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�1. Ââåäåíèå

Ïðè èññëåäîâàíèè êîíñåðâàòèâíûõ äèíàìè÷åñêèõ ñèñòåì ïåðèîäè-
÷åñêèå ðåøåíèÿ èãðàþò èñêëþ÷èòåëüíî âàæíóþ ðîëü. Ïî ñóùåñòâó ýòî
� åäèíñòâåííûé êëàññ ðåøåíèé, êîòîðûé âåñüìà ïðîñòî îïèñûâàåòñÿ
êà÷åñòâåííî è õàðàêòåðèçóåòñÿ êîëè÷åñòâåííî îäíèì ÷èñëîì � ïåðè-
îäîì. Â òåõ íåìíîãèõ ñëó÷àÿõ, êîãäà êîíñåðâàòèâíûå äèíàìè÷åñêèå
ñèñòåìû èíòåãðèðóþòñÿ ÿâíî, íî ðåøåíèå íå ÿâëÿåòñÿ ïåðèîäè÷åñêèì,
êà÷åñòâåííîå åãî îïèñàíèå âûçûâàåò çíà÷èòåëüíûå ñëîæíîñòè. Ïðèìå-
ðîì òàêîé ñèòóàöèè ñëóæèò âîë÷îê Êîâàëåâñêîé [1]. Íàïðîòèâ, åñëè
çàäà÷à íå èíòåãðèðóåòñÿ àíàëèòè÷åñêè, òî ÷àñòíûå ïåðèîäè÷åñêèå ðå-
øåíèÿ ïûòàþòñÿ èñïîëüçîâàòü êàê ñâîåãî ðîäà �ñêåëåò� äëÿ îïèñàíèÿ
âñåãî ìíîæåñòâà ðåøåíèé. Ñàìûì èçâåñòíûì ïðèìåðîì òàêîé çàäà÷è
ÿâëÿåòñÿ çàäà÷à ìíîãèõ òåë. Ñî âðåìåí Ýéëåðà èùóò åå ÷àñòíûå ïå-
ðèîäè÷åñêèå ðåøåíèÿ è ê íàñòîÿùåìó ìîìåíòó ðàçðàáîòàíû ÷èñëåí-
íûå ìåòîäû, ïîçâîëèâøèå íàéòè ìíîãèå òûñÿ÷è ðåøåíèé [2, 3]. Áåç-
óñëîâíûì ïðîðûâîì ñòàëî îòûñêàíèå â êîíöå ïðîøëîãî âåêà ðåøåíèÿ
â ôîðìå âîñüìåðêè [4, 5, 6]. Ïîèñê ïåðèîäè÷åñêèõ ðåøåíèé çàäà÷è ìíî-
ãèõ òåë â íàñòîÿùåå âðåìÿ âåäåòñÿ íà ñóïåðêîìïüþòåðàõ [7, 8], òàê íà
MMCP'2024 áûëî ïðåäñòàâëåíî áîëåå 5 òûñÿ÷ òàêèõ ðåøåíèé, íàéäåí-
íûé íà íà HybriLIT platform [9].

Â 1990-õ ãîäàõ âîçíèêëà êîíöåïöèÿ ãåîìåòðè÷åñêèõ èíòåãðàòîðîâ
äèôôåðåíöèàëüíûõ óðàâíåíèé [10] è âñòàë âîïðîñ î ïîèñêå òàêèõ ðàç-
íîñòíûõ ñõåì, êîòîðûå íå òîëüêî àïïðîêñèìèðóþò èñõîäíóþ äèíàìè-
÷åñêóþ ñèñòåìû, íî è ïîäðàæàþò íåêîòîðûì ñâîéñòâàì åå òî÷íûõ ðå-
øåíèé. Â êîíöå ïðîøëîãî âåêà â öåíòðå âíèìàíèÿ áûëè íàñëåäîâàíèå

Êëþ÷åâûå ñëîâà: äèíàìè÷åñêèå ñèñòåìû, âîë÷îê, ýëëèïòè÷åñêèå ôóíêöèè, êî-
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èíòåãðàëîâ äâèæåíèÿ (êîíñåðâàòèâíîñòü) è ãàìèëüòîíîâîé ñòðóêòó-
ðû (ñèìïëåêòè÷íîñòü) [10]. Îäíàêî ñ ïðàêòè÷åñêîé ñòî÷êè çðåíèÿ ðàç-
íîñòíóþ ñõåìó ìîæíî ïðèçíàòü ïîäðàæàþùåé èñõîäíîé çàäà÷è, åñëè
îíà íàñëåäóåò â íåêîòîðîì ñìûñëå ïåðèîäè÷åñêèå ðåøåíèÿ èñõîäíîé
äèíàìè÷åñêîé çàäà÷è.

Äëÿ ñëó÷àÿ ëèíåéíîãî îñöèëëÿòîðà ïðîñòåéøàÿ ñèìïëåêòè÷åñêàÿ
ñõåìà � ñõåìà ñðåäíåé òî÷êè � íå òîëüêî ñîõðàíÿåò èíòåãðàë ýíåðãèè
è ñèìïëåêòè÷åñêóþ ñòðóêòóðó çàäà÷è, íî è ïîäðàæàåò ïåðèîäè÷åñêèì
ðåøåíèÿì: ïðèáëèæåííîå ðåøåíèå çà øàã ïî âðåìåíè ∆t ïðîõîäèò íà
ôàçîâîé ïëîñêîñòè äóãó îêðóæíîñòè ôèêñèðîâàííîé äëèíû [11, n. 2].
Âñå îòëè÷èå äèñêðåòíîãî îïèñàíèÿ îò íåïðåðûâíîãî ñâîäèòñÿ ê òîìó,
÷òî äëèíû äóã, êîòîðûé ïðîõîäèò òåëî â äèñêðåòíîì è íåïðåðûâíîì
ñëó÷àå, îòëè÷àþòñÿ íà âåëè÷èíó ïîðÿäêà ∆t2. Äëÿ íåëèíåéíûõ îñöèë-
ëÿòîðîâ, èíòåãðèðóåìûõ â ýëëèïòè÷åñêèõ ôóíêöèÿõ, íàñëåäîâàíèå ïå-
ðèîäè÷íîñòè íàì óäàëîñü ïðîñëåäèòü äëÿ ñõåìû Êàãàíà [11, n. 5]. Ñàìè
ñõåìû Êàãàíà âîøëè â óïîòðåáëåíèå îòíîñèòåëüíî íåäàâíî [12, 13, 14].

