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�1. Ââåäåíèå

Î. Êëåéí â ñòàòüå �Àòîìèñòè÷íîñòü ýëåêòðè÷åñòâà êàê çàêîí êâàí-
òîâîé òåîðèè� âûäâèíóë ãèïîòåçó, ÷òî ïðîñòðàíñòâî òåîðèè Êàëóöû
çàìêíóòî â íàïðàâëåíèè ïÿòîé êîîðäèíàòû ñ ïåðèîäîì lcgs

lcgs =
hc
√

2κ
e

≈ 0.8 · 10−30 cm, (1)

ãäå κ = 8πGN
c4 � ãðàâèòàöèîííàÿ ïîñòîÿííàÿ Ýéíøòåéíà, GN � ãðà-

âèòàöèîííàÿ ïîñòîÿííàÿ Íüþòîíà, e � ôóíäàìåíòàëüíûé çàðÿä, c �
ñêîðîñòü ñâåòà, h � ïîñòîÿííàÿ Ïëàíêà [1, 2]. Â åäèíèöàõ SI

lKlein =
hc
√

2κ4πε0

e
= 8π

h
√
GNε0

ec
, (2)

ãäå ε0 � ýëåêòðè÷åñêàÿ ïîñòîÿííàÿ.
Ïðîñòðàíñòâî òåîðèè Êàëóöû�Êëåéíà ÿâëÿåòñÿ ðàññëîåííûì ïðî-

ñòðàíñòâîì ñî ñòðóêòóðíîé ãðóïïîé U(1). Òàê êàê äîïîëíèòåëüíàÿ êî-
îðäèíàòà íà ýòîé ãðóïïå ïðîñòðàíñòâåííîïîäîáíà, ïåðèîä âäîëü ýòîé
êîîðäèíàòû ìîæíî èíòåðïðåòèðîâàòü êàê äëèíó, õîòÿ âîçìîæíû è
äðóãèå èíòåðïðåòàöèè, êîòîðûå îáñóæäàþòñÿ â íàñòîÿùåé ñòàòüå. Îïå-
ðàòîð ýëåêòðè÷åñêîãî çàðÿäà â ýòîé òåîðèè ÿâëÿåòñÿ îïåðàòîðîì 5-
èìïóëüñà è êîììóòèðóåò ñ îïåðàòîðîì Äèðàêà. Ïîýòîìó ñîáñòâåííûå
çíà÷åíèÿ îïåðàòîðà çàðÿäà âñåãäà êðàòíû ôóíäàìåíòàëüíîìó çàðÿäó.
Ýòî îáúÿñíÿåò êâàíòîâàíèå ýëåêòðè÷åñêîãî çàðÿäà áåç ãèïîòåçû î ñó-
ùåñòâîâàíèè ìîíîïîëÿ.

Êëþ÷åâûå ñëîâà: òåîðèÿ Êàëóöû�Êëåéíà; êâàíòîâàíèå ýëåêòðè÷åñêîãî çàðÿäà;
êâàçèïåðèîäè÷íîñòü ïî âðåìåíè.
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�2. Ìåòðè÷åñêèé òåíçîð

Ðàññìîòðèì ðàññëîåííîå ïðîñòðàíñòâî P (M4, U(1)), ãäå M4 � ãëàä-
êîå 4-ìåðíîå ìíîãîîáðàçèå. Ìåòðè÷åñêèé òåíçîð çàäàí íà âñåì ðàññëî-
åííîì ïðîñòðàíñòâå:

ds2 = gµνdx
µdxν + φ2(Aµdx

µ + kdx4)2, (3)

ãäå gµν � 4-ìåðíûé ìåòðè÷åñêèé òåíçîð, Aµ � 4-ïîòåíöèàë ýëåêòðîìàã-
íèòíîãî ïîëÿ, k � ìàñøòàáèðóþùèé ìíîæèòåëü, φ2 � íåêîòîðàÿ ïîñòî-
ÿííàÿ. Îáû÷íî òðåáóþò, ÷òîáû âñå êîìïîíåíòû ìåòðè÷åñêîãî òåíçîðà
áûëè áåçðàçìåðíûìè. Îäíàêî, äîñòàòî÷íî ïîòðåáîâàòü, ÷òîáû èíâà-
ðèàíòíûé 5-ìåðíûé ýëåìåíò äëèíû (3) èìåë ðàçìåðíîñòü êâàäðàòà
äëèíû. Â ìàòðè÷íûõ îáîçíà÷åíèÿõ(

gij
)
i,j=0,...,4

=

(
gµν + φ2AµAν kφ2Aµ

kφ2Aν k2φ2

)
. (4)

