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K(Z,2) OUT OF CIRCULAR PERMUTATIONS

AsstracT. We discuss SC, a simplicial homotopy model of K(Z, 2)
constructed from circular permutations. In any dimension, the num-
ber of simplices in the model is finite. The complex SC'x naturally
manifests as a simplicial set representing “minimally” triangulated
circle bundles over simplicial bases. On the other hand, existence of
the homotopy equivalence |SC«| ~ B(U(1)) ~ K(Z,2) appears to
be a canonical fact from the foundations of the theory of crossed
simplicial groups.

§1. INTRODUCTION

This note essentially continues the discussion from [13]. In that note
([13, §§3.6, 3.7]), we identify circular permutations of n + 1 ordered el-
ements with “minimal semi-simplicial triangulations of trivial circle bun-
dles over ordered base n-simplices. Any semi-simplicial triangulation of a
circle bundle is non-canonically combinatorially concordant to a minimal
triangulation (i.e., having minimal triangulations over all the simplices
of the same base complex), and the simplicial set SC, of circular per-
mutations naturally represents minimally triangulated circle bundles over
semi-simplicial complexes. Such triangulations functorially (via Kan’s sec-
ond derived subdivision Sds) have the structure of a classical simplicial
PL triangulation. However, the minimal triangulations exist only in the
semi-simplicial category. The value (if it exists) of the above constructions
lies in their very discrete form of the Weil-Kostant correspondence for tri-
angulated circle bundles ([13, Theorem 1]). Namely, a circle bundle over
a given simplicial complex B can be (semi-simplicially) triangulated with
base B if and only if its Chern class can be represented by a simplicial
2-cocycle of B having values 0 or 1. The simplicial set of circular permu-
tations is canonically a quotient of the simplicial set of all permutations
S, by a simplicial equivalence relation induced by right actions of cyclic

Key words and phrases: circle bundles, circular permutations, crossed simplicial
groups.
Research is supported by the Russian Science Foundation grant 19-71-30002.

155



156 N. MNEV

subgroups. The simplicial set of all permutations S, has the structure of
a symmetric crossed simplicial group. We have the simplicial map:

s, 2 sc.,. (1)
We aim to prove the following:

Theorem 1.
ISC.| =~ K(Z,2).

To the author’s limited knowledge, SC is the first simplicial model of
K(Z,2) with a finite number of simplices in every dimension. This fact
likely makes the simplicial set SC, interesting. The situation is somewhat
related to the well-known topic of triangulating CP™. See [15, 1] and the
new results in [4]. There are also interesting computer experiments in [17].
The connections between these results and our construction need further
investigation. The connection is probably through the minimal triangula-
tion of the tautological Hopf bundle U(1) — $?"+1 — CP™.

Crossed simplicial group theory originated from pioneering works on
cyclic homology [19] and [2]. The idea behind the proof of Theorem 1 is
to reference the remarkable theorems on geometric realizations of crossed
simplicial groups and sets ([9, Theorem 2.3], [5, Theorem 5.3, Lemma 5.6],
[10, Theorem 7.1.4, Exercise 7.1.4 [). The first mention of geometric re-
alization for cyclic sets as U(1)-spaces, and the main ingredient of the
construction — the geometric cyclic cosimplez, or twisted shuffle product
St x; AF =~ S1 x AF (here S! is a circle composed of one 1-simplex and
one point) is found in [7, pp. 208-209] and further extended in [3, §2,
Proposition 2.4], [8, Theorem 3.4].

Theorem 1 immediately follows from an inspection of the constructions
in the above theorems. The arguments are geometrical. As a result, we will
see that the minimally triangulated circle bundles over simplices described
in [13] are nothing more than canonically order reoriented twisted shuffle
product S x; A¥, and the map (1) is the universal minimally triangulated
circle bundle.

Section 2: In this section, we discuss the basics of crossed simplicial
group theory for the case of C, < S, recalling the left crossed action of
C. on S, left crossed cyclic orbits in S, and their geometric realizations.
Classical left crossed cyclic orbits in S do not form a simplicial equivalence
relation and have no direct simplicial quotient.

Section 3: In this section, we will explain how to deal with the right
action of C, on S, as opposed to the canonical situation of the left action.
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Right orbits do form a simplicial equivalence relation. We obtain SC, as
the simplicial quotient, which is the set of right cyclic crossed orbits. After
geometric realization, |SC,| is the cellular structure on the set of right
orbits |S.|/|C.|. Here, |S.| ~ * is a contractible Hausdorff topological
group, and |C,| = U(1) is a Lie group. Therefore, the quotient map U (1) —

IS 101, |SC4| is a U(1)-fibration, and |[SCy| ~ K(Z,2), which concludes
the proof of Theorem 1.

