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ÑÎ ÑÍÎÑÎÌ

�1. Îïèñàíèå ìîäåëè

Â íàñòîÿùåé ðàáîòå èçó÷àåòñÿ ïðîöåññ âåòâÿùåãîñÿ ñëó÷àéíîãî áëó-
æäàíèÿ ïî Z+ = {0, 1, 2, . . . }. Ïîä ñëó÷àéíûì áëóæäàíèåì â äàííîì
ñëó÷àå ïîíèìàåòñÿ îäíîðîäíûé ìàðêîâñêèé ïðîöåññ íà ôàçîâîì ïðî-
ñòðàíñòâå Z+ ñ íåïðåðûâíûì âðåìåíåì t. Òàêîé ïðîöåññ çàäàåòñÿ ñâî-
åé ìàòðèöåé ïåðåõîäíûõ èíòåíñèâíîñòåé A =

(
a(n,m)

)
n,m∈Z+

(ñì.,

íàïðèìåð, [4]), íà êîòîðóþ ìû íàëàãàåì óñëîâèÿ:

A1. a(n, n) < 0, a(n, n+ 1) > 0, a(n+ 1, n) > 0, a(n, n+ d) = µ > 0 äëÿ
íåêîòîðîãî d ∈ N è ∑

m∈Z+

a(n,m) = 0.

A2. a(n, n+ 1) = a(n+ 1, n).

Çà ìàëîå âðåìÿ ÷àñòèöà ìîæåò ñîâåðøèòü ïåðåõîä ëèáî â ñîñåäíþþ
òî÷êó Z+ èëè íà d ∈ N ïîçèöèé íàïðàâî, ïîýòîìó ñëó÷àéíîå áëóæäà-
íèå ñ ïåðåõîäíîé ìàòðèöåé A, óäîâëåòâîðÿþùåé óñëîâèÿì A1 è A2,
áóäåì íàçûâàòü ñëó÷àéíûì áëóæäàíèåì ñî ñíîñîì.

Äàííàÿ ðàáîòà îáîáùàåò íàøè ðåçóëüòàòû [10, 11] íà ñëó÷àé, êîãäà
ïåðåõîä ÷àñòèöû ìîã ñîâåðøàòüñÿ òîëüêî â ñîñåäíþþ òî÷êó Z+, ïðè
ýòîì, êàê è â [11], íà ìàòðèöó A íå íàëàãàåòñÿ óñëîâèå ðàâíîìåðíîé
îãðàíè÷åííîñòè ýëåìåíòîâ.

Äëÿ n ∈ Z+ ÷åðåç ξn(t) îáîçíà÷èì òðàåêòîðèþ ñëó÷àéíîãî áëóæäà-
íèÿ ñî ñíîñîì ñ íà÷àëüíûì óñëîâèåì ξn(0) = n. Ìàðêîâñêîå ñåìåéñòâî
ξn(t) ñòàíäàðòíûì îáðàçîì îïðåäåëÿåò ïîëóãðóïïó îïåðàòîðîâ

P t0 : `2(Z+)→ `2(Z+), t > 0,

Êëþ÷åâûå ñëîâà: ìàðêîâñêèé âåòâÿùèéñÿ ïðîöåññ, âåòâÿùèåñÿ ñëó÷àéíûå
áëóæäàíèÿ, ìàòðèöû ßêîáè, îðòîãîíàëüíûå ìíîãî÷ëåíû.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðîññèéñêîé Ôåäåðàöèè (ñîãëàøåíèå � 075-15-2025-344 îò 29.04.2025 â
Ñàíêò-Ïåòåðáóðãñêîì ìåæäóíàðîäíîì ìàòåìàòè÷åñêîì èíñòèòóòå èìåíè Ëåîíàðäà
Ýéëåðà, ÏÎÌÈ ÐÀÍ)..
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ãäå îïåðàòîð P t0 äåéñòâóåò íà ôóíêöèþ ϕ ∈ `2(Z+) êàê

[P t0ϕ](n) = Eϕ
(
ξn(t)

)
. (1)

×åðåç A îáîçíà÷èì ãåíåðàòîð (èíôèíèòåçèìàëüíûé îïåðàòîð) ïî-
ëóãðóïïû P t0 . Â [8] ïîêàçàíî, ÷òî îí ÿâëÿåòñÿ îïåðàòîðîì, çàäàâàåìûì
ìàòðèöåé A â ñòàíäàðòíîì áàçèñå â `2(Z+). Ñóùåñòâåííûì îòëè÷èåì
îò [10] è [11] ÿâëÿåòñÿ òî, ÷òî â äàííîì ñëó÷àå A íå ÿâëÿåòñÿ ñàìîñî-
ïðÿæåííûì îïåðàòîðîì.

