåëüíî, åñëè ñïðàâåäëèâî íåðàâåíñòâî (4.21), òî, â ÷àñòíî-

ñòè, 2jθj(k) |ϕ̂j(k)|2 6 1 è, ó÷èòûâàÿ ÷òî
(
2−2j + |p+ 2−jk|2

)−ν
6 22ν

äëÿ ν > 0, ïîëó÷àåì

22jθ2j (k)|ϕ̂j(k)|2 ·
∑

p∈Z\{0}

(2−2j + |p+ 2−jk|2)−ν |ϕ̂j(2jp+ k)|2

6 22ν
(
2jθj(k)|ϕ̂j(k)|2

)
·

2jθj(k)
∑

p∈Z\{0}

|ϕ̂j(2jp+ k)|2
 6 22ν

è

22jθ2j (k)
∑

p∈Z\{0}

|ϕ̂j(2jp+k)|2
∑

q∈Z\{0}

(2−2j+|q+2−jk|2)−ν |ϕ̂j(2jq+k)|2

6 22ν

2jθj(k)
∑

p∈Z\{0}

|ϕ̂j(2jp+ k)|2
 6 22ν .
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Ïîýòîìó âåëè÷èíû C̃j,3 è C̃j,4 èç íåðàâåíñòâà (4.16) íå ïðåâîñõîäÿò
22ν è, ñëåäîâàòåëüíî, ïî òåîðåìå 2

‖f −Qj(f)‖2 6 max
{

2C̃j,1 + 4C̃j,2, 7 · 22ν
}
· 2−2jν‖f‖2Hν

äëÿ f ∈ Hν , j > J .
Âåðí¼ìñÿ ê äîêàçàòåëüñòâó íåðàâåíñòâà (4.21). Çàôèêñèðóåì j > J

è k ∈ Rj . Èç (4.12), (4.10) è (4.3) èìååì

ϕ̂j(k) = 0 äëÿ j 6 j0 è θj(k) = 0 äëÿ j0 < j 6 j1 − 1.

Òàê êàê äëÿ êàæäîãî r > j1 êîýôôèöèåíòû âr(k) îòëè÷íû îò íóëÿ,

ðàçäåëèâ îáå ÷àñòè ðàâåíñòâà (4.9) íà 2j−j1
j∏

r=j1+1

|âr(k)|2 è ïðèìåíÿÿ

ìàñøòàáèðóþùåå óðàâíåíèå (4.1), ïîëó÷àåì

2j |ϕ̂j(k)|2 =

(ρj1−1∑
m=1

∣∣∣b̂mj1(k)
∣∣∣2)−1 j∏

r=j1+1

|ãr(k)|2

|âr(k)|2
∞∏

r=j+1

|ãr(k)|2 .

Óñëîâèÿ (4.11) è (4.3) âëåêóò θj1(k) =
ρj1−1∑
m=1

∣∣∣b̂mj1(k)
∣∣∣2, îòêóäà òàêæå ñëå-

äóåò, ÷òî θj(k) 6= 0 äëÿ j > j1. Â òî æå âðåìÿ (4.13) ïðèâîäèò ê

j∏
r=j1+1

|ãr(k)|2

|âr(k)|2
=

j∏
r=j1+1

θr−1(k)

θr(k)
=
θj1(k)

θj(k)
.

Ñëåäîâàòåëüíî,

2jθj(k) |ϕ̂j(k)|2 =

∞∏
r=j+1

|ãr(k)|2 , j > j1. (4.22)

Òåïåðü, âûðàæàÿ âj(k) è b̂mj (k) ÷åðåç êîýôôèöèåíòû ãj(k), b̃mj (k) è
θj(k) èç (4.13) è ïîäñòàâëÿÿ èõ â (4.3) è (4.5), ïîëó÷àåì ñèñòåìó óðàâ-
íåíèé 

ãj(k)ãj(k + 2j−1) +
ρj−1∑
m=1

b̃mj (k)̃bmj (k + 2j−1) = 0,

ρj−1∑
m=1

∣∣∣̃bmj (k)
∣∣∣2 + |ãj(k)|2 = 1,

ρj−1∑
m=1

∣∣∣̃bmj (k + 2j−1)
∣∣∣2 +

∣∣ãj(k + 2j−1)
∣∣2 = 1.
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Îáîçíà÷èì

Mj(k) =

 b̃1j (k) b̃1j (k + 2j−1)
...