Ïðåäïîëîæèì, ÷òî gµν èìååò ñèãíàòóðó (−,+,+,+) 1. Îïðåäåëèòåëü
5-ìåòðè÷åñêîãî òåíçîðà det(gij)i,j=0,...,4 = k2φ2 det g, ïîýòîìó 5-ìåðíûé
ìåòðè÷åñêèé òåíçîð èìååò ñèãíàòóðó (−,+,+,+,+). Ìàòðèöà îáðàò-
íîãî ìåòðè÷åñêîãî òåíçîðà(

gij
)
i,j=0,...,4

=

(
gµν −Aµ/k
−Aν/k AαA

α/k2 + 1/(k2φ2)

)
. (5)

Ãðå÷åñêèå èíäåêñû ïîäíèìàþòñÿ ñ ïîìîùüþ 4-ìåðíîãî ìåòðè÷åñêîãî
òåíçîðà gµν êàê îáû÷íî.

Ýéíøòåéí è Áåðãìàí ïðåäëîæèëè ñëåäóþùèå òðè ãèïîòåçû [4]:
1. Ðàññìàòðèâàåòñÿ 5-ìåðíîå ìíîãîîáðàçèå ñ ìåòðè÷åñêèì òåíçîðîì,

êîòîðûé ïðèâîäèò ê ïðàâèëüíûì óðàâíåíèÿì äâèæåíèÿ è óðàâíåíèÿì
ïîëÿ.

2. Ýòî ìíîãîîáðàçèå çàìêíóòî â íàïðàâëåíèè ïÿòîé êîîðäèíàòû, ò.å.
ïÿòàÿ êîîðäèíàòà x4 ïåðèîäè÷íà. Ñëåäîâàòåëüíî, ìàêðîñêîïè÷åñêèå
ôèçè÷åñêèå âåëè÷èíû íå çàâèñÿò îò ïÿòîé êîîðäèíàòû, íî âîëíîâûå
ôóíêöèè êâàíòîâîé ìåõàíèêè ïåðèîäè÷åñêè çàâèñÿò îò x4.

14-ìåòðèêà gµν òàêæå ìîæåò èìåòü ñèãíàòóðó (+,−,−,−). Âûáîð òàêîé ñèã-
íàòóðû ýêâèâàëåíòåí çàìåíå gµν 7→ −gµν [3]. Íåêîòîðûå ôèçè÷åñêèå âåëè÷èíû,
â òîì ÷èñëå òåíçîð ýíåðãèè-èìïóëüñà ýëåêòðîìàãíèòíîãî ïîëÿ, ïðè òàêîé çàìåíå
ìåíÿþò çíàê. Çàìåíà 5-ìåòðèêè gij 7→ −gij ýêâèâàëåíòíà çàìåíå gµν 7→ −gµν
è φ2 7→ −φ2. Òîãäà det(gij) = −k2φ2 det(gµν) è ñëåäîâàòåëüíî, 5-ìåðíûé ìåòðè-

÷åñêèé òåíçîð gij èìååò ñèãíàòóðó (+,−,−,−,−). Èòàê, ïÿòàÿ êîîðäèíàòà x4

îêàçûâàåòñÿ ïðîñòðàíñòâåííîïîäîáíîé â îáîèõ ñëó÷àÿõ.
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3. ×åðåç êàæäóþ òî÷êó ìíîãîîáðàçèÿ ïðîõîäèò çàìêíóòàÿ è ãëàäêàÿ
ãåîäåçè÷åñêàÿ (êîîðäèíàòíûå ëèíèè x4).

Óðàâíåíèÿ äâèæåíèÿ çàðÿæåííîé ÷àñòèöû êàê óðàâíåíèÿ ãåî-
äåçè÷åñêèõ. Ðàññìîòðèì ôóíêöèîíàë

S(x(·)) =

τ1∫
τ0

L(x(τ), ẋ(τ)) dτ, ãäå L(x, u) =
m

2
giju

iuj (6)

è ui = dxi

dτ
. Ñèìâîëû Êðèñòîôôåëÿ ñèììåòðè÷íîé ðèìàíîâîé ñâÿçíî-

ñòè

Γ
α

µν = Γαµν +
φ2

2
(AνFµ

α +AµFν
α), (7)

ãäå Γαµν = 1
2g

αβ
(
∂gνβ
∂xµ +

∂gβµ
∂xν −

∂gµν
∂xβ

)
, ÷òî ñîâïàäàåò ñ îáû÷íîé ôîðìó-

ëîé äëÿ 4-ìåðíîé ìåòðèêè gµν . Äðóãèå êîìïîíåíòû ñâÿçíîñòè èìåþò
âèä

Γ
α

ν4 = Γ
α

4ν =
kφ2

2
Fν

α, (8)

Γ
α

44 = 0, Γ
4

44 = 0, (9)

Γ
4

µν = −1

k
AαΓαµν −

φ2

2k
Aα
(
AνFµ

α +AµFν
α
)

+
1

2k

(
∂Aν
∂xµ

+
∂Aµ
∂xν

)
, (10)

Γ
4

ν4 = Γ
4

4ν = −φ
2

2
AαFν

α. (11)

Â ñèëó óðàâíåíèé Ýéëåðà d
dt

∂L
∂uk

= ∂L
∂xk

, k = 0, . . ., 4, ïîëó÷àåì

u̇α +

4∑
i,j=0

Γ
α

iju
iuj = 0.