Äëÿ îïèñàíèÿ âåòâÿùåãîñÿ ñëó÷àéíîãî áëóæäàíèÿ äîáàâèì ê ñëó-
÷àéíîìó áëóæäàíèþ ìåõàíèçì âåòâëåíèÿ. Áóäåì ïðåäïîëàãàòü, ÷òî
èñòî÷íèêè âåòâëåíèÿ íàõîäÿòñÿ, âîîáùå ãîâîðÿ, âî âñåõ òî÷êàõ Z+. Èñ-
òî÷íèê âåòâëåíèÿ, íàõîäÿùèéñÿ â òî÷êå n ∈ Z+, îïèñûâàåòñÿ ïîñëåäî-
âàòåëüíîñòüþ êîýôôèöèåíòîâ {dk(n)}∞k=0, óäîâëåòâîðÿþùèõ óñëîâèÿì

d1(n) 6 0, dk(n) > 0 ïðè k 6= 1 è

∞∑
k=0

dk(n) = 0.

Äàííàÿ ïîñëåäîâàòåëüíîñòü êîýôôèöèåíòîâ îäíîçíà÷íî îïðåäåëÿ-
åòñÿ ñâîåé èíôèíèòåçèìàëüíîé ïðîèçâîäÿùåé ôóíêöèåé

κ(n, u) =
∞∑
k=0

dk(n)u
k, u ∈ [0, 1], n ∈ Z+.

Ðàçìíîæåíèå è ãèáåëü ÷àñòèö â èñòî÷íèêå âåòâëåíèÿ â êàæäîé òî÷-
êå n ∈ Z+ çàäàåòñÿ ïðîöåññîì Ãàëüòîíà�Âàòñîíà, ãäå dk(n) � èíòåí-
ñèâíîñòü äåëåíèÿ íà k ïîòîìêîâ.

Ââåäåì ïîñëåäîâàòåëüíîñòü {β(n)}∞n=0 èíòåíñèâíîñòåé èñòî÷íèêîâ.

Ïî îïðåäåëåíèþ β(n) = κ′(n, 1) =
∞∑
k=1

k dk(n).

Êàê îáû÷íî, ïðîöåññ âåòâëåíèÿ ïðåäïîëàãàåòñÿ íåçàâèñèìûì îò
ïðîöåññà áëóæäàíèÿ.

Òàêèì îáðàçîì, êàæäàÿ ÷àñòèöà, íàõîäÿùàÿñÿ â ìîìåíò âðåìåíè t
â íåêîòîðîé òî÷êå n ∈ Z+, íåçàâèñèìî îò îñòàëüíûõ ÷àñòèö â ñè-
ñòåìå, ìîæåò çà ìàëîå âðåìÿ h ïåðåéòè ñ âåðîÿòíîñòüþ p(h, n,m) =
a(n,m)h+ o(h) â òî÷êó m 6= n, èëè ïðîèçâåñòè k 6= 1 ïîòîìêîâ, íàõî-
äÿùèõñÿ â ýòîé æå òî÷êå n, ñ âåðîÿòíîñòüþ pk(h, n) = dk(n)h + o(h),
èëè ñîõðàíèòüñÿ (òî åñòü íèêàêèõ èçìåíåíèé íå ïðîèçîéäåò) ñ âåðîÿò-
íîñòüþ
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1−
∑

m∈Z+\{n}

a(n,m)h−
∑

k∈Z+\{1}

dk(n)h+ o(h).

Îáîçíà÷èì ÷åðåç Xn(t), t > 0, ïðîöåññ, çàäàâàåìûé îïåðàòîðîì A
è ïðîèçâîäÿùåé ôóíêöèåé κ(n, u), ñ óñëîâèåì Xn(0) = δn òîãî, ÷òî
â ìîìåíò âðåìåíè t = 0 â ñèñòåìå èìååòñÿ ðîâíî îäíà ÷àñòèöà, íàõî-
äÿùàÿñÿ â òî÷êå n ∈ Z+, ãäå δn � äåëüòà-ìåðà â òî÷êå n. Êàê è â [8],
ïðîöåññ Xn(t) ìû äàëåå áóäåì ðàññìàòðèâàòü êàê ìàðêîâñêèé ïðîöåññ,
ïðèíèìàþùèé çíà÷åíèÿ â ïðîñòðàíñòâåM âñåõ êîíå÷íûõ öåëî÷èñëåí-
íûõ ìåð íà Z+. Âñÿêèé ýëåìåíò M ∈M èìååò âèä

M =

k∑
j=1

δmj , (2)

ãäå k ∈ N ∪ {0} è mj ∈ Z+. Âàæíî îòìåòèòü, ÷òî â ïðåäñòàâëåíèè (2)
òî÷êè mj íå îáÿçàòåëüíî ðàçëè÷íû, ÷òî ñîîòâåòñòâóåò òîìó, ÷òî â îä-
íîé òî÷êå Z+ ìîæåò íàõîäèòüñÿ íåñêîëüêî ÷àñòèö îäíîâðåìåííî, è
îòëè÷àþòñÿ íàõîäÿùèåñÿ â îäíîé òî÷êå ÷àñòèöû òîëüêî ñâîèìè íîìå-
ðàìè â ñïèñêå ÷àñòèö {m1,m2, . . . ,mk}. Äðóãèìè ñëîâàìè, êàæäîå mj

