3anucKu HayYHBIX
cemuuapos [IOMMU
Tom 539, 2024 r.

S. Repin, T. Samrowski

ESTIMATES OF ERRORS GENERATED BY
UNCERTAIN DATA IN A COUPLED PIESO-ELECTRIC
PROBLEM

ABsTrRACT. The paper is concerned with a coupled piezo-electric
problem with incompletely known coefficients of the elasticity ten-
sor and two other tensors that define electric properties of the me-
dia. Due to this uncertainty, the problem possesses a set (cloud) of
equally probable solutions instead of the unique solution. Quantita-
tive characteristics of this set are derived by a posteriori estimates
of the functional type. They give an upper bound of the cloud diam-
eter and lower bound of maximal diameter of the ball inscribed. The
estimates are fully computable. They are based on solving algebraic
optimisation problems of low dimensionality related to the sets con-
taining possible coefficients. In the case of isotropic elasticity with
the Poisson’s ratio close to 0.5, it is shown that even tiny values of
uncertainty in the coefficient may generate very large errors in the
solution.

§1. INTRODUCTION

Mathematical models of real life problems are never known exactly.
There always exists a certain lack of knowledge on geometry, physical
constants, and other parameters. Depending on a particular problem, this
fact may or may not be ignored. A special branch of error analysis called
uncertainty quantification studies effects caused by incomplete knowledge
on the problem data (e.g., see [1,23]).

In this paper, we consider boundary-value problems for a coupled system
of partial differential equations whose coefficients contain indeterminacy.
Our approach to analysis of uncertainty errors is based on using the ma-
chinery of functional type a posteriori estimates. It was suggested in [16],
where these mathematical tools were used to deduce guaranteed and fully
computable bounds of uncertainty errors for a boundary value problem
of elliptic type. The case of elliptic type system was investigated in [10].
Here we study a more complicated pieso-electric problem. It belongs to

Key words and phrases: errors generated by uncertain data, a posteriori error esti-
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the class of so-called multiphysics problems that involve several equations
of different types associated with different processes or phenomena. Piezo-
electricity is an electromechanical energy transduction mechanism so that
the corresponding model combines elasticity equations with the equations
describing density of electric charge.

The first (linear) mathematical model of this kind was derived by W.
Voigt [27]. Various advanced models of an elastic medium with polarization
we presented later in [12,13,25], and [26]. Effects evoked by thermal and
magnetic fields are considered in [5,6] and [11]. In [2], the authors inves-
tigated a linear model, excluding hysteresis effects, to describe the inter-
action between the elastic and electrical fields within a three-dimensional
piezoelectric matrix containing metallic inclusions.

Typical approaches to solving multiphysics problems numerically in-
volve sequentially solving the selected equation using previously computed
numerical solutions of other equations. Hence the errors affect each other
and enhances the overall error. This principal difficulty concerns numerical
errors as well as those caused by data uncertainty. To overcome it we need
fully computable and guaranteed a posteriori error estimates. For some
coupled problems in continuum mechanics these estimates have been de-
rived in [8,16,18,20,21|. Their derivation is based on the theory of a poste-
riori error estimates of the functional type introduced in [14-16] and other
publications cited therein. Unlike a posteriori estimates of other types, es-
timates of they do not rely on specific information about the approximate
solution and do not contain mesh-dependent constants. Thus, they provide
computable measures of accuracy for a broad range of problems (see [9]
for practical applications to finite element and other numerical methods
and [19] for analysis of modeling errors).

In this paper, we use them to study effects caused by incomplete knowl-
edge of the coefficients in the coupled mathematical model of pieso-electric
crystal. Classical and generalised formulations of the mathematical model
are discussed in Section 2, where we also introduce notation and func-
tional spaces. A posteriori estimates of the functional type are presented
in Section 3 and two-sided error bounds of errors generated by uncertain
data are deduced in Section 4 (estimates (4.22), (4.31), and and (4.34)).
In addition, we discuss a particular case, where the elastic part is defined
by the isotropic relation with the Poisson’s coefficient close to 0.5. It is
shown that here we have effects similar to those earlier noticed in [10]. If
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the elasticity equation is supplied with purely Dirishlét boundary condi-
tions, then the ratio of the solution cloud diameter to maximal variation
of the coefficient may grow catastrophically when approaching to 0.5. In
this case, even tiny uncertainty in this coefficient may generate very large
uncertainty in the solution so that any quantitative analysis of the prob-
lem may become senseless. To avoid this situation the Dirichlét boundary
conditions must be compatible with a divergence free field.