Âîçìîæíû ðàçëè÷íûå ïîäõîäû ê îïðåäåëåíèþ ïîíÿòèÿ ïåðèîäè÷å-
ñêîãî ïðèáëèæåííîãî ðåøåíèÿ [11, n. 5.3]. Íà íàø âçãëÿä ñàìûì ïðî-
ñòûì è â òî æå âðåìÿ ñàìûì îáùèì ÿâëÿåòñÿ ïðåäñòàâëåíèå î ïåðè-
îäè÷åñêîì ïðèáëèæåííîì ðåøåíèè êàê ïåðèîäè÷åñêîé ïîñëåäîâàòåëü-
íîñòè, ïðåäëîæåííîå â [15]. Óäîáñòâî ýòîãî îïðåäåëåíèÿ ñîñòîèò â òîì,
÷òî îíî åñòåñòâåííûì îáðàçîì ôîðìóëèðóåòñÿ äëÿ ëþáîé ðàçíîñòíîé
ñõåìû, à çàäà÷à îòûñêàíèÿ ïåðèîäè÷åñêèõ ðåøåíèé ñòàíîâèòñÿ ÷èñòî
àëãåáðàè÷åñêîé.

Ïðèñòóïàÿ ê êîìïüþòåðíûì ýêñïåðèìåíòàì, ìû ïîëàãàëè, ÷òî 1.)
ïðèáëèæåííûå ðåøåíèÿ, íàéäåííûå ïî ñõåìå Êàãàíà, âñåãäà íàñëå-
äóþò ïåðèîäè÷íîñòü òî÷íîãî ðåøåíèÿ, è 2.) ïðèáëèæåííûå ðåøåíèÿ,
íàéäåííûå ïî ñõåìå ñðåäíåé òî÷êè è åé ïîäîáíûì, íàñëåäóþò åå òîëü-
êî â ëèíåéíîì ñëó÷àå. Íàì êàçàëîñü, ÷òî ìåæäó îáðàòèìîñòüþ ñõåìû
� âàæíåéøèì ñâîéñòâîì ñõåìû Êàãàíà [11] � è íàñëåäîâàíèåì ïåðèî-
äè÷íîñòè äîëæíà áûòü ïðÿìàÿ ñâÿçü. Ïðåäñòàâëåííûå íèæå ýêñïåðè-
ìåíòû îïðîâåðãàþò ýòî ïðåäïîëîæåíèå.

�2. Ïðèáëèæåííûå ïåðèîäè÷åñêèå ðåøåíèÿ

Ðàññìîòðèì ñèñòåìó îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

dx

dt
= f(x). (1)
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Ïî ìåòîäó êîíå÷íûõ ðàçíîñòåé ýòà ñèñòåìà çàìåíÿåòñÿ ñèñòåìîé àë-
ãåáðàè÷åñêèõ óðàâíåíèé

g(x, x̂,∆t) = 0, (2)

ñâÿçûâàþùåé çíà÷åíèÿ ïåðåìåííîé x ïðè t è ïðè t+∆t, ïîñëåäíåå äàëåå
îáîçíà÷àåòñÿ êàê x̂. Çäåñü è äàëåå áóäåì ñ÷èòàòü øàã ∆t ïîëîæèòåëü-
íûì ÷èñëîì. Ïðèáëèæåííîå ðåøåíèå ïðåäñòàâëÿåò ñîáîé ïîñëåäîâà-
òåëüíîñòü x0, x1, . . . , ýëåìåíòû êîòîðîé âû÷èñëÿþòñÿ ðåêóððåíòíî êàê
ðåøåíèÿ ñèñòåìû

g(xn, xn+1,∆t) = 0

îòíîñèòåëüíî xn+1.
Çäåñü íóæíî ñäåëàòü îäíî âàæíîå äëÿ äàëüíåéøåãî óòî÷íåíèå. Åñ-

ëè èñõîäíàÿ çàäà÷à ëèíåéíà èëè åñëè èñïîëüçóåòñÿ ñõåìà Êàãàíà, òî
ñèñòåìà (2) ÿâëÿåòñÿ ëèíåéíîé îòíîñèòåëüíî x̂ è ïîýòîìó âîïðîñ î âû-
áîðå êîðíÿ ïðè âû÷èñëåíèè xn+1 íå âîçíèêàåò. Îäíàêî â îáùåì ñëó÷àå
ìû ñòàëêèâàåìñÿ ñ ïðîáëåìîé ëèøíèõ êîðíåé [11, n. 3]. Â ÷èñëåííîì
àíàëèçå ýòà ïðîáëåìà ðåøàåòñÿ ñëåäóþùèì îáðàçîì. Äëÿ ðåøåíèÿ ñè-
ñòåìû îòíîñèòåëüíî x̂n+1 èñïîëüçóåòñÿ ìåòîä èòåðàöèé, êîòîðûé ñõî-
äèòñÿ ïðè äîñòàòî÷íî ìàëûõ øàãàõ ∆t âîçâðàùàåò êîðåíü, áëèçêèé ê
xn. Ýòî ïðàâèëî âûâîäèò íàñ çà ðàìêè ÷èñòîé àëãåáðû. Ïî àíàëîãèè ñ
òåðìèíîëîãèåé, ïðèíÿòîé â ýëåìåíòàðíîé ìàòåìàòèêå, áóäåì íàçûâàòü
îïðåäåëåííóþ ðåêóððåòíî ïîñëåäîâàòåëüíîñòü {xn} ïðèáëèæåííûì ðå-
øåíèåì, íàéäåííûì ïî ñõåìå (2), âíå çàâèñèìîñòè îò ñïîñîáà âûáîðà
êîðíÿ.

