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�1. Ââåäåíèå

Õîðîøî èçâåñòíî (ñì. [13], ñ. 489), ÷òî ðåøåíèå çàäà÷è Êîøè äëÿ
ýâîëþöèîííîãî óðàâíåíèÿ, ñîäåðæàùåãî äèôôåðåíöèàëüíûé îïåðàòîð
âòîðîãî ïîðÿäêà â ïðàâîé ÷àñòè,

∂u

∂t
=
c2(x)

2

∂2u

∂x2
+ a(x)

∂u

∂x
, u(0, x) = ϕ(x),

ãäå c(x) è a(x) � íåïðåðûâíî äèôôåðåíöèðóåìûå ôóíêöèè, êîòîðûå
èìåþò íåïðåðûâíûå îãðàíè÷åííûå ïðîèçâîäíûå äî âòîðîãî ïîðÿäêà,
è c(x) 6= 0 äëÿ ëþáîãî x ∈ R, ìîæåò áûòü ïðåäñòàâëåíî â âèäå

u(t, x) = Eϕ(ξx(t)). (1)

Çäåñü ξx(t) � äèôôóçèîííûé ïðîöåññ, óäîâëåòâîðÿþùèé ñòîõàñòè÷å-
ñêîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ

dξx(t) = c(ξx(t)) dw(t) + a(ξx(t)) dt,

ãäå w(t) � ñòàíäàðòíûé âèíåðîâñêèé ïðîöåññ.
Â íàñòîÿùåé ðàáîòå ìû ðàññìîòðèì çàäà÷ó Êîøè äëÿ ýâîëþöèîí-

íîãî óðàâíåíèÿ ñ îïåðàòîðîì äèôôåðåíöèðîâàíèÿ âûñîêîãî ÷åòíîãî
ïîðÿäêà m > 4 â ïðàâîé ÷àñòè

∂u

∂t
= Lu, u(0, x) = ϕ(x), (2)

ãäå

L = (−1)m2 +1 c
m(x)

m!

dm

dxm
.
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Ïðåäïîëîæèì, ÷òî ôóíêöèÿ c(x) íåïðåðûâíà è âûïîëíåíî

0 < c1 6 c(x) 6 c2 <∞, (3)

à íà÷àëüíàÿ ôóíêöèÿ ϕ ∈ L2(R).
Àíàëîãè÷íîå (1) ïðåäñòàâëåíèå ðåøåíèÿ çàäà÷è Êîøè (2) íàïèñàòü

íåâîçìîæíî, òàê êàê íåòðóäíî ïîêàçàòü, ÷òî åñëè äëÿ ðåøåíèÿ ýâîëþ-
öèîííîãî óðàâíåíèÿ ñïðàâåäëèâî ïðåäñòàâëåíèå (1) ñ íåêîòîðûì ñëó-
÷àéíûì ïðîöåññîì, òî ãåíåðàòîð L ñîîòâåòñòâóþùåé ïîëóãðóïïû äîë-
æåí óäîâëåòâîðÿòü ïðèíöèïó ìàêñèìóìà. Òî åñòü, åñëè ôóíêöèÿ ϕ äî-
ñòèãàåò â òî÷êå x0 àáñîëþòíîãî ìàêñèìóìà, òî íåîáõîäèìî Lϕ(x0) 6 0.
Îïåðàòîðû äèôôåðåíöèðîâàíèÿ ïîðÿäêà áîëüøå äâóõ ýòîìó óñëîâèþ
î÷åâèäíûì îáðàçîì íå óäîâëåòâîðÿþò.