§2. MATHEMATICAL MODEL

Let © be an open bounded domain in R? (d € {2,3}) with Lipschitz
continuous boundary I'. The model of a pieso-electric body operates with
the vector valued function u: Q — R? (elastic displacement) and scalar
field ¢ : @ — R (electric potential). Within the framework of linear elas-
ticity model, the strain tensor e is defined as the symmetric part of the
displacement gradient, i.e., e(u) = % (Vu + (Vu)T). The system of equa-
tions

Dive(u,¢) +f =0, (2.1)

divp(u,¢)+9¢g=0 (2.2)
describes deformation of the body occupying 2. It contains the body force
vector f and the scalar field of the electric charge density ¢g. Here and
later on Div and div denote the divergence operators for the tensor and
vector valued functions, respectively, i.e., Divr = V-7 = 7;; and
divg = V- q = ¢;;. In these relations, and later on the Einstein sum-
mation convention of summation over the repeated indices is adopted.

The stress tensor o and the dielectric flux p are coupled via the linear
piezoelectric material law:

o(u,p) =Le(u) + B- Vo, (2.3)

p(u,p) =K-Vp — BT : g(u). (2.4)

In (2.3), L = {L;jx} is the forth-order tensor of elastic moduli, which
satisfies the condition

V(L) e < Le:e <A3(L) e, Ve e ML, (2.5)

where M2X¢ is the space of symmetric real valued d x d tensors. We as-

sym
sume that L;ji € Loo(€2) and possess natural symmetry properties:

]Lijkm = ]Ljik:m = ]Lkmzj S LOO(Q), i,j, k,m = 1, Ce ,d. (26)
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Constitutive relations (2.3)—(2.4) also contain the (third-order) piezoelec-
tric tensor
B= {Bijs}7 Bijs S LOO(Q)
and the (second-order) dielectric material tensor K = {K;;} € M%<, It
satisfies the conditions
Kij=Kj €L®(Q), 7 (K)[¢P<KE-C<3(K)[¢*, veeR?.  (2.7)
The system (2.1)—(2.4) is supplied with the boundary conditions
u=uyonl}h, ¢=¢oonl% (2.8)

stated for the case where the Dirichlet boundary conditions ugy for the
elastic component of the solution is defined on '}, and ¢ = ¢q for the
electric component is defined on I'%. It is assumed that these parts of T
have positive surface measures. We note that, in general, '}, and I'% are
two different parts of the boundary I'. On the remaining parts T'}, := I'\T'},
and T'3 :=TI'\T?% we impose the homogeneous Neumann conditions

c-n=0 onTy, p-n=0 onT%, (2.9)
where n denotes the unit outward normal to I'. We introduce Hilbert spaces

H(Q, Div) := {T € L2(Q, MY Divr € L*(Q, RY)}
and
H(Q, div) := {q € L?(Q, RY), divq € L*(Q)}
supplied with the norms
1/2 1/2

o= [(uPidivaP) | and o= | [(oP+piva) |
Q Q

respectively.

HY(Q) and H*(Q,R?) denote the Sobolev spaces of scalar and vector
valued functions defined in €2 which are square summable with the first
derivatives and

Vo = {veV::Hl(Q;Ri‘)’w%:o},

My = {weM::Hl(Q)’wr% =0},
Then

Vo+tu:={veV | v=w+ug, we T},
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and

Mo+ @o:={eM | v=n+ o, n € My}

are the sets of functions satisfying the prescribed boundary conditions.
Let f € LQ(Q,Rd), g < LQ(Q),

F(w) = / f wdx, and G(n) = /gndx.
Q Q
The generalized solution of the problem (2.1)-(2.4) is defined as the pair
of functions u € V4 ug and p € My + g satisfying the system of integral
identities

/U(u,w) re(w)de = F(w), Yw e, (2.10)
Q
/p(n,u) -Vndz =G (n), Vne€ My, (2.11)
Q

where o and p are defined by the relations (2.3) and (2.4). Well-posdness
of the problem can be established by known methods (e.g., see [24]).

