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I. Baskov

THE SPLITTING OF THE DE RHAM COHOMOLOGY
OF SOFT FUNCTION ALGEBRAS IS
MULTIPLICATIVE

ABsTRACT. Let A be a real soft function algebra. In [1] we have ob-
tained a canonical splitting H*(Q,.4|]R) >~ H*(X,R) & (something)
via the canonical maps A4 : H*(X,R) — H*(Q:A\R) and Wy :
H*(Q:”R) — H*(X,R). In this paper we prove that these maps

are multiplicative.

§1. INTRODUCTION

All algebras are assumed to be commutative. To an algebra A over a
field k one associates a dg-algebra Q;”k with Q?‘W@ = A, called the de Rham
dg-algebra, in a standard way (see [4, §3]).

In this paper we extend the results of the paper [1]. There, for a soft
sheaf of k-algebras F on a compact Hausdorff space X we have constructed
a linear map

A HY (X, Ex[0]) = H*(Q%x)1)-
Here the domain is the cohomology of X with coefficients in the con-
stant sheaf k. This map is natural with respect to morphisms of k-ringed
spaces. For an arbitrary space X and a subalgebra A — C(X) of the R-
algebra of real-valued continuous functions on X we have constructed a
linear map
Wy HY(Q) — HY (X, Ry [0).

This map is natural with respect to continuous maps of spaces covered by a
homomorphism of algebras. We have proved that for a compact Hausdorff
space X and a soft subsheaf F of Cx, the sheaf of R-algebras of real-
valued continuous functions, the composition ¥ z(x) o Ar is the identity
map. Thus, the groups H* (X, R [0]) canonically split off of H*(Q% ).

Key words and phrases: de Rham cohomology of algebras, soft function algebra,
canonical splitting.
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But there is still a question of whether the maps Ar and ¥ 4 are mul-
tiplicative with respect to the cup product on cohomology. The answer is
yes and is given by Theorem 1 and Theorem 11.
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§2. CUP PRODUCT IN HYPERCOHOMOLOGY

2.1. Hypercohomology groups. By a complex we mean a non-negative
cochain complex. By default, a complex consists of k-vector spaces. For a
sheaf F of vector spaces over a field k& we denote by F[0] the complex of
sheaves with F in degree 0 and other terms zero. We denote by kx the
constant sheaf on a space X associated with the field k.

For any complex F* there is a complex Z*® of injective sheaves and a
quasi-isomorphism ¢ : F* — Z°, see |7, Proposition 8.4]. We call Z*® an
injective resolution of F*°.

One defines the hypercohomology of a complex of sheaves F* as

H* (X, F*) == HY(Z*(X))

for some injective resolution F* — Z°®. We refer the reader to [8, Defini-
tion 10.2] for the precise definition of the hypercohomology groups.
There is a canonical homomorphism

T:H*(F*(X)) - H* (X, F*),

natural with respect to morphisms of complexes of sheaves.

Take two complexes of sheaves F*® and G*® on topological spaces X and
Y, respectively. Suppose ¢ : Y — X is a continuous map and v : F* —
¢+G® is a morphism of complexes of sheaves. Then there is the induced
map on the hypercohomology H*(¢,~) : H*(X, F*) — H*(Y,G*).

2.2. External cup product. For two complexes of sheaves F* and G*®
on a space X one defines their tensor product over k, F*®G®, as a complex
of sheaves on X, see [3, Chapter II, 6.1]. We construct a map

HY (X, 7*) @ H'(X, %) — H*(X, F* © G°),
called the external cup product. Choose injective resolutions
i1t F*—=TI% i3:G°*—=J% j:F'®G =K.
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The map of complexes
1R F*'RG -I°®J°

is a quasi-isomorphism, as the tensor product of sheaves over a field is
an exact functor. There exists a unique up to homotopy morphism of
complexes 8 : Z° ® J°* — K°® making the following diagram commute up
to homotopy

i1 Q12

Fog 1 e g
Jj s
L
Ke,

see [6, Lemma 13.18.6 and Lemma 13.18.7].
Taking the global sections over X one obtains the natural map

BX): (I* @ J%) (X) = K*(X).
On the other hand, one has the natural map
I*(X)@JYX) = (I° 0 J°) (X).

