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SEMIGROUP APPROACH TO ADMISSIBLE
REPRESENTATIONS OF THE INFINITE SYMMETRIC
GROUP

ABSTRACT. Let S(00) denote the group of finitary permutations of
the set N:= {1,2,3,...}. It is a countable group admitting a lot of
different topologies compatible with the group structure. In partic-
ular, such topologies arise from partitions of the set N into blocks
of infinite size. The corresponding categories of continuous unitary
representations of S(co) were studied by Nessonov (Sbornik: Math-
ematics, 2012). We propose a different approach to his classification
results based on the so-called semigroup method. Some additional
information is also obtained.

§1. INTRODUCTION

1.1. Suppose that we have an infinite-dimensional group G (usually G
is an inductive limit of some compact, finite or finite-dimensional groups
G(n)) and suppose that we fix some subgroup K C G which would play
the role of a maximal compact subgroup of G. We define the notion of a
tame representation of a group K, and consider unitary representations
of G that become tame after being restricted to K. Such representations
are called admissible representations of the pair (G, K). We will also call
them K-admissible representations of G. Different choices of K may lead
to different classes of admissible representations.

Different examples of (G, K)-pairs were studied in [2-5].

The pair (G, K) often allows one to construct a series &(n) of finite semi-
groups in some natural way. This semigroup approach can be extremely
useful as there are important connections between the representations of
thus obtained semigroups and K-admissible representations of G.

In this paper we consider pairs (S(00), K%), where S(c0) is the group
of all finite permutations of the set N := {1,2,...}, and K is the Young
subgroup of S(c0) that respects a partition a of N into countable sets
N = |_| (67
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The total classification of admissible representations of these types of
pairs was firstly obtained by Nessonov in [1]. We will give another proof
of these results making use of the semigroup approach.

1.2. Let us denote by S(X) the group of finite permutations on the set X.
When X = Nand X = [n] :={1,2,...,n} we will write S(co) and S(n)
respectively. It will be convenient to us to realise S(X) as the group of all
strictly monomial matrices indexed by the set X.

Definition 1.1. A partition of a countable set X is a collection of count-
able sets & = {a; };cr such that

X=|_|O(i.

The set of all partitions of X will be denoted by P(X). When X equals N
we will omit N from the notation, and sometimes, when we want to fix an
index set I, we will write P7(X).

Each a € P defines a group topology on S(co) in the following way.

Definition 1.2. For any a € P/(X) let K* denote the Young subgroup
of S(X) corresponding to «. It consists of all permutations that respect
the partition a. It is clear that K¢ is a direct sum of symmetric groups on

the sets «;
K=" S(a).
iel

For a finite subset Y C X let us denote by Y the set N\Y', by Sy (X) the
subgroup of S(oo) of all finite permutations of the set Y (in other words,
all permutations fixing the set Y pointwise), and set K¢ = K* N Sy (X).
When Y = [n] C N we will write S,,(c0) and K2 respectively.

Suppose now that X = N.

Groups K form a decreasing chain

K=Ky DK D>---
and satisfy the following conditions:
(D) Muen K = {1}
(2) K2 NS(n) is finite for any m < n;
(3) K& and S(n) commute for all n € N.
The conditions above guarantee the existence of the unique group topology

on S(o00) for which { K2} form a neighbourhood basis of unity. We will call
it a-topology.
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Remark 1.3. The completion of S(oco) in this topology consists of all
bijections g of N such that for any ¢ # j € I the number d;;(g) =
H{k € a; | g(k) € a;}]| is finite, and for any i € I we have

> dij(g) = diilg).
J#i J#i
1.3.

Definition 1.4. Let o € P. A unitary representation T' of S(00) is said
to be a-admissible if it is continuous in a-topology.

For any unitary representation T of S(co) we will denote by H(T') the
Hilbert space of T', and by H% (T') its subspace of all K §-invariant vectors.
Once again, when X = [n], we will write just HS(T). The representation
T is a-admissible if and only if the space

HS(T) = | Hy(T)
neN
is dense in H(T).
When the partition « is fixed we will usually omit the upper index «
from the notation.

Remark 1.5. When the representation T is irreducible, it is a-admissible
if and only if HY # 0 for some n.

Note that if we change « in a finite way, the category of admissible repre-
sentations will not change. More formally, suppose we have two partitions
a and . We are interested in the relations between the corresponding
categories Adm(a) and Adm(5) of equivalence classes of admissible repre-
sentations.

Notation 1.6. For any finite set Y C N let us denote by oY) the partition
of Y¢ obtained from « by removing the set Y. In other words, ozl(»y) = q;NY.
When Y = [n] we will write a(™).

Definition 1.7. Let a € P!, 3 € P’ be two partitions of N.
(1) We say that two partitions « and 8 are equivalent, a ~ B, if
a) = BY) for some finite set Y.
Note that a ~ 3 if and only if K2 = K72 for all n large enough.
It follows that they yield the same categories Adm(a) = Adm(p).
We will denote by [a] the equivalence class of «.
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(2) We say that « is finer than S (and that S is coarser than «) and
write o »= 3 if for any j € J there exists I; C I such that

6]': I_l ;.

iel;

Note that if « = 3, then K C KP.

We will write « = 8 when « = 8 and 8 = «, i.e., when 8 can
be obtained from « by re-indexing its parts.

(3) We say that class [] is finer than class [], [a] = [8], if «¥) 5= gOY)

for some finite set Y. This definition does not depend on the choice
of representatives v and .

Note that [a] = [f] if and only if K& C K[ for all n large
enough, and if [a] = [B] and [] = [a], then a ~ S.

It follows that Adm(a) D Adm(5) when [a] = [5].

