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Ïîñâÿùàåòñÿ Íèíå Íèêîëàåâíå Óðàëüöåâîé,
âûäàþùåìóñÿ ó÷¼íîìó,

ïðåêðàñíîìó ïåäàãîãó è çàìå÷àòåëüíîìó ÷åëîâåêó

�1. Ââåäåíèå

Ïðè îáòåêàíèè òâ¼ðäûõ òåë æèäêîñòüþ â òîíêîì ñëîå îêîëî ïî-
âåðõíîñòè òåëà âîçíèêàåò ïîãðàíè÷íûé ñëîé (ñì. ðèñ. 1). Ìàòåìàòè÷å-

Ðèñ. 1. Îáòåêàíèå òåëà.

ñêèå ðàáîòû, ñâÿçàííûå ñ èññëåäîâàíèÿìè ñèñòåìû óðàâíåíèé Ïðàíäò-
ëÿ ([1]) äëÿ ïîãðàíè÷íîãî ñëîÿ æèäêîñòè, ïîÿâèëèñü âî âòîðîé ïîëî-
âèíå XX-ãî âåêà (ñì. [2,3], à òàêæå ìîíîãðàôèþ [4] è áèáëèîãðàôèþ â
íåé). Áûëè ðàññìîòðåíû è óñïåøíî ðåøåíû îñíîâíûå êðàåâûå çàäà÷è
äëÿ ñèñòåìû ïîãðàíè÷íîãî ñëîÿ. Êðîìå äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ
è åäèíñòâåííîñòè ðåøåíèé, èññëåäîâàëîñü àñèìïòîòè÷åñêîå ïîâåäåíèå

Êëþ÷åâûå ñëîâà: æèäêîñòü ñ ðåîëîãè÷åñêèì çàêîíîì Î. À. Ëàäûæåíñêîé, óðàâ-
íåíèÿ ïîãðàíè÷íîãî ñëîÿ æèäêîñòè, ïåðåìåííûå Êðîêêî, àñèìïòîòèêè, àñèìïòî-
òè÷åñêèå ðàçëîæåíèÿ.

Ðåçóëüòàòû â ïàðàãðàôàõ 3 è 5 ïîëó÷åíû ïðè ïîääåðæêå ÐÍÔ (ïðîåêò 20-11-
20272). Ðåçóëüòàòû â ðàçäåëå 4 ÷àñòè÷íî ïîääåðæàíû êîìèòåòîì íàóêè Ìèíèñòåð-
ñòâà íàóêè è âûñøåãî îáðàçîâàíèÿ ðåñïóáëèêè Êàçàõñòàí (ãðàíò No. AP14869553).
Ðåçóëüòàòû ðàçäåëà 6 ïîëó÷åíû ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòà íà ñîçäàíèå è
ðàçâèòèå ÌÖÔÏÌ ÌÃÓ, ñîãëàøåíèå No. 075-15-2022-284.
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ðåøåíèé ïî ðàçëè÷íûì íàïðàâëåíèÿì â îáëàñòè ñóùåñòâîâàíèÿ. Ýòî
âàæíî äëÿ óñòàíîâëåíèÿ åñòåñòâåííûõ ïðîñòðàíñòâ ôóíêöèé, â êîòî-
ðûõ çàäà÷è êîððåêòíî ðàçðåøèìû. Äàëåå áûëè ðåøåíû çàäà÷è î ïî-
ãðàíè÷íîì ñëîå â îêðåñòíîñòè ñòàöèîíàðíîé òî÷êè ïîòîêà, çàäà÷è îá
îáðàçîâàíèè ïîãðàíè÷íîãî ñëîÿ, èçó÷åí ïîãðàíè÷íûé ñëîé ýëåêòðî-
ïðîâîäíîé æèäêîñòè â ïðèñóòñâèè âíåøíåãî ìàãíèòíîãî ïîëÿ. Òàêæå
áûëè ðàññìîòðåíû çàäà÷è óñðåäíåíèÿ äëÿ òàêèõ ìîäåëåé ñ ìàëûì ïà-
ðàìåòðîì, îïðåäåëÿþùèì áûñòðûå îñöèëëÿöèè ïàðàìåòðîâ óðàâíåíèé
è ãðàíè÷íûõ óñëîâèé (ñì. [5�13]).