Â ðàìêàõ êîìïüþòåðíûõ ýêñïåðèìåíòîâ [15] ìû çàìåòèëè, ÷òî ïðè-
áëèæåííûå ðåøåíèÿ îñöèëëÿòîðà ßêîáè, íàéäåííûå ïî ñõåìå Êàãàíà,
íå ïðîñòî àïïðîêñèìèðóþò ïåðèîäè÷åñêèå ðåøåíèÿ, íî è ïðè íåêîòî-
ðûõ çíà÷åíèÿ øàãà ∆t îáðàçóþò ïåðèîäè÷åñêóþ ïîñëåäîâàòåëüíîñòü,
òî åñòü ïðè íåêîòîðîì n óäîâëåòâîðÿþò óñëîâèþ

xn+m = xm ∀m = 0, 1, . . .

Ïðè ýòîì âåëè÷èíà T = n∆t íå ñîâïàäàåò ñ ïåðèîäîì òî÷íîãî ðåøåíèÿ,
íî ïðè ìàëûõ ∆t áëèçêî ê íåìó. Â [11] ìû äîêàçàëè ýòîé ñâîéñòâî
ñõåìû Êàãàíà ïðè ïîìîùè åå êâàäðàòóðíîãî ïðåäñòàâëåíèÿ.

Íè÷òî íå ìåøàåò ïåðåíåñòè ýòî îïðåäåëåíèå íà ñëó÷àé ïðîèçâîëü-
íûõ ðàçíîñòíûõ ñõåì.
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Îïðåäåëåíèå 1. Ðåøåíèå, íàéäåííîå ïî ñõåìå (2), áóäåì íàçûâàòü
ïåðèîäè÷åñêèì, åñëè îíî óäîâëåòâîðÿåò óñëîâèþ

xn = x0.

Ïîä ïåðèîäîì òàêîãî ðåøåíèÿ áóäåì ïîíèìàòü èëè n, èëè âåëè÷èíó
T = n∆t â çàâèñèìîñòè îò êîíòåêñòà.

Ïîñêîëüêó îäíà òî÷êà ðåøåíèÿ ïîëíîñòüþ îïðåäåëÿåò îñòàëüíûå,
ðàçíîñòíàÿ ñõåìà (2) èìååò ïåðèîäè÷åñêîå ðåøåíèå òîãäà è òîëüêî òî-
ãäà, êîãäà ñèñòåìà àëãåáðàè÷åñêèõ óðàâíåíèé

g(x0, x1,∆t) = 0, g(x1, x2,∆t) = 0 . . . , g(xn, x0,∆t) = 0 (3)

ñîâìåñòíà. Ïîýòîìó èññëåäîâàíèå ïåðèîäè÷åñêèõ ïðèáëèæåííûõ ðå-
øåíèé âñåãäà ñâîäèòñÿ ê ðåøåíèþ ñèñòåì àëãåáðàè÷åñêèõ óðàâíåíèé
è, ïî êðàéíåé ìåðå â òåîðèè, âûïîëíèìî çà êîíå÷íîå ÷èñëî äåéñòâèé.
Ýòî ïðÿìî ñëåäóåò èç êîíå÷íîñòè àëãîðèòìà Áóõáåðãåðà [16].

Ñëåäóåò ñðàçó çàìåòèòü, ÷òî ïðè ïðîèçâîëüíûõ çíà÷åíèÿõ øàãà ∆t
è íà÷àëüíîãî óñëîâèÿ x0 ñèñòåìà (3), ñîäåðæàùàÿ n − 1 íåèçâåñòíûõ
x1, . . . , xn−1 è n+ 1 óðàâíåíèé, íå ñîâìåñòíà. Çàäà÷ó îá îòûñêàíèè ïå-
ðèîäè÷åñêîãî ïðèáëèæåííîãî ðåøåíèÿ çàäà÷è Êîøè

dx

dt
= f(x), x(0) = x0, (4)

ðàçóìíî ñôîðìóëèðîâàòü òàê. Äëÿ çàäàííîãî n ∈ N íàéòè òàêîå çíà-
÷åíèå øàãà ∆t > 0, ÷òî ñèñòåìà (3) ñîâìåñòíà.

Âîîáùå ãîâîðÿ, ÷èñëî íåèçâåñòíûõ áîëüøå ÷èñëà óðàâíåíèé, ïîýòî-
ìó ïåðèîäè÷åñêèå ðåøåíèÿ, âîîáùå ãîâîðÿ, äîëæíû ñóùåñòâîâàòü. Îä-
íàêî íà ïðàêòèêå íàáëþäàåìû òîëüêî âåùåñòâåííûå ïåðèîäû, ïîýòîìó
â ñóùåñòâåííûì âîïðîñ ñâîäèòñÿ ê òîìó, áóäóò ëè êîðíè ñèñòåìû (3)
âåùåñòâåííû èëè íåò.

�3. Êîìïüþòåðíûå ýêñïåðèìåíòû

Èñïîëüçóÿ âñòðîåííóþ â Sage ðåàëèçàöèþ àëãîðèòìà Áóõáåðãåðà,
ìû èññëåäîâàëè çàäà÷ó îá îòûñêàíèè ïåðèîäè÷åñêîãî ðåøåíèÿ çàäà-
÷è Êîøè äëÿ íåñêîëüêèõ ñëó÷àåâ. Â äàëüíåéøèõ âû÷èñëåíèÿõ âìåñòî
ñèìâîëüíîé ïåðåìåííîé ∆t ìû áóäåì èñïîëüçîâàòü ïåðèîä T = n∆t.
Èíûìè ñëîâàìè, ìû èññëåäîâàëè ñîâìåñòíîñòü ñèñòåìû

g(x0, x1, T/n) = 0, g(x1, x2, T/n) = 0 . . . , g(xn, x0, T/n) = 0. (5)



72 ÂÀÍ ØÈÂÝÉ, À. Â. ÇÎÐÈÍ, Ì. À. ÊÎÍßÅÂÀ, Ì. Ä. ÌÀËÛÕ, Ë. À. ÑÅÂÀÑÒÜßÍÎÂ

1 2 3 4 5 6
t

1.0

0.5

0.5

1.0
x

Ðèñ. 1. Ïðèáëèæåííîå ïåðèîäè÷åñêîå ðåøåíèå óðàâíå-
íèÿ (6) ñ ïåðèîäîì n = 15, íàéäåííîå ïî ñõåìå ñðåäíåé
òî÷êè.