ñîîòâåòñòâóåò îòäåëüíîé ÷àñòèöå, êîòîðóþ ìû êîäèðóåì çàíÿòîé åé
òî÷êîé mj è åå íîìåðîì j â ñïèñêå. Òàê êàê äàëåå ìû áóäåì ðàññìàò-
ðèâàòü òîëüêî ñèììåòðè÷åñêèå ôóíêöèè îò Xn(t), êîíêðåòíûé âûáîð
íóìåðàöèè ÷àñòèö íå èãðàåò ðîëè. Äëÿ M ∈ M ñèìâîëîì {M} áóäåì
îáîçíà÷àòü ìíîæåñòâî âñåõ ÷àñòèö, ýòî ìíîæåñòâî ìû áóäåì çàïèñû-
âàòü êàê

{M} = {m1,m2, . . . ,mk}, (3)

ïðè÷åì â ýòîì ïðåäñòàâëåíèè êàæäàÿ òî÷êà Z+ ìîæåò âñòðå÷àòüñÿ
íåñêîëüêî ðàç, ÷òî ñîîòâåòñòâóåò òîìó, ÷òî â ýòîé òî÷êå íàõîäèòñÿ
íåñêîëüêî ÷àñòèö.

Èòàê, âåòâÿùååñÿ ñëó÷àéíîå áëóæäàíèå Xn(t) ìû ðàññìàòðèâàåì
êàê M-çíà÷íûé ìàðêîâñêèé ñëó÷àéíûé ïðîöåññ, îïðåäåëÿåìûé óñëî-
âèåì òîãî, ÷òî â íà÷àëüíûé ìîìåíò âðåìåíè èìååòñÿ åäèíñòâåííàÿ
÷àñòèöà â òî÷êå n ∈ Z+. Íàñ áóäåò èíòåðåñîâàòü âåëè÷èíà, ðàâíàÿ
ñðåäíåìó ÷èñëó ÷àñòèö Nn(t,m) â íåêîòîðîé òî÷êå m ∈ Z+ â ìîìåíò
âðåìåíè t > 0, à òàêæå àñèìïòîòè÷åñêîå ïîâåäåíèå ýòîé âåëè÷èíû ïðè
t→∞. Â îáùåì ñëó÷àå âåëè÷èíà Nn(t,m) áóäåò âûðàæåíà â òåðìèíàõ
îðòîãîíàëüíûõ ìíîãî÷ëåíîâ, îòâå÷àþùèõ íåêîòîðîé ìàòðèöå ßêîáè.
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Òàêæå áóäóò ðàññìîòðåíû êîíêðåòíûå ìîäåëè, â êîòîðûõ áóäóò ïîëó-
÷åíû ÿâíûå îòâåòû è íàéäåíà àñèìïòîòèêà.

�2. Ïîëóãðóïïà îïåðàòîðîâ, ïîðîæäàåìàÿ âåòâÿùèìñÿ

ñëó÷àéíûì áëóæäàíèåì

Îïðåäåëèì åùå îäíó ïîëóãðóïïó îïåðàòîðîâ. Íàïîìíèì, ïðîöåññ
Xn(t) ìû ðàññìàòðèâàåì êàê ìàðêîâñêèé ñëó÷àéíûé ïðîöåññ ñî çíà-
÷åíèÿìè â ïðîñòðàíñòâå M, ïðè ýòîì ñëó÷àéíîå ìíîæåñòâî {Xn(t)}
îïðåäåëÿåòñÿ ôîðìóëîé (3).

Äëÿ êàæäûõ t > 0, n ∈ Z+ è ϕ ∈ `2(Z+) îïðåäåëèì ñëó÷àéíóþ
âåëè÷èíó It,n(ϕ), ïîëàãàÿ

It,n(ϕ) =
∑

m∈{Xn(t)}

ϕ(m) =

∫
Z+

ϕdXn(t). (4)

Ïî îïðåäåëåíèþ I0,n(ϕ) = ϕ(n).
Äëÿ êàæäîãî t > 0 îïðåäåëèì îïåðàòîð P t, êîòîðûé äåéñòâóåò íà

ϕ ∈ `2(Z+) êàê
[P tϕ](n) = E It,n(ϕ). (5)

Îïðåäåëèì äèàãîíàëüíûé îïåðàòîð B, çàäàâàåìûé â ñòàíäàðòíîì
áàçèñå â `2(Z+) ìàòðèöåé

B =


β(0) 0 0 ...
0 β(1) 0 ...
0 0 β(2) ...
... ... ... ...

 .

Â ðàáîòå [10] äîêàçàíû ñëåäóþùèå äâå ëåììû, êîòîðûå ìû áóäåì
èñïîëüçîâàòü. Âàæíî îòìåòèòü, ÷òî äîêàçàòåëüñòâî ýòèõ ëåìì íå òðå-
áóåò ñèììåòðè÷íîñòè ìàòðèöû è ðàâíîìåðíîé îãðàíè÷åííîñòè åå ýëå-
ìåíòîâ.

Ëåììà 1. Ñåìåéñòâî îïåðàòîðîâ P t ÿâëÿåòñÿ ïîëóãðóïïîé, òî åñòü
äëÿ âñåõ s, t > 0 ñïðàâåäëèâî ñîîòíîøåíèå

P t+s = P tP s.