Author is deeply grateful to Boris Tsygan and André Henriques for
pointing the author to the subject of crossed simplicial groups.

§2. PRELIMINARIES

The pair of the symmetric crossed simplicial group S, and its cyclic
subgroup C., C, < S. is specially discussed in [10, 6.1].

2.1. Simplicial notations. We denote A the category of finite linear
orders [n] ={0,1,2,...,n} and non-decreasing maps between them called
operators. The category A is generated by “cofaces” J; and “codegenera-
cies” o;:
=12 ] < n+1], i,j=0...n

Cofaces §; are the only injective order preserving maps “missing i’ in the
target. Codegeneracies o; are the only non-decreasing surjections “hitting
J in the target twice”, i.e 0;(j) = 0;(j + 1) = j. Opposite category A°P
is generated by faces d; = 47", and degeneracies s; = o;”. Simplicial
set X is a functor A°? 5 Sets. Face and degeneracies goes to face and
degeneracy maps which are again denoted X, LN X,_1 and X,, 25 Xnt1-
The category of functors A°P — Sets or “presheaves” on A and natural
transformations of those (maps of simplicial sets) is denoted by A.

2.2. Category AG. Crossed simplicial groups and sets are related to
extension of A and A by a correct adjoining of automorphism groups GSP
to [n] in a such way that G,, will act correctly by automorphisms of sets X,.

Definition 2. [5, Definition 1.1]
A sequence of groups G = {G,},n > 0 is a crossed simplicial group if it is
equipped with the following structure. There is a small category AG, which
is part of the structure, such that

(a): the objects of AG are [n], n >0,
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(b): AG contains A as a subcategory,

(c): Autag([n]) = GSP (opposite group of G,),

(d): any morphism [m] — [n] in AG can be uniquely written as a
composite & - g where & € Homa ([m], [n]) and f € GP (whence the
notation AG).

[m]
s
[m] > [n]

2.3. AC C AS, C,. < S.. Here we follow [10, 6.1]. We denote S,, the
group of permutations of n + 1 (sic!) ordered elements [n] = {0,1,...,n},

ie, g € S, is a one-to one map [n] ERN [n] represented as permutation
(f(0),...,f(n)). We have a commutative subgroup C,, < S, of cyclic
permutations generated by the cycle 7 = (n,0,1,...,n — 1). We denote
S., C. corresponding graded groups equipped with graded multiplication.
They are equipped with simplicial structure interacting with multiplication
in a canonical “crossed” way. For this we should pass to category AS.

The category AS is the category A enlarged by groups of arbitrary
non-monotone automorphisms of ordered sets [n] written as opposite sym-
metric group S (or S, acting from the right on [n]). Checking and un-
winding conditions of Defition 2 is subject of [10, Theorem 6.1.4], see also
[6, Appendix A10 p. 191].

It is instructive to imagine both permutations and operators of A as
“wire diagrams” of maps between finite linear orders (Fig. 1).

For an element g € S there is associated set map [n] & [n] with the
same name g(i) = §~1(i), where § € S, is the corresponding permutation.

In the language of wire diagrams permutations and their duals in the
opposite groups, (co)boundaries (co)degeneracies communicate as depicted
in Fig. 2. Inspecting wire diagrams for (co)boundaries and (co)degeneracies
we get that simplicial relations produces for any pair (g,£), g € S, ¢ €
Homa ([m], [n]) unique maps £*g, g.& such that
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Fig. 1. Wire diagrams of operators, permutations and
their opposites.

(i) the following diagram is commutative:

[m] —— [n]
SoP3¢*g ; L(/ES‘;LP (2)
[m] . cei [

and
(i) restriction of £* g to each subset £~1(i),i = 0,...,n preserves the order.
The above statement is the subject of [10, Lemma 6.1.5].
Thus we have a category AS with objects — finite orders [n] and mor-

phisms - pairs [m)] (9, [n], & € Homa ([m], [n]), g € SSP. Having another
morphism [k] SZON [m] the composition is defined by the rule
(& 9) o (¢, h) = (§0gsp, 9" oh), (3)

where the compositions of components are in A and S}*. The category
AS satisfies requirements of Definition 2. The opposite category AS°P has
decomposition of arrows opposite to (2):
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dg-1i)
d5-1(1)

Fig. 2. In wire diagrams deletion d; corresponds to dele-
tion of the arrow with target ¢ and degeneracy s; corre-
sponds to parallel doubling of the arrow with target 1.