3.1. Ëèíåéíûé îñöèëëÿòîð. Ïðåæäå âñåãî, ÷òîáû âåðèôèöèðîâàòü
íàø ïîäõîä, ìû ðàññìîòðåëè ïåðèîäè÷åñêèå ðåøåíèÿ ëèíåéíîãî îñöèë-
ëÿòîðà

dx

dt
= y,

dy

dt
= −x, x(0) = 0, y(0) = 1 (6)

íàéäåííûå ïî ñõåìå ñðåäíåé òî÷êè. Èç ãåîìåòðè÷åñêèõ ñîîáðàæåíèé
ðàíåå áûëî äîêàçàíî, ÷òî òàêîâûå ñóùåñòâóþò ïðè âñåõ n ∈ N è ïðè
ñòðåìëåíèè n ê áåñêîíå÷íîñòè ïåðèîä T = n∆t→ 2π [17, 18]. Ïðîâåðèì
ýòî.
Äëÿ (6) ñèñòåìà (5) � ëèíåéíàÿ îòíîñèòåëüíî íåèçâåñòíûõ x1, . . ., xn−1,

èõ èñêëþ÷åíèå ïðèâîäèò ê óðàâíåíèþ îòíîñèòåëüíî T 2. Äëÿ ñõåìû
ñðåäíåé òî÷êè ýòî óðàâíåíèå èìååò ïîëîæèòåëüíûå êîðíè. Íàïðèìåð,
ïðè n = 15 òàêîâûì áóäåò T = 6.3767 ' 2π. Ïðè ýòîì ïðè x0 = 0, y0 = 1
ãðàôèê ðåøåíèÿ (ðèñ. 1) âåñüìà ñõîæ ñ ãðàôèêîì îáû÷íîãî ñèíóñà. Ýòî
âïîëíå ñîãëàñóåòñÿ ñ ãåîìåòðè÷åñêîé èíòåðïðåòàöèåé ðåøåíèÿ ãàðìî-
íè÷åñêîãî îñöèëëÿòîðà ïî ñõåìå ñðåäíåé òî÷êè [17, 18].
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Âîïðîñ î òîì, èìååò ëè çàäà÷à (6) ïåðèîäè÷åñêîå ðåøåíèå ïðè àï-
ïðîêñèìàöèè ïî ÿâíîé ñõåìå Ýéëåðà ðàíåå íå èññëåäîâàëñÿ. Íàøè âû-
÷èñëåíèÿ ïîêàçàëè, ÷òî ïðè n â ðàéîíå 10 óðàâíåíèå äëÿ T íå èìååò
âåùåñòâåííûõ êîðíåé, îòëè÷íûõ îò íóëÿ, ïîýòîìó ÿâíàÿ ñõåìà Ýéëåðà
íå äàåò ïåðèîäè÷åñêèõ ðåøåíèé. Îòñþäà ìîæíî ñäåëàòü ïåðâûé âàæ-
íûé âûâîä: íàëè÷èå òî÷íûõ ïåðèîäè÷åñêèõ ðåøåíèé íå ãàðàíòèðóåò
ñóùåñòâîâàíèå ïðèáëèæåííûõ ïåðèîäè÷åñêèõ ðåøåíèé.

3.2. Íåëèíåéíûé îñöèëëÿòîð. Îáðàòèìñÿ òåïåðü ê íåëèíåéíîìó
îñöèëëÿòîðó

dx

dt
= y,

dy

dt
= −x3. (7)

Íà ñóùåñòâîâàíèå ïåðèîäè÷åñêîãî ðåøåíèÿ, ïîëó÷åííîãî ïî ñõåìå Êà-
ãàíà, áûëî óêàçàíî [15]. Êóäà áîëåå èíòåðåñíûì ÿâëÿåòñÿ âîïðîñ î
ñóùåñòâîâàíèè ïåðèîäè÷åñêèõ ðåøåíèé, íàéäåííûõ ïî ñõåìå ñðåäíåé
òî÷êè.

Âîçüìåì äëÿ ïðîñòîòû íåáîëüøîå n, à èìåííî, n = 5. Äëÿ ñõå-
ìû ñðåäíåé òî÷êè ïîëó÷àåòñÿ ñèñòåìà, èç êîòîðîé ïîñëå èñêëþ÷åíèÿ
x1, . . . , x4 ïîëó÷àåòñÿ óðàâíåíèå, ñâÿçûâàþùåå íà÷àëüíóþ òî÷êó è T .
Òàê è äîëæíî áûòü, ïîñêîëüêó â íåëèíåéíîì ñëó÷àå ïåðèîä âñåãäà
çàâèñèò îò íà÷àëüíûõ óñëîâèé. Çàôèêñèðóåì íà÷àëüíóþ òî÷êó

x0 = (x0, y0) = (0, 1),

òîãäà ïîëó÷àåòñÿ óðàâíåíèå äëÿ îòûñêàíèÿ T 2, êîòîðîå, ïîìèìî íóëÿ,
èìååò äâà ïîëîæèòåëüíûõ êîðíÿ. Îáà çíà÷åíèÿ äëÿ T äàþò ïåðèîäè-
÷åñêèå ðåøåíèÿ, ïðåäñòàâëåííûå íà ðèñ. 2. Â ïåðâîì ñëó÷àå íà ôà-
çîâîé ïëîñêîñòè ïîëó÷àåòñÿ ïÿòèóãîëüíèê, âî âòîðîì � ïåíòàãðàììà.
Òî÷íî òàêóþ æå ñèòóàöèþ ìû íàáëþäàëè äëÿ ïåðèîäè÷åñêèõ ðåøåíèé
ýëëèïòè÷åñêîãî îñöèëëÿòîðà, íàéäåííûõ ïî ñõåìû Êàãàíà [15].