The structure of this paper is as follows. In Section 2 we introduce semi-
groups of double cosets &*(X) and describe the connection between their
representations and a-admissible representations of S(c0). In Section 3 we
describe some particular subclass of a-admissible representations, namely,
spherical representations. The proof of the classification of a-spherical rep-
resentations using the semigroup approach was done by Neretin in [2] and
we will not repeat it. In Section 4 we use the classification of a-spherical
representations to give the semigroup-theoretical proof of the classifica-
tion result of irreducible a-admissible representations, and in Section 5
give the necessary and sufficient conditions on unitary equivalence of two
irreducible a-admissible representations. Section 6 is an application of the
classification result: we describe irreducible representations that are ad-
missible with respect to two partitions simultaneously.

Acknowledgements. This work was supported by the Russian Science
Foundation under project 23—-11-00150,
https://rscf.ru/en/project/23-11-00150/. The author is grateful to
G. Olshanskii for stating the problem, useful discussions and careful read-
ing of the paper.

§2. SEMIGROUPS OF DOUBLE COSETS

In this section we describe the set &*(X) of double cosets K$\.S(c0)/ K%
and endow it with a semigroup structure.
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2.1. Firstly, we agree that in this paper when we say “semigroup” we
mean “involutive semigroup with unity”, i.e., we require a semigroup & to
possess a unity 1 and an involutive anti-homomorphism g+ g*.

Definition 2.1. Let X be a set.

(i) A partial bijection of X is a bijection A: dom(A) — range(A4) be-
tween two (possible empty) subsets dom(A), range(A) C X. The set
of all partial bijections of X will be denoted by PB(X).

(ii) For Ay, Ay € PB(X) we define their product A;As in the natural
way: A1 As is defined on x whenever both As(x) and A;(As(x)) are
defined, and for any = € dom(A; As)

AlAQ(I') = Al (AQ(:E))

(ili) Given A € PB(X) we define A* € PB(X) such that dom(A*) =
range(A), range(A*) = dom(A), and for any = € dom(A*)

A*(z) = A7 ().

Under these operations PB(X) becomes a semigroup with an involution
A* and a unity id: X — X.

Notation 2.2. If X’ is a subset of X, we will denote by 1x an idempotent

defined by
x ze X’
1y _ B )
x:(@) {not defined, =z ¢ X'.

Remark 2.3. It is convenient to realise semigroup PB(X) as the semi-
group of all not strictly monomial matrices, i.e., matrices A = (Azy)z,yex
defined by

1 when A(y) ==
Axy = .
0 otherwise.

The product of partial bijections is the matrix product and A* = A? is the
transpose of A.

Let us now describe the set of double cosets K§\S(00)/K$ for some
finite subset X of N.

Proposition 2.4. For any g € S(c0) the double coset K§gK$§ is uniquely
determined by the data g = (AX(g),B?’X(g),C’;"X(g),d%’x(g) | i,7 € I)
defined as follows:
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(1) AX(qg) is a partial bijection on the set X obtained from g by taking
the submatrix of g corresponding to the set X. More formally,

dom(A™(g)) = {k € X | g(k) € X}, range(A™ (g)) = g(dom(A™(g))),
A¥(g)(k) = g(k);
(2) B®*(g) is a subset of X defined by

B () ={ke X |g(k) € o™}, iel;
(3) C’;"X(g) is a subset of X defined by
a,X _ -1 (X) : .
7 (g)={keX|g (k) ea;}, jeI
(4) Fori # j the number df‘j’X(g) is the size of the finite set
Xy (X) (X) S
D% (g) ={kea; "/ |gk)ea;""}, i#]
and df}’X (9) = oo when i = j.

When there is no confusion we will omit « from the notation. In the
proof of the proposition we assume that « is fixed.

Proof. It is clear that this data does not change after multiplication by
elements of Kx on either side.

Now suppose that g,h € S(c0) have the same data. We may assume
that g, h lie in S(M) for some M big enough. Let us write D;;(g) for the
set {k € o™ | g(k) € o™} N [M]. Note that |Dy;(g)| = |[Dyi(h)| for all
1€l

We want to find ki1, ks € Kx such that kih = gks. Let us fix for any
i, j some bijection ;; from the set D;;(h) to the set D;;(g). Then we set

(gh~")(x) for x € h(B;(h));
ki(z) = < (gpijh~")(x) for = € h(Di;(h));

T otherwise.

g th)(z) for x € h=1(Ci(h));
kg(k‘) = Pij (I‘) for z € D”(h),

T otherwise.

<

It is easy to check that ki, ko satisfy the desired properties. U
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There is a more convenient way to write this data. Put

0= (A, (Bi),(Cy), (di;))
as above. We will write A as a finite monomial matrix A = (Ag;)k,1ex, the
set B; as a row vector indexed by X, B; = (Bix)kex

Bir = .
0 ifké¢ B;

and the set C; as a column vector C; = (Cjx)kex in the similar way.
Now we may write g as a following (infinite when [ is infinite) matrix
with coefficients in Zo U {oo}:

A ‘ Ci, C
Bil o0 diliz .
9=| B, |d S (2.1)

More formally, g becomes a matrix indexed by the set X U I defines as
follows:

Ay ifa,be X;
Cre fae X, bel;
Buw ifaelbe X;
depy ifabel.

For the sake of brevity, we will write

o= [ A (Cj)] .
(Bi) (dij)
Definition 2.5. For any finite set X and any decomposition o € P! let
®“(X) be the set of all matrices g indexed by the set X I with coefficients
in Zxo U {oo} such that
(1) for any k € X the corresponding row (g.x) (and column (gg.)) has
exactly one entry equal to 1 and all the rest equal to 0;
(2) for any i € I the entry g;; equals oo;
(3) for any i # j € I the entry g;; lies in Z>( and only finitely many
of them are not zero;
(4) for any ¢ € I holds

Zgik+ Z gij = Z gji+zgki-

kex I3j#i I5j#i kex

Gab = (22)
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It is clear that for any such g we can find an element g € S(c0) such
that KxgKx corresponds to g. So we have the following

Proposition 2.6. For any partition o of the set N the map 0% : g+ g
described in the statement of Proposition 2.4 gives a bijection between the

set of double cosets K§\S(00)/ K% and *(X).