For our purposes, it is convenient to rewrite (2.10)-(2.11) as a saddle
point problem:
find (u,¢) € (Vo +ug) x (Mg + ¢o) such that

L(u, ¥) < L(u, ) < L(v, ) Vi € My + o, Vv € Vo +up, (2.12)
where the Lagrangian is defined by the relation

L(v,v) := / (;]Le(v) e(v)+Vy-B:e(v)— %]Kwp . Vw) dx
Q

+ G() — F(v).
It is easy to see that:
L(v,) : Vy+ug— R— convex and continuous,
L(-,v) : Moy+ ¢o — R — concave and continuous,

L(v,0) — +oo for|v|ly — +o0,
L(0,¢) — —oo for ||¢]m — +o0.

Hence existence of (u, ) follows from known results in convex analysis
(e.g., see [4]).
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Consider the right hand side of the saddle point relation:
L(u,¢) < L(v,9) Vv EVy+up.
We represent it in the variational form
Jo(u) < Jy(v) Vv € Vo + uy,

where

Jo(v) = ! (360 ¢ o)+ Vo B e) ) do — F(v)

The minimizer u satisfies the relation

/(]Le(u) s e(w)+Ve-B:e(w)) dx— F(w) =0, Yw € 1.
Q

which coincides with (2.10).
The left hand side of (2.12) reads

Lu(p) < Tu() Vi € Mo + uo,

where

Ia(¥) :!(;Kvw.ww.ﬂs:s(u)) dz — G(¥).

Here, the minimizer ¢ satisfies the integral relation

/(]Kch-Vn—Vn-IB:e(u))dx—G(n)zO Vn € Mo,
Q
which coincides with (2.11).

§3. TWO—SIDED ERROR BOUNDS

(2.13)

(2.14)

Let v € V) 4+ ug and ¥ € My + g be viewed as approximations of u
and ¢, respectively. Then u — v and ¢ — ¢ are the corresponding errors.
Computable bounds of these errors follow from (2.13) and (2.14). Notice

that the norm

[, o) = lle() + 1 Velli

(3.1)

is the natural energy norm associated with the problem. It is convenient

to use it as a measure of errors.
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Let us set w = u— v in (2.13) and 7 = ¢ — ¢ in (2.14). Then, these
relations can be represented in the following equivalent forms

/(]Le(u—v):s(u—v)—l—V(cp—z/J)-IB:s(u—v))dx—F(u—v)
Q
+/(IL€(V):e(u—v)+V1p~IB:s(u—v)) dz=0 (3.2)
Q

and

/(Kvw—w-w—w—w—w-ns:s<u—v>> dz - G — )

Q

+/(]KV¢-V(<p—1/J)—V(g0—1/))-lB:z—:(v))dx:(). (3.3)
Q

By adding (3.2) and (3.3) we obtain

[u—v,o—9[* = /(Es(v)+V¢-B):e(u—v)dm
Q

—i—/(]Kqu~V(<p—w)—V(<p—w)-IB:s(v)) dx

Q

- / (£ (u—v)+glp—)de. (3.4)
Q

To rearrange the right hand side of (3.4), we introduce two functions T €
H*(Q, Div) and ¢ € H™(Q, div). For them we have integral identities

/(T ce(w)+Divr -w)dx =0 Yw € Vp, (3.5)
Q
/(q <+ div qp)dx =0 Vi € M. (3.6)
%)

By (3.5) and (3.6) we represent (3.4) in the form
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[u—v,p -y /]LE )+ VY -B-71):e(u—v)de
Q
+/w ) KV~ B: e(v) - q) de

_ /(Div7-+f) (=) dz — /(divq+g) (o — ) dz. (3.7)
Q Q
This identity implies guaranteed error bounds. Consider the quantities

My (v, 9, 7) = || = Le(v) = B-Vpllp-1 +pp (L, Q,Tp)||f + Divr| (3.8)
and
Ma(v,9,q) = la—KVy + BT : e(v)|lg-1 + pr(K, Q,T)|g + divall,
(3.9)
where pp are constants in the Friedrichs type inequalities

Iwll < pr(L,Q,TD) le(w)ll Vw € Vo,

and
0]l < pr&, QTD) [IVllk Vo € M.

Here and later on || - || stands for the L? norm of a vector or scalar
valued function. The quantities M; and My contain only known func-
tions (approximations v and 4, and the functions = € H* (£, Div) and
q € HT(Q,div) that can be viewed as approximations of the elastic stress
and of the dielectric flux, respectively).