Composing these maps and taking the cohomology leads to the natural
map
H* (X, F*) @ H*(X,G°®) - H* (X, F* ®G*).

This product is natural in F* and G®. Moreover, it is natural in triples
(X, F°*,G*).

The external cup product is compatible with Y, that is, the following
diagram is commutative:

H*(F*(X)) @ H*(G*(X)) —— H*((F* ® ¢*)(X))

lmr J{T (1)

H (X, F*) 9 H*(X,G*) —— H*(X, F* ® G*),
where the top map is induced by the natural map of complexes

F(X)®G*(X) = (F*®3G°)(X).
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2.3. Internal cup product. Let F* be a sheaf complex with multiplica-
tion, that is, a complex of sheaves F* comes with a morphism of complexes

FRF 5 F°,

called the multiplication. Composing with the external cup product, this
multiplication gives rise to the product

H* (X, F*) @ H*(X, F*) & H* (X, F*),

which we call the (internal) cup product.
The cup product on hypercohomology satisfies the following properties.

(1)

The product on the hypercohomology
H* (X, F*) @ H* (X, F*) = H* (X, F*)

is natural in the following sense. Let v : F* — G® be a morphism
of sheaf complexes with multiplication, that is, the diagram

F o F —~— F*
w
G* oG —— g°

is commutative.
Then we have the commutative diagram

H*(X, F*) @ H*(X, F*) —— H*(X, F*)

H*(v)®H*(7)\L lH*(’Y)

H*(X,G°*) @ H*(X,G*) —— H*(X,G"*).
Take a space X with a sheaf complex with multiplication F*
and a space Y with a sheaf complex with multiplication G®. Let
¢ : Y — X be a continuous map and v : F* — ¢,.G* be a mor-

phism of sheaf complexes with multiplication. Then we have the
commutative diagram

H* (X, F*) @ H*(X, F*) —— H*(X, F*)
H*(m)@H*(wl lH*(@'v)
H*(Y,G*) @ H*(Y,G*) —=— H*(Y,G*).
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(3) The product on hypercohomology is compatible with T.
Explicitly, the multiplication on F* induces the product

H*(F* (X)) @ H*(F*(X)) — H*(F*(X)).
Then the following diagram is commutative:
H*(F*(X)) @ H*(F* (X)) —— H*(F*(X))
lmﬂ lr
H* (X, F*) @ H* (X, F*) —2— H*(X, F*).
The sheaf complex k[0] carries multiplication
kx[0] ® kx[0] — kx][0].
The resulting cup product
H* (X, kx[0]) © H* (X, kx [0]) = H'(X, kx[0])
coincides with the usual cup product on the sheaf cohomology, see [7,
§5.3.2].
§3. ALGEBRAIC DE RHAM FORMS

For any commutative algebra with unity A over a field £ we denote by
2%, the dg-algebra of algebraic de Rham forms, see [4, §3].

Let X be a compact Hausdorff space. Consider a soft sheaf of algebras
F on X. In [1, Section 2.4] we consider the complex of presheaves %, on

X with Q% (U) = Q%) ;.- For n > 0 we denote by +Q}‘k the associated

sheaf of Q’]L_-‘ - The sheaves +Q’]L_-|  form a complex of sheaves +Q;_-| 5 We
denote by

sh : Q% vy, = Q5 (X) = 7%, (X)
the sheafification map.
We define a morphism of sheaf complexes with multiplication

€:kx[0] — +Q.F\kv

called the coaugmentation, by €(1) := 1.
The wedge product

L] L] A L]
Qo @ Qe = Lajie
for any k-algebra A gives rise to a product

L] L] N [ ]
Qe © e = Qe
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for the complex of presheaves Q'f‘ - Passing to the associated sheaves gives
rise to a product

A
T ® T = Q%
Taking the global sections yields the commutative diagram

° . A .
Fok @ — Qe

sh®shJ{ J{sh (2)

0%, (X) © TQ%, (X) —— 0% (X).