Òàê êàê Γ
α

44 = 0,

u̇α + Γ
α

µνu
µuν + Γ

α

4νu
4uν + Γ

α

µ4u
µu4 = 0. (12)

Â ñèëó óñëîâèÿ öèëèíäðè÷íîñòè, ∂L
∂u4 = mφ2(Aµu

µ + ku4) = Q = const

è Aµẋ
µ+kẋ4 ≡ Q

mφ2 . Ïîýòîìó äëÿ ïÿòîé êîîðäèíàòû âåêòîðà ñêîðîñòè

ku4 =
Q

mφ2
−Aαuα. (13)
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Óðàâíåíèÿ ãåîäåçè÷åñêèõ

u̇α + Γ
α

µνu
µuν + 2Γ

α

4νu
ν 1

k

(
Q

mφ2
−Aµuµ

)
= 0, (14)

u̇α +

3∑
µ,ν=0

(
Γ
α

µν −
1

k
AµΓ

α

4ν −
1

k
AνΓ

α

µ4

)
uµuν + 2

Q

kmφ2

3∑
ν=0

Γ
α

4νu
ν = 0.

(15)
Â ñèëó (7) è (8), 

u̇α + Γαµνu
µuν +

Q

m
Fαν u

ν = 0

ku4 +Aαu
α =

Q

mφ2
.

(16)

Ýòî ðåëÿòèâèñòñêèå óðàâíåíèÿ äâèæåíèÿ çàðÿæåííîé ÷àñòèöû â ýëåê-
òðîìàãíèòíîì ïîëå [5]. Ïîñòîÿííàÿ Q

m � ýòî îòíîøåíèå çàðÿäà ê ìàñ-
ñå ÷àñòèöû. Ýôôåêòèâíàÿ ñâÿçíîñòü Γαµν , äåéñòâóþùàÿ íà ÷àñòèöó,
ñîâïàäàåò ñ ñèììåòðè÷íîé ðèìàíîâîé ñâÿçíîñòüþ äëÿ ìåòðèêè gµν . Â

åäèíèöàõ SI Fµν = (E
c ,B), ïîýòîìó ðàçìåðíîñòü [QmF

α
ν ] = Êë·ñ

êã·ì
Â
ì

= 1
ñ

è [Γαµν ] = 1
ì
. Ïîýòîìó ì

[τ ]2 = [QmF
α
ν u

ν ] = 1
ñ
ì
[τ ] . Ñëåäîâàòåëüíî, [τ ] =ñ

è ôóíêöèîíàë (6) èìååò ðàçìåðíîñòü Äæ·ñ, êàê è äîëæíî áûòü äëÿ
ôóíêöèîíàëà äåéñòâèÿ.

Óðàâíåíèÿ ãåîäåçè÷åñêèõ íà ýòîì ìíîãîîáðàçèè äîïóñêàþò ïðîèç-
âîëüíûé 4-âåêòîð íà÷àëüíîé ñêîðîñòè, íî ïÿòàÿ êîîðäèíàòà âåêòîðà
íà÷àëüíîé ñêîðîñòè îïðåäåëÿåòñÿ óðàâíåíèåì (13) è íå ÿâëÿåòñÿ ïðî-
èçâîëüíîé. Êîîðäèíàòíûå ëèíèè x4 èìåþò âåêòîð ñêîðîñòè (0, 0, 0, 0,1),
ò.å. íà÷àëüíûé âåêòîð 4-ñêîðîñòè � ýòî íîëü-âåêòîð. Ðåøåíèå óðàâíå-
íèé (16) â ýòîì ñëó÷àå áóäåò êîîðäèíàòíûìè ëèíèÿìè x4, åñëè ÷à-
ñòèöà çàðÿæåíà. Ïîñòîÿííàÿ φ2 îïðåäåëÿåòñÿ óðàâíåíèÿìè ïîëÿ (24):

φ2 = 16πGN
c4µ0

= 3.30424 · 10−37 ì2

Â2·ñ2 è φ = 5.74826 · 10−19 ì
Â·ñ .