Theorem below shows that these two quantities majorate the error norm.

Theorem 3.1. i) Forany v € Vo+ug and ¢ € My combined error
norm is bounded from above by the estimate
HU—V, ‘»0_'1/)”2 <M%(V,¢,T)+M§(V,¢,Q)a (310)

where T and q are arbitrary functions in the spaces H' (2, Div)
and H*(Q,div), respectively.
i) The right-hand side of (3.10) vanishes if and only if

v=u, Y =¢, T=Le(u)+B-Vp, andq=K Ve + B’ :¢(u).

Proof of Theorem 3.1 follows from the identity (3.7). The reader
find it and comments on applications to error estimation for finite element
approximations in [8].
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Remark 3.2. It is easy to see that
,UF(]L, Q, FID) < C2(]L)CK/~"F(Q7 FlD)? :UF(]K7 Q, F%) <'72(]K) MF(Qﬂ F%)v

where Ck is the constant in the Korn’s inequality and up(Q,T'}) and
pr(Q,T%) are constants in the inequalities

Wl <pr(Q,Tp)IVw], YweVo, [Inll<ur(Q.TH)[Vall, Yo Mo.

In general, finding majorants of up(Q,T'L) and prp(2,T%). may be a
difficult task. However, there are known methods that can be used to
compute majorants of such constants (e.g., see [3], [7], [17], [22]).

Above presented error majorants are helpful for estimation the accuracy
of numerical approximation. In what follows, we are focused on a different
task: evaluation of modeling errors generated by uncertain data. For this
purpose, we also need error minorants.

By 2.13), we find that

= <1Es(v) : s(v)—%]Ls(u) : e(u)+Ve-B:e(v— u)) dx — F(v—u)

Q
:/(%]Ls(v—u) ce(v—u)+Le(u) : e(v—u)+Ve - B: s(v—u)> drx—F(v—u)
Q

1 2
= §He(v —u)llr. (3.11)

Since

1

Slelv—wi} > () v+ w) YweT,
(3.11) implies the lower bound

1
Slev—wi

> sup {F(w)/((]Le(v)+Vg0 -B) :E(W)Jr%]Le(w) : e(w))d:c} (3.12)

weVp

In (3.12), the function ¢ is generally unknown. Therefore, if we wish to
have a fully computable lower bound, then a certain approximation 1,
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should be used instead of . The respective difference enters the estimate
and, as a result, the lower bound comes in the form

le(v =it > sup {F(w) = Slewl
- [ e+ 96 B slw) o~ V0~ )lalBse(wlla} (313
Q

Here the norm |[t) — ¢|| can be estimated by Theorem 1. To find a suit-
able function w it is convenient to maximize the first three terms in the
right hand side of (3.13) (what amounts solving a quadratic minimization
problem). A practical way to apply this estimate is to define a suitable w
by maximization of the first three terms in the right hand side and use it
to define the quantity ||B : e(w)||q in the last term.

Similar arguments lead to a lower bound for another component of the
error

1
SV - ol

>sgp{a<n>—§||wnﬁ<— / (KVy- V-V -B:e(u)dr ). (31
Q

Summation of (3.13) and (3.14) yields a lower bound of the combined
energy norm (3.1), which is used in the next section.

§4. ERRORS GENERATED BY UNCERTAIN DATA

4.1. Problem with uncertain data. Now we consider the case, where
L, B, and K are not known exactly. This situation is typical for appli-
cations, where physical parameters of the system are usually known with
certain accuracy only. Hence instead of concrete IL, IK, and B we can only
say that these matrixes belong to some sets. A natural way to define such
sets is to introduce "mean" values IL, K, B and possible variations around
them. We assume that

L=L+6L; LecL,
K=K+ /K; Kek, (4.1)
B=B+/B; BebhB,
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where £, IC, and B are the sets that contain equally probable matrices of
the coefficients. In the simplest case,

L:= z]km . ‘]L| Z Lz]km = ’

i,3,k,m

K= K K| =Y K%< o,
,J

B:

Uk |IB| Zszk

4,7,k

Here possible coefficients of the matrices are contained in balls, whose
radii are €1, €x, and €p. In general, the sets £, K, and B may have more
complicated structures defined by a certain amount of parameters, but this
will not require essential changes of the method presented below. By 0L,
0K, and 8B we define the sets of admissible variations around L, K, and
B, respectively, i.e.,