When in (4) we set o = d; = §;°, m = n — 1, we have f*d; = dy-1(;) and
we denote (d;).f by d;f. When in (4) we choose a = s; = 0;*, m =n+1,
we have f*s; = s;-1(;) and we denote (s;).f by s;f. Applying opposite to
composition rule (3) we got that for f,h € S,

di(ho f) =dihody-1;f,

5
si(ho f) = sihodp-1(;)f (5)

Replacing symmetric groups S,, by cyclic subgroups C,, we obtain subcat-

egory AC C AS.
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Now crossed simplicial group S, can be canonically identified with rep-
resentable Sets-valued Yoneda presheaf

YAs([O]) :HomAS(—,[O]) :S*. (6)

By decomposition rules it is simplicial set structure on graded set of groups
S. with boundaries and degeneracies defined by (4) and communicating
with multiplication in a “crossed" way by rules (5) (see [5, Proposition 1.7]).
On C. we have induced structure

Y ac([0]) = Homac(—, [0]) = C.
thus the pair C, < S, is defined.

N

S., (7)

2.4. C, < S, in terms of permutations. Here we rephrase the re-
sulting from canonical AS-construction §(2.3) structure of S, in terms of
permutations. So, denote S, the group of permutations of n + 1 ordered

elements [n] = {0,1,...,n}, i.e. f € S, is a one-to one map [n] ER [n]
represented as permutation (f(0),..., f(n)). The graded set of permu-
tations S, = 8,8 ... forms a simplicial set. The i-th boundary map

S, LN S,_1,i = 0,...,n is deleting i-th element of permutation and re-
ordering other elements monotonically, i.e. elements from 0 to ¢ — 1 pre-
serves their numbers. Elements from i + 1 to n got the numbers i...n —1
(see (8)). The i-th degeneracy S,, = S, 41,i = 0, ..., n inserts element with
number i 4 1 next to the element ¢ and reorders other elements monotoni-
cally. Elements from 0 to ¢ preserves numbers and the old elements i+ 1...n
of the permutation got shifted by one numbers i+2...n+1 correspondently.

ey ) if j=0...i—1,
(dif)(5) {f(j—l) if j=i...n,

() it () =0,....4, (8)
(sif)(G) =qi+1 if j=/f"1(i)+1

FGY+1 if f)=i+1,...,n.

Additionally in S, we have crossed multiplication (fn,gn) — fngn com-
municating with boundaries and degeneracies by rules (5). This crossed
multiplication will became canonically functorial in §(2.6.3) We have a
crossed simplicial subgroup C,, < S, of cyclic permutations generated by
cycles 7, = (n,0,1,...,n—1).
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2.5. S, SN SC.. We recall the simplicial map S, SN SC, from [13].
The group C,, acts from the right on permutations by shifts f,7, =
(fn(n), fn(0),... fn(n—1)). The orbits of the right action of C,, on S, are
numbered by circular permutations, i.e. oriented circular necklaces with
n+ 1 beads coloured by [n]. We denote this set of right orbits or n+ 1 cir-
cular permutations S, /C,, by SC,,. The rules (8) induces the simplicial set
structure on the graded set of circular permutations SC, = SC(,SC1 ... -
we can delete a bead i (this provides d; ) and we can insert a bead i+1 right
after the bead i since luckily the relation “right after” exist in circular order
(this provides s;). Thus we got simplicial set of circular permutations SC.
together with the simplicial factor-map S. 9, se., sending a permutation
to its right cyclic orbit.

2.6. Simplicial, cyclic and symmetric sets, base change adjacency
and left crossed cyclic orbit of a permutation.

Symmetric or cyclic set is a Sets-valued presheaf on AS or AC. In the
following we use G for definitions and statements which are equivalent for
S and C. For example G, (6), (7) is a G-set.

The important point for us is that due to embedding AC C AS we got
that canonically S, is a C-set.

The categorie/s\of of G-sets with morphisms - natural transformations
are denoted by AG. By construction these are simplicial sets X with fixed
left actions of groups G,, by automorphisms of X,,. The action are explicitly
described by “base change adjunction”.