Ïîëíûé íàáîð íà÷àëüíûõ óñëîâèé äëÿ óðàâíåíèé ãåîäåçè÷åñêèõ (16)
âêëþ÷àåò ïðîèçâîëüíûé 4-âåêòîð ẋα0 è îòíîøåíèå çàðÿäà ê ìàññå ÷à-
ñòèöû (îòíîøåíèå ïÿòîé êîîðäèíàòû èìïóëüñà ê ìàññå). Ýòîò íàáîð
íà÷àëüíûõ óñëîâèé ïðèíàäëåæèò ñìåøàííîìó ðàññëîåíèþ, ñîñòîÿùå-
ìó èç ïîäïðîñòðàíñòâà 4-âåêòîðîâ è îäíîìåðíîãî ïîäïðîñòðàíñòâà êî-
âåêòîðîâ. Òàêèå ðàññëîåíèÿ âîçíèêàþò â íåãîëîíîìíûõ âàðèàöèîííûõ
çàäà÷àõ äëÿ íåèíòåãðèðóåìûõ ðàñïðåäåëåíèé. Ýòî ñìåøàííîå ðàññëî-
åíèå ïðîô. À. Ì. Âåðøèê ïðåäëîæèë íàçâàòü êåíòàâðîì [6�8].
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Âòîðîå èç óðàâíåíèé (16) îïðåäåëÿåò íåñêîëüêî áîëåå îáùèé îáú-
åêò, ÷åì íåãîëîíîìíîå ðàñïðåäåëåíèå. Ðàñïðåäåëåíèå â êàñàòåëüíîì
ðàññëîåíèè � ýòî ïîëå ïîäïðîñòðàíñòâ, çàäàííîå ñèñòåìîé óðàâíåíèé
ωl(X) = 0, ãäå ωl � ñåìåéñòâî äèôôåðåíöèàëüíûõ 1-ôîðì. Âòîðîå èç
óðàâíåíèé (16) èìååò âèä ω(ẋ) = const. Òàêîé îáúåêò ìîæíî íàçâàòü
àôôèííûì ðàñïðåäåëåíèåì.

�3. Êâàíòîâàíèå ýëåêòðè÷åñêîãî çàðÿäà

Ïÿòàÿ êîîðäèíàòà 5-èìïóëüñà p4 = m
4∑
j=0

g4ju
j = mφ2(Aµu

µ+ku4) =

Q ñîîòâåòñòâóåò çàðÿäó ÷àñòèöû. Ñîîòíîøåíèå äå Áðîéëÿ äëÿ ôóíäà-
ìåíòàëüíîãî çàðÿäà äàåò λ = h/e = 4.135669 · 10−15 Â · ñ. Òàê êàê
â åäèíèöàõ SI ðàçìåðíîñòü 4-ïîòåíöèàëà Â·ñ

ì
è ðàçìåðíîñòü ïðîñòðàí-

ñòâåííûõ êîîðäèíàò [xµ] =ì, òî èç (13) ñëåäóåò, ÷òî [kx4] =Â·ñ.
Â òåîðèè Êàëóöû�Êëåéíà çàðÿä ÷àñòèöû � ýòî å¼ èìïóëüñ â íà-

ïðàâëåíèè êîîðäèíàòû x4. Îïåðàòîð èìïóëüñà â êâàíòîâîé ìåõàíèêå
èìååò âèä p̂ν = −i~∂ν . Îïåðàòîð èìïóëüñà, ñîîòâåòñòâóþùèé êîîðäè-
íàòå x4, èìååò ñìûñë îïåðàòîðà çàðÿäà è èìååò âèä p̂4 = − i~k ∂4, ãäå k
� ìàñøòàáèðóþùèé ìíîæèòåëü. Åäèíèöà èçìåðåíèÿ (ìàñøòàá) âäîëü
ïÿòîé êîîðäèíàòû ïîêà íå ôèêñèðîâàíà. Âîëíîâàÿ ôóíêöèÿ ýëåêòðîíà
äîëæíà áûòü ñîáñòâåííîé ôóíêöèåé îïåðàòîðà çàðÿäà ñ ñîáñòâåííûì
çíà÷åíèåì, ðàâíûì çàðÿäó ýëåêòðîíà:

− i~
k

∂

∂x4
ψ = eψ. (17)

Òîãäà âîëíîâàÿ ôóíêöèÿ ψ èìååò âèä

ψ(x) = exp

(
ie

~
kx4

)
ϕ(x), (18)

ãäå ϕ íå çàâèñèò îò x4. Òîãäà ïåðèîä âäîëü ïÿòîé êîîðäèíàòû ðàâåí
2π~
ek .
Î. Êëåéí èñïîëüçîâàë ñëåäóþùóþ ìåòðèêó [2]:

ds2 = gµνdx
µdxν + (βAµdx

µ + dx4)2. (19)