Ðàçëè÷íûå ïîïûòêè ïîëó÷åíèÿ èíòåãðàëüíûõ ïðåäñòàâëåíèé ðåøå-
íèÿ çàäà÷è Êîøè äëÿ ýâîëþöèîííûõ óðàâíåíèé ñ îïåðàòîðîì äèôôå-
ðåíöèðîâàíèÿ ïîðÿäêà áîëüøå äâóõ ïðåäïðèíèìàëèñü ìíîãèìè àâòî-
ðàìè. Ïåðâûå ðåçóëüòàòû â ýòîé îáëàñòè áûëè ïîëó÷åíû Þ. Ë. Äà-
ëåöêèì [2, 9] è Â. Þ. Êðûëîâûì [4], è â äàëüíåéøåì ïðåäëîæåííûé
èìè ïîäõîä áûë ðàçâèò Ò. Ôóíàêè [3], À. Ëàøàëåì [5], Ñ. Ìàööóêêè
[6], Ý. Îðñèíãåðîì [7], C. ×æàî [8] è äðóãèìè. Ñîîòâåòñòâóþùèå èíòå-
ãðàëüíûå ïðåäñòàâëåíèÿ áûëè ïîñòðîåíû â âèäå èíòåãðàëà ïî òðàåêòî-
ðèÿì òàê íàçûâàåìîãî ïñåâäî-ïðîöåññà. Þ. Ë. Äàëåöêèì áûëî ïîêàçà-
íî, ÷òî â ñëó÷àå m > 2 ïñåâäî-ïðîöåññ ïîðîæäàåò â ïðîñòðàíñòâå òðà-
åêòîðèé òîëüêî êîíå÷íî-àääèòèâíóþ ìåðó íà àëãåáðå öèëèíäðè÷åñêèõ
ìíîæåñòâ, êîòîðàÿ íå ïðîäîëæàåòñÿ íà ñèãìà-àëãåáðó, ïîðîæäåííóþ
öèëèíäðè÷åñêèìè ìíîæåñòâàìè [2]. Ñîîòâåòñòâåííî, ïîñòðîåííûå íà
îñíîâå òåîðèè ïñåâäî-ïðîöåññîâ ïðåäñòàâëåíèÿ ðåøåíèé çàäà÷è Êîøè
äëÿ ýâîëþöèîííûõ óðàâíåíèé íå ÿâëÿþòñÿ â îáû÷íîì ñìûñëå èíòå-
ãðàëüíûìè ïðåäñòàâëåíèÿìè.

Äðóãîé ïîäõîä áûë ïðåäëîæåí â ðàáîòå [12] â ñëó÷àå, êîãäà c(x) = 1.
Äàííûé ïîäõîä îñíîâàí íà ðåãóëÿðèçàöèè ðàñïðåäåëåíèé ñòîõàñòè-
÷åñêèõ èíòåãðàëîâ ïî ïóàññîíîâñêîé ñëó÷àéíîé ìåðå è õîðîøî ïî-
êàçàë ñåáÿ â ñëó÷àå, êîãäà ïîðÿäîê äèôôåðåíöèàëüíîãî îïåðàòîðà
m = 4k + 2. Â ñëó÷àå m = 4k ïðèìåíåíèå ýòîãî ìåòîäà ïðèâåëî ê
ïîÿâëåíèþ îáîáùåííûõ ôóíêöèé ñî ñâåðõýêñïîíåíöèàëüíî ðàñòóùèì
ïðåîáðàçîâàíèåì Ôóðüå, ïîýòîìó â ýòîì ñëó÷àå òàêæå ïðèøëîñü ïðè-
âëåêàòü íåêîòîðûå èäåè èç êîìïëåêñíîãî àíàëèçà. Èìåííî, èñïîëüçóÿ
ïðîåêòîðû Ðèññà, íà÷àëüíóþ ôóíêöèþ ïðåäñòàâëÿëè â âèäå ñóììû
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äâóõ ôóíêöèé, îäíà èç êîòîðûõ ïðîäîëæàëàñü àíàëèòè÷åñêè â âåðõ-
íþþ ïîëóïëîñêîñòü, à äðóãàÿ � â íèæíþþ. Âìåñòî îäíîãî âåùåñòâåí-
íîãî ïðîöåññà â ðàáîòå èñïîëüçîâàëèñü äâà íåçàâèñèìûõ êîìïëåêñíûõ
ïðîöåññà ñî çíà÷åíèÿìè â âåðõíåé è íèæíåé ïîëóïëîñêîñòÿõ ñîîòâåò-
ñòâåííî. Ýòîò íîâûé ïðèåì ïîçâîëèë èçáåæàòü ïîÿâëåíèÿ áûñòðî ðàñ-
òóùèõ ïðåîáðàçîâàíèé Ôóðüå. Â ðåçóëüòàòå áûëè ïîñòðîåíû äâà òèïà
âåðîÿòíîñòíûõ àïïðîêñèìàöèé ðåøåíèÿ çàäà÷è Êîøè ñ èñïîëüçîâàíè-
åì ñðåäíèõ çíà÷åíèé ôóíêöèîíàëîâ îò ïóàññîíîâñêîãî òî÷å÷íîãî ïîëÿ
èëè ñðåäíèõ çíà÷åíèé ôóíêöèîíàëîâ îò ñóìì íåçàâèñèìûõ íåîòðèöà-
òåëüíûõ îäèíàêîâî ðàñïðåäåëåííûõ ñëó÷àéíûõ âåëè÷èí ñ êîíå÷íûì
ìîìåíòîì ïîðÿäêà m+1, è ïîëó÷åíà ñêîðîñòü ñõîäèìîñòè äàííûõ àï-
ïðîêñèìàöèé ê òî÷íîìó ðåøåíèþ çàäà÷è Êîøè.