2.6.1. Adjunction data. We recall (see [11, Chapter X]) that adjunction
(F,G, ) between two small categories A, B is a pair of functors A i
B,B . A and bifunctorial isomorphism of Hom sets

B(F(X),Y) % A(X,G(Y)),

where X is running over A and Y over B. Functor F' called left adjoint to G,
G called right adjoint to F', and adjunction sometimes denoted by F' - G.
Adjunction defines and is defined by “monad of adjunction”. a natural
transformation of A-endofunctors Idy - GF called “unit of adjunction”
and a natural transformation B-endofunctors FG < Idp called counit of
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adjunction satisfying “triangular identities”

F- Iy FoGoF G -t% GoFoG
N e N e ©)
F G

Embedding of (skeletal) categories A C AG creates embedding of those

duals A® L5 AGeP. On presheaves we got forgetful functor A £ AG
making simplicial set Y from G-set Y. Functor ¥ has left adjoint which we
denote! G, x; *: (G, x¢ *) - %. The left adjoint is computed as pointwise
left Kan extension of simplicial set X along P [11, X.3 Theorem 1]. This
is a specially simple situation of “base change adjunction”.

2.6.2. Crossed left action. The left Kan extension of X along P produces
the following element-wise formulas for simplicial and G.-structure on
G* Xt X:
(G* Xt X)n = {(hn7$n)}hneGn,rneXn7
di(hna xn) = (dzhna dhfl(i)xn)v
Si(hnaxn) = (Szhna Sh—l(i)fn),
f’ﬂ : (hn7xn) = (fnhruxn)

The adjunction (G, x; *) - ¥ defines monad with the unit

(10)

idg = (Gy Xy %)
and counit
(Gy X1 %) = id@
satisfying “triangular identities” (9). The unit of the adjunction is com-

puted on elements as follows. For an element z,, € X,, of simplicial set X
we got

Wzn) = (la,, Tn)-

Counit of the adjunction defines the crossed left action of G, on G-set Y,
namely for y,, € Y, we got

ev(gnsYn) = In * Un-

IThe functor is denoted by G in [9] and F in [5]
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Triangular identities (9) of the monad ensures that the action is correct
action of G, in a crossed way:

(h,z)—(h,(1,2)) G xtﬁ zH(lw)G ><t

G Xt

2.6.3. Crossed product. If X = G, then the counit
G* Xt G* i> G*

G* XtX

represents “crossed product” in crossed simplicial group G..

2.6.4. Yoneda Lemma and left crossed orbits. Categories of presheaves 3,
AG has representable (Yoneda) objects — cosimplices

Aln] = A(—,[n]) = A°P([n], -)
and G-cosimplices
AGIn] = AG(—, [n]) = AG°?([n], —).

There is the key isomorphism AG[n] =~ G, x; A[n] (|5, Exersise 4.5]).
(Co)Yoneda Lemma states that every presheaf is canonically colimit of
representables. For simplicial set X and z, € X, this creates colimit cone
structure map

A [n] ya(zn) X

sending id[n] to z,. Analogously for G-set Y and y, € Y, this creates
colimit cone structure map

AG[n] ~ G, x, Aln] 22, v

sending (1g, ,1d[n]) to y,. Relation between unit-counit of adjunction and
bifunctorial isomorphism of Hom-sets

AG(G, x, X,Y) & A(X,Y)

connects the two Yoneda maps. For a G-set Y and element y, € Y,, the

isomorphism ¢ sends G x; A[n] vaclm), y g, Aln] 20, ¥ 1 the
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inverse direction ¢ sends y(7,,) to yac(y.) by the following commutative
diagram

G, x;, Y —2 Y
7 11
G, x: Aln]
The Yoneda map yag(y,) and its image in G-set Y we call left crossed
G-orbit of y, € Y.

2.7. Geometric realization. Here we in situation of [9, Theorem 2.3],
[5, Theorem 5.3]. Geometric realization |X| of a G-set X is the geometric
realization |X| of the underground simplicial set. The core of geometric
realization theorems states that there is a canonical functorial homeomor-
phism?