Îòñþäà ñëåäóåò, ÷òî ñõåìà ñðåäíåé òî÷êè ïîäðàæàåò ïåðèîäè÷íîñòè
ýëëèïòè÷åñêîãî îñöèëëÿòîðà (7) íè÷óòü íå õóæå, ÷åì ñõåìà Êàãàíà.
Îñîáåííî èíòåðåñíî çäåñü òî, ÷òî ñõåìà ñðåäíåé òî÷êè äëÿ íåëèíåé-
íûõ îñöèëëÿòîðîâ çàäàåò ìíîãîçíà÷íîå ñîîòâåòñòâèå ìåæäó x è x̂. Äëÿ
ïîñòðîåíèÿ ÷èñëåííîãî ðåøåíèÿ ê ñèñòåìå (2) äîáàâëÿþò ïðàâèëî âû-
áîðà êîðíÿ, áåç íåãî ìû áû íà êàæäîì øàãå ïîëó÷àëè ëèøíèå êîðíè
[11]. Ïðè ñîñòàâëåíèè ñèñòåìû (5) ýòî ïðàâèëî íèêàê íå ó÷èòûâàëîñü
è òåì íå ìåíåå íèêàêèõ ëèøíèõ ðåøåíèé ýòà ñèñòåìà íå äàåò. Òàêèì
îáðàçîì ïîëó÷àåòñÿ, ÷òî óñëîâèå ïåðèîäè÷íîñòè xn+m = xm ñîäåðæèò
â ñåáå ïðàâèëî âûáîðà êîðíÿ.
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Ðèñ. 2. Ïðèáëèæåííîå ïåðèîäè÷åñêîå ðåøåíèå óðàâíå-
íèÿ (7) ñ ïåðèîäîì n = 5, íàéäåííîå ïî ñõåìå ñðåä-
íåé òî÷êè ïðè T = 7.59556885597975 (ñâåðõó) è T =
60.7538695639458 (ñíèçó).

3.3. Ñèñòåìà Âîëüòåððû�Ëîòêè. Îáðàòèìñÿ òåïåðü ê ñèñòåìå
Âîëüòåððû�Ëîòêè, âçÿâ äëÿ îïðåäåëåííîñòè ñëåäóþùèå ÷èñëîâûå
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Ðèñ. 3. Ïðèáëèæåííîå ïåðèîäè÷åñêîå ðåøåíèå çàäà÷è
(8), íàéäåííîå ïî ñõåìå Êàãàíà ïðè ∆t = 0.30083 . . . .
Óêàçàíû ïåðâûå 400 òî÷åê.

çíà÷åíèÿ äëÿ åå ïàðàìåòðîâ:
d

dt
x = −x(y − 2),

d

dt
y = (x− 2)y,

x(0) = 1, y(0) = 2
(8)

Ýòà çàäà÷à èìååò ïåðèîäè÷åñêîå ðåøåíèå, ïåðèîä ðàâåí ïðèìåð-
íî 3.24 . . . . Åãî íåòðóäíî íàéòè, ðåøèâ çàäà÷ó ÷èñëåííî ïî ìåòîäó
Ðóíãå�Êóòòû ñ äîñòàòî÷íî ìàëûì øàãîì.

Ýêñïåðèìåíòèðóÿ ñî ñõåìîé Êàãàíà, ìû ñëó÷àéíî íàøëè, ÷òî ýòà
çàäà÷à èìååò ïðèáëèæåííîå ðåøåíèå ïðè ∆t = 0.30083 . . . , ïðåäñòàâ-
ëåííîå íà ðèñ. 3. Êàæåòñÿ, ÷òî x11 = x0, à íåáîëüøèå ðàñõîæäåíèÿ
â çíà÷åíèÿõ ñâÿçàíû ñ îøèáêîé îêðóãëåíèÿ èëè íåòî÷íûì îïðåäåëå-
íèåì øàãà ∆t. Áîëåå òîãî, äëÿ ïåðèîäà T = 11∆t ïîëó÷àåòñÿ âïîëíå
ðàçóìíîå çíà÷åíèå 3.31 . . . .

Ìû èññëåäîâàëè ñîâìåñòíîñòü ñèñòåìû (5) äëÿ çàäà÷è (8). Âîïðå-
êè íàøèì îæèäàíèÿì, ýòà ñèñòåìà íå èìååò íåíóëåâûõ âåùåñòâåííûõ
ðåøåíèé â ò.÷. ïðè n = 11. Ýòî îçíà÷àåò, ÷òî ñõåìà Êàãàíà íå âñåãäà
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íàñëåäóåò ïåðèîäè÷åñêèé õàðàêòåð ðåøåíèÿ. Çàìåòèì, ÷òî â ñëó÷àå ñè-
ñòåìû Âîëüòåððû�Ëîòêè, ýòà ñõåìà íå ìîæåò óíàñëåäîâàòü è èíòåãðàë
äâèæåíèÿ, êîòîðûé íå ÿâëÿåòñÿ àëãåáðàè÷åñêèì. Òåì íå ìåíåå, òî÷êè
ïðèáëèæåííîãî ðåøåíèÿ âûñòðàèâàþòñÿ âäîëü íåêîòîðîãî îâàëà. Ïðè
ýòîì ïðè áîëüøèõ çíà÷åíèÿ ∆t îòëè÷èå ýòîãî îâàëà îò èíòåãðàëüíîé
êðèâîé óðàâíåíèÿ (8) õîðîøî çàìåòíî.

Â ñêîáêàõ çàìåòèì, ÷òî èññëåäîâàíèå ñîâìåñòíîñòè ñèñòåìû äëÿ n =
11 ÿâëÿåòñÿ òðóäíîé çàäà÷åé äëÿ âñòðîåííûõ â Sage ôóíêöèé. Ìû
èñêëþ÷àëè ïåðåìåííûå, èñïîëüçóÿ òîò ôàêò, ÷òî ñõåìà Êàãàíà çàäàåò
ïðåîáðàçîâàíèÿ Êðåìîíû, òåì æå ïóòåì, êîòîðûé ìû èñïîëüçîâàëè
â [15].