Ýòî ýêâèâàëåíòíî âûáîðó ìàñøòàáèðóþùåãî ìíîæèòåëÿ k = 1/β =
1/φ. Ïðè òàêîì âûáîðå ðàçìåðíîñòü ïÿòîé êîîðäèíàòû � ýòî ðàçìåð-
íîñòü äëèíû. Ïåðèîä ïÿòîé êîîðäèíàòû lx4 =(h/e)φ=2.37729 ·10−33 ì.
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Òàáëèöà 1. Ìàñøòàáèðóþùèé ìíîæèòåëü k è èíòåð-
ïðåòàöèÿ ïÿòîé êîîðäèíàòû.

k g44 [x4] Ôèçè÷åñêèé ñìûñë Ïåðèîä

1/φ 1 ì äëèíà (h/e)φ
1/e φ2/e2 Äæ·ñ äåéñòâèå h
1 φ2 Â·ñ ýëåêòðè÷åñêàÿ êîîðäèíàòà h/e

Ýéíøòåéí è Áåðãìàí èñïîëüçîâàëè íåÿâíî òîò æå ñàìûé íîðìèðóþ-
ùèé ìíîæèòåëü â ñèëó èõ òðåáîâàíèÿ g44 = 1. Ñîîòíîøåíèå ñ ïëàí-
êîâñêîé äëèíîé:

lx4 =
4π√
α
lPlanck, (20)

ãäå α � ïîñòîÿííàÿ òîíêîé ñòðóêòóðû. Ïåðèîä ïÿòîé êîîðäèíàòû ïðè-
ìåðíî â 147 ðàç áîëüøå, ÷åì ïëàíêîâñêàÿ äëèíà.

Þ.Á. Ðóìåð èñïîëüçîâàë ìàñøòàáèðóþùèé ìíîæèòåëü k = 1/e. Ïå-
ðèîä ïÿòîé êîîðäèíàòû â åãî òåîðèè ñîâïàë ñ ïîñòîÿííîé Ïëàíêà h
è ðàçìåðíîñòü ïÿòîé êîîðäèíàòû ñîâïàëà ñ ðàçìåðíîñòüþ äåéñòâèÿ
Äæ·ñ [9].

Òàêæå âîçìîæåí âûáîð ìàñøòàáèðóþùåãî ìíîæèòåëÿ k = 1. Òîãäà
ïÿòàÿ êîîðäèíàòà áóäåò èìåòü ðàçìåðíîñòü Â·ñ è åå ïåðèîä áóäåò ðàâåí
äëèíå âîëíû äå Áðîéëÿ h/e = 4.135669 · 10−15 Â · ñ (÷òî ñîâïàäàåò ñ
óäâîåííûì êâàíòîì ìàãíèòíîãî ïîòîêà â ýôôåêòå Äæîçåôñîíà [10]).
Âàðèàíòû èíòåðïðåòàöèè ïÿòîé êîîðäèíàòû ïðèâåäåíû â òàáë. 1.

�4. Óðàâíåíèÿ ïîëÿ

Âàðèàöèîííûé ïðèíöèï äëÿ ïîëÿ ìåòðè÷åñêîãî òåíçîðà èìååò âèä

S = − c3

16πGN

∫
Ω

R
√
|det g(x)| dx0dx1dx2dx3 → min, (21)

ãäå R � ñêàëÿðíàÿ êðèâèçíà äëÿ ìåòðèêè (3). Òåíçîð êðèâèçíû îïðå-
äåëÿåòñÿ, êàê îáû÷íî:

R
i
jkl = ∂kΓ

i

lj − ∂lΓ
i

kj +

4∑
s=0

(
Γ
s

ljΓ
i

ks − Γ
s

kjΓ
i

ls

)
, i, j, k, l = 0, . . ., 4. (22)
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Ïîýòîìó ñêàëÿðíàÿ êðèâèçíà [11]

R = R− φ2

4
FαβF

αβ . (23)

Âàðüèðîâàíèå ìåòðèêè gµν â ôóíêöèîíàëå (21) ïðèâîäèò ê óðàâíåíèÿì
Ýéíøòåéíà â ïðèñóòñòâèè ýëåêòðîìàãíèòíîãî ïîëÿ:

Rµν −
1

2
gµνR =

φ2

2

(
Fαµ Fνα −

1

4
gµνFαβF

αβ
)
. (24)