IG.| x | X| 2 |G, x; X]|
such that in induced from geometric realization metric the composite

v
G.| % 16.] % 6. %, G.| 2L 6,
is a topological group. For any G-set Y the composite
G, % Y] % 16, x Y| 1<% |y
makes |X| left topological |G.|-space.
In our situations |C.| is an oriented circle S! made from one vertex and

one non-degenerate 1-simplex (and oriented by its orientation). In induced
metric the composite map

AR AN AN A RN TN

is exactly R/Z ~ U(1) group structure on S! with the unit in the vertex
of St

18.] % 8] L 1S, %0 8] 12 18,

is a contractible topological group ([5, Example 6]) and since S, is a C-set
the induced composed map

UL) x 8. % |C. x. 8. 1<% 18,

2The homeomorphism ¥ is the homeomorphism ¢'(X)_1 in [9, Theorem 2.3] and
(p1,p2)~ ! in [5, Theorem 5.3].
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is a free left action of Lie subgroup U(1) < |S.| on Hausdorff contractible
space |S.|.

We are specially interested in orbits of the action. Cyclic cosimplex
yac = AC,[n] = C, x; Aln] is a cyclic set. Its geometric realization has
cellular structure of “twisted shuffle product” S! x; A™ ([7, pp. 208-209],
[3, §2, Proposition 2.4], [8, Theorem 3.4]). Applying geometric realization
to (11) we get a comutative diagram of spaces:

U(1) x [S.] —Y |C. x4 8] —<15 18]
i * - 12
e tan)] (G- xwalom)] Ty ao(gm) (12)
U(1) x A" —2— |C, x; Aln]|
Thus the composit map
U(1) x A" L 81 x, A" = |, x, Aln]| 22l 1 1 (13)
provides as its image a continuous trivial family of left U (1) orbits on |S.|

parametrized by cell which is the image of characteristic map A" lval, S|

In this way in geometric realization the crossed left C.-orbit became a
trivial family of true U(1) left orbits.

§3. PROOF OF THEOREM 1.

3.1. Left and right orbit spaces of topological subgroup. For a
group G and a subgroup H < G, there are left and right actions of H on
G, and these actions are free. The left action of H on G creates the set of
left orbits G\H = {Hg}4cc, while the right action of H on G creates the
set of right orbits G/H = {gH}4eq. The group G acts from the right on
G\H and from the left on G/H, with stabilizer H.
The involution

G5G:vu(g)=g! (14)
switches between left and right H-orbits of g and ¢g~'. It is standard to
define the opposite group G°P with the same elements as G but with mul-
tiplication g; * g2 = g291. Then v is a group isomorphism G = G°P that
maps left H orbits in G to left H°P orbits in G°P (which were right H-orbits
in G), thereby inducing a one-to-one correspondence

G\H X G/H (15)
between the sets of right and left H-orbits in G.
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In the topological category, where H and G are topological groups, the
sets G\H and G/H become orbit spaces with quotient topology, and ©
in (15) is a homeomorphism between left and right orbit spaces. In good
situations, for example, if H is a Lie group and G is Hausdorff, the map

H — G — G\H |G/H] (16)

is locally trivial with fiber H (see |16, 4.1 on p. 315|). Therefore, G\H [G/H]
is Hausdorff (see [14, Theorem 31.2 (a) on p. 196]), and (16) is a principal
Serre fibration (see [18, Satz 5.14]).

In the simplicial category, where H and G are simplicial groups, G\ H
and G/ H have the structure of simplicial sets, and H - G — G\H [G/H]
is a principal Kan fibration (see [12, Definition 18.1, Lemma 18.2]).

3.2. Left vs. right crossed action problem. In the crossed-simplicial
setting, a cyclic crossed simplicial group C, < S, is a subgroup of a sym-
metric crossed-simplicial group, acting on S, from the left in a twisted
manner. This twist disappears in geometric realization (see §(2.7)). The
geometric realization theorems for crossed simplicial groups imply that
U(1) ~ |C.| < |S«|, where |S.]| is a contractible topological group. This
provides, according to §(3.1), a principal U(1) fibration

U1) = |Cy| = |S] = |S\IC«| = K(Z,2). (17)

However, for the left crossed action of C, on S,, there is no simplicial
structure on the left orbit set, since the left crossed orbits (§(2.6.4)) are
not classes of simplicial equivalence relations. Therefore, something like
S.\C. does not exist simplicially.

On the other hand, for a crossed simplicial group, the opposite group is
not well-defined as a crossed simplicial group, so the switch between left
and right actions is not entirely trivial in the crossed simplicial setting. We

need the right action to handle S, 5 sce., (8(2.5)).

3.3. Universal order reorientation Y of simplicial sets. A permu-
tation can be identified with a simplex A™ having two total orientation
orders on vertices: source order and target order (see Fig. 3).