Â íàñòîÿùåé ðàáîòå ìû îáîáùèì ïðåäëîæåííûé ïîäõîä íà ñëó÷àé,
êîãäà â ïðàâîé ÷àñòè ýâîëþöèîííîãî óðàâíåíèÿ ñîäåðæèòñÿ îïåðàòîð

L = (−1)m2 +1 c
m(x)
m!

dm

dxm . Ìû òàêæå áóäåì èñïîëüçîâàòü íåêîòîðûå èäåè
èç [10].

�2. Ïðåäåëüíûå òåîðåìû

Ïîëîæèì

σ =

{
1, m = 4l + 2,

e
iπ
m , m = 4l.

Çàìåòèì, ÷òî σm = 1 ïðè m = 4l + 2 è σm = −1 ïðè m = 4l. Òîãäà
îïåðàòîð L ìîæíî çàïèñàòü â âèäå

L =
σmcm(x)

m!

dm

dxm
.

×åðåç Ckb (R) îáîçíà÷èì ïðîñòðàíñòâî k ðàç íåïðåðûâíî äèôôåðåí-
öèðóåìûõ îãðàíè÷åííûõ ôóíêöèé ñ íåïðåðûâíûìè îãðàíè÷åííûìè
ïðîèçâîäíûìè äî ïîðÿäêà k âêëþ÷èòåëüíî.

Äëÿ M > 0 ÷åðåç PWM (R) ⊂ L2(R) îáîçíà÷èì ïðîñòðàíñòâî Ïý-
ëè�Âèíåðà, ñîñòîÿùåå èç ôóíêöèé êëàññà L2(R), ïðåîáðàçîâàíèå Ôó-
ðüå êîòîðûõ ïðèíèìàåò çíà÷åíèå 0 âíå èíòåðâàëà [−M,M ] (ïîäðîáíåå
ñì. [1], ñ. 43). Äëÿ M > 0 ÷åðåç PM áóäåì îáîçíà÷àòü ïðîåêòîð â
L2(R) íà ïðîñòðàíñòâî Ïýëè�Âèíåðà. Íàïîìíèì, ÷òî äëÿ f ∈ L2(R)
ñïðàâåäëèâî

PMf = f ∗DM ,
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ãäå DM � ÿäðî Äèðèõëå

DM (x) =
sinMx

πx
.

Ïóñòü ξ1, ξ2, . . . � ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ îäèíàêîâî ðàñ-
ïðåäåëåííûõ îãðàíè÷åííûõ ñëó÷àéíûõ âåëè÷èí ñ ñèììåòðè÷íûì ðàñ-
ïðåäåëåíèåì P. Ïðåäïîëîæèì, ÷òî

E ξm1 =

∞∫
−∞

ym dP(y) = 1.

×åðåç ηn(t) îáîçíà÷èì íåçàâèñèìûé îò {ξj}∞j=1 ïóàññîíîâñêèé ïðî-
öåññ ñ ïàðàìåòðîì n. Íàïîìíèì, ÷òî òðàåêòîðèè ïðîöåññà Ïóàññîíà
ÿâëÿþòñÿ êóñî÷íî-ïîñòîÿííûìè, íåïðåðûâíûìè ñïðàâà, íåóáûâàþùè-
ìè ôóíêöèÿìè ñî ñêà÷êàìè, ðàâíûìè åäèíèöå ïî÷òè íàâåðíîå, à âðå-
ìåíà ìåæäó ñêà÷êàìè ÿâëÿþòñÿ íåçàâèñèìûìè ñëó÷àéíûìè âåëè÷è-
íàìè è èìåþò ýêñïîíåíöèàëüíîå ðàñïðåäåëåíèå ñ ïàðàìåòðîì n. ×å-
ðåç t1, t2, . . . , tj îáîçíà÷èì ìîìåíòû ñêà÷êîâ ïðîöåññà ηn(t) äî ìîìåíòà
âðåìåíè t.

Îïðåäåëèì ïðîöåññ ζxn(t) ñëåäóþùèì îáðàçîì:

ζxn(t) =



x, t ∈ [0, t1),

x+ σc(x) ξ1
n1/m , t ∈ [t1, t2),

ζxn(t2−) + σc(ζxn(t2−))
ξ2

n1/m , t ∈ [t2, t3),

. . .