Now we want to define on &(X) a structure of a semigroup.
Let us once again omit « from notation.

Definition 2.7. For any permutation g in S(X) its support is the set of
all points in X that are not fixed under the action of g.

Let f,b be from &(X), and f,h be their corresponding representatives
in S(c0). We say that representatives f and h are in general position if the
size of the intersection of their supports is as small as possible. We define
the multiplication in &(X) as

fob=0%(fh).

Proposition 2.8. The multiplication is correctly defined (i.e., doesn’t de-
pend on the choice of representatives in general position) and is associative.

Proof. Since f and h are in general position, we have

(i) R(Bi(h)) Nsupp(f) = f~H(Ci(f)) Nsupp(h) = O for any i € I;

(ii) Dy;(f) Nsupp(h) = D;;j(h) Nsupp(f) = 0 for any i # j € I,

(iii) f(Di;(f)) Nsupp(h) = h(Dy;(h)) Nsupp(f) = 0 for any i # j € I.
Let now g = fh. Then conditions above give us the following formulas (all
multiplications are multiplications as matrices). We give below informal
explanations, but the formulas can be checked directly.

1. A(g)=A(f)A(h). To see this, observe that condition (i) ensures that any
point k € X that leaves the set X under the action of h cannot return
back under f. So we have dom(A(g))=dom(A(h)) N h~t(dom(A(f)))
and A(g) = A(f) - A(h) as partial bijections.

2. Bi(g) = Bi(h) + Bi(f)A(h). An element k € X moves to the set a;X
under the action of ¢ in exactly two cases: either it is moved there by h
(in which case f does not move it again), or it stays in X under h and
is then moved to aEX) by f.

3. C;(9) = C;(f)+A(f)Cj(h). To see this, observe that C;j(g) = B;j(g~')*.

4. dij(9) = dij(h) + dij(f) + Bi(f)Cj(h). An element k € a§X) moves to

aEX) in three cases: it was moved there by h (and is left there by f); it
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was left in af by h, and then moved by f; or it was moved by h to X
and then moved to ong) by f.
So we have the following formula for the multiplication:
{ A(f) (Cj(f))} _ { A(h) — (Cj(h))
(Bi(f) (di; ()] [(Bi(h)) (diz(h))

_ [ A(f)A(h) (C5(f) + A(f)C;(h)) (2.3)
(Bi(h) + Bi(f)A(h))  (dij(f) + diz(h) + Bi(f)C;(h))] =
From this formula the correctness follows automatically and the associa-

tivity can be checked directly. O

When X is the empty set, we will write &< instead of &(().

Example 2.9. The semigroup & is realised as the semigroup of matrices
g = [dijlizjer with d;; € Zx satisfying the condition

D diy =D di

J#i J#i
and with semigroup operation given by matrix addition. It is therefore a

commutative semigroup.

We define an involution on &(X) by matrix transposition. One can see

that (0x(g))" = Ox(97").
There is another equivalent way to define multiplication on &(X).

Notation 2.10. Let Y be some finite subset of N, and let Y = X U X',
We fix some element w¢ - of S(co) such that

(i) wy y lies in Kx;

(i) w§ x(X') CY;
Proposition 2.11. The multiplication in &*(X) can be defined in the

following way: let f,h be arbitrary elements of S(c0) and Y be such that
X CY and f,he S(Y). Then

04X (f) - 0% (h) = 02X (fus, xh).
The result does not depend on the choice of Y and wy .

The proof of this proposition is a straightforward, but rather unpleasant
check.
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We will denote the image of wy y under 6Y by €y, x- One can easily
see that
o 1x (X/ N Oéi)
W= xna) )

2.2. Let H be a complex Hilbert space of finite or countable dimension.
A contraction on H is an operator with norm < 1. Let C'(H) be the set
of contractions. It is a semigroup with involution (the conventional con-
jugation of bounded operators). If H has countable dimension, we endow
C(H) with the weak operator topology.

By a representation of a semigroup ® on H we mean a homomorphism
¥: & — C(H) which preserves the unity and is compatible with the invo-
lution, that is, T(g*) = (T(g))* for all g € &.

Let T be some unitary representation of S(co). For any partition o € P
and a finite set X, let P§ denote the orthogonal projection to the space
H%(T) of K§-invariant vectors. Then for any g € S(co) the operator

P T g (ry - HX(T) = Hx(T)

depends only on the double coset K§gK$. Thus we have a correctly de-
fined map

Th: 6°(X) - End(HE(T)),  T%: 0% (g) = P§ T(g) e -
Let us again omit « from notations for the rest of this section.

Proposition 2.12. For any unitary representation T of S(co) and any
finite set X the corresponding map €x is a representation of a semigroup
&(X). It is irreducible when T is irreducible, and if T is also admissible,
then T is uniquely defined by Tx for any X s.t. Hx(T) is not 0.

The proof of this proposition is similar to the proofs of similar results
for other pairs G, K, for example, see [3, Theorem 2.5]. The important step
in the proof is the following

Lemma 2.13. For any finite sets X CY C N holds
PyT(wy, x)Py = Px.
In particular, the orthogonal projection
Py x: Hy(T) — Hx(T)

is given by Ty (ey,x).
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§3. SPHERICAL REPRESENTATIONS
3.1.

Definition 3.1. Let K be a subgroup of a group G. We say that (G, K)
is a Gelfand pair if for any unitary representation 7" of G and any g,h € G
the operators PT(g)P and PT(h)P commute. Here P is the orthogonal
projection onto the space H(T)X of K-invariant vectors.

Remark 3.2. Note that if (G, K) is a Gelfand pair, it follows that for
any irreducible unitary representation 7" the space H(T)¥ is at most one-
dimensional.