...

b̃
ρj−1

j (k) b̃
ρj−1

j (k + 2j−1)


è ïåðåïèøåì ñèñòåìó â ìàòðè÷íîì âèäå

Mj(k)∗Mj(k) =

(
1 0
0 1

)
−
(

ãj(k)

ãj(k + 2j−1)

)(
ãj(k) ãj(k + 2j−1)

)
,

ãäå Mj(k)∗ îáîçíà÷àåò ýðìèòîâî ñîïðÿæåíèå ìàòðèöû Mj(k). ßñíî,
÷òî îïðåäåëèòåëü ìàòðèöû â ëåâîé ÷àñòè ðàâåíñòâà íåîòðèöàòåëåí, à
îïðåäåëèòåëü ìàòðèöû â ïðàâîé ÷àñòè ðàâåíñòâà ðàâåí 1 − |ãj(k)|2 −∣∣ãj(k + 2j−1)

∣∣2, ïîýòîìó,
|ãj(k)|2 +

∣∣ãj(k + 2j−1)
∣∣2 6 1. (4.23)

Äàëåå, ñëåäóÿ èäåÿì èç [7] è [8], ðàññìîòðèì

2jθj(k)
M∑

p=−M

∣∣ϕ̂j(2jp+ k)
∣∣2 = lim

N→∞

M∑
p=−M

N∏
r=j+1

∣∣ãr(2jp+ k)
∣∣2 .

Çàìåòèì, ÷òî äëÿ äîñòàòî÷íî áîëüøèõ N âûïîëíÿåòñÿ íåðàâåíñòâî
2N−j > 2M + 1, ïîýòîìó

M∑
p=−M

N∏
r=j+1

∣∣ãr(2jp+ k)
∣∣2 6 2N−j−1−M∑

p=−M

N∏
r=j+1

∣∣ãr(2jp+ k)
∣∣2 .

Âîñïîëüçóåìñÿ 2j+1-ïåðèîäè÷íîñòüþ ïîñëåäîâàòåëüíîñòè ãj+1(·) è
ðàçäåëèì ñóììó íà äâå ñóììû � ïî ÷¼òíûì è ïî íå÷¼òíûì èíäåêñàì.
Òîãäà

L1(0)=

2N−j−1−M∑
p=−M

N∏
r=j+1

∣∣ãr(2jp+k)
∣∣2 =

2N−j−1∑
s=0

N∏
r=j+1

∣∣ãr(2js+k−2jM)
∣∣2

=
∣∣ãj+1(k − 2jM)

∣∣22N−j−1−1∑
s=0

N∏
r=j+2

∣∣ãr(2j+1s+ k − 2jM)
∣∣2

+
∣∣ãj+1(2j + k − 2jM)

∣∣22N−j−1−1∑
s=0

N∏
r=j+2

∣∣ãr(2j+1s+ 2j + k − 2jM)
∣∣2
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=
∣∣ãj+1(k − 2jM)

∣∣2 L2(0) +
∣∣ãj+1(2j + k − 2jM)

∣∣2 L2(1),

ãäå L2(0) è L2(1) � ñîêðàù¼ííûå îáîçíà÷åíèÿ ñîîòâåòñòâóþùèõ âûðà-
æåíèé â ñêîáêàõ. Ïîëüçóÿñü 2r-ïåðèîäè÷íîñòüþ ïîñëåäîâàòåëüíîñòè
ãr( · ) äëÿ r = j + 2, . . . , N − j − 1, áóäåì ïîâòîðÿòü ðàçáèåíèÿ ñóìì íà
ñóììû ïî ÷¼òíûì è ïî íå÷¼òíûì èíäåêñàì. Îáîçíà÷àÿ ïîëó÷àþùèåñÿ
â ñêîáêàõ ñóììû ÷åðåç Ln(l), ïðèõîäèì ê âûðàæåíèþ