ζxn(tj−) + σc(ζxn(tj−))
ξj

n1/m , t ∈ [tj , t).

Çàìåòèì, ÷òî òðàåêòîðèè ïîñòðîåííîãî ïðîöåññà ζxn(t) ÿâëÿþòñÿ êó-
ñî÷íî-ïîñòîÿííûìè, íåïðåðûâíûìè ñïðàâà ôóíêöèÿìè ñî ñêà÷êàìè

σc(ζxn(tj−))
ξj

n1/m

â ìîìåíòû âðåìåíè ñêà÷êîâ ïóàññîíîâñêîãî ïðîöåññà ηn(t).
Äëÿ óäîáñòâà ââåäåì äâå âñïîìîãàòåëüíûå ïîñëåäîâàòåëüíîñòè

{xj}∞j=1 è {yj}∞j=0. Ïîëîæèì

y0 = x,

y1 = x+ σc(x)x1 = y0 + σc(y0)x1,

. . .

yj = yj−1 + σc(yj−1)xj .

(4)
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Îïðåäåëèì îïåðàòîð ðåãóëÿðèçàöèè R, ïîëàãàÿ äëÿ ϕ ∈ Cmb (R)

Rϕ(y) = ϕ(y)−
m−1∑
j=1

ϕ(j)(0)
yj

j!
.

Äëÿ êàæäîãî ôèêñèðîâàííîãî M > 0 ïîñòðîèì ïîñëåäîâàòåëüíîñòü
ôóíêöèé {Rjfj}∞j=0, Rjfj = [Rjfj ](x, x1, . . . , xj). Äàííàÿ ïîñëåäîâà-
òåëüíîñòü ôóíêöèé çàâèñèò òàêæå îò ïåðåìåííîé M , íî äëÿ óïðîùå-
íèÿ îáîçíà÷åíèé ìû îïóñòèì ýòîò èíäåêñ â îáîçíà÷åíèÿõ. Ïóñòü

fj = fj(x, x1, . . . , xj) = ϕ(yj), (5)

ãäå yj îïðåäåëåíî ôîðìóëîé (4). Ñíà÷àëà ñâåðíåì ôóíêöèþ ϕ(yj) ñ
ÿäðîì Äèðèõëå DM ïî ïåðåìåííîé yj . Äàëåå âûðàçèì yj êàê yj−1 + z
è ïîäåéñòâóåì îïåðàòîðîì ðåãóëÿðèçàöèè R ïî ïåðåìåííîé z, ïîñëå
÷åãî ïîäñòàâèì âìåñòî z = σc(yj−1)xj . Ïîëó÷åííàÿ ôóíêöèÿ çàâèñèò
îò ïåðåìåííûõ yj−1, xj . Íà ñëåäóþùåì øàãå ìû ñâåðíåì ïîëó÷åííóþ
ôóíêöèþ ñ ÿäðîì Äèðèõëå DM ïî ïåðåìåííîé yj−1. Äàëåå âûðàçèì
yj−1 êàê yj−2+ z è ïîäåéñòâóåì îïåðàòîðîì ðåãóëÿðèçàöèè R ïî ïåðå-
ìåííîé z, ïîñëå ÷åãî ïîäñòàâèì âìåñòî z = σc(yj−2)xj−1. Ïîëó÷åííàÿ
ôóíêöèÿ çàâèñèò òåïåðü îò ïåðåìåííûõ yj−2, xj−1, xj . Äàëåå ïîâòîðÿ-
åì òî æå ñàìîå, ïîêà íå ïîëó÷èì ôóíêöèþ, çàâèñÿùóþ îò ïåðåìåííûõ
y1, x2, . . . , xj . Íà ïîñëåäíåì øàãå ñâåðíåì ïîëó÷åííóþ ôóíêöèþ ñ ÿä-
ðîì Äèðèõëå DM ïî ïåðåìåííîé y1. Äàëåå âûðàçèì y1 êàê x+ z è ïî-
äåéñòâóåì îïåðàòîðîì ðåãóëÿðèçàöèè R ïî ïåðåìåííîé z, ïîñëå ÷åãî
ïîäñòàâèì âìåñòî z = σc(x)x1. Íàêîíåö, ñâåðíåì ïîëó÷åííóþ ôóíê-
öèþ ñ ÿäðîì Äèðèõëå DM ïî ïåðåìåííîé x.