Ïðàâàÿ ÷àñòü (24) � ýòî òåíçîð ýíåðãèè-èìïóëüñà ýëåêòðîìàãíèòíî-
ãî ïîëÿ. Îñíîâíîé ðåçóëüòàò òåîðèè Êàëóöû�Êëåéíà ñîñòîèò â òîì,
÷òî ýòî óðàâíåíèå âûâîäèòñÿ èç ñêàëÿðíîé êðèâèçíû (23), à íå èç
ôóíêöèîíàëà äåéñòâèÿ, ñîäåðæàùåãî íåñêîëüêî ñëàãàåìûõ, îòäåëüíî
äëÿ ãðàâèòàöèîííîãî ïîëÿ è îòäåëüíî äëÿ ýëåêòðîìàãíèòíîãî. Òàê êàê
òåíçîð ýíåðãèè-èìïóëüñà ýëåêòðîìàãíèòíîãî ïîëÿ Tµν = 1

µ0

(
Fαµ Fνα −

1
4gµνFαβF

αβ
)
, òî êîíñòàíòà

φ2

2 = 8πGN
c4µ0

è ñëåäîâàòåëüíî, φ2 = 16πGN
c4µ0

= 3.30424 · 10−37 ì2

Â2·ñ2 . Èòàê, φ = 5.74826 · 10−19 ì
Â·ñ . Âàðüèðîâàíèå 4-

ïîòåíöèàëà Aµ â ôóíêöèîíàëå (21) ïðèâîäèò ê óðàâíåíèÿì Ìàêñâåëëà
â ïóñòîòå: ∇αFαν = 0.

�5. Ëîêàëèçàöèÿ âðåìåíè

Ðèñ. 1. Êâàçèïåðèîäè÷íîñòü ïî âðåìåíè.
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Â êëàññè÷åñêîì ïðèáëèæåíèè ìàòåðèàëüíàÿ òî÷êà äâèæåòñÿ òàê,
÷òî åå êàñàòåëüíûé âåêòîð γ′(s) ëåæèò â êîíóñå áóäóùåãî â êàñàòåëü-
íîì ïðîñòðàíñòâå â òî÷êå γ(s). Ñîáñòâåííîå âðåìÿ íåïîäâèæíîãî íà-
áëþäàòåëÿ � ýòî èíòåãðàë îò âåêòîðíîãî ïîëÿ ∂

∂x0 . Äëÿ äðóãîãî íàáëþ-

äàòåëÿ ýòî èíòåãðàë îò âåêòîðíîãî ïîëÿ ∂
∂x′0 . Åñëè èõ ìèðîâûå ëèíèè

ïåðåñåêàþòñÿ, òî ýòè êàñàòåëüíûå âåêòîðû ëåæàò â îäíîì êîíóñå áóäó-
ùåãî â êàñàòåëüíîì ïðîñòðàíñòâå â òî÷êå ïåðåñå÷åíèÿ ìèðîâûõ ëèíèé.
Áóäåì ãîâîðèòü, ÷òî ìíîãîîáðàçèå êâàçèïåðèîäè÷íî ïî âðåìåíè, åñëè
|x0(s) − x0(0)| ñíà÷àëà óâåëè÷èâàåòñÿ, à çàòåì äîñòèãàåò ìèíèìóìà.
Çíà÷åíèå s = T â ïåðâîì òàêîì ëîêàëüíîì ìèíèìóìå áóäåì íàçûâàòü
êâàçèïåðèîäîì (ðèñ. 1). Áóäåì ãîâîðèòü, ÷òî ìíîãîîáðàçèå ïëàíêîâñêè
êâàçèïåðèîäè÷íî ïî âðåìåíè, åñëè âåëè÷èíà |x0(s)−x0(0)| çà êâàçèïå-
ðèîä èìååò ïëàíêîâñêèé ïîðÿäîê âåëè÷èíû. Êâàçèïåðèîä çàâèñèò îò
âûáîðà íàáëþäàòåëÿ.

Ìåòðè÷åñêèé òåíçîð â ñëó÷àå ïëàíêîâñêè êâàçèïåðèîäè÷íîãî ïî
âðåìåíè ìíîãîîáðàçèÿ îñòàåòñÿ áåç èçìåíåíèé. Ïðîáëåì ñ çàìêíóòûìè
âðåìåíèïîäîáíûìè ïóòÿìè íå âîçíèêàåò. Ôèçè÷åñêîå âðåìÿ � ýòî èíòå-
ãðàë îò âåêòîðíîãî ïîëÿ ∂

∂x0 , ò.å. ÷èñëî îáîðîòîâ âîêðóã îêðóæíîñòè,
äëèíà êîòîðîé èìååò ïëàíêîâñêèé ïîðÿäîê. Îáû÷íîå ïðîñòðàíñòâî-
âðåìÿ îêàçûâàåòñÿ íàêðûâàþùèì ïðîñòðàíñòâîì äëÿ öèëèíäðà S1 ×
R3, ðèñ. 1.