Ëåììà 2. Ãåíåðàòîð ïîëóãðóïïû P t åñòü îïåðàòîð A + B, òî åñòü
äëÿ âñåõ ϕ ∈ `2(Z+), n ∈ Z+ ñïðàâåäëèâî

lim
t→0+

[P tϕ](n)− ϕ(n)
t

= [Aϕ](n) + β(n)ϕ(n).
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Çàìåòèì, ÷òî óòâåðæäåíèå ëåììû 2 ýêâèâàëåíòíî îïåðàòîðíîìó
òîæäåñòâó (ñì., íàïðèìåð, [3], ãëàâà 8, �2)

P t = etH, ãäå H = A+ B,

ãäå îïåðàòîð A îòâå÷àåò áëóæäàíèþ, à äèàãîíàëüíûé îïåðàòîð B îò-
âå÷àåò âåòâëåíèþ. Òàê êàê îïåðàòîð H íå ÿâëÿåòñÿ ñàìîñîïðÿæåííûì,
ñòðîãîå îïðåäåëåíèå ýêñïîíåíòû îò îïåðàòîðà áóäåò ïðèâåäåíî íèæå.

Â íàñòîÿùåé ðàáîòå ìû èññëåäóåì âåòâÿùååñÿ ñëó÷àéíîå áëóæäà-
íèå, äëÿ êîòîðîãî ñîîòâåòñòâóþùèé îïåðàòîð H = Hµ â ñòàíäàðòíîì
áàçèñå â `2(Z+) çàäàåòñÿ ìàòðèöåé

Hµ =


a0 b0 0 0 . . . µ 0 0 0 . . .
b0 a1 b1 0 . . . 0 µ 0 0 . . .
0 b1 a2 b2 . . . 0 0 µ 0 . . .
0 0 b2 a3 . . . 0 0 0 µ . . .
...

...
...

...
...

...
...

...
...

. . .

 , (6)

ãäå ak 6 0, bk > 0, ïàðàìåòð µ > 0 ðàñïîëîæåí íà d-íàääèàãîíàëè,
d ∈ N.

Ìàòðèöó (6) ìîæíî ïðåäñòàâèòü â âèäå

Hµ=



−(b0 + µ) b0 0 0 . . . µ 0 0 0 . . .
b0 −(b0+b1+µ) b1 0 . . . 0 µ 0 0 . . .
0 b1 −(b1+b2+µ) b2 . . . 0 0 µ 0 . . .
0 0 b2 −(b2+b3+µ) . . . 0 0 0 µ . . .

.

.

.

.

.

.

.

.

.

.

.

.
.
.
.

.

.

.

.

.

.

.

.

.

.

.

.
.
.
.



+



a0 + b0 + µ 0 0 0 . . .
0 a1 + b0 + b1 + µ 0 0 . . .
0 0 a2 + b1 + b2 + µ 0 . . .
0 0 0 a3 + b2 + b3 + µ . . .

.

.

.

.

.

.

.

.

.

.

.

.
.
.
.

 (7)

Ïåðâîå ñëàãàåìîå ÿâëÿåòñÿ ìàòðèöåé A îïåðàòîðà, ñîîòâåòñòâóþùå-
ãî áëóæäàíèþ, âòîðîå ñëàãàåìîå � ìàòðèöà B îïåðàòîðà, ñîîòâåòñòâó-
þùàÿ âåòâëåíèþ.

Íèæå âñåãäà áóäåì ïðåäïîëàãàòü, ÷òî H0 ÿâëÿåòñÿ ñàìîñîïðÿæåí-
íûì îïåðàòîðîì â `2(Z+). Ýòî âñåãäà âûïîëíåíî, åñëè îïåðàòîð H0

îãðàíè÷åí. Â ñëó÷àå, åñëè îïåðàòîð H0 íå ÿâëÿåòñÿ îãðàíè÷åííûì,
äîñòàòî÷íûå óñëîâèÿ ñàìîñîïðÿæåííîñòè ìîæíî íàéòè â [2].

Âî ââåäåííûõ îáîçíà÷åíèÿõ äëÿ ñðåäíåãî ÷èñëà ÷àñòèö Nn(t,m) â
ìîìåíò âðåìåíè t â òî÷êå m ïðè óñëîâèè, ÷òî â íà÷àëüíûé ìîìåíò



254 À. Â. ËÞËÈÍÖÅÂ

âðåìåíè â ñèñòåìå èìååòñÿ îäíà ÷àñòèöà â òî÷êå n ñïðàâåäëèâî ñîîò-
íîøåíèå (ïîäðîáíåå ñì. [8])

Nn(t,m) = E It,n(I{m}) = [P tI{m}](n) = [etHµI{m}](n). (8)

Òàêèì îáðàçîì, èññëåäîâàíèå ñðåäíåãî ÷èñëà ÷àñòèö â òî÷êå ñâî-
äèòñÿ ê íàõîæäåíèþ ýêñïîíåíòû îïåðàòîðà Hµ.