Definition 3.3. A unitary representation of G is a spherical representation
of a Gelfand pair (G, K) if it possesses a cyclic K-invariant vector & (it
means that the orbit of £ under the action of G is total in H(T)). We will
always assume that ||| = 1.

Such a vector will be called a spherical vector, and the corresponding
matrix element ¢(g) := (T'(g)&; &) will be called a spherical function of T
It is well-known that any irreducible spherical representation if uniquely
determined by its spherical function (see, for example, [6, Chapter 8])

Proposition 3.4 (cf. [1, Proposition 3.6]). For any partition o € P the
pair (S(00); K%) is a Gelfand pair.

Let T be a spherical representation of the pair (S(c0), K*). Then the
corresponding representation T of the semigroup &< is one-dimensional
and the spherical function p(g) of T is given by the character of the rep-
resentation T of the semigroup &.

Proof. Recall that & is a commutative semigroup. So for any irreducible
representation T" of S(oc0) the operators PT(g)P = T(0*(g)) commute. The
second part follows immediately from the fact that £ is K-invariant. O

The total classification of spherical representations of the pair
(S(c0), K*) was first obtained by Nessonov in [1]. In [2] Neretin gives
another proof, using the semigroup approach. Strictly speaking, Neretin
proves this result only in the case of partitions into finitely many parts
(i.e., [I| = m < 00), but in fact, all of his arguments work for the infinite
case.

For the sake of brevity we will call unitary representation T of S(oc0) that
is spherical to a pair (S(c0), K®) an a-spherical representation. Now we
will show how to construct irreducible a-spherical representations of S(00).
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3.2. Let us recall the definition of the countable tensor product of Hilbert
spaces.

Suppose we have a collection of Hilbert spaces (V)ren and let us fix
some unit vectors & € Vj.

For any n < m we define an inclusion

® Vk — ® Vk
i=k k=1

by
VMR QUp =V R QU &gt DEm.

The inductive limit of this direct system is an inner product space and we
will denote its completion by &, (Vk,&k)-

When all Vi are copies of the same Hilbert space V' we will write
V®o0(¢), where £ denotes the vector E =& Q& ® ...

Let us choose in each Vi some orthonormal basis &, = e(()k), egk), egk)
Then @,.cx(Vk,&k) has an orthonormal basis ey

M @
€r=ery@ern @

PR

with almost all values f(k) equal to 0.

3.3. Now we will construct some representations.

Fix a partition o € P,

Let V be a Hilbert space, and (v;);e; be some unit vectors generating
V and such that v; and v; are not collinear for ¢ # j. We take a countable
number of copies of V' and choose &, = v; when k lies in «;.

The infinite symmetric group S(co0) acts on the space V®°(€) by per-
muting the terms.

Let H be the closure of the cyclic span of £ under this action, i.e., H =
span{T'(g)¢ | g € S(c0)}, and let S be the restriction of the representation
above to H. The following theorem holds.

Theorem 3.5. 1. This representation is irreducible. It is B-spherical for
any B = «.
2. (¢f. [1, Theorem 3.4]) Its spherical function is

ol9) = TT (w0

i#jel

(here we assume that 0° = 1).
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It follows that S is uniquely determined by a partition o and an I x I
Gram matriz G = ((vj,v;))ijer. We will denote this representation by
S(a, G).

3. (¢f. |1, Proposition 4.10]) Two representations S(a, G) and S(a, G') are
equivalent if and only if there is a complex diagonal matriz D = (d;)icr
with |d;| = 1, such that G' = DGD™L. In other words, if and only if the
corresponding systems of vectors (v;), (vi) can be obtained from each
other by composition of an isometry and a diagonal map v; — d;v;,
|d;| = 1.

This gives us an equivalence relation on Gram matrices. We will
denote by G' the set of some representatives of these equivalence classes.

4. (¢f. [1, Theorem 3.7], [2, Theorem 8.1]) All 5-spherical representations
can be obtained in this way. Le., if S is some B-spherical representation,
then there is a partition o € P! such that a < B and a Gram matriz
G € G' such that S is equivalent to S(a, Q).

Proof. We will not prove the last statement.

1. The space of K¢-invariant vectors in V®>(¢) coincides with V™. It
follows that £ is the only (up to multiplication by scalar) K“-invariant
vector in V> (&), hence S is irreducible. Indeed, if H(S) = H & H’
and P is the orthogonal projection to H, then P() is K“-invariant
and, therefore, either H = H(S) or H' = H(S). It is also clear that &
is Kg-invariant for any partition /3 finer then «.

2. The spherical function is

@(g) = <T(g)§a€> = H<§g*1(k)a§k> = H<1}j,1}i>d%(g).

k i3
3. In [2, Lemma 8.2] Neretin shows that the semigroup & is generated
by cycles s[i1,...,%,] that are defined as follows: if we write &* as a

semigroup of matrices, then any element from &* can be written as a
linear combination (with coefficients in positive integers) of elementary
matrices E;; for ¢ # j (with co on the diagonal). Then for any p > 2
and any pairwise distinct i1, ...,4, € I we define cycles as elements

sliy...,ip| = Bijiy + Eiyiy +- -+ Ei i,

Any element g € & can be represented as a finite product of cycles.
Now, two irreducible spherical representations S and S’ are equiva-

lent if and only if their corresponding spherical functions ¢ and ¢’ are

the same. Or, equivalently, if the characters x, x’ of the semigroup &



SEMIGROUP APPROACH TO ADMISSIBLE REPRESENTATIONS OF S(o0) 105

are the same. Now, it is enough to compute the value of y and x’ on
cycles siq,...,4,]. We have the following formula

X(5[i1, L 72-17]) = gi1i2 te 'gi,,i1~

So we are left to prove the following.

Lemma 3.6. Let G,G’' be two Gram matrices indexed by the set I
such that g;; = gl; = 1. Then G' = DGD™! for some diagonal complex
matriz D, |d;| = 1, if and only if for any p > 2 and any pairwise distinct
i1,...,1p € I the following holds:

Givia " Giin = Girin " Gt iy (3.1)
Proof. Note that the condition G’ = DGD~! means that gi; = gijg—;
for any 4,7 € I.