Äëÿ îïèñàíèÿ äèíàìèêè âÿçêèõ ñïëîøíûõ ñðåä ñî ñëîæíîé ðåîëîãè-
åé ïðèìåíÿþòñÿ äèôôåðåíöèàëüíûå óðàâíåíèÿ áîëåå ñëîæíîé ñòðóê-
òóðû ïî ñðàâíåíèþ ñ ñèñòåìîé Íàâüå�Ñòîêñà. Î. À. Ëàäûæåíñêàÿ
ïðåäëîæèëà ìîäèôèêàöèþ óðàâíåíèé Íàâüå�Ñòîêñà, â êîòîðîé ó÷è-
òûâàåòñÿ âëèÿíèå ñêîðîñòè ïîòîêà íà âÿçêîñòü ñðåäû (ñì. [14]). Ïðè
òàêîé ìîäèôèêàöèè ìåíÿþòñÿ è óðàâíåíèÿ, îïèñûâàþùèå ïîãðàíè÷-
íûé ñëîé æèäêîñòè. Óêàæåì íåêîòîðûå ðàáîòû, â êîòîðûõ èçó÷àåòñÿ
ìîäèôèöèðîâàííàÿ ñèñòåìà òèïà Ïðàíäòëÿ ñì. [15�18] è äð.). Î äðó-
ãèõ íåíüþòîíîâñêèõ æèäêîñòÿõ ñì. [19�21].

Ðåçóëüòàòû îá îáòåêàíèè êîíôóçîðà ýëåêòðîïðîâîäíîé æèäêîñòüþ
ñ ðåîëîãè÷åñêèì çàêîíîì Î. À. Ëàäûæåíñêîé ïîëó÷åíû â [22]. Â íàñòî-
ÿùåé ðàáîòå ïîãðàíè÷íûé ìàãíèòîãèäðîäèíàìè÷åñêèé ñëîé ðàñìàòðè-
âàåòñÿ â îêðåñòíîñòè ñòàöèîíàðíîé òî÷êè ïîòîêà.

Çàìåíà Êðîêêî äëÿ ÌÃÄ-æèäêîñòåé òàêæå èçó÷àëàñü â [23].

�2. Ïîñòàíîâêà çàäà÷è

Â ñëó÷àå äâóìåðíîãî ñòàöèîíàðíîãî òå÷åíèÿ ìîäèôèöèðîâàííàÿ ñè-
ñòåìà óðàâíåíèé ÌÃÄ-ïîãðàíè÷íîãî ñëîÿ èìååò âèä:

ν
(

1 + 3d
(∂u
∂y

)2)∂2u

∂y2
− u∂u

∂x
− v ∂u

∂y
+B2(U − u) = −U dU

dx
,

∂u

∂x
+
∂v

∂y
= 0.

(1)

Çäåñü ν � êèíåìàòè÷åñêàÿ âÿçêîñòü ñðåäû è d � ìàëàÿ ïîëîæèòåëü-
íàÿ ïîñòîÿííàÿ, çàâèñÿùèå îò ñâîéñòâ æèäêîñòè, ïëîòíîñòü æèäêîñòè
ρ è ïðîâîäèìîñòü ñðåäû σ ïðåäïîëàãàþòñÿ ðàâíûìè åäèíèöå, B(x),
U(x) � çàäàííûå ôóíêöèè. Ñêîðîñòü âíåøíåãî ïîòîêà U(x) ñâÿçàíà ñ
äàâëåíèåì p(x), êîìïîíåíòàìè ýëåêòðè÷åñêîãî E(x) è ìàãíèòíîãî B(x)
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ïîëåé ñîîòíîøåíèåì

U
dU

dx
= −dp

dx
− EB −B2U.