Îïèñàííóþ ïðîöåäóðó ìîæíî çàïèñàòü â âèäå ïîñëåäîâàòåëüíîãî
ïðèìåíåíèÿ íåñêîëüêèõ îïåðàòîðîâ. Èìåííî äëÿ ëþáîãî j = 1, 2, . . .
ñïðàâåäëèâî

[Rjfj ](x, x1, . . . , xj) = [P xMG
1P y1M . . . P

yj−1

M GjP
yj
M ϕ](x, x1, . . . , xj),

ãäå íàáîð îïåðàòîðîâ Gl, l = 1, . . . , j, îïðåäåëÿåòñÿ ñëåäóþùèì îáðà-
çîì: äëÿ äîñòàòî÷íî ãëàäêîé ôóíêöèè (ïî ïåðâîìó àðãóìåíòó)
ψ(yl, xl+1, . . . , xj) ïîëîæèì

[Glψ](yl−1, xl, xl+1, . . . , xj) = Rzψ(yl−1 + z, xl+1, . . . , xj)
∣∣
z=σc(yl−1)xl

.

Âåðõíèé èíäåêñ z ó îïåðàòîðîâ P zM è Rz îçíà÷àåò äåéñòâèå ýòèõ îïå-
ðàòîðîâ ïî ïåðåìåííîé z.
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Ëåììà 2.1. Ïîñëåäîâàòåëüíîñòü ôóíêöèé {Rjfj}∞j=0 ïðè ëþáîì ôèê-

ñèðîâàííîì x óäîâëåòâîðÿåò óñëîâèþ ñîãëàñîâàíèÿ

[Rjfj ](x, x1, . . . , xj−1, 0) = [Rj−1fj−1](x, x1, . . . , xj−1).

Äîêàçàòåëüñòâî. Ïîëîæèì xj = 0. Òîãäà yj = yj−1 è

[GjP
yj
M ϕ](yj−1, 0) = [P

yj
M ϕ](yj−1),

à äàëüøå ìû ñíîâà ïðèìåíÿåì îïåðàòîð PM ïî ïåðåìåííîé yj−1. Íî
îïåðàòîð PM � ýòî ïðîåêòîð, ïîýòîìó (PM )2 � ýòî òîæäåñòâåííûé îïå-
ðàòîð. �

Ïóñòü ïðîöåññ ζxn(t) èìååò j ñêà÷êîâ äî ìîìåíòà âðåìåíè t. Äëÿ
ϕ ∈ PWM (R) îïðåäåëèì

[Rϕ](ζxn(t)) = [Rjfj ]
(
x,

ξ1
n1/m

, . . . ,
ξj

n1/m

)
,

ãäå fj îïðåäåëÿåòñÿ â (5).
Äàëåå îïðåäåëèì îïåðàòîð P tn,M , ïîëàãàÿ äëÿ ϕ ∈ PWM (R)

P tn,Mϕ(x) = E [Rϕ](ζxn(t)).

×åðåç Ln îáîçíà÷èì îïåðàòîð, êîòîðûé íà ôóíêöèþ ψ ∈ Cm
b (R) äåé-

ñòâóåò ñëåäóþùèì îáðàçîì:

Lnψ(x) = n

∞∫
−∞

(
ψ
(
x+

σc(x)y

n1/m
)
− ψ(x)−

m−1∑
j=1

ψj(x)
σjcj(x)yj

j!nj/m

)
dP(y).

Ëåììà 2.2. Îïåðàòîðû P tn,M îáðàçóþò îäíîïàðàìåòðè÷åñêóþ ïîëó-

ãðóïïó íà PWM (R)

P t+sn,M = P tn,MP
s
n,M

ñ ãåíåðàòîðîì PMLnPM .

Äîêàçàòåëüñòâî. Ïóñòü äî ìîìåíòà âðåìåíè t ó ïðîöåññà ηn(t) ïðî-
èçîøëî j ñêà÷êîâ, à ìåæäó ìîìåíòàìè âðåìåíè t è t + s ïðîèçîøëî l
ñêà÷êîâ.

Çàìåòèì, ÷òî ïî ïîñòðîåíèþ

[Rj+lfj+l](x, x1, . . . , xj+l)

= [P xMG
1P y1M . . . P

yj+l−1

M Gj+lP
yj+l
M ϕ](x, x1, . . . , xj+l)

= [P xMG
1P y1M . . . P

yj−1

M GjP
yj
M ψ](x, x1, . . . , xj+l),
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ãäå ψ(yj , xj+1, . . . , xj+l)= [Rlfl](yj , xj+1, . . . , xj+l). Îòñþäà ñëåäóåò, ÷òî

[Rj+lfj+l](x, x1, . . . , xj+l) = [Rj [Rlfl]](x, x1, . . . , xj+l).