L=L+6, K=K+6K, B=B-+B.
Let v (K) and 42(IK) be two positive constants in the inequality
1K) ¢ < K¢-¢ <3(K) ¢ V¢ e RY,
which is analogous to (2.7). Then for all ¢ € R?, we have
ﬂl,KKC'C< (V(K) —ex) [¢]P S KE-¢ =K¢ ¢+ K¢ - ¢
75 (K) [¢]7 + [6KL[¢] < (B (K) + ex) [€]* < Box K¢, (4.2)

where
o
€K 73 (K) + ex
517}( =1- — and /827]( =
73 (K) 77 (K)

We assume that variations around the "mean" matrix K are limited, i.e.,
o —
73 (K) > ek,

so that 81 x > 0 and all matrices in K are positive definite. From (4.2) it
follows that

BrilvlZ < Ilvlk < BoxllvlE Vi € M. (4.3)
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Analogously, let v, (L) and (L) be positive constants in the inequality
VL) |7)? < Lr:7 < (L) |7 v € Médxd,
Then for all 7 € R?, we have
Bl 7 < (M@M) —er)|TP<Lr:7=Lr -7+ 6L T
< @) [T + BL7[|7] < (L) +er) |71* < oL -7, (44)

where
o=
73 (L) + €L
Prri=1— L and Po,Li=——F =
73 (L) 71 (L)
and it is assumed that 73 (L) > €. Hence
BreleWt <lleMWIE < BarlleWE Vv eV (4.5)

Let D denote the set of all admissible IL, K, and B satisfying (4.1). This
set of data generates the corresponding sets of all admissible solutions

T :={ueVy | uissolution of (2.1)—(2.9) for some (L, K,B) € D},
& :={p e My | ¢is solution of (2.1)—(2.9) for some (L, K,B) € D}.

Thus, instead of a single solution we have these sets of equally possible
solutions, which can be called "solution clouds". In Fig. 1 these sets are
coloured blue and D := LUK U B.

The quantities

Ry :=sup|lu—1|ly and Rg:=supll¢—?|m (4.6)
ueY ped

are important characteristics of T and @. They show sizes of T and @
in terms of the energy norms and, therefore, give a presentation on the
accuracy limits induced by uncertain data. In view of (2.5), (2.7), and
Korn’s inequality they are equivalent to

Ry, :=sup |le(u—10)|lr, and Rg k :=sup|V(p—9)|k- (4.7)
ucY ped

The quantities defined by (4.6) and (4.7) define (in terms of different
norms) sizes of balls containing T and @.

Computations with the accuracy e, for approximations of u and ey for
approximations of ¢ are sensefull if numerical errors are much larger than
the errors caused by data uncertainty, i.e., if ey > Ry 1 and ey > Rg .
Therefore, our first goal is to deduce estimates of Ry ; and Re k.
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Figure 1. The sets D, Y, and &.

In principle, there is a straightforward way to get a presentation on these
quantities. It consists of solving sufficiently large amount of problems re-
lated to different data and comparing the respective solutions. However,
this way is very expensive and not reliable. In what follows, we suggest
another method, where fully guaranteed estimates of Ry ; and R x are
obtained by solving algebraic problems associated with the sets of param-
eters L, K, and B. The crucial step on this way is done by means of a
posteriori estimates of the functional type discussed in the preceding sec-
tion.

4.2. Majorants of Ry ; and Rg k. Let u and ¥ denote the solution
of the system (2.1)-(2.4) in ©Q with the matrices IL, B and K, i.e.,

o =1Le(n)+ Vyp- B, (
p=KVz-B :e(). (
Dive +f =0, (4.
divp+g=0. (4.
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All the problems are supplied with the same boundary conditions

T=uyonl}, T=gygyonT%,
@-n=0 onTh, P-n=0 onTl%.
Let u and ¢ be defined by (2.1), (2.2), (2.3, and (2.4). We compare these

functions with @ and . Due to (4.10) and (4.11) the last terms of (3.8)
and (3.9) vanish and, therefore,

Mi(u,p,0) = |[o —Le(m) — B- V|- = [ T(a,%; 0L, 0B) |-
and

M3(@,%,P) = [P~ KVp + B : c(@)|x-— = [S(T,3; K, 0B) -1,

T(u,p; 0L, B) := dLLe(u) + Vg - 0B, (4.12)
S(@,%; 0K, 6B) := dKVy — 6B : e(1). (4.13)

and by (3.10) we obtain

le(u—a)|[§ +[IV(e—2)li& < T(@ 7; 0L, 0B)||r-1 +[|S(@, 7 6K, 6B) |1,
(4.14)
In view of (4.3) and (4.5), we have