Ñëó÷àé µ = 0 ïîäðîáíî ðàññìîòðåí â [10, 11]. Ïðè èçìåíåíèè ïàðà-
ìåòðà µ â ìîäåëè ñ ìàòðèöåé (7) íå òîëüêî ïîÿâëÿåòñÿ ñíîñ â ïðîöåññå
áëóæäàíèÿ, íî è ìåíÿåòñÿ èíòåíñèâíîñòü âåòâëåíèÿ. Ïîñëåäíåå ïðèâî-
äèò ê òîìó, ÷òî â àñèìïòîòèêå äëÿ ñðåäíåãî ÷èñëà ÷àñòèö Nn(t,m) ïðè
t → ∞ áóäåò ïðèñóòñòâîâàòü ìíîæèòåëü eµt. Ñâÿçàíî ýòî ñ òåì, ÷òî
â (7) ìàòðèöó B ìîæíî ïðåäñòàâèòü â âèäå ñóììû B1+µI, ãäå I � åäè-
íè÷íàÿ ìàòðèöà, ÷òî ïðèâîäèò ê ñäâèãó ñïåêòðà íà µ, à â àñèìïòîòèêå
� ê âîçíèêíîâåíèþ ìíîæèòåëÿ eµt. Åñòü ïðîñòîé ñïîñîá èçáàâèòüñÿ
îò ýòîãî ìíîæèòåëÿ. Äëÿ ýòîãî ìîæíî êàæäîé ïîÿâèâøåéñÿ ÷àñòèöå
ïðèäàòü äðóãóþ íè îò ÷åãî íå çàâèñÿùóþ ýêñïîíåíöèàëüíî ðàñïðå-
äåëåííóþ ñëó÷àéíóþ âåëè÷èíó ζ ñ ïàðàìåòðîì µ. Â ìîìåíò ζ, åñëè
÷àñòèöà åùå ñóùåñòâîâàëà, îíà èñ÷åçàåò, íå îñòàâëÿÿ ïîòîìñòâà. Ýòî
îïåðàöèÿ ïðèâåäåò ê òîìó ÷òî ìàòðèöà âåòâëåíèÿ ñòàíåò B1 = B−µI.

�3. Ôîðìóëà äëÿ ñðåäíåãî ÷èñëà ÷àñòèö Nn(t,m)

×åðåç S∗ îáîçíà÷èì îïåðàòîð ñäâèãà íà åäèíèöó íàïðàâî, ìàòðèöà
êîòîðîãî â ñòàíäàðòíîì áàçèñå `2(Z+) èìååò âèä

S∗ =


0 1 0 0 . . .
0 0 1 0 . . .
0 0 0 1 . . .
0 0 0 0 . . .
...

...
...

...
. . .

 .

Èñïîëüçóÿ ýòî îáîçíà÷åíèå, ïðåäñòàâèì ìàòðèöó (6) â âèäå

Hµ = H0 + µ(S∗)d. (9)

ÌàòðèöàH0 ÿâëÿåòñÿ ìàòðèöåé ßêîáè.Èçâåñòíî (ñì., íàïðèìåð, [2, 7]),
÷òî åé ñîîòâåòñòâóåò ïîñëåäîâàòåëüíîñòü ìíîãî÷ëåíîâ {Pn(λ}∞n=0, êî-
òîðûå îðòîíîðìèðîâàíû ïî íåêîòîðîé âåðîÿòíîñòíîé ìåðå ρ (ñâîåé
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äëÿ êàæäîé ìàòðèöû), òî åñòü∫
R

Pn(λ)Pm(λ) dρ(λ) =

{
1, n = m;

0, n 6= m.

Äàííûå ìíîãî÷ëåíû ÿâëÿþòñÿ ðåøåíèåì çàäà÷è íà ñîáñòâåííûå
÷èñëà

H0 P (λ) = λP (λ), ãäå P (λ) = (P0(λ), P1(λ), P2(λ), . . .)
T . (10)

è óäîâëåòâîðÿþò òîæäåñòâó

S∗P (λ) = (P1(λ), P2(λ), P3(λ), . . .)
T . (11)

Òåîðåìà 1. Ïóñòü Xn(t), Xn(0) = δn, � âåòâÿùååñÿ ñëó÷àéíîå áëóæ-

äàíèå ïî Z+, à ñîîòâåòñòâóþùàÿ åìó ìàòðèöà Hµ â ñòàíäàðòíîì

áàçèñå `2(Z+) çàäàåòñÿ ôîðìóëîé (6). Òîãäà äëÿ ñðåäíåãî ÷èñëà ÷à-

ñòèö Nn(t,m) â òî÷êå m ∈ Z+ â ìîìåíò âðåìåíè t > 0 ñïðàâåäëèâî

ðàâåíñòâî

Nn(t,m) =

∫
R

etλPn(λ)

∞∑
j=0

(tµ)j

j!
Pm+jd(λ) dρ(λ) (12)

ïðè óñëîâèè, ÷òî ðÿä â ïðàâîé ÷àñòè (12) ñõîäèòñÿ àáñîëþòíî, à

òàêæå ñõîäèòñÿ èíòåãðàë.