�4. Êóâûðêè âîë÷êà

Â ïðîöåññå îòûñêàíèÿ ïåðèîäè÷åñêèõ ðåøåíèé, ìû íàõîäèì íå òîëü-
êî ïðèáëèæåííîå ðåøåíèå, íî è åãî ïåðèîä. Êàæåòñÿ, ÷òî ýòî äàåò â
íàøè ðóêè åñòåñòâåííûé ìàñøòàá ïî âðåìåíè è, âçÿâ äåñÿòîê òî÷åê,
ìû ìîæåì, ïóñòü è ãðóáî, îïèñàòü ïåðèîäè÷åñêîå äâèæåíèå. Îäíàêî â
äåéñòâèòåëüíîñòè ñèòóàöèÿ íàìíîãî äðàìàòè÷íåå.

Âîçüìåì äëÿ ïðèìåðà âîë÷îê Äæàíèáåêîâà [19]. Ýòà ñèñòåìà îïè-
ñûâàåòñÿ òðåìÿ äèôôåðåíöèàëüíûìè óðàâíåíèÿìè

dp

dt
=
C −B
A

qr,
dq

dt
=
A− C
B

pr,
dr

dt
=
B −A
C

pq,

ãäå A,B,C � ãëàâíûå ìîìåíòû èíåðöèè è èíòåãðèðóåòñÿ â ýëëèïòè-
÷åñêèõ ôóíêöèÿõ [20]. Ñëó÷àé, îïèñàííûé Äæàíèáåêîâûì, èíòåðåñåí
ðåçêèìè êóâûðêàìè âîë÷êà, ïðåäñòàâëÿþùèìè î÷åâèäíóþ òðóäíîñòü
ïðè ÷èñëåííîì èíòåãðèðîâàíèè. Â ýòîì ñëó÷àå áåðóò ãëàâíûå ìîìåí-
òû èíåðöèè èç ïðîïîðöèè A : B : C = 8 : 7 : 2. Òîãäà, åñëè çàêðóòèòü
âîë÷îê îòíîñèòåëüíî ñðåäíåé (íåóñòîé÷èâîé) îñè èíåðöèè è ñëåãêà âîç-
ìóòèòü íà÷àëüíûå óñëîâèÿ, òî åñòü âçÿòü p(0) = 0, q(0) = 1 è r(0) = ε,
ãäå ε � ìàëûé ïàðàìåòð, òî âîë÷îê áóäåò êóâûðêàòüñÿ: ïîë ïåðèîäà
q ' 1, âòîðóþ ïîëîâèíó ïåðèîäà q ' −1. Ïåðåõîä ìåæäó ýòèìè çíà-
÷åíèÿìè ïðîèñõîäèò òåì áûñòðåå, ÷åì ìåíüøå ε, à ñàì ïåðèîä ðàñòåò
êàê ln ε−1 [19].

Ñâÿçü ìåæäó òî÷íûì ðåøåíèåì â ýëëèïòè÷åñêèõ ôóíêöèÿõ è ïðè-
áëèæåííûì ðåøåíèåì ïî ñõåìå Êàãàíà äëÿ âîë÷êà îïèñàíà â [11, n. 5].
Âû÷èñëèì òåïåðü ïåðèîäè÷åñêîå ðåøåíèå äëÿ n = 12. ×òîáû ñäåëàòü



Î ÏÅÐÈÎÄÈ×ÅÑÊÈÕ ÏÐÈÁËÈÆÅÍÍÛÕ ÐÅØÅÍÈßÕ 77

10 20 30 40
t

1.0

0.5

0.5

1.0

q

10 20 30 40 50 60 70 80
t

1.0

0.5

0.5

1.0

q

Ðèñ. 4. Òî÷íîå è ïðèáëèæåííîå ïåðèîäè÷åñêèå ðåøå-
íèÿ, îïèñûâàþùèå êóâûðêè âîë÷êà ïðè ε, ðàâíîì 10−1

(ñâåðõó) è 10−10 (ñíèçó).
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âû÷èñëåíèÿ áûñòðî, ìû, êîíå÷íî, êàê è â çàäà÷å ìíîãèõ òåë, ðàñ-
ñìîòðèì íå ïåðèîä, à ïîëîâèíó ïåðèîäà, ïðèíÿâ çà íà÷àëüíóþ òî÷-
êó p = r = 0, q = 1, à çà êîíå÷íóþ � p = r = 0, q = −1. Ïðè ε = 10−1

ìû ïîëó÷èëè òðè ïåðèîäè÷åñêèõ ðåøåíèé ñ ïåðèîäàìè 22.952, 42.569 è
42.932. Íàèìåíüøåìó èç íèõ îòâå÷àåò ïåðèîäè÷åñêîå ðåøåíèå, êîòîðîå
ïðåêðàñíî ïîäðàæàåò òî÷íîìó, ñì. ðèñ. 4. Âñåãî 12 òî÷åê çà ïåðèîä íà
ñõåìå âòîðîãî ïîðÿäêà äàþò õîðîøóþ òî÷íîñòü â îïðåäåëåíèè ïåðèîäà
(îøèáêà ìåíåå 5 %) è ïðåêðàñíîå êà÷åñòâåííîå ïîâòîðåíèå äâèæåíèÿ.

Îäíàêî ñ óìåíüøåíèåì ïàðàìåòðà ε ñèòóàöèÿ íå ìåíÿåòñÿ êà÷å-
ñòâåííî, íî ñóùåñòâåííî ìåíÿåòñÿ êîëè÷åñòâåííî. Íàïð., ïðè ε = 10−10

ðåøåíèå ñ íàèìåíüøèì ïåðèîäîì â 42.925 êà÷åñòâåííî ñõîæå ñ òî÷íûì,
íî âåëè÷èíà ýòîãî ïåðèîäà â íåñêîëüêî ðàç îòëè÷àåòñÿ îò ïåðèîäà òî÷-
íîãî ðåøåíèÿ, ñì. ðèñ. 4. Ãëÿäÿ íà ýòî ðåøåíèå, íåëüçÿ íå çàìåòèòü,
÷òî ïåðåõîä îò q = 1 ê q = −1 îïèñûâàåòñÿ îäíîé ïðîìåæóòî÷íîé
òî÷êîé q = 0. Ýòî îçíà÷àåò, ÷òî òî÷íîñòü îïðåäåëåíèÿ ïåðèîäà çàâè-
ñèò íå îò ÷èñëà òî÷åê çà ïåðèîä, à îò ÷èñëà òî÷åê, ïðèõîäÿùèõñÿ íà
ïåðåõîäíûé ñëîé.