Òîãäà

P t+sn,Mϕ(x) = E [Rϕ](ζxn(t+ s)) = E
(
[Rj+lfj+l]

(
x,

ξ1
n1/m

, . . . ,
ξj+l
n1/m

))
= E

(
[Rj [Rlfl]]

(
x,

ξ1
n1/m

, . . . ,
ξj+l
n1/m

))
= P tn,MP

s
n,Mϕ(x),

òàê êàê ñëó÷àéíûå âåëè÷èíû {ξj}∞j=1 íåçàâèñèìû â ñîâîêóïíîñòè.

Äàëåå âû÷èñëèì ãåíåðàòîð P tn,M . Ïóñòü ψ ∈ PWM (R). Ïðè t → 0
âûïîëíåíî

P tn,Mψ(x) = e−ntψ(x) + nt e−ntE
(
[P xMG

1P y1M ψ]
(
x,

ξ1
n1/m

))
+ o(t)

= ψ(x) + t PMLnPMψ(x) + o(t),

ãäå

Lnψ(x) = n

∞∫
−∞

(
ψ
(
x+

σc(x)y

n1/m
)
−ψ(x)−

m−1∑
j=1

ψj(x)
σjcj(x)yj

j!nj/m

)
dP(y). �

Çàìåòèì, ÷òî èç ëåììû 2.2 ñëåäóåò, ÷òî äëÿ M > 0 è ϕ ∈ PWM (R)
ôóíêöèÿ un,M (t, x) = P tn,Mϕ(x) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè

∂u

∂t
= PMLnPM u, u(0, x) = ϕ(x). (6)

Ðàññìîòðèì ïðîñòðàíñòâî L2(R, w) ñ âåñîâûì ñêàëÿðíûì ïðîèçâå-
äåíèåì

(f, g)L2(R,w) =

∞∫
−∞

f(x) g(x)w(x) dx,

ãäå

w(x) =
m!

cm(x)
.

Òàê êàê 0 < c1 6 c(x) 6 c2 <∞, òî ñóùåñòâóþò òàêèå ïîëîæèòåëüíûå
÷èñëà γ1, γ2, ÷òî íîðìà â ïðîñòðàíñòâå L2(R) è �âåñîâàÿ� íîðìà â
ïðîñòðàíñòâå L2(R, w) ýêâèâàëåíòíû äðóã äðóãó:

γ1‖u‖L2(R) 6 ‖u‖L2(R,w) 6 γ2‖u‖L2(R). (7)
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Äëÿ ñóùåñòâîâàíèÿ ðåøåíèÿ (2) íàì äîñòàòî÷íî ïðåäïîëîæåíèÿ
íåïðåðûâíîñòè ôóíêöèè c(x) è âûïîëíåíèÿ óñëîâèÿ (3). Òåì íå ìå-
íåå, äëÿ ïîëó÷åíèÿ ñêîðîñòè ñõîäèìîñòè äîïðåäåëüíîãî âûðàæåíèÿ ê
òî÷íîìó ðåøåíèþ íàì ïîòðåáóåòñÿ äîïîëíèòåëüíîå ïðåäïîëîæåíèå î
ãëàäêîñòè ôóíêöèè c(x). Äàëåå ìû áóäåì ïðåäïîëàãàòü, ÷òî äëÿ íåêî-
òîðîãî k > 2 âûïîëíåíî óñëîâèå

c(x) ∈ Cm(k−1)
b (R). (8)

Ëåììà 2.3. Ïóñòü íåïðåðûâíàÿ ôóíêöèÿ c(x) óäîâëåòâîðÿåò óñëî-

âèÿì (3) è (8). Òîãäà ñïðàâåäëèâî

sup
t>0
‖etL‖Wmk

2 (R)→Wmk
2 (R) <∞.