If one has a finite simplicial complex K, a local order orientation of
its simplices can be obtained by fixing a total order of its vertices, result-
ing in a semi-simplicial (or “A”) set, denoted Kgource- This is a standard
method. Not all local order orientations of K can be obtained this way.
A different total order on the vertices will yield different local orders on
simplices, resulting in a semi-simplicial set structure Kiarger On the same
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=(0,2,1) =(1,3,2,0)

Fig. 3. Permutation as a double ordered simplex. Here >
denotes the source order, and » denotes the target order.

complex K. The two “source” and “target” orders will produce source and
target orders on the vertices of every simplex of K, both comparable with
boundaries. Hence, every n-simplex x,, of K has a permutation p(x,,), pro-
viding a simplicial map Kiarget LN S, (where S, is the semi-simplicial set
obtained from S, by forgetting degeneracies). There is a non-simplicial
involution S, N S, that switches between the source and target permu-
tations, i.e., sending a permutation f to f~!'. The involution induces a

-1
simplicial map K" = Kyguee — S,. Thus, together with the involu-
tion Y, the semi-simplicial set S, “represents” a representable functor of
the “double orientation ordering” of a semi-simplicial set, along with the
operation of order reorientation.

The same involution acts on S, respecting degeneracies. By inspecting
wire diagrams (see Fig. 2), we can see that the diagram of permutation f,, *
is obtained from the diagram of f,, by reversing the direction of arrows.
In this process, boundaries map to boundaries, and degeneracies to degen-
eracies in a canonical but non-simplicial way. Thus, T is a non-simplicial
automorphism of the simplicial set S, sending f, to

T(fn) = fn_17
boundary d; f,, to boundary
T(difn) = df—l(i)fﬁl

n
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degeneracy s; f, to degeneracy
Y(sifn) = St 1(i)fr:1

providing a coordinate change on geometric realization. Also, we have the
left-right multiplication involution

Y(fohn) =hy' fit

If one has a simplicial map X % S,,, this means that simplices of X
are decorated by permutations in a way compatible with boundaries and
degeneracies. We can reorient simplices by changing the source and target
orders, i.e., by using the non-simplicial map X % S, RN S, resulting in
a new simplicial set X7 on the same set of simplices, with canonically
homeomorphic geometric realization. Together with the involution Y, the
simplicial set S, represents functor of double orientation ordering of sim-
plicial sets, along with the operation of order reorientation.

3.4. Right crossed C,-orbits in S,. We don’t know exactly what the
opposite of a crossed simplicial group is (since it is not a crossed simplicial
group), but we can define a right C.-orbit of g € S,,. For this, we define a
simplicial set denoted by E(O g). We follow notations (4) for AS°P. Define

BE(O g)m = {([n] = [m],axg-h) | h € Cp}
di([n] = [m], aug - h) = (dicv, dicv.g - h))
si([n] = [m], g - h) = (sia, si(ag - h))

It has simplicial projections

E(0 g) % Aln]
E(Og) 2% s,
The right-C orbit of g is by definition the image of ¢2(g) in S,,.

Tautological computations provide the following lemma:

Lemma 3.
ya(Ogn)

(i) Let O g, € SC,, and A[n] —— SC be the Yoneda simplex of O gy
in SC. Then q1 and q2(g,) are the components of the pullback diagram
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(it) Y(yac(9n)) = a2(9, "), B(© g, ") = (Cs x, Aln])*¥ac ). This means
that order orientation involution Y turns left crossed cyclic orbit of per-

mutation C, X Aln] vao(on), S, into pullback

It follows that crossed right C, orbits form a simplicial equivalence
relations on S, (unlike the left orbits). Its factor set is SCy ~ S, /C.. The
space |E(O G)| 25 A™ is a minimally triangulated circle bundle associated
with O g,. It is just the Y-reoriented geometric twisted shuffle product

St x; A" =|C, x; An]| = U(1) x A",

3.5. Order reorientation |Y| on geometric realization |S,| is the
canonical group involution v. It follows from classical constructions
(see [9, the map x in the proof of Theorem 2.3 on page 52]) that the
geometric realization || of the order reorientation involution Y is exactly
the involution v ((14) §(3.1)):

% l\*\ (18)

Cs| < 18s] —— C.] < [84]
extending the chain (17) by

18.N\IC.| = [8.]/IC.| = |SC.| = K(Z,2). (19)
This completes the proof of Theorem 1.
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