Q

Now, we have the cup product

H* (X, F2%,) © HU (X, Y0%,) % HY (X, 70%0).

§4. THE MAP Ar IS MULTIPLICATIVE
In this section we briefly recall the construction of the natural map
Ar H" (X, kx[0]) — H*(X7+Q}|k)

constructed in [1, Chapter 3]. Then we prove that the map Ax is multi-
plicative.

Definition. For a soft sheaf of algebras F on a compact Hausdorff space
X we define the map Ar by the following diagram:

* H*(é) * L]
H (XﬂEX[O]) — H (X7+Q]-‘|k)

N
\\
o~
. =[x
N
N

o B (P05, (X))

%TH* (sh)
>
H* (5 (xy1.)-

The maps T and H*(sh) are isomorphisms, see [1, Section 3.2].

The map H*(sh) is a multiplicative by Diagram 2. The map Y is mul-
tiplicative by the property 3 of the internal cup product. The map H*(¢) is
multiplicative by the property 1 of the internal cup product.

Hence, we obtain the following theorem:
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Theorem 1. The map
Ar : HY (X, kx[0]) = H (Q%x) 1)

is multiplicative.

§5. SIMPLICIAL TECHNIQUES

We call a fibrant pointed simplicial set (K,0) connected if for each
v € K there exists a simplicial map A[l] — K such that 0 — o and 1 — v
(here 0,1 € A[l]o are the ends). We call (K, 0) contractible if there exists
a basepoint preserving homotopy A[l] x K — K that maps the bottom
base to o and is the identity on the top base.

A simplicial vector space B is called a simplicial module over a simplicial
algebra A if there is a simplicial linear map

A®B > B
that makes B, into an A,-module for each p > 0, cf. [10, Chapter 2.6].

Lemma 2. Let B be a simplicial module over a connected simplicial alge-
bra A. Then B is contractible.

Proof. As A is connected there exists a simplicial map
v:A[l] = A
connecting 0 and 1. Then the composition

Al xB 2% AxB > B

is the required homotopy. O

We call a simplicial complex of vector spaces A® degree-wise contractible
if A7 is contractible for each ¢ > 0. Note that in [2]| the degree-wise con-
tractible simplicial complexes are called “extendable complexes”. We call a
simplicial map of simplicial complexes A®* — B® a dimension-wise quasi-
isomorphism if it is a quasi-isomorphism in each simplicial dimension.

Corollary 3. Let A® be a simplicial graded algebra such that the simplicial
algebra A° is connected. Then A® is degree-wise contractible.

Corollary 4. Let A®* and B* be simplicial graded algebras and A® be
degree-wise contractible. Then A® ® B® is degree-wise contractible.

Proof. The simplicial vector space (A®* ® B®)? is a simplicial module over
the simplicial algebra A°, which is connected as it is contractible. O
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For any simplicial complex A® and a simplicial set K one defines a
complex A*(K) in a usual way: for ¢ > 0 the vector space A(K) consists
of all simplicial maps K — A%, cf. [2, Chapter 10, (b)]. If A® is a simplicial
dg-algebra, then A*(K) is a dg-algebra.

Lemma 5. Let 0 : A* — B® be a dimension-wise quasi-isomorphism of
degree-wise contractible simplicial complexes. Then for any simplicial set
K, the induced morphism of complexzes 0(K) : A*(K) — B*(K) is a quasi-
isomorphism.

Proof. See |2, Proposition 10.5]. O

§6. THE MAP W IS MULTIPLICATIVE
In the paper [1] we have contructed the map
U HY () — H' (X, R [0])

for any topological space X and any subalgebra A of the algebra of real-
valued continuous functions on X. In this section we prove that this map
is multiplicative.