Äîêàçàòåëüñòâî. Êàê áûëî îòìå÷åíî âûøå, çàäà÷à íàõîæäåíèÿ ñðåä-
íåãî ÷èñëà ÷àñòèö ñâîäèòñÿ ê íàõîæäåíèþ ýêñïîíåíòû îïåðàòîðà Hµ.
Â ñëó÷àå µ = 0 îïåðàòîð H0 ñàìîñîïðÿæåííûé, ñîîòâåòñòâåííî ýêñ-
ïîíåíòà îïðåäåëåíà. Â ñëó÷àå µ > 0, êîãäà îïåðàòîð óæå íå ÿâëÿåòñÿ
ñàìîñîïðÿæåííûì, ìû ðàññìàòðèâàåì Hµ = H0 + µ(S∗)d êàê îãðàíè-
÷åííîå âîçìóùåíèå îïåðàòîðà H0. Ýêñïîíåíòó Hµ îïðåäåëÿåì ÷åðåç
ðÿä Òåéëîðà.

Ââåäåì îïåðàòîð

U : `2(Z+)→ L2(R, ρ),

äåéñòâóþùèé íà ñòàíäàðòíûé áàçèñ â `2(Z+) ïî ïðàâèëó:

U ~en = Pn(λ).

Â ïðåäïîëîæåíèè òîãî, ÷òî îïåðàòîðH ñàìîñîïðÿæåí, ñèñòåìà ìíî-
ãî÷ëåíîâ {Pn(x)}∞n=0 ïîëíà â L2(R, ρ) (ñì., íàïðèìåð, [7]).
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Äàííûé îïåðàòîð ÿâëÿåòñÿ óíèòàðíûì è äèàãîíàëèçóåò îïåðàòîð
H0 (ïîäðîáíåå ñì. [10, 11]), òî åñòü äëÿ ôóíêöèè f ∈ L2(R, ρ) ñïðàâåä-
ëèâî

[UH0U
∗f ](λ) = λ f(λ).

Òåïåðü íàéäåì ñðåäíåå ÷èñëî ÷àñòèö â òî÷êå m â ìîìåíò âðåìåíè
t > 0, ïðè óñëîâèè, ÷òî â íà÷àëüíûé ìîìåíò âðåìåíè áûëà åäèíñòâåí-
íàÿ ÷àñòèöà â òî÷êå n:

Nn(t,m) = E It,n(I{m}) = [etHµI{m}](n) =
[
U∗
(
etHµPm(λ)

)]
(n)

=
(
et(H0+µ(S∗)d)Pm(λ), Pn(λ)

)
ρ
, (13)

ãäå ( · , · )ρ � ñêàëÿðíîå ïðîèçâåäåíèå â L2(R, ρ).
Îòäåëüíî âû÷èñëèì äåéñòâèå ýêñïîíåíòû íà P (λ). Ó÷èòûâàÿ ñîîò-

íîøåíèÿ (10), (11), m-àÿ êîîðäèíàòà èìååò âèä

et(H0+µ(S∗)d)Pm(λ) =

∞∑
k=0

tk

k!
(H0 + µ(S∗)d)kPm(λ)

=
∞∑
k=0

tk

k!

k∑
j=0

Cjkλ
k−jµjPm+jd(λ)

=

∞∑
j=0

(tµ)j

j!
Pm+jd(λ)

∞∑
k=j

(tλ)k−j

(k − j)!

= etλ
∞∑
j=0

(tµ)j

j!
Pm+jd(λ).

Ïîäñòàâëÿÿ (14) â (13), ïîëó÷àåì

Nn(t,m) =

(
etλ

∞∑
j=0

(tµ)j

j!
Pm+jd(λ), Pn(λ)

)
ρ

=

∫
R

etλPn(λ)

∞∑
j=0

(tµ)j

j!
Pm+jd(λ) dρ(λ). �

Ïîëó÷åííûå ðåçóëüòàòû ìîãóò áûòü ïåðåíåñåíû íà âåòâÿùååñÿ ñëó-
÷àéíîå áëóæäàíèå ïî Z+ ñ ïîãëîùåíèåì â íóëå, ïîäîáíî òîìó, êàê
â [12] ýòî ñäåëàíî äëÿ ÿêîáèåâûõ âåòâÿùèõñÿ ñëó÷àéíûõ áëóæäàíèé.
Àíàëîãè÷íî, âîïðîñ èññëåäîâàíèÿ ñðåäíèõ çíà÷åíèé ôóíêöèîíàëîâ îò
ñëó÷àéíîãî ïîëÿ ÷àñòèö âåòâÿùåãîñÿ ñëó÷àéíîãî áëóæäàíèÿ ñî ñíîñîì
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ñâîäèòñÿ ê èññëåäîâàíèþ ñðåäíèõ çíà÷åíèé ôóíêöèîíàëîâ îò ñëó÷àé-
íîãî ïîëÿ ÷àñòèö ÿêîáèåâà âåòâÿùåãîñÿ ñëó÷àéíîãî áëóæäàíèÿ [13].