The “only if” part is trivial. Now suppose that (3.1) is satisfied. In
particular, |g;;|* = |g§j|2 and g;; = 0 if and only if g;; = 0.

Let I" be undirected graph with vertices indexed by I and such that
two vertices 7, j are connected if and only if g;; # 0. Let C denote the
set of all connected components ¢ and let us choose in every component
c a spanning tree I'. with a fixed root i.. For any ¢ € ¢ we set the value
d; by induction on the length of the path from i, to i. We set d;, =1
9i;

and for any path i.,...,J,¢ we set d; = d; -

We defined all d; for i € ¢, and if 7 and j are connected by an edge in
the tree we have the required property. Now suppose that ¢ and j are
connected in I', but not in I'.. Then if we add this edge to I'. we will
obtain a cycle j = iy,42,...,4, = i. Applying (3.1) we obtain

9ii Givia - Gipiy di, -+ d, d;
—_ = n 7 = - . D
9i;  Givis iy ai,  acodi, d

O

Remark 3.7. In the construction of S(«, G) we demanded that v;, v; must
not be collinear for i # j. Suppose that S is a representation constructed
from partition 8 and vectors v; in the manner described above, but without
the non-collinearity condition on v;. Then S is equivalent to S(a, G), where
o < B is obtained from B by uniting all o, a; such that Cv; = Cv;, and
G is the corresponding Gram matrix.

We could describe f-spherical representations either as S(«, G) for a <

B with non-collinear condition or as representations S(G) depending only
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on Gram matrix G without the condition. For several reasons, the first
description is more convenient to us.

Example 3.8. When [ is a partition of N onto two sets (1,82 any (-
spherical representation is uniquely determined by a real number a € [0, 1].
Indeed, this representation is defined by the value g12 = (v2, v1). But since
we may multiply ve by any scalar |d| = 1, we may assume that g, is real
and positive. The value g5 = 1 corresponds to the trivial representation,
g12 = 0 to the representation induced from the trivial representation of K.

§4. ADMISSIBLE REPRESENTATIONS

In this section we construct some representations T'(«, n, A\, G) and later
prove that any ($-admissible representation can be obtained in this way.

Let us fix some finite number n. The irreducible representation of S(n)
corresponding to a Young diagram A will be denoted by R*.

The pair (S, (c0), K?) is a Gelfand pair and their spherical representa-
tions are determined by some partition a(™ € P!([n]) such that (™) 3=
B and G € G'. We will denote this representation by S(a(™,G).

We can construct the induced representation

T(a,n,\,G) =Tndgl>y  R*®S(a™,G).

Theorem 4.1. The representation T (a,n, A\, G) is irreducible and a-ad-
missible.

Proof. Denote the subgroup S(n)S,(c0) by L and the representations
S(a™,G) and T(a,n,\,G) by S and T respectively.

The space H(T) consists of functions f: S(c0) — H(R) ® H(S) satis-
fying f(zhg) = R*(x)S(h)f(g) for all z € S(n), h € S, (cc) and g € S(00),
and such that f lies in £2(L\S(c0)).

The last condition means the following: || f(g)|| is constant along right

cosets of L, so we can consider the function f: L\S(c0) — C defined by

f(Lg) =1/f(g)|l and we want
S If(@)IP < oo,

where ¢ runs along all right cosets L\S(00).
The space of K} -invariant functions in H(7') is exactly the space of
functions with support in L. Indeed, let f be KZ-invariant. Then f is
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constant along K-orbits, so if an orbit gK intersects with infinitely
many right cosets Lz, then f(g) = 0.

The right coset Lz consists of all y such that z71([n]) = y~([n]),
while an orbit gK& consists of all y such that y(k) = g(k),k € [n] and
y(ay) = g(ay) for any i € I.

So we need to show that if g does not lie in L, its orbit K intersects
with infinitely many cosets Lz. Note that gK intersects with La if and
only if z71([n]) lies the set K29~ 1([n]) = {zg~1([n]) | z € K2}. But when
g & L there exists a point a € g~1([n]) \ [n], therefore the set K2g~!([n])
is infinite and gK Y intersects with infinitely many Lz.

So, if f is K-invariant, f(g) = 0 for any g ¢ L.

All such functions f are determined by their value at identity f(1), and,
moreover, f(1) must lie in (H(R*® S))%» = H(R*) ® €. So, the subspace
of K%-invariant functions is S(n)-irreducible and it is cyclic, so T itself is
irreducible.

Since T is irreducible with H¥(T) # 0, it is a-admissible. O

Note that if 8 is a partition such that [5] = [a], then T(«, X, A, G) is
clearly S-admissible.

Theorem 4.2 (cf. [1, Theorem 5.9]). Let T be some irreducible [5-admis-
sible representation of S(cc). Then there exists a finite number n, a Young
diagram X of the size n, a partition a € P such that [a] < [B] and a Gram
matriz G € G' such that T is equivalent to T(o,n, \, G).

Remark 4.3. On the first glance, it seems possible to reformulate the
statement of this theorem in the following way: if T' is an irreducible (-
admissible representation of S(co), then there exists a finite set X, an
irreducible representation R of S(X) and a 3(*)-spherical representation
S of Sx(o0) such that

S(oo
T =Tnd§ X )50y ) (R S).

But this reformulation will not be correct, as is shown in the example
below.
Example 4.4. Let 8 be the partition of N onto the sets of even and odd
numbers, ie., I = {1,2}, /1 = {1,3,5,...}, B2 = {2,4,6...}. Now, let us
change 8 a bit. Write
By =p1\{1} =1{3,5,7,...},
By = B2 U{1} ={1,2,4,6,...}.
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Any f’-spherical representation is uniquely determined by a real number
a € [0,1] (see Example 3.8). The representation S(f’,a) is S-spherical
when a # 0 (more on equivalence between S(«, G) and S(o/,G’) for dif-
ferent «, o’ will be given in Section 5).