Ln(l) =
∣∣ãj+n(2j l + k − 2jM)

∣∣2
×

2N−j−n−1∑
s=0

N∏
r=j+n+1

∣∣ãr(2j+ns+ 2j l + k − 2jM)
∣∣2

+
∣∣ãj+n(2j l + 2n+j−1 + k − 2jM)

∣∣2
×

2N−j−n−1∑
s=0

N∏
r=j+n+1

∣∣ãr(2j+ns+ 2n+j−1 + 2j + k − 2jM)
∣∣2 ,

ãäå n = 1, 2, . . . , N − j − 1, l = 0, 1, . . . , 2n−1 − 1. Íà N − j − 1-ì øàãå
ìû ïîëó÷àåì ðàâåíñòâî

LN−j−1(l) =
∣∣ãN−1(2j l + k − 2jM)

∣∣2
×

(
1∑
s=0

∣∣ãN (2N−1s+ 2j l + k − 2jM)
∣∣2)

+
∣∣ãN−1(2j l + 2N−2 + k − 2jM)

∣∣2
×

(
1∑
s=0

∣∣ãN (2N−1s+ 2N−2 + 2j l + k − 2jM)
∣∣2) .

Èç (4.23) ñëåäóåò, ÷òî

1∑
s=0

∣∣ãN (2N−1s+ ·)
∣∣2 = |ãN (·)|2 +

∣∣ãN (2N−1 + ·)
∣∣2 6 1.

Åù¼ ðàç èñïîëüçóåì (4.23),

LN−j−1(l)6
∣∣ãN−1(2j l+k−2jM)

∣∣2+
∣∣ãN−1(2j l+2N−2+k−2jM)

∣∣261.



ÏÎÐßÄÊÈ ÀÏÏÐÎÊÑÈÌÀÖÈÈ 107

Òîãäà ïî ðåêóðñèè ïîëó÷àåì, ÷òî äëÿ êàæäîãî n 6 N − j − 1 è
l = 0, 1, . . . , 2n−1 − 1 ñóììà Ln(l) íå ïðåâîñõîäèò 1. Ïîýòîìó

M∑
p=−M

N∏
r=j+1

∣∣ãr(2jp+ k)
∣∣2 6 L1(0) 6 1.

Òàêèì îáðàçîì, íåðàâåíñòâî (4.21) äîêàçàíî, ÷òî çàâåðøàåò äîêàçà-
òåëüñòâî òåîðåìû. �

Äàëåå ìû ïåðåõîäèì ê îáñóæäåíèþ âçàèìîñâÿçè ìåæäó ïîðÿäêîì
àïïðîêñèìàöèè ôðåéìîì è ïîðÿäêîì àïïðîêñèìàöèè ñîîòâåòñòâóþ-
ùèì åìó ÏÊÌÀ. Â ïðåäëîæåíèè 3.1 è òåîðåìå 3.1 ñòàòüè [6] äîêàçàíî,
÷òî ïåðâàÿ àêñèîìà ÏÊÌÀ Vj ⊆ Vj+1 äëÿ âñåõ j ∈ Z+ ðàâíîñèëüíà
òîìó, ÷òî äëÿ ìàñøòàáèðóþùèõ ôóíêöèé, ïîðîæäàþùèõ ÏÊÌÀ, âû-
ïîëíåíî ìàñøòàáèðóþùåå óðàâíåíèå (4.1), à ïëîòíîñòü îáúåäèíåíèÿ
ïðîñòðàíñòâ Vj â L2 ðàâíîñèëüíà òîìó, ÷òî ìíîæåñòâî

{n ∈ Z : ϕ̂j(n) = 0 äëÿ âñåõ j ∈ Z+}
ïóñòî. Ïîñëåäíåå óñëîâèå ýêâèâàëåíòíî âûïîëíåíèþ óñëîâèÿ