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî äëÿ ëþáîé ôóíêöèè ϕ ∈ W
m/2
2 (R)

ñïðàâåäëèâî

(Lϕ,ϕ)L2(R,w) =

∞∫
−∞

σmcm(x)

m!
ϕ(m)(x)ϕ(x)w(x) dx

= −
∞∫
−∞

|ϕ(m/2)(x)|2 dx = (ϕ,Lϕ)L2(R,w),

îòêóäà ñëåäóåò, ÷òî îïåðàòîð L ìîæåò áûòü ïðîäîëæåí äî ñàìîñîïðÿ-
æåííîãî íåïîëîæèòåëüíîãî îïåðàòîðà â ïðîñòðàíñòâå L2(R, w). Òîãäà
äëÿ t > 0

‖etLf‖L2(R,w) 6 ‖f‖L2(R,w),

à çíà÷èò

‖etL‖L2(R)→L2(R) 6
γ2
γ1
,

ãäå γ1, γ2 îïðåäåëåíû â (7).
Òàê êàê îïåðàòîðû L è etL êîììóòèðóþò, òî äëÿ ëþáîé ôóíêöèè

f ∈Wmk
2 (R) èìååì

‖LketLf‖L2(R,w) = ‖etLLkf‖L2(R,w) 6 ‖Lkf‖L2(R,w) 6 γ2‖Lkf‖L2(R).

Òîãäà äëÿ ëþáîé ôóíêöèè f ∈Wmk
2 (R) âûïîëíåíî

|etLf |2 6 C|f |2,
ãäå íîðìà

|f |2 = ‖f‖2L2(R) + ‖L
kf‖2L2(R)
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ýêâèâàëåíòíà ñòàíäàðòíîé íîðìå â êëàññå Ñîáîëåâà (ñì. [14, ñ. 190]).
�

Ëåììà 2.4. Ïóñòü íåïðåðûâíàÿ ôóíêöèÿ c(x) óäîâëåòâîðÿåò óñëî-

âèÿì (3) è (8). Òîãäà ñïðàâåäëèâî

‖L − PMLnPM‖Wmk
2 (R)→L2(R) 6

C

n2/m
exp

( CM
n1/m

)
+

C

Mm(k−1) .

Äîêàçàòåëüñòâî. Ïóñòü ϕ ∈Wmk
2 (R), m > 2. Ïðåäñòàâèì

‖
(
L − PMLnPM

)
ϕ‖L2(R)

= ‖
(
L − PMLPM + PMLPM − PMLnPM

)
ϕ‖L2(R)

6 ‖
(
L − PMLPM

)
ϕ‖L2(R) + ‖

(
PMLPM − PMLnPM

)
ϕ‖L2(R).

Äëÿ ïåðâîãî ñëàãàåìîãî ñïðàâåäëèâî

‖
(
L − PMLPM

)
ϕ‖L2(R)

6 ‖
(
L − PML

)
ϕ‖L2(R) + ‖

(
PML − PMLPM

)
ϕ‖L2(R)

6
‖Lϕ‖

W
m(k−1)
2 (R)

Mm(k−1) + C‖(I − PM )ϕ‖Wm
2 (R)

6
C‖ϕ‖Wmk

2 (R)

Mm(k−1) .

Ïóñòü ϕ ∈Wmk
2 (R), k > 2. Îáîçíà÷èì ϕM (x) = PMϕ(x). Èìååì

LnPMϕ(x) = n

∞∫
−∞

(
ϕM

(
x+

σc(x)y

n1/m

)
−
m−1∑
j=0

ϕ
(j)
M (x)

σjcj(x)yj

j!nj/m

)
dP(y)

= n

∞∑
j=m

ϕ
(j)
M (x)

σjcj(x)

j!nj/m

∞∫
−∞

yjdP(y).

Èç ñèììåòðè÷íîñòè ðàñïðåäåëåíèÿ P è óñëîâèÿ
∞∫
−∞

ym dP(y) = 1

ñëåäóåò, ÷òî

‖(Ln − L)PMϕ‖L2(R) =
∥∥∥n ∞∑

j=m+2

ϕ
(j)
M (x)

σjcj(x)

j!nj/m

∞∫
−∞

yj dP(y)
∥∥∥
L2(R)

6
C

n2/m
‖ϕ‖Wm+2

2 (R) exp
( CM
n1/m

)
.
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Îñòàëîñü çàìåòèòü, ÷òî åñëè ϕ ∈ Wmk
2 (R), k > 2, òî äëÿ ëþáîãî

m > 4 ñïðàâåäëèâî

‖ϕ‖Wm+2
2 (R) 6 ‖ϕ‖Wmk

2 (R),

îòêóäà ñëåäóåò óòâåðæäåíèå ëåììû. �

Ëåììà 2.5. Ïóñòü íåïðåðûâíàÿ ôóíêöèÿ c(x) óäîâëåòâîðÿåò óñëî-

âèÿì (3) è (8). Äëÿ ëþáîãî t > 0 ñïðàâåäëèâî

‖etPMLnPM ‖L2(R)→L2(R) 6
γ2
γ1
e
t
(
CMm+2

n2/m
exp
(
CM

n1/m

))
.