6.1. Simplicial dg-algebra R[0]const- We denote by R[0]const the sim-
plicial dg-algebra that equals R[0] in each dimension. We have

R[O]const ® R[O]const = R[O]const~

6.2. Simplicial dg-algebra C°®. We denote by C*® the simplicial dg-
algebra of (unnormalized) simplicial cochains on the combinatorial sim-
plices Aln], cf. [2, Chapter 10, (d)]. The multiplication is the usual Ale-
xander—Whitney cup product. There is a unique morphism of simplicial
dg-algebras € : R[0]const — C®, called the coaugmentation.

Lemma 6. The simplicial dg-algebra C® is degree-wise contractible. More-
over the coaugmentation map € : R[0]const — C* is a dimension-wise quasi-
isomorphism.

Cf. [2, Lemma 10.12] for the normalized simplicial cochains.

6.3. Simplicial dg-algebra Q7. In [1, Chapter 5] we have introduced the
simplicial dg-algebra of flat cochains (). For each n > 0, the dg-algebra
Q3 (A™) consists of affine cochains on A™ bounded with respect to the flat
seminorm.
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Consider the simplicial algebra Lip, where, for each n > 0, the algebra
Lip(A™) consists of all Lipschitz functions on A™. By [1, 5.2(2)| there is a
morphism of simplicial algebras

LT 0
¢ :Lip = Q.
Lemma 7. The simplicial dg-algebra €3 is degree-wise contractible.

Proof. By construction of Qf, for each ¢ > 0, Qf is a simplicial module
over QS and, hence, over Lip. By Lemma 2 it suffices to prove that the
simplicial algebra Lip is connected, which is easy to see. O

There is a unique morphism of simplicial dg-algebras € : R[0]const —
Q3 (A™), called the coaugmentation.

Lemma 8. The map € : R[0Jconsy — €25 is a dimension-wise quasi-
isomorphism.

Proof. See the construction of Qf(A™) and [9, Chapter VII, Theo-
rem 12A]. O

6.4. Spectrum of a finitely generated algebra. For a set Z C R"
one defines the simplicial set Sing1,,(Z) of Lipschitz singular simplices.

We denote by Siip(Z ) the complex of Lipschitz singular cochains on Z.
This complex can be equipped with the Alexander—Whitney cup product,
which is non-commutative. We have

C*(Sing Lip(2)) = SLip(2),
where the product on the left, that comes from the product on C*®, coincides
with the Alexander—Whitney cup product on the right.

For a finitely generated R-algebra B one constructs the real maximal
spectrum specyp B. It is an algebraic set. For a Lipschitz singular simplex
o : A™ — specy B one introduces the dg-algebra morphism

(o) : Qpr = (A",
see |1, Section 6.1].

Lemma 9. Take h : [m] — [n] a morphism in the category A. The fol-
lowing diagram is commutative:

B|R

wu(h™o)
(a)l \

Qo An Qo A" 1)
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Proof. The proof is analogous to the proof of [1, Lemma 21]. O

The lemma allows us to construct a dg-algebra morphism
fi: Qi — Q5 (Sing Lip (specg B))
as

w)(o) = plo)(w) (3)

for any w € Q% and any o € Sing Lip (specg B)n.
Any simplex § € A[n],, gives rise to a affine singular simplex A™ — A™.
This yields the restriction morphism of simplicial complexes

T:p = C°,

which is not multiplicative.
We have a map of complexes

Ep 1 QO p — ST, (specg B)
defined as

§8(w)(0) = 7(u(0)(w)) (i), (4)

where idp,; € Aln],, see [1, Section 6.2].
The following diagram is commutative by Formula 3 and Formula 4:

7(Sing Lip (specg B))

Q2 (Sing Lip (specg B)) C* (Sing 1ip (specg B))
% (5)
QB r = Stip(specg B).