Ñèñòåìà óðàâíåíèé (1) ðàññìàòðèâàåòñÿ â îáëàñòè D = {0 < x <
X, 0 < y <∞} ñ ãðàíè÷íûìè óñëîâèÿìè

u(0, y) = 0, u(x, 0) = 0, v(x, 0) = v0(x),

u(x, y)→ U(x) ïðè y →∞,
(2)

ãäå U(0) = 0, U(x) > 0 ïðè x > 0. Ïóñòü Ux(x) èçìåðèìà è îãðà-
íè÷åíà, Ux(0) > 0, ôóíêöèè u0(x), v0(x) ïðåäïîëàãàþòñÿ çàäàííûìè,
Bx(x) îãðàíè÷åíà ïðè 0 6 x 6 X, B(0) = B0 = const.

Îïðåäåëåíèå 2.1. Êëàññè÷åñêèì ðåøåíèåì çàäà÷è (1), (2) íàçûâà-
þòñÿ ôóíêöèè u(x, y) è v(x, y), îáëàäàþùèå ñëåäóþùèìè ñâîéñòâàìè:
u íåïðåðûâíà â çàìêíóòîé îáëàñòè D, v íåïðåðûâíà â D ïî x,y, à â

D ïî y; u è v èìåþò â D íåïðåðûâíûå ïðîèçâîäíûå, âõîäÿùèå â óðàâ-

íåíèå (1); óäîâëåòâîðÿþò ïîòî÷å÷íî óðàâíåíèÿì (1) è ãðàíè÷íûì

óñëîâèÿì (2).

�3. Çàìåíà ïåðåìåííûõ Êðîêêî

Çàäà÷ó (1), (2) ñâåäåì ê íåêîòîðîé âñïîìîãàòåëüíîé êðàåâîé çàäà÷å
äëÿ îäíîãî êâàçèëèíåéíîãî óðàâíåíèÿ (ñì. àíàëîãè÷íî [24]).

Ââåäåì íîâûå íåçàâèñèìûå ïåðåìåííûå è íîâóþ íåèçâåñòíóþ ôóíê-
öèþ

ξ = x, η =
u(x, y)

U(x)
, w(ξ, η) =

uy(x, y)

U(x)
. (3)

Ïðèâåäåì çàäà÷ó (1) ê îäíîìó êâàçèëèíåéíîìó óðàâíåíèþ. Èñêëþ÷èì
v èç ñèñòåìû (1), ïðîäèôôåðåíöèðîâàâ ýòè óðàâíåíèÿ ïî y:

ν
(
1+3d(uy)2

)
uyyy+νuyy6duyyuy−uyux−uuxy−vyuy−vuyy−B2uy = 0

Ïóñòü

v =
1

uy

(
− uux + ν

(
1 + 3d(uy)2

)
uyy +B2(U − u) + UUx

)
; vy = −ux.
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Ïîäñòàâèì v â ïðîäèôôåðåíöèðîâàííîå óðàâíåíèå:

ν
(
1 + 3d(uy)2

)
uyyy − ν

(
1 + 3d(uy)2

)u2
yy

uy
+ νu2

yy6duy

−
(
uuxy −

uyy
uy

uux
)
− uyy

uy
UUx −B2uy −

uyy
uy

B2(U − u)

= ν
(
1 + 3d(uy)2

)uyyyuy − u2
yy

uy
− uuxyuy − uyyux

uy
+ 6νduyu

2
yy

− uyy
uy

UUx −
uyy
uy

B2U +
uyy
uy

B2u−B2uy = 0

Âåðíåìñÿ ê çàìåíå (3):

u = ηU ; uy = wU ; x = ξ

uyy = wηηyU = wηuy;
uyy
uy

= wη;

uyyy = wηηηyuy + wηuyy = wηη
u2
y

U
+ wηuyy;

uyx = wUξ + Uwξ + wηuξ − wηu
Uξ
U

; uyu
2
yy = w2

ηw
3U3;

uxyuy − uxuyy
uy

= wξU + wUξ − wηuξ + wηuξ − wηηUξ;

uyyyuy − u2
yy

uy
= wηη

u2
y

U
+ wηuyy −

uyy
uy

uyy = wηη
u2
y

U
+ wηuyy − wηuyy

= wηη
u2
y

U2
U = wηηw

2U ;