Now take T' = S(/’,0). It is S-spherical, but is not equivalent to

dggi))sx(oo)(R ® S) for any choice of X, R, S, because the latter rep-

. . .
resentation does not have any non-zero K? -invariant vectors.

In

Definition 4.5 ([1, Definition 5.2]). The depth of an irreducible S-admis-
sible representation T is the smallest number n such that there exists a
partition 3’ equivalent to 3 such that HﬁI(T) is not zero.

Proposition 4.6. The depth of T(a,n, A\, G) is n.
Proof. The proof repeats the argument of Theorem 4.1.

If f: S(c0) — H(RY) @ H(S®™,G) is Kp-invariant for some 8 ~ a,
then f(g) = 0 for any g such that orbit gK ,f intersects with infinitely
many cosets Lx. If k < n it happens for any g € S(co). Indeed, recall
that the orbit gk ,f intersects with the coset Lz if and only if x~1([n])
lies in K g~'([n]). But when k < n the set K| g~'([n]) is infinite for any
g € S(00), so the only Kf—invariant vector f is 0. O

Recall that for any two finite sets X C Y we introduced an idempotent
eéX such that the orthogonal projection He — H;i is given by Ty (e@x).

Lemma 4.7. Let ¢ be some idempotent in &°(Y), i.e., an element
c [1X (Bj)t}
(Bi)  (0)
for some X CY and B, C Y\ X, i € I. Then ‘Sf,(e) gives the orthog-
onal projection from the space H)’B,’ to the space Hg for any partition o

satisfying:
NOIPTENTS
Proof. Since Hy = H}B,7 this projection is given by
TH(e§ x) = PRT(w§ x) Py = PYT(w x) Py = Ty (). O

Proof of the theorem. Suppose that n is the depth of T' and H(T") pos-
sesses non-zero K. [f/—invariant vectors for some 3’ ~ .
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If n = 0, then T is ('-spherical, and everything is proven. So now
suppose n > 0.
If X C [n] and € € 87 (n) is an idempotent of the form

B hlB}B (f&)t} ’

% (€) is a projection on the space H)ﬁ;, where X)) = g™ | B;. Let
|X| =k < nand g be any permutation from S(co) that maps X to [k].
Then T(g’l)H)ﬁ( = H,g(ﬁ) = 0 since g(f3) ~ B.

So T, () acts on H? by 0 for any idempotent 1 # ¢ € &% (n). Let J
be the two-sided ideal generated by all such e. We claim that J consists of

all g
o= { A (Cj)}
(Bi)  (dij)
such that dom(A) # [n].
Indeed, suppose that g be as above. Then take X = dom(A) and
€ = |:(1X (B])t:| ,

B;)) (0)
where B; are the same as in g. Then
| AIx ABi+C)] [ A (¢)] _
ST \(Bi-1x +B) (BBi+dy)| ~ [(B) (dy)] ~° (4.1)

lies in the ideal J.
So the representation T2 is uniquely determined by its restriction to
the subset Go = &7 (n)\ J that consists of all elements

8= {@1) &”J ’

where A is a permutation A € S(n). The set &( is a sub-semigroup of
&7 (n) and is isomorphic to the direct product of S(n) and 8" Tts
irreducible representations are exactly R ® x, where y is some character

of % and uniquely corresponds to some 3'("™)-spherical representation
of Sy, (00). O

Note that the proof of this theorem gives one an algorithm on how to
find all the parameters «,n, A\, G given an irreducible g-admissible repre-
sentation 7.
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§5. UNITARY EQUIVALENCE FOR B—ADMISSIBLE REPRESENTATIONS

In this section we find conditions for when two representations 77 =
T(a,n,\,G) and Ty = T(8, m, 1, G') are unitary equivalent.
Proposition 5.1. Representation T = T(«,n, A\, G) is S-admissible if and
only if (8] > [a].

Proof. Suppose that o = ()ier, 8 = (Bj)jes and [B] # [a. It means
that for any N there exist j € J such that B](.N) intersects with at least

two different aliN), al(N).

Firstly, assume n = 0 and T = S(a, G) is a spherical representation
with spherical vector { =& ® - - -.

Let n € H(T) be unit KP-invariant vector. Since ¢ is cyclic, for any
€ > 0 there exists

m
ne=»_aT(g)é,  lIn—nl <e/2
i=1

and one can easily check that

1T (k)ne —nell <e
holds. For any k € K

m

T = Il = 3 a6 (T(9)6,T(9;)6)

= cice(gytg) > 1—¢/2

since 7 is unit. In the similar manner,
(T(k)ne,ne) = > cicip(g;  kgi)-

It is true for all k € K. We may take N > n such that all g; lie in S(N).
Then for any k € K]’/{,
e > ||T(k)n. —nell = Y (ciciolg; ' 9:))(2 — (k) — o(k))
i,j=1
> (1= 2/2)(2 = p(k) — (k).
Now, since [8] %# [a] we have an infinite collection of pairwise differ-

ent numbers z1,y1,T2,Y2,... > N such that for any s elements g, ys
lie in the same part §;, but in different parts oy, ;. If we now take
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k.= (x1,y2) - (r,yr) € Kfv, the sequence ¢(k,.) converges to 0, so for r

large enough
€

(2 —p(kr) — (k) > 2 _¢
and we have a contradiction.