Ïðèìåð 1. Ìíîãî÷ëåíû ×åáûø¼âà II ðîäà. Ðàññìîòðèì ìîäåëü,
äëÿ êîòîðîé îïåðàòîð Hµ â ñòàíäàðòíîì áàçèñå â `2(Z+) çàäàåòñÿ ìàò-
ðèöåé

Hµ =
1

2


0 1 0 0 . . . 2µ 0 0 0 . . .
1 0 1 0 . . . 0 2µ 0 0 . . .
0 1 0 1 . . . 0 0 2µ 0 . . .
0 0 1 0 . . . 0 0 0 2µ . . .
...

...
...

...
...

...
...

...
...

. . .

 , µ > 0. (14)

Äàííóþ ìàòðèöó ìîæíî ïðåäñòàâèòü â âèäå

Hµ =
1

2



−(1+2µ) 1 0 0 . . . 2µ 0 0 0 . . .
1 −(2+2µ) 1 0 . . . 0 2µ 0 0 . . .
0 1 −(2+2µ) 1 . . . 0 0 2µ 0 . . .
0 0 1 −(2+2µ) . . . 0 0 0 2µ . . .

.

.

.

.

.

.

.

.

.

.

.

.
.
.
.

.

.

.

.

.

.

.

.

.

.

.

.
.
.
.



+
1

2



1 + 2µ 0 0 0 . . .
0 2 + 2µ 1 0 . . .
0 0 2 + 2µ 0 . . .
0 0 0 2 + 2µ . . .

.

.

.

.

.

.

.

.

.

.

.

.
.
.
.

 ,

ãäå ïåðâàÿ ìàòðèöà îòâå÷àåò ñëó÷àéíîìó áëóæäàíèþ, à âòîðàÿ � âåòâ-
ëåíèþ.

ßêîáèåâîé ìàòðèöå H0 ñîîòâåòñòâóþò ìíîãî÷ëåíû ×åáûø¼âà II ðî-
äà

Pn(λ) =
sin [(n+ 1) arccosλ]

√
1− λ2

, n ∈ Z+,

êîòîðûå îðòîíîðìèðîâàíû ïî ìåðå

dρ(λ) =
2

π

√
1− λ2 1[−1,1](λ) dλ.

Â äàííîì ñëó÷àå

Nn(t,m) =

1∫
−1

etλPn(λ)

∞∑
j=0

(tµ)j

j!
Pm+jd(λ)

2

π

√
1− λ2 dλ

=
2

π

π∫
0

et cos θPn(cos θ)

∞∑
j=0

(tµ)j

j!
Pm+jd(cos θ) sin

2 θ dθ
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=
2

π

π∫
0

et cos θ sin [(n+ 1)θ]

∞∑
j=0

(tµ)j

j!
sin [(m+ jd+ 1)θ] dθ

=
2

π

π∫
0

et(cos θ+µ cos [θd]) sin
[
(m+ 1)θ + µt sin (θd)

]
sin [(n+ 1)θ] dθ

=
1

iπ

π∫
0

et(cos θ+µ cos [θd])
(
ei((m+1)θ+µt sin (θd))

− e−i((m+1)θ+µt sin (θd))
)
sin [(n+ 1)θ] dθ.

Ïðåîáðàçóåì ïîñëåäíèé èíòåãðàë ê ñóììå èíòåãðàëîâ âèäà

F (t) =

π∫
0

etS(θ)f(θ) dx.

Â íàøåì ñëó÷àåì S(θ) = cos θ + µe±iθd, ãäå â îäíîì èç èíòåãðàëîâ
áåðåòñÿ çíàê ïëþñ, à â äðóãîì � çíàê ìèíóñ.

Ìàêñèìóì ReS(θ) ðàâåí 1 + µ è äîñòèãàåòñÿ â åäèíñòâåííîé òî÷êå
θ = 0 èç îòðåçêà [0, π], ïðè÷åì S′(0) 6= 0 (òî åñòü 0 íå ÿâëÿåòñÿ òî÷êîé
ïåðåâàëà), ïîýòîìó (ñì. [9, ãëàâà IV, �1, òåîðåìà 1.2]) ìîæåì âîñïîëü-
çîâàòüñÿ ìåòîäîì Ëàïëàñà íàõîæäåíèÿ àñèìïòîòèêè èíòåãðàëà ïðè
t→∞

Nn(t,m) ∼
2

π

ε∫
0

et(1−
θ2

2 +µ−µ θ2d22 )(m+ 1 + µtd)(n+ 1)θ2 dθ

∼
2(m+ 1 + µtd)(n+ 1)e(µ+1)t

π(1 + µd2)3/2t3/2

ε
√
t(1+µd2)∫
0

e−y
2/2y2 dy

∼
2µd(n+ 1)e(µ+1)t

(1 + µd2)3/2
√
2πt

.
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Ïðèìåð 2. Ìíîãî÷ëåíû Ýðìèòà

Ðàññìîòðèì ìîäåëü, äëÿ êîòîðîé îïåðàòîðHµ â ñòàíäàðòíîì áàçèñå
â `2(Z+) çàäàåòñÿ ìàòðèöåé

Hµ =


0
√
1 0 0 . . . µ 0 0 0 . . .√

1 0
√
2 0 . . . 0 µ 0 0 . . .