Brrlle-0)|g+61xV(e—D) < le(u—DE+V(e - D)k (4.15)
From (4.2) and (4.4) it follows that

1 1
Il < EHCH%A and [ 7[lE-n < Z—I 72

B,
Hence from (4.14) and (4.15) it follows that

Brile(a =)+ 41 xlIV(e — D)%
1 1

< —||T(@, @; 0L, B)||=-1 + ——

i1 IT(w, % )z i

The left hand side of (4.16) depends on the solutions u and @ of the
"central" problem (4.8)—(4.11) and variations 6L, ¢KK, and éB. It gives
an upper bound of the modeling error generated by exact solutions of two
different problems. Indeed, taking supremum in the left hand side of (4.16)
with respect to u € T and ¢ € @ is equivalent to taking supremum over

1S(8, 7 0K, 0B) 1. (4.16)



ESTIMATES OF ERRORS GENERATED BY UNCERTAIN DATA 171

the sets of admissible parameters in the right one. Thus, we arrive at the
principal estimate

Bi,.Ry,L + B,k Ro k

1 1

< sup { ——||T(8, 75 0L.0B)[1F -1 +—S(8, 7: 0K, OB) [} - |-
sLesc, LB1r B1,K
JKESKC,
oBeB

)

(4.17)

Notice that (4.17) gives an upper bound for the weighted sum of Ry ;, and
Ry i by analysing the set of possible data D instead of the sets of possible
solutions Y and P.

To get estimates for Ry 1 and Ry g separately, we need to apply a bit
different estimation method. Consider the identity (3.7), where v = T,
T =0, =70, and q =p. We have

le(u =) + V(e - P)Ili

:/<T(ﬁ, 3,01, 0B) : e(u—1)dz+S(T, 7; 6K, 6B) - V(ap—@))d% (4.18)
Q

Integrals in (4.18) are easy to estimate:

/T(ﬁ,@; 0L, 0B) : e(u —u)dz < ||T(W,%; 0L, 0B)[|g-1[le(u —w)|¢
Q

1 S 2 ag —\ 12
< 5o @ B LB+ Fleu - (419
and

/ S(1,5: 0K, 6B) - V(o — p)der < [|S(w, 7; 6K, 6B)||-— |V (¢ — 7)1
Q

1 = = 2 a2 —\ )12
< Ells(u, 730K, 0B) |51 + V(e =9l (4:20)
where oy € (0,25,1] and ay €€ (0,201, k]. Therefore,
(2610 — ar)lle(u —W)|12 + (2615 — a2)[[ V(e - P)II%

1 1
< —||T(w, 3; 6L, 0B)||2-, + —||S(T, 7; 0K, dB)||2_, .
o [T(w, %; 0L, 6B) |z + - 1S(a, %; 6K, 0B) |-+ (4.21)
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We take supremum in (4.21) with respect to all possible data and find that

(261,L —a1)Rr.r + (261,x — @2)Ro i

1 1
< sup { | T(W 70T, 6B) |2 +—[|S(5, 5 6K, 6B) 2. | (4.22)
sLesc, Lo Qo

SKESK,

dBeSB

Let g = 201 k. Then (4.22) implies the estimate
(0, %: 6L, 0B) |2, [|S(w,: 01K, 0B) |2,

Ry < inf sup + (4.23
T T an<2pir snese,  oa(261,0—0q) 261,k (261, — 1) (423)
SKESK,
SBesB

Analogously, if a1 = 26,1, then we obtain an upper bound for another
quantity

IT(@ 7 0L, 6B)[2 . [IS(W, %; 0K, 0B)||%

Ry g<  inf su + K (4.24
S 052260« 51Le§)£, 261,261,k —2) a2 (261, Kk —a2) (4.24)
SKEsK,
SBesB

We outline that finding supremum in (4.22), (4.23), and (4.24) is equivalent
to solving a low dimensional algebraic problem.