Òàêèì îáðàçîì, ïðè êóâûðêàõ ìû ñòàëêèâàåìñÿ ñ âåñüìà íåîáû÷-
íîé ñèòóàöèåé. Êà÷åñòâåííî ïðèáëèæåííîå ðåøåíèå ñîâïàäàåò ñ òî÷-
íûì: âîë÷îê äåéñòâèòåëüíî ïåðèîäè÷åñêè êóâûðêàåòñÿ, ïåðåõîäíûé
ñëîé î÷åð÷åí ðåçêî. Îäíàêî ïðè ýòîì îøèáêà â îïðåäåëåíèè âåëè÷è-
íû ïåðèîäà âåñüìà ïðèìåòíà.

�5. Çàêëþ÷åíèå

Ïîäâåäåì èòîã ïðîäåëàííûì ýêñïåðèìåíòàì.
Ïðåæäå âñåãî ìû âûÿñíèëè, ÷òî ïðèáëèæåííûå ðåøåíèÿ, íàéäåí-

íûå ïî ñõåìå Êàãàíà, íå âñåãäà íàñëåäóþò ïåðèîäè÷íîñòü òî÷íîãî ðå-
øåíèÿ. Ñêàçàííîå âåðíî äëÿ ëèíåéíûõ è ýëëèïòè÷åñêèõ îñöèëëÿòîðîâ
è íå âåðíî, íàïðèìåð, äëÿ ñèñòåìû Âîëüòåððû-Ëîòêè.

Âî-âòîðûõ, ïðèáëèæåííûå ðåøåíèÿ, íàéäåííûå ïî ñõåìå ñðåäíåé
òî÷êè, íàñëåäóþò ïåðèîäè÷íîñòü òî÷íîãî ðåøåíèÿ íå òîëüêî â ñëó÷àå
ëèíåéíûõ îñöèëëÿòîðîâ, íî è â ñëó÷àå ýëëèïòè÷åñêèõ îñöèëëÿòîðîâ.
Â òî æå âðåìÿ ðàçíîñòíûå ñõåìû, âíîñÿùèå â ìîäåëü äèññèïàöèþ èëè
àíòèäèññèïàöèþ, íàïð., ÿâíàÿ ñõåìà Ýéëåðà íå ìîãóò äàâàòü ïåðèîäè-
÷åñêèõ ðåøåíèé. Ïîýòîìó ìîæíî ñêàçàòü, ÷òî êëàññ ðàçíîñòíûõ ñõåì,
äàþùèõ ïåðèîäè÷åñêèå ðåøåíèÿ äëÿ çàäàííîé äèíàìè÷åñêîé ñèñòåìû,
øèðå êëàññà ñõåì Êàãàíà. Âîïðîñ î òîì, íà ñêîëüêî îí øèðå, òðåáóåò
äîïîëíèòåëüíîãî èçó÷åíèÿ.
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Ìû îñòàâèëè â ñòîðîíå, áåçóñëîâíî, âàæíûé âîïðîñ î ÷èñëåííîì
ðåøåíèè ñèñòåìû óðàâíåíèé (5). Â òîì ñëó÷àå, êîãäà çà ïåðèîä äîëæ-
íî óìåñòèòüñÿ íåñêîëüêî äåñÿòêîâ òî÷åê, àíàëèòè÷åñêîå ðåøåíèå ñè-
ñòåìû ñòàíîâèòñÿ âåñüìà çàòðàòíûì. Íàøè ýêñïåðèìåíòû ñ ñèñòåìîé
Âîëüòåððû�Ëîòêè ïîêàçàëè, ÷òî ðåøåíèå ýòîé ñèñòåìû ñ ìàëîé íåâÿç-
êîé ìîæåò ñóùåñòâîâàòü äàæå òîãäà, êîãäà â äåéñòâèòåëüíîñòè ñèñòåìà
íå ñîâìåñòíà.

Â ðàìêàõ ïðåäëîæåííîãî ïîäõîäà ê îòûñêàíèþ ïåðèîäè÷åñêèõ ðå-
øåíèé, ìû çàäàåì ÷èñëî òî÷åê ðåøåíèÿ çà ïåðèîä, à ïîëó÷àåì íå òîëü-
êî ïåðèîäè÷åñêîå ðåøåíèå, íî è åãî ïåðèîä. Ê ñîæàëåíèþ, ïîëó÷åííàÿ
òàêèì ïóòåì îöåíêà äëÿ ïåðèîäà òî÷íîãî ðåøåíèÿ ìîæåò îòëè÷àòüñÿ
îò ïåðèîäà òî÷íîãî ðåøåíèÿ âåñüìà çíà÷èòåëüíî. Êëþ÷åâûì ïðåïÿò-
ñòâèåì ê áëèçîñòè ýòèõ ïåðèîäîâ ÿâëÿåòñÿ áûñòðîå èçìåíåíèå òî÷íî-
ãî ðåøåíèÿ çà êîðîòêèå îòðåçêè âðåìåíè, íàïðèìåð, ðåçêèå êóâûðêè
âîë÷êà.

Ïðåäëîæåííûé ïîäõîä ê îòûñêàíèþ ïåðèîäè÷åñêèõ ðåøåíèé â ðàâ-
íîé ìåðå ïðèìåíèì ê ÿâíûì è ê íåÿâíûì ðàçíîñòíûì ñõåìàì. Óñëî-
âèå ïåðèîäè÷íîñòè â íåêîòîðîì ñìûñëå �ðåãóëÿðèçóåò� íåÿâíóþ ñõåìó,
óáèðàÿ ëèøíèå êîðíè. Ýòî îáñòîÿòåëüñòâî â ðàâíîé ìåðå íåîæèäàííî
è ëþáîïûòíî. Äåëî â òîì, ÷òî ëèøíèå êîðíè � ãëàâíàÿ ïðîáëåìà âñåõ
íåÿâíûõ ñõåì, èç-çà êîòîðîé ðàñ÷åòû ïî íåÿâíûì ñõåìàì ñòàíîâèòñÿ âî
ìíîãî ðàç áîëåå ñëîæíûì, ÷åì ðàñ÷åòû ïî ñõåìàì ÿâíûì. Ðåçóëüòàòû
íàøèõ ýêñïåðèìåíòîâ ïîçâîëÿþò íàäåÿòüñÿ, ÷òî ýòó ïðîáëåìó ìîæíî
îáîéòè ïðè ðàñ÷åòå ïåðèîäè÷åñêèõ ðåøåíèé.