0
√
2 0

√
3 . . . 0 0 µ 0 . . .

0 0
√
3 0 . . . 0 0 0 µ . . .

...
...

...
...

...
...

...
...

...
. . .

 , µ > 0. (15)

Äàííóþ ìàòðèöó ìîæíî ïðåäñòàâèòü â âèäå

Hµ =


−(
√
1 + µ)

√
1 0 0 . . . µ 0 0 . . .√

1 −(
√
1 +
√
2 + µ)

√
2 0 . . . 0 µ 0 . . .

0
√
2 −(

√
2 +
√
3 + µ)

√
3 . . . 0 0 µ . . .

.

.

.

.

.

.

.

.

.

.

.

.
.
.
.

.

.

.

.

.

.

.

.

.
.
.
.



+



√
1 + µ 0 0 0 . . .

0
√
1 +
√
2 + µ 0 0 . . .

0 0 −(
√
2 +
√
3 + µ) 0 . . .

0 0 0
√

3 +
√
4 + µ . . .

.

.

.

.

.

.

.

.

.

.

.

.
.
.
.

 ,

ãäå ïåðâàÿ ìàòðèöà îòâå÷àåò ñëó÷àéíîìó áëóæäàíèþ, à âòîðàÿ � âåòâ-
ëåíèþ.

ßêîáèåâîé ìàòðèöå H0 ñîîòâåòñòâóþò ìíîãî÷ëåíû Ýðìèòà

Pn(λ) =
(−1)n
√
n!

e
λ2

2
dn

dλn
e−

λ2

2 , n ∈ Z+,

êîòîðûå îðòîíîðìèðîâàíû ïî ìåðå

dρ(λ) =
1
√
2π
e−

λ2

2 dλ.

Òîãäà ñ ó÷åòîì ðåçóëüòàòîâ ïðèìåðà 1 èç [11] ïîëó÷àåì

Nn(t,m) =

∞∫
−∞

etλ
∞∑
j=0

(tµ)j

j!
Pm+jd(λ)Pn(λ)

1
√
2π
e−

λ2

2 dλ

=

∞∑
j=0

(tµ)j

j!

∞∫
−∞

etλPm+jd(λ)Pn(λ)
1
√
2π
e−

λ2

2 dλ
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=

∞∑
j=0

(tµ)j

j!

e
t2

2√
(m+ jd)!

√
n!

min (m+jd,n)∑
k=0

Ckm+jd C
k
nk! t

m+jd+n−2k

Èññëåäóåì àñèìïòîòè÷åñêîå ïîâåäåíèå Nn(t,m) ïðè t→∞:

Nn(t,m) ∼
∞∑
j=0

(tµ)j

j!

tm+jd+ne
t2

2√
(m+ jd)!

√
n!
∼
tm+ne

t2

2

√
n!

∞∑
j=0

(tdµ)j

j!
√
(jd)!

.

Îáîçíà÷èì x = tdµ Ïî ôîðìóëå Ñòèðëèíãà ïðè j →∞ èìååì

xj

j!
√
(jd)!

∼
ej ln x

√
2πjj+

1
2 e−j 4

√
2π(jd)

jd
2 + 1

4 e−
jd
2

= (2π)−
3
4 j−

3
4 d−

1
4

× exp

(
j lnx− j

(
1 +

d

2

)
ln j −

jd

2
ln d+ j

(
1 +

d

2

))
.

(16)

Íàéäåì òî÷êó ìàêñèìóìà ïî j àðãóìåíòà ýêñïîíåíòû. Ñ÷èòàÿ j íå-
ïðåðûâíûì:

j0 = x
2
d+2 d−

d
d+2 .

Òàêèì îáðàçîì, ïðè x→∞
∞∑
j=0

xj

j!
√
(jd)!

∼ C(d)x−
1

2(d+2) exp

(
1

2
(d+ 2)x

2
d+2 d−

d
d+2

)
.

Â èòîãå, äëÿ ñðåäíåãî ÷èñëà ÷àñòèö àñèìïòîòèêà ïðè t → ∞ èìååò
âèä

Nn(t,m) ∼ C(n, d, µ) tm+n− d
d+2 exp

(
t2

2
+

1

2
(d+ 2)µ

2
d+2 t

2d
d+2 d−

d
d+2

)
.
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Lyulintsev A. V. Branching random walks on Z+ with drift.

A homogeneous Markov process with continuous time on the phase
space Z+ = {0, 1, 2, . . . } is considered, which is interpreted as the motion
of a particle. The particle can move to neighboring points in Z+ or make
a jump directly d ∈ N positions to the right. Such a transition is called
a drift. The process is equipped with a branching mechanism. Branching
sources can be located at every point of Z+. At the moment of branching,
new particles appear at the branching point and subsequently begin to
evolve independently of each other (and of the other particles) according
to the same laws as the initial particle. This branching Markov process
corresponds to a matrix related to the Jacobi matrix. In terms of the
orthogonal polynomials associated with this matrix, formulas are obtained
for the average number of particles at an arbitrary �xed point Z+ at time
t > 0. The results are applied to some speci�c models, and the asymptotic
behavior of the average number of particles at large times is found.
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