A simpler upper bound can be deduced from (4.22) if we apply the
estimates

p+1 pw+1

S— 2 —\ (12 — 2
IT(®, @: 0L, OB)IIE-2 < =5 —[I0Le(@) |z + o VG - 0Bz
1)e? 1)e?
<V @+ VD gge s
271 (L) 2u7 (L)
and
_ +1)ek o v+1ey,
S(w, ; 0K, 6B)||A - guv 24— L Bem)?, > 0.
[S(a, M- 272() IVl 2077 (F) le@*, v

In this case, (4.22) implies the estimate

(261,L — a1)Rr.r + (261,x — @2)Ro i

< inf {10 le @2 + o 1) VR ), (4.25)

v>0
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where
+ 1)e2 v+ 1)é2
/ﬁ(,u,l/) — (M 2)7L + ( Z)E
200vi(L) 2wy (K)
and
1)e2 1)e2
o) = DB W Dk

© 2p03(L) 20093 (K)

Estimate (4.25) suggests a practical way to estimate the size of the cloud
containing all possible solutions avoiding large computations. Indeed, this
estimate is coarser than (4.22). However, here the right hand side contains
a very simple parametric optimisation problem for the parameters p and v,
which can be easily solved provided that @ and @ are known. Even if these
functions are known only approximately (e.g., as numerical approximations
uy, and @, ), there are still no fundamental difficulties arise. First of all we
notice that if the approximations are sufficiently accurate, then the norms
IV@,, || and ||e(@y)|| would be almost the same as those in (4.25). Therefore,
estimates of the quantities will be practically the same. If, nevertheless,
we wish to get fully reliable estimates, then we use obvious estimates

[al] < [[unll + @ - and 2l < @l + 12 = @nll,

where |[u — uy|| and || — @,,|| are estimated by the method discussed in
Sec. 3.

4.3. Minorants of Ry ; and Rs . Now turn to another quantitative
characteristic of the solution cloud. We want to know how far various
elements of this set can be located from each other. By this we get a
presentation on the lower estimate of the diameter of the solutions cloud.
This quantity has important meaning for computer simulation methods:
it states the accuracy limit for all errors arising in computations. This
limit always exist and must be taken into account when studying errors
of approximations, which are typically considered as tending to zero if the
dimensionality of the approximation space increases. In reality this purely
theoretical scheme has no sense beyond the accuracy limit dictated by the
accuracy of mathematical model used.

To deduce guaranteed and computable lower bounds for the accuracy
limit, we take various matrices IL1, Iy, and By such that

L] = [Ky| = [By] = 1.
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We consider matrices, which maximally differs from L, K, and B, respec-
tively. More precisely, we define the parameters £, £k, and £g such that

& = I?gué({E_F (L, € /.:},
¢k = r?ea]éi{K—I-C]Kl S /C},
g = I?S]%({E—F (B, € B}.

Finding &1, £k, and &g is a simple algebraic problem.

(4.26)
(4.27)

(4.28)

Let (4, ®) solve the problem generated by L 4 &Iy, K := K + {x Ky,
and B := B + {5B;, where the parameters £;, i, and {p are defined
in accordance with (4.26)—(4.28). We set in (3.12) v = U and u = U (see

Fig. 1). Then the identity reads

1, . .
Borslle@—R)E > Slle@— i

> sup | F(w)— / ((]Le(u) +Ve-B):e(w)+ %]Le(w) : e(w)) dx

weVy S

Yw € Vo.

Since

we conclude that

Ba,L

THE(ﬁ— ﬁ)”%

> sup [ (<T@F o) e(w) — jLe(w) s e(w) ) d

weVp

Analogously, setting in (3.14) v = ® and ¢ = @, we have

Ba, o
22K IV(@—3)|%

1
> sup /<_S(u7 B; (xKq,¢(pB1) : Vﬁ—§]KV77 : Vn))dx.

n€Mp
Q

(4.29)

(4.30)
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Summing (4.29) and (4.30), we obtain

Bo,rlle(@—A)F + Lok V(@ — 2)I%

> sup / (—2T(0,%; ¢y, ¢pB1) : e(w) — B Le(w) : e(w)) da

weVp

Q
+ sup / (—2S(ﬁ, 2;CkKy,(gBy) : Vi — /BQ,KKV'I’) : Vn) dx. (4.31)
neMoy 5

Let Vi* C Vp be a finite dimensional space dimV{® = n and M§* C My
be another finite dimensional space dimM{* = m. Define w" € V7' and
@™ € My such that

/EE(W”) ce(w) dx:/T(ﬁ,E; CtLy1,(B1) : e(w)dz YweVy, (4.32)
Q

Q
/KVgom : Vndx:/S(ﬁ,E; CkIKy1,(pBy) : Vndz Ve Mj*. (4.33)
Q Q

Problems (4.32) and (4.33) are linear finite dimensional problems. They
can be easily solved by well known methods.