Now suppose T' = T'(a,n, \,G) and f # 0 is Kjﬁv—invariant. We may
assume that N > n. Using the same argument we used in the proof of
Theorem 4.2 and Proposition 4.6 we obtain that the support of f consists
only of those g such that g=!([n]) C [IN]. Moreover, f is determined by
its values on the elements gx, where X C [N] is any subset of size n and
gx € S(N) are some permutations mapping X onto [n]. Since any k € K Jﬁv
commutes with all gx and lies in S,,(00)S,,(00), all af the values gx must
lie in € H(R) ® H(S(a(”),G))KJﬂV, so for f to be non-zero, S(a™, @)
must be 3")-admissible, i.e., [8] < [a]. O

It follows that if two representations 77 = T(a,n, A\, G) and Tp =
T(8,m,u,G") are equivalent, then o ~ § and m = n, since the depth
of a-admissible representation does not depend on the choice of represen-
tative o in the equivalence class.

Proposition 5.2. Let a € P! be some partition of N, G = (g:;) € G' be
some Gram matriz, and S = S(a, G) be the corresponding spherical repre-
sentation. Recall that it is a closed subspace of the Hilbert space V®> ().
Now suppose that B ~ « is obtained from « by moving some number k
from «; to aj. In other words, there are i # j € I and k € oy such that
Bi = a; \{k}, B; = a; U{k} and By = oy fori’ #14,j.

Then S has a non-zero KP-invariant vector n if and only if 9ij 7 0. In
this case we say that B is obtained from « by a G-permissible movement.

Proof. Note that for any 3 ~ o the space V®(£) has exactly one (up to
multiplication by scalar) K?-invariant vector 7, namely n = 7; ®. . ., where
N = v; when k € ;.

Now, if g;; = 0, then for any # € S(co) vector n is orthogonal to
T(x)&, so lies in the orthogonal complement to H(S) in V®°(£). It follows
that H(S) does not have any non-zero K#-invariant vectors. In particular,
S(a, G) is not equivalent to S(8, H) for any choice of H.

Now suppose g;; # 0. Let oj = (a} < a? < ...) and take

= —— STk a)e.

ngjl s=1
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Then
(nnﬂ?n) = 5 2 Z kaa]7aj § £> %
n |gj2| sAt=1 n |gj7i‘
n(n —1)|g;l* no
n?|g;il? n?|g;il*’
o) = —— S (T a)em) = gy = 1
My 1) = n —ngj; =
ngji ngji
n(n—1) 1
||77_7777/H2:1+ 2 + 2_2_>07
n nlgjil

So 7 lies in H(S) and S is equivalent to S(8,G) for the same Gram ma-
trix G. O

Example 5.3. Suppose that |I| = 2, « is a partition onto even and odd
numbers and 3 ~ «. Recall that a-spherical representations are parametri-
zed by g € [0, 1]. From the proposition it follows that S(«, g) is equivalent
to S(6,g) whenever g # 0. Representations S(a,0) and S(f,0) are equiv-
alent if and only if 3 is obtained from « by some finite permutation of N.

Definition 5.4. Let a be some partition of N and suppose that 8 ~ «
can be obtained from « by some finite permutation and by composition of
finite number of G-permissible movements. We will say that « and § are
G-close.

Definition 5.5. For a partition o € P! and a Gram matrix G € G we
define a graph I'(G) as in the proof of the third part of Theorem 3.5. Le,
its vertices are indexed by I, and two vertices i # j are connected by an
edge if g;; # 0. Then connected components c of I'(G) define a splitting of
I into subsets I = | | . Ic.

For any N > 0, a € P! and G € G, we define a collection of numbers
l(a, )NV = (l(a,G)gN)) o where l(a7G)((;N) denotes the number of
ce
points k € [N] such that k € o; and i € ..

Then two partitions «, # are G-close if and only if for all IV large enough
we have I(a, G)N) = 1(3,G)).

Proposition 5.6 (cf. [1, Theorem 3.7]). Let o € P!, G € GI and S(a, G)
be the corresponding representation of S(0o) lying in the space VE> ().
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Let C be the set of connected components of the graph T'(G) and for any
c € C we set V. to be the closed subspace of V' generated by all v; fori € c.
Then V' splits into orthogonal partition

V=DV
ceC
and, in turn, G splits into direct sum of Gram matrices G, € G°.

Now let B be the partition obtained from « by uniting all parts lying in
the same component. In other words, 5 € P¢ and

Be = |_| Q.
i€c
Then the representation S(a, G) is equivalent to the induced representation
s
Ind; 3 @) S(al s, . C).
ceC

where |z € P(Bc) is the partition B = | ];c. i of the set B, and the
representation @Q S(aly ,G.) is defined as follows. Its space is

QH(S(als, . Ge)), £°),

ceC

where £ is the spherical vector of the corresponding representation. The
action of KP =3 . S(B.) is defined naturally.

Proof. Proposition 5.2 gives us a description of the space H of S(a, G).
For any o/ ~ a the corresponding K ' _invariant vector & lies in H when
o’ is G-close to a and is orthogonal to H otherwise. It follows that H has
a dense subspace

UV ®@Ve,® @ Ve, @bnn®--
neN

where for any connected component c¢ there are exactly {(«, G)En) indexes
equal to ¢ among ¢y, ..., cy,.

Now, for any k € N write ¢(k) for the connected component such that
k € a; C Be(ry. Then the space H' that is the closure of

U Vey @ Vo) @ - @ Vo) @1 @ -+
neN

is KP-invariant and equivalent to the representation @ . S(q| 5., Ge).
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From this the equivalence between S(«, G) and Ind @ S( g, Ge), be-
comes clear. O

Theorem 5.7. Two representations S(a, G) and S(8,G') are equivalent
if and only if all of the following conditions are satisfied

(1) a~ B. We will assume that o and 8 are indexed by the same set I.
(ii) G’ = DGD™! for some diagonal matriz D with |d;| = 1. In par-
ticular, they define the same subsets I. C I and the same notion of
G-closeness.
(ili) a and B are G-close.