�6. Ãëàâíîå ðàññëîåíèå ñòàíäàðòíîé ìîäåëè

Ïóñòü B � ñâÿçíîñòü â ãëàâíîì ðàññëîåíèè P (M4, G), ãäå G = U(1)×
SU(2)× SU(3). Ðàññìîòðèì ðàññëîåííîå ïðîñòðàíñòâî P (M4, G). Ðàñ-
ïðåäåëåíèå ñâÿçíîñòè B � ýòî ïîëå ÷åòûðåõìåðíûõ êàñàòåëüíûõ ïîä-
ïðîñòðàíñòâ è åãî ìîæíî ðàññìàòðèâàòü êàê ñâÿçíîñòü Ýðåñìàíà. Ôîð-
ìà ñâÿçíîñòè èìååò âèä

ω =

3∑
ν=0

(
igem

Y

2
Bν + igw

3∑
k=1

τk

2
W k
ν + igc

8∑
a=1

λa

2
Gaν

)
dxν + dg, (25)

ãäå gem, gw è gc � êîíñòàíòû ñâÿçè ýëåêòðîìàãíèòíîãî, ñëàáîãî è ñèëü-
íîãî âçàèìîäåéñòâèé, Bν , W

k
ν è Gaν � ïîòåíöèàëû ñîîòâåòñòâóþùèõ

ïîëåé, Y � ãèïåðçàðÿä, êîòîðûé ìîæíî ðàññìàòðèâàòü êàê êîîðäè-
íàòíîå âåêòîðíîå ïîëå íà U(1), τk � ìàòðèöû Ïàóëè, λa � ìàòðèöû
Ãåëë�Ìàííà. Îáû÷íî ýòà ôîðìà ðàññìàòðèâàåòñÿ â åäèíèöå ãðóïïû G,
íî åå ìîæíî ïðîäîëæèòü ïî ëåâîèíâàðèàíòíîñòè íà âñå ðàññëîåííîå
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ïðîñòðàíñòâî. Ãîðèçîíòàëüíûé ëèôò ïðîèçâîäíûõ ∂ν èìååò âèä [12]

Dν =
∂

∂xν
− igem

Y

2
Bν − igw

3∑
k=1

τk

2
W k
ν − igc

8∑
a=1

λa

2
Gaν . (26)

Âûïîëíÿòñÿ òîæäåñòâî ω(Dν) = 0 (ýòî íóëü â àëãåáðå Ëè ãðóïïû G).
Èçâåñòíî, ÷òî ôóíäàìåíòàëüíûé çàðÿä e ñâÿçàí ñëåäóþùèì îáðàçîì
ñ êîíñòàíòàìè ýëåêòðîìàãíèòíîãî è ñëàáîãî âçàèìîäåéñòâèÿ:

e = gem cos θW = gem
gw√

g2
w + g2

em

, (27)

ãäå θW � óãîë Âàéíáåðãà, sin2 θW ≈ 0.2397 [12, ñòð. 99]. Â ýòîì ðàññëî-
åííîì ïðîñòðàíñòâå 12 îïåðàòîðîâ çàðÿäà, íî ñ ó÷åòîì ýòîãî ñîîòíîøå-
íèÿ íàì ïîíàäîáÿòñÿ òîëüêî p̂4 = − i~k

∂
∂x4 , ãäå x

4 � êîîðäèíàòà íà ãðóï-
ïå U(1), è íåêîòîðûé îïåðàòîð, ñîîòâåòñòâóþùèé ëåâîèíâàðèàíòíîìó
âåêòîðíîìó ïîëþ íà SU(2), êîòîðîå â åäèíèöå ãðóïïû îáðàùàåòñÿ â

iτ3 =

(
i 0
0 −i

)
. Íàïîìíèì, ÷òî âåêòîðíûå ïîëÿ íà ãëàäêîì ìíîãî-

îáðàçèè � ýòî îïåðàòîðû òèïà äèôôåðåíöèðîâàíèÿ, äåéñòâóþùèå íà
ãëàäêèå ôóíêöèè, çàäàííûå íà ýòîì ìíîãîîáðàçèè. Ìàòðè÷íàÿ ýêñïî-

íåíòà exp(iτ3x5) =

(
eix

5

0

0 e−ix
5

)
. Ëåâîèíâàðèàíòíîå âåêòîðíîå ïîëå(

ieix
5

0

0 −ie−ix5

)
= exp(iτ3x5)iτ3. Ñîîòâåòñòâóþùèé îïåðàòîð òèïà

äèôôåðåíöèðîâàíèÿ iτ3 ∂
∂x5 . Òîãäà ñîîòâåòñòâóþùèé îïåðàòîð çàðÿäà

p̂5 = − i~k τ
3 ∂
∂x5 .