We set in (4.31) w = w" /B2, and n = ¢™ /B2 k. Then it yields the
estimate

1 1
— ~\12 — o~ 2 ny\|2 m|2
Bo,lle(@0) [[g452,x [V (@ —9) | > @llé‘(w )||E+@||V<P I (4.34)

which gives a lower bound of the distance between the solution @ and @
generated by IL, K, B and u and ¢ generated by the tensors in (4.26),
(4.27), and (4.28).

In conclusion, we draw attention to one important consequence of the
above formulas. In computer modeling of scientific and technical problems
it is usually assumed (explicitly or implicitly), that small inaccuracies in
the data have little effect on the result and can be ignored. Using the
estimates (4.31)—(4.34) we can show that such assumptions may be wrong.
Consider a special but important case of isotropic elastic media, where

Le(w) = Adivw I + 2pe(w)
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and A, p are positive constants (Lamé moduli). They are often expressed
throughout two the other material constants E and v by the relations

Ev E

) T )

Young’s modulus F is a large positive constant and most materials have
the Poisson’s ratio v in the interval [0,0.5]. Materials are called soft if
they have v close to 0.5. It is easy to see that if v tends to 0.5 then A
tends to +00. The case v = 0.5 corresponds to an incompressible media.
Assume that the value of v is not known exactly, i.e., the set of admissible
data contains 7 < 0.5 and ¥ < 0.5 such that [7 — 1/| < d, where ¢ is a
small positive number. The corresponding A and \ are large and tend
to +oo if 7 and 7 tend to 0.5. This situation may lead to catastrophic
growth of errors generated by data uncertainty. In [10] this question was
systematically analysed for linear elasticity problems with uncertainty in
elasticity moduli. Similar phenomena arises in the coupled piesoelectric
system (2.1)—(2.4).

Assume that all Coefﬁ(nents except the Lamé constant A are deﬁned
exactly, so that K = K, B = B, and i = fi. Also, assume that A > P\
and these values grow as the corresponding 7 and 7 tend to 0.5 (see (4.35).
Then

Lr:r=A2(7)+2ul7> and Lr:7=X2(7)+ 2ulr]>

In this case, B2, = A/A < 1. Let A = 2X. Then S5, = 0.5. Since 6B = 0,
we consider the estimate (4.29) related to the elastic part of the solution

(4.35)

only. The function u solves the problem with the Lamé modulus X and U
solves the problem with \. Notice that

T(W,;0L,0B) : e(w) = (L — L)e() : e(w) = (X — ) (diva) (divw).
Hence we obtain the estimate
Boplle(@—T) 2> sup / (2X(divﬁ)(divw)—Xd(divw)2—2u|g(w)|2) da.
weVy

(4.36)
Assume that [|diva|l > 0. It is not difficult to show that there exists a
function gy with zero mean such that

/gu divider = ¢y > 0. (4.37)
Q
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Let wq € Vj be such that divwg = g, (existence of such a function follows
from well known results in the theory of functions). In this case,

/(divﬁ) (divwg)dz = cy.
Q
We substitute w = pwy in (4.36) and obtain the estimate

e~ )12 > 28(2pcu — di?gul) — [ 200?le(wo) e
Q

In view of (4.37) gy # 0 and, therefore, ||gu|| > 0. Hence we can set
p= mcu. Then we arrive at the estimate

2 2:\\63 20

WL G2~ @lgal

which shows that the set of possible solutions may contain very distant

functions if \ is large. Assume that I', = T' and the boundary condition
(2.9) for U is defined by the function ug such that

/uo -nds # 0. (4.39)

T

5 lle(wo)ll?, (4.38)

Then, the respective solution @ cannot be divergence free, i.e., ||dival| > 0.
In this case, (4.38) shows that the distance between W and U grows as
X — +oo. At the same time, the corresponding values of v may be very
close. This fact leads to the conclusion that for v close to 0.5 numerical
analysis of such type problems with Dirichlét boundary conditions (4.39)
excluding divergence free fields is not entirely correct.
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