Proof. The “if” part of the proposition is clear. Now suppose that S(a, G)
and S(B3,G’) are equivalent. It immediately follows that a and 8 must
be equivalent. Suppose that N is such that oY) = B(N), Then for any
x € Sy(00) the spherical functions ¢?(z) = p(z ), so G = DGD~ .
Now, from the previous arguments we see that the subspaces H(S(a, G))
and H(S(8,G)) of V¥>(€) coincide whenever o and 3 are G-close and or-
thogonal otherwise. In the latter case the representations are not equiva-
lent since in V®%°(¢) there is only one (up to multiplication) K”-invariant
vector. (]

We are ready to prove the following
Theorem 5.8 (cf. [1, Theorem 6.11]). Two representations
Ty =T(a,n,\,G) and Ty =T(B,m,u,G")

are equivalent if and only if

(i) o~ B ;
(i)

(iii) )\ ,u7

(iv) G’ = DGD™1;

(v) partitions a(”) and B of [n] are G-close.

Proof. We have already seen that if 77 and 75 are equivalent, then a ~ 8
and n = m. The space H(T}) must contain K/-invariant vectors f uniquely
determined by f(1) € H(R*)® H(S(a™: G)Kﬁ) so o™ and B(™ must be
G-close and G’ = DGD~! must hold. O
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§6. REPRESENTATIONS ADMISSIBLE WITH RESPECT TO TWO
PARTITIONS

The classification results also give us the conditions under which an
irreducible unitary representation 7' is a- and [-admissible for different
partitions a, 8. We will denote by IrrAdm(«) the set of equivalence classes
of irreducible a-admissible representations.

If T is a-admissible, then T' = T'(y,n, A, G) for some [v] < [a]. It is also
B-admissible if and only if [v] < [5].

Definition 6.1. Let o, § € P. We say that ~ is the infimum of a and g if
v < a,f and 7' <« for any other v/ < a, 3. We will denote this infimum
by a A 5.

Proposition 6.2. The infimum o A B always exists.

Proof. Let a € P!, 3 € P/ and I be the graph with vertices indexed by
I, such that vertices 4,7 are connected by an edge if there exists 7 € J
such that ; intersects with both «;,a;. Let C' be the set of connected
components of I', and put for any ¢ € C'

Ye = |_|Oti.

i€c
It is clear that v = a A 8. O

Definition 6.3. We will say that an equivalence class [y] is the infimum
of [a] and [A] if [y] < [a], [8] and [y'] 5 [4] for any other [v'] < [a], [A].

Unfortunately, the infimum of equivalence classes of partition may not
exist. When it does we will denote it by [a] A [4].

Example 6.4. Here we will provide an example of two equivalence classes
[a], [8] such that the infimum does not exist. More explicitly, we will con-
struct a series [y(n)] of equivalence classes of partitions satisfying the fol-
lowing conditions:

(D) O] < W] < < [o], 18];

(2) for any other [y] < [a], [3] there exists n such that [y] < [y(n)].

Let a € P! be a partition with countable index set I = {1,2,...},

suppose that a; = (a} < a? < ---), and suppose also that I is ordered in
such a way that aj < a} < .... Note that this defines the bijection between
N and N x N that sends a’ to the pair (i,7). It will be convenient for us
to visualise the partition « as follows (boxes of the same colour belong to
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the same part «;, the numbers af grow from left to right in every row and
from top to bottom in the first column).

Now define 3 = (;);cs in the following way
Br=o1\{ar}, Bi=(ai\{aj})U{aj ,}, i #1.

We can visualise 8 in the same manner.

B =

For any n > 0 let us denote by y(n) € P! the partition of N into
n + 1 parts defined as follows:

y(n)i =ai, i<n, Y(n)py1 =N\ U Q.
i=1

For example, for small n we have

7(0) = o) = (2 =

One can note that (n)@) = a(a) A glan),

Indeed, it is clear that the finest partition that is coarser then both o and
(3 is the trivial partition v(0). Once you remove the first al elements (i.e.,
the first n elements in the first column and some finite number of elements
in other columns) the sets aga") and ﬁi(a") coincide for i = 1,...,n, and

we have (@) A B@n) = ~(n)(an),
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So we constructed an increasing sequence of equivalence classes that are
all coarser then [a] and [3]:

I < @) < < al, 8]
Now suppose that [y] < [a], [8] is any equivalence class that is coarser then
both [a], [3]. Then there exists a number N such that yV) 5 o) V),
But the infimum o™ A BN is (n) ) for n satistying al < N < al,,
s0 we have [1] < [Y(m)] < [Y(n + 1)].

The argument used in this example can be applied in general situation.
Let o, 8 be any partitions, and suppose that {[y(n)]},en is the sequence
of equivalent classes of partitions defined by ~(n)™ = o™ A ("), Then
{[7(n)]}nen satisfies the conditions from the Example 6.4:
(1) WO D] 5+ < el [8];
(2) for any other [v] < [«], [(] there exists n such that [y] < [y(n)].

It follows that the infimum exists if and only if the sequence [y(n)]
stabilises. For example, it happens when both «, 3 are partitions of N into
finitely many parts. Indeed, in this case we may take N large enough so
that o; N B; C [N] for any «; and /3, such that their intersection is finite.
Then [y(n)] = [y(n + 1)] for all n > N.

Proposition 6.5. Let o, 8 be two partitions and v(n) be as above. Then

U IrrAdm(y(n))

neN

is the set of all irreducible representations that are admissible with respect
to both o and (.

In particular, when the infimum [y]=[a]A[B] exists, the set of all irredu-
cible representations admissible with respect to both a and 8 is IrrAdm(7).

The proof follows directly from the Proposition 5.1 and the reasonings
above.

Note that this set can be described in other terms.

Let K, := K,'{(”). These groups form a decreasing sequence

KoDKiD---

that satisfy the conditions 1 — 3 from Definition 1.2. So, we may define
the { K, }-topology in the usual way. The set of equivalence classes of irre-
ducible representations continuous with respect to this topology is exactly

Unen IrrAdm(y(n)).



118 I. DEVYATKOVA

It follows from the fact that K X,(") is sandwiched between K,, and Ky
(depending on what is greater, n or N).
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