Ñïèñîê ëèòåðàòóðû

1. Â. Â. Êîçëîâ, Ìåòîäû êà÷åñòâåííîãî àíàëèçà â äèíàìèêå òâåðäîãî òåëà,
ÐÕÄ, Ìîñêâà�Èæåâñê (2000).

2. Ch. Marchal, The three-body problem, Elsivier (1990).
3. R. Montgomery, Dropping bodies. � Math. Intell. 45, No. 2 (2023), 168�174.
4. C. M. Moor, Braids in classical gravity. � Phys. Rev. Lett., 70 (1993), 3675�3679.
5. A. Chenciner, R. Montgomery, A remarkable periodic solution of the three-body

problem in the case of equal masses. � Annals Math. 152, No. 4 (2000), 881�901.
6. R. Montgomery, A New Solution to the three-body problem. � Notices of the AMS

48, No. 4 (2001), 471�481.
7. I. Hristov, R. Hristova, I. Puzynin, T. Puzynina, Z. Sharipov, Z. Tukhliev, A

Database of High Precision Trivial Choreographies for the Planar Three-Body

Problem. In: Numerical Methods and Applications, Springer Nature Switzerland
(2023), pp. 171�180.



80 ÂÀÍ ØÈÂÝÉ, À. Â. ÇÎÐÈÍ, Ì. À. ÊÎÍßÅÂÀ, Ì. Ä. ÌÀËÛÕ, Ë. À. ÑÅÂÀÑÒÜßÍÎÂ

8. I. Hristov, R. Hristova, V. Dmitrasinovic, Three-body periodic collisionless equal-

mass free-fall orbits revisited. � Celest. Mech. Dyn. Astron. 136, No. 7 (2024).
9. I. Hristov, R. Hristova, N. Kutovskiy, T. Puzynina, Z. Sharipov, Z. Tukhliev, A class

of symmetric three-body periodic free-fall orbits. � In: International Conference
�Mathematical Modeling and Computational Physics� (MMCP 2024), Yerevan,
Armenia, October 21-25, 2024. (2024), p. 99.

10. E. Hairer, G. Wanner, Ch. Lubich, Geometric Numerical Integration. Structure-

Preserving Algorithms for Ordinary Di�erential Equations Springer, Berlin
Heidelberg New York (2000).

11. M. Malykh, M. Gambaryan, O. Kroytor, A. Zorin, Finite di�erence models of

dynamical systems with quadratic right-hand side. � Mathematics 12, No. 1 (2024),
167.

12. J. M. Sanz-Serna, An unconventional symplectic integrator of W. Kahan. � Appl.
Numer. Math. 16 (1994), 245�250.

13. E. Celledoni, R. I. McLachlan, B. Owren, G. R. W. Quispel, Geometric properties
of Kahan's method. � J. Phys. A: Math. Theor. 46 (2013), 025201.

14. M. Petrera, J. Smirin, Yu. B. Suris, Geometry of the Kahan discretizations of

planar quadratic Hamiltonian systems. � year = 2019, Proc. R. Soc. A 475 (2019),
20180761.

15. A. Baddour, M. D. Malykh, L. A. Sevastianov, On periodic approximate solutions

of dynamical systems with a quadratic right-hand side. � J. Math. Sci. 261, No. 5
(2022), 698�708.

16. D. Cox, J. Little, D. O'Shea, Ideals, varieties, and algorithms, Springer (2007).
17. V. P. Gerdt, M. D. Malykh, L. A. Sevastianov, Yu Ying, On the properties of

numerical solutions of dynamical systems obtained using the midpoint method. �
Discrete and Continuous Models and Applied Computational Science 27, No. 3
(2019), 242�262.

18. Yu Ying, M. D. Malykh, On conjugate di�erence schemes: the midpoint scheme and

the trapezoidal scheme. � journal = Discrete and Continuous Models and Applied
Computational Science 29, No. 1 (2021), 63�72.

19. A. G. Petrov, S. E. Volodin, Janibekov's e�ect and the laws of mechanics. � Dokl.
Phys. 58, No. 8 (2013), 349�353.

20. V. V. Golubev, Lectures on integration of the equations of motion of a rigid body

about a �xed point, Israel Program for Scienti�c Translations, Jerusalem (1960).

Wang Shiwei, Zorin A. V., Konyaeva M. A., Malykh M. D., Sevas-
tianov L. A. On periodic approximate solutions of ordinary di�erential
equations.

The issue of inheriting periodicity of an exact solution of à dynamic
system by à di�erence scheme is considered. It is shown that some di�erence
schemes (midpoint scheme, Kahan scheme) in some special cases provide
approximate solutions of di�erential equations, which are periodic sequen-
ces. Such solutions are called periodic. A purely algebraic method of �nding
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periodicity not only in case of linear oscillator, but also in case of nonlinear
oscillator, integrable in elliptic functions.

Ïîñòóïèëî 29 ñåíòÿáðÿ 2025 ã.Ðîññèéñêèé óíèâåðñèòåò
äðóæáû íàðîäîâ èìåíè Ïàòðèñà Ëóìóìáû,
Ìîñêâà

E-mail : 1995wsw@gmail.com

E-mail : zorin_av@pfur.ru

E-mail : 1032217044@rudn.ru

Ðîññèéñêèé óíèâåðñèòåò
äðóæáû íàðîäîâ èìåíè Ïàòðèñà Ëóìóìáû;
Îáúåäèí¼ííûé èíñòèòóò
ÿäåðíûõ èññëåäîâàíèé, Äóáíà

E-mail : malykh_md@pfur.ru

E-mail : sevastianov_la@rudn.ru