Ìû èùåì âîëíîâóþ ôóíêöèþ, êîòîðàÿ ÿâëÿåòñÿ ñîáñòâåííîé ôóíê-
öèåé ýòèõ îïåðàòîðîâ ñ ñîáñòâåííûìè çíà÷åíèÿìè ξem = e cos θW è
ξw = e sin θW . Îíà èìååò âèä

ψ(x) = exp

(
iξem
~

kx4

)
exp

(
ξw
~
iτ3kx5

)
ϕ(x), (28)

ãäå ϕ íå çàâèñèò îò x4 è x5. Òîãäà ïåðèîä âäîëü êîîðäèíàòû x4 ðàâåí
2π~
ξemk

, à ïåðèîä âäîëü êîîðäèíàòû x5 ðàâåí 2π~
ξwk

. Îïåðàòîð ýëåêòðè÷å-

ñêîãî çàðÿäà (ñ ñîáñòâåííûì çíà÷åíèåì e) áóäåò èìåòü âèä (ðèñ. 2)

q̂ = cos θW p̂4 + sin θW p̂5. (29)

Îäíàêî, íà ãðóïïå SU(2) íåò âûäåëåííîé ñèñòåìû êîîðäèíàò. Â êà÷å-
ñòâå êîîðäèíàòû x5 ìîæíî âçÿòü exp(iτ1x5) èëè exp(iτ2x5). Âîçìîæíî,
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Ðèñ. 2. Îïåðàòîðû çàðÿäà êàê âåêòîðû â àëãåáðå Ëè.

÷òî òðåì áàçèñíûì âåêòîðàì àëãåáðû Ëè su(2) ñîîòâåòñòâóþò òðè ïî-
êîëåíèÿ ôóíäàìåíòàëüíûõ ÷àñòèö (ëåïòîííîå ÷èñëî). Ãîìîòîïè÷åñêè
ýòè ïóòè ýêâèâàëåíòíû. Åñòü ïðîöåññû, â êîòîðûõ ëåïòîííîå ÷èñëî
èçìåíÿåòñÿ.

Èòàê, ìû ïðåäñòàâèëè òîïîëîãè÷åñêîå îáúÿñíåíèå èçâåñòíîãî ôàê-
òà, ÷òî ýëåêòðè÷åñêèé çàðÿä ëþáîé ÷àñòèöû âñåãäà êðàòåí ôóíäàìåí-
òàëüíîìó çàðÿäó e. Íàïîìíèì, ÷òî ìàãíèòíûé ìîíîïîëü, ïðåäëîæåí-
íûé Äèðàêîì òàêæå ñ öåëüþ îáúÿñíèòü ýòî ÿâëåíèå, íèêîãäà íå áûë
îáíàðóæåí ýêñïåðèìåíòàëüíî [13�15].

Ìåòðè÷åñêèé òåíçîð íà ðàññëîåííîì ïðîñòðàíñòâå ñ ãðóïïîé SU(2)
âûïèñàí â ðàáîòå [16]. Êîîðäèíàòû íà SU(2) îêàçûâàþòñÿ âðåìåíè-
ïîäîáíûìè. Â öåëîì ýòî ìíîãîîáðàçèå äîëæíî áûòü êâàçèïåðèîäè÷-
íî ïî âðåìåíè, ïðè÷åì âåêòîðíîå ïîëå, ñîîòâåòñòâóþùåå ôèçè÷åñêîìó
âðåìåíè, ìîæåò ïîâîðà÷èâàòüñÿ íå òîëüêî ïî îòíîøåíèþ ê ïðîñòðàí-
ñòâåííûì êîîðäèíàòàì, íî è ïî îòíîøåíèþ ê êîîðäèíàòàì íà SU(2).
Ýòî ñîîòâåòñòâóåò G-èíâàðèàíòíîìó âåêòîðíîìó ïîëþ íà ãëàâíîì ðàñ-
ñëîåíèè ñ íåíóëåâîé âåðòèêàëüíîé ïðîåêöèåé.
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Krym V. R. Topological quantization of the electric charge in the Ka-
luza�Klein theory.

The space of the Kaluza�Klein theory is the principal bundle with the
structure group U(1). The electric charge operator is the 5th component of
the 5-momentum in this theory. Since the electric charge operator commu-
tes with the Dirac operator, its eigenvalues are observables and due to the
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structure group topology they are multiples of the fundamental charge. The
magnetic monopole hypothesis is not necessary to explain quantization of
the electric charge. We also consider the principal bundle with the structure
group U(1)× SU(2). The fundamental charge can be expressed using the
weak mixing angle (Weinberg angle) and the Lie algebra of this group. The
quasiperiodic in time manifold instead of the cyclic time is suggested.
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