{j : ϕ̂j(n) 6= 0} 6= ∅
ïðè âñåõ n ∈ Z, êîòîðîå ñëåäóåò èç (4.8). Òàêèì îáðàçîì, äëÿ ôðåéìà
Ïàðñåâàëÿ, óäîâëåòâîðÿþùåãî óñëîâèÿì (4.1)�(4.5), ïîäïðîñòðàíñòâà,
ïîðîæä¼ííûå 2−jk-ñäâèãàìè ôóíêöèé ϕj , îáðàçóþò ÏÊÌÀ.

Äëÿ ôðåéìîâ âñïëåñêîâ â L2(Rd) âçàèìîñâÿçü ìåæäó ïîðÿäêàìè
àïïðîêñèìàöèè èçó÷àëàñü â [4].

Òåîðåìà 4. Ôðåéì Ïàðñåâàëÿ
{
Skj ψ

m
j :j ∈ Z+,m=1, 2, . . . , ρj , k ∈ Rj

}
,

óäîâëåòâîðÿþùèé óñëîâèÿì (4.1)�(4.5), èìååò ïîðÿäîê àïïðîêñèìà-

öèè ôðåéìîì ν0 = min {µ0, γ0}, ãäå µ0 > 0 � ïîðÿäîê àïïðîêñèìàöèè

ñîîòâåòñòâóþùèì ÏÊÌÀ è γ0 > 0 åñòü ñóïðåìóì ïîëîæèòåëüíûõ

÷èñåë γ, äëÿ êîòîðûõ íàéäóòñÿ òàêèå ïîëîæèòåëüíûå ïîñòîÿííûå

Cγ è Jγ , ÷òî

max
k∈Rj

(
2−2j + |2−jk|2

)−γ (
1− 2jθj(k)|ϕ̂j(k)|2

)2
6 Cγ , j > Jγ . (4.24)

Äîêàçàòåëüñòâî. Ñîãëàñíî òåîðåìå 3 äîñòàòî÷íî ïîêàçàòü, ÷òî íåðà-
âåíñòâî (4.20) âûïîëíåíî äëÿ âñåõ ν = ν(µ, γ) = min {µ, γ} è òîëüêî
äëÿ íèõ, ãäå µ � ïîëîæèòåëüíîå ÷èñëî, äëÿ êîòîðîãî âûïîëíåíî óñëî-
âèå (3.1) èç îïðåäåëåíèÿ ïîðÿäêà àïïðîêñèìàöèè ÏÊÌÀ, à γ èç óñëî-
âèÿ òåîðåìû. Çàìåòèì, ÷òî åñëè íåðàâåíñòâî (4.20) âûïîëíÿåòñÿ äëÿ
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íåêîòîðîãî ïîëîæèòåëüíîãî ν∗, òî îíî îñòà¼òñÿ âåðíûì è äëÿ âñÿêîãî
ïîëîæèòåëüíîãî ÷èñëà ν, ìåíüøåãî ν∗, ïîñêîëüêó 22j(1 + |k|2)−1 > 1
äëÿ âñåõ k ∈ Rj . Àíàëîãè÷íî äëÿ íåðàâåíñòâà (4.24), òî åñòü ìíîæå-
ñòâî ïîëîæèòåëüíûõ ÷èñåë γ, äëÿ êîòîðûõ âûïîëíåíî óñëîâèå òåîðå-
ìû (4.24), îáðàçóåò ïðîìåæóòîê íà ïîëîæèòåëüíîé ïîëóîñè. Òîãäà èç

(4.24) ñëåäóåò, ÷òî äëÿ âûáðàííîãî ν èìååò ìåñòî îöåíêà C̃j,1 6 Cγ ,

òàê êàê ν 6 γ. Òåïåðü ðàññìîòðèì C̃j,2 äëÿ äàííîãî ν. Íåðàâåíñòâî
(4.24) è îïðåäåëåíèå Λj äàþò ñëåäóþùóþ îöåíêó:

22jθ2j (k)|ϕ̂j(k)|2 · (2−2j + |2−jk|2)−ν
∑

p∈Z\{0}

|ϕ̂j(2jp+ k)|2

= 2jθj(k)|ϕ̂j(k)|2 · 2jθj(k)
∑
p∈Z
|ϕ̂j(2jp+ k)|2 · (2−2j + |2−jk|2)−ν

×

∑
p∈Z\{0}

|ϕ̂j(2jp+ k)|2∑
p∈Z
|ϕ̂j(2jp+ k)|2

6 1 · 1 · (2−2j + |2−jk|2)−ν · Λ2
j (k) 6 Cµ,

ãäå Cµ åñòü êîíñòàíòà èç îïðåäåëåíèÿ ïîðÿäêà àïïðîêñèìàöèè ÏÊÌÀ.
Ñëåäîâàòåëüíî, óñëîâèå (4.20) âûïîëíåíî äëÿ âñåõ ν = min {µ, γ} ñ
ïîñòîÿííîé C = max{Cγ , Cµ}. Ó÷èòûâàÿ, ÷òî ìíîæåñòâî ïîëîæèòåëü-
íûõ ÷èñåë µ, äëÿ êîòîðûõ âûïîëíåíî óñëîâèå (3.1), îáðàçóåò èíòåð-
âàë (0, µ0), à ìíîæåñòâî ïîëîæèòåëüíûõ ÷èñåë γ èç óñëîâèÿ òåîðåìû,
êàê áûëî îòìå÷åíî âûøå, òàêæå îáðàçóþò èíòåðâàë (0, γ0), òî ëèáî
(0, µ0) ⊆ (0, γ0), ëèáî (0, γ0) ⊆ (0, µ0). Òîãäà íåðàâåíñòâî (4.20) âû-
ïîëíÿåòñÿ òîëüêî äëÿ ÷èñåë ν = min {µ, γ}. Ñëåäîâàòåëüíî, ïîðÿäîê
àïïðîêñèìàöèè ôðåéìîì ν0 = sup ν = min {µ0, γ0} . �

Çàìå÷àíèå 3. Èç óñëîâèé (4.22) è (4.9) ñëåäóåò, ÷òî íåðàâåíñòâî (4.24)
ïðèíèìàåò âèä

max
k∈Rj

22jγ(1 + |k|2)−ν

1−
2j1

ρj1−1∑
m=1

|b̂mj1(k)|2|ϕ̂j1(k)|2

j∏
r=j1+1

|ãr(k)|2


2

≤ C.

Ìîæíî çàìåòèòü, ÷òî ïîðÿäîê àïïðîêñèìàöèè çàâèñèò îò ñêîðîñòè
ñõîäèìîñòè áåñêîíå÷íîãî ïðîèçâåäåíèÿ â (4.9). Ýòà ñêîðîñòü â ñâîþ
î÷åðåäü çàâèñèò îò âñïîìîãàòåëüíûõ êîýôôèöèåíòîâ (4.6), êîòîðûå
ìîæíî âûáðàòü ïðàêòè÷åñêè ïðîèçâîëüíî, ñì. (4.7). Òàêèì îáðàçîì,
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òåîðåìû 1, 3 è 4 äàþò êîíñòðóêòèâíûé ñïîñîá ïîñòðîåíèÿ ôðåéìîâ
Ïàðñåâàëÿ ñ òðåáóåìûì ïîðÿäêîì àïïðîêñèìàöèè.
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Gorshanova A. A., Lebedeva E. A. Approximation orders of periodic
Parseval wavelet frames.

Approximation properties are studied for periodic Parseval wavelet fra-
mes and for corresponding families of re�nable functions. Approximation
properties are described in terms of the approximation orders. Necessary
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and su�cient conditions are given for Parseval wavelet frames and genera-
ting multiresolution analysis to provide speci�c approximation orders are
given. Also, the relationship between the approximation orders provided
by a periodic multiresolution analysis and by a wavelet frame is revealed.
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