Lemma 10. The map
H*(¢p) : H* (Qpp) — H* (S1;,(specg B))
is multiplicative.

The proof follows [2, Theorem 10.9].
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Proof. Consider the following commutative diagram of simplicial dg-al-
gebras and simplicial cochains maps:

Q; el :w—w®l Q; ® ok 1Qf«if:e2 e
T®id
A C* @ Ce
id
mult
Ce,

where mult is the multiplication of C®. Taking tensor product of coaugmen-
tations on €2y and C® we obtain coaugmentations on 2y ® C* and C* @ C*®.
By Lemma 6, Lemma 7 and Corollary 4 all the simplicial dg-algebras in
this diagram are degree-wise contractible. By Lemma 6, Lemma 8 and
the fact that all the cochain maps in the diagram preserve coaugmenta-
tion, all cochain maps are dimension-wise quasi-isomorphism. Notice, that
the maps e; and ey are in fact morphisms of simplicial dg-algebras. Let
n:Q ® C* — C* be the composition of the vertical arrows.

Substituting a simplicial set K gives rise to the commutative diagram
of dg-algebras and cochains maps

Q;(K) e1(K)w—w®l (Q; ® C.)(K) 1@ fifre2(K) C.(K)
(K n(K)
C*(K), id

where all of the arrows are quasi-isomorphisms by Lemma 5. The maps
e1(K) and e3(K) are morphisms of dg-algebras.

Take the cohomology. The map H*(ez(K)) is an isomorphism. Since
H*(n(K))oH*(eo(K)) is the identity, we have H*(n(K)) = (H*(e2(K))) L.
We have

H*(1(K)) = H* (n(K)) o H* (e1(K)) = (H"(e2(K))) " o H* (ex (K)),
hence the map H*(7(K)) is multiplicative.
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Substitute K = Singr,;p(specgB) and together with Diagram 5 one
concludes that the map

H*(¢p) : H*(Qpp) — H"(Si,,(specg B))
is multiplicative. O

We denote by TS}, .. p the complex of sheaves of Lipschitz singular
9 R
cochains on specg B. It can be equipped with the Alexander—Whitney cup

product, which is non-commutative.
6.5. The algebra of continuous functions.

Theorem 11. Let X be a topological space, A C C(X) be a subalgebra of
the algebra of real-valued continuous functions on X. Then the map

Wa: HY(Qp) — H (X, R [0])
is multiplicative.

Proof. Take a finitely generated subalgebra B C A. One has a continuous
function I'g : X — specgB. There is a morphism of dg-algebras

sh : Siip(specRB) — +Siip7speCRB(specRB)

natural in subalgebra B.
There is also a morphism of sheaf complexes with multiplication

. + Qe
€: RspecRB[O] - SLip,specRB

which is a quasi-isomorphism, see [1, Lemma 3].
Consider the following maps.
(1) The map

rOve H"(€B) 11+ /qe
H*( B\R) —25H ( Lip(SPGCRB))

is multiplicative by Lemma 10.
(2) The map

H*(

is a clearly multiplicative.
(3) The map

. H*(sh) * .
Lip(specg B)) ——— H (+SLip(SpeCRB))

* [ ] T * [ ]
H <+SLip(SpeCRB)) — H (SpeCRB’-i—SLip,speCRB)

is multiplicative by the property 3 of the internal cup product.
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(4) The map

* ° (H* (5))71 *
H (SpeCR37 +SLip,spec]RB) —H (SpeCRB7 RspccRB [0])

is multiplicative by the property 1 of the internal cup product.

(5) The map

* F* *
H (SpecRBa BspecRB [O]) —H (X’ RX [0])
is multiplicative by the property 2 of the internal cup product.

Hence the composition of the maps (1)—(5)

H* (Qp) = H (X, R [0])

is multiplicative.
The map V4 is constructed by passing to the colimit of the above map

over

1

10.

St. Petersburg Department

all finitely generated subalgebras B C A, hence is multiplicative. O
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