Äîêàçàòåëüñòâî. Ïðåäñòàâèì

etPMLnPM = et(PMLPM+PMLnPM−PMLPM ).

Îïåðàòîð PMLPM â ïðîñòðàíñòâå L2(R, w) ÿâëÿåòñÿ íåïîëîæèòåëü-
íûì ñàìîñîïðÿæåííûì îïåðàòîðîì, è äëÿ t > 0 ñïðàâåäëèâî

‖etPMLPM ‖L2(R,w)→L2(R,w) 6 1.

Îïåðàòîð PM (Ln−L)PM ÿâëÿåòñÿ îãðàíè÷åííûì îïåðàòîðîì â ïðî-
ñòðàíñòâå L2(R, w), è äëÿ ϕ ∈ L2(R, w) ñïðàâåäëèâî

‖PM (Ln − L)PMϕ‖L2(R,w) 6 ‖PMϕ‖L2(R,w)
CMm+2

n2/m
exp

( CM
n1/m

)
.

Èç òåîðåìû 2.1 ([11, ãëàâà IX, �2, ï. 1, ñ. 614]) ñëåäóåò, ÷òî îïåðàòîð
PMLPM +PM (Ln−L)PM ïîðîæäàåò êâàçèîãðàíè÷åííóþ ïîëóãðóïïó,
è äëÿ ëþáîãî t > 0 ñïðàâåäëèâî

‖etPMLnPM ‖L2(R,w)→L2(R,w) 6 e
t
(
CMm+2

n2/m
exp
(
CM

n1/m

))
. �

×åðåç u(t, x) îáîçíà÷èì ðåøåíèå çàäà÷è Êîøè (2), à ÷åðåç un,M (t, x)
� ðåøåíèå çàäà÷è Êîøè (6).

Òåîðåìà 2.6. Ïóñòü íåïðåðûâíàÿ ôóíêöèÿ c(x) óäîâëåòâîðÿåò óñëî-

âèÿì (3) è (8), M =M(n) = n
2

m(m+2) è ϕ ∈Wmk
2 (R), k > 2. Òîãäà

‖un,M (t, ·)− u(t, ·)‖L2(R)

6
γ2
γ1

(
n−

2k
m+2 + Ct(n−

2(k−1)
m+2 + n−

2
m )et C

)
‖ϕ‖Wmk

2 (R).
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Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî

‖un,M (t, ·)− u(t, ·)‖L2(R)

6 ‖un,M (t, ·)− uM (t, ·)‖L2(R) + ‖uM (t, ·)− u(t, ·)‖L2(R),

ãäå uM (t, x) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè

∂u

∂t
= Lu, u(0, x) = ϕM (x).

Äëÿ âòîðîãî ñëàãàåìîãî ñïðàâåäëèâà îöåíêà

‖uM (t, ·)− u(t, ·)‖L2(R) 6
γ2
γ1

‖ϕ‖Wmk
2 (R)

Mmk
.

Äëÿ îöåíêè ïåðâîãî ñëàãàåìîãî âîñïîëüçóåìñÿ ôîðìóëîé òåîðèè
âîçìóùåíèé (ñì. [11, ãëàâà IX, �2, ï. 1, ñ. 614])

et(A+B) − etA =

t∫
0

eτ(A+B)Be(t−τ)Adτ.

Â íàøåì ñëó÷àå A + B = PMLnPM è A = L. Òîãäà, èñïîëüçóÿ
ëåììû 2.3, 2.4 è 2.5, èìååì

‖un,M (t, ·)− uM (t, ·)‖L2(R) 6
Ctγ2
γ1

(eCMn−1/m

n2/m
+

1

Mm(k−1)

)
× et

(
CMm+2

n2/m
exp( CM

n1/m
)
)
‖ϕM‖Wmk

2 (R).

Òîãäà

‖un,M (t, ·)− u(t, ·)‖L2(R)

6
γ2
γ1

(
n−

2k
m+2 + Ct(n−

2(k−1)
m+2 + n−

2
m )et C

)
‖ϕ‖Wmk

2 (R).

�
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chy problem for an evolution equation containing a higher even-order
di�erential operator with a variable coe�cient on its right-hand side. The
approximation is expressed as the mathematical expectation of functionals
of a stochastic process.
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