− u

U

(uxyuy − uxuyy
uy

+
uyy
uy

UUx

)
= − u

U

(
wξU + wUξ − wηηUξ

)
− wηUξ

= −ηwξU − ηwUξ + η2wηUξ − wηUξ = (η2 − 1)wηUξ − ηwξU − ηwUξ;
uyy
uy

B2u− uyy
uy

B2U=wηB
2u− wηB2U=wηB

2η − wηB2 =(η − 1)B2wη;

B2uy = B2uy
U
U = B2wU.

Îêîí÷àòåëüíî èìååì

vuy = −uux + ν
(
1 + 3d(uy)2

)
uyy + UUx +B2U −B2u

v
uy
U

= −uux
U

+ ν
(
1 + 3d(uy)2

)uyy
U

+ Ux +B2 −B2 u

U
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v
uy
U

= −uux
U

+ ν
(uy
U

+ 3d
u3
y

U3
U2
)uyy
uy

+ Ux +B2 −B2 u

U

vw = −uuξ
U

+ ν
(
w + 3dU2w3

)
wη + Uξ +B2 −B2η.

Ïðè y = 0 çàäàíî u = 0 è ïîýòîìó

ν
(
1 + 3dU2w2

)
wwη − vw + Uξ +B2 = 0.

Òîãäà ïîëó÷èì îäíî êâàçèëèíåéíîå óðàâíåíèå ïîãðàíè÷íîãî ñëîÿ â
ôîðìå Êðîêêî

ν
(
1 + 3dU2w2

)
w2wηη − ηUwξ + (η2 − 1)Uξwη − ηUξw

+ 6νdU2w2
ηw

3 + (η − 1)B2wη −B2Uw = 0 (4)

â îáëàñòè Ω = {0 < ξ < X, 0 < η < 1} ñ ãðàíè÷íûìè óñëîâèÿìè

w(ξ, 1) = 0,
(
νwwη

(
1 + 3dU2w2

)
− v0(ξ)w + Uξ +B2

)∣∣∣
η=0

= 0. (5)

Îïðåäåëåíèå 3.1. Ôóíêöèÿ w(ξ, η) íàçûâàåòñÿ ðåøåíèåì çàäà÷è (4),
(5), åñëè: w íåïðåðûâíà â Ω è èìååò íåïðåðûâíûå ÷àñòíûå ïðîèçâîä-

íûå wξ, wη, wηη â Ω; wη íåïðåðûâíà ïî η ïðè η = 0; w óäîâëåòâîðÿåò

óðàâíåíèþ (4) â Ω è ãðàíè÷íûì óñëîâèÿì (5).

Äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è (4), (5) ïðîâåäåì íà
îñíîâå ìåòîäà ïðÿìûõ, ò.å. äèñêðåòèçàöèåé ïî ξ è çàìåíîé óðàâíåíèÿ
(4) ñèñòåìîé îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé.

Äëÿ ëþáîé ôóíêöèè f(ξ, η) ââåäåì îáîçíà÷åíèå

fk = fk(η) ≡ f(kh, η), h = const > 0, 0 6 η 6 1, k = 0, 1, . . . , [X/h].

Ïîëîæèì U(x) = xV (x), V (x) > 0, 0 6 x 6 X.
Óðàâíåíèå (4) ñ óñëîâèÿìè (5) çàìåíèì ñèñòåìîé äèôôåðåíöèàëü-

íûõ óðàâíåíèé

Lk(w) ≡ ν
(

1 + 3d(kh)2(V k)2(wk)2
)

(wk)2wkηη − ηkhV k
wk − wk−1

h

+(η2−1)
(
V k+khV kξ

)
wkη −η

(
V k+khV kξ

)
wk+6νd(kh)2(V k)2(wkη)2(wk)3

+ (η − 1)(Bk)2wkη − (Bk)2khV kwk = 0 (6)
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íà èíòåðâàëå 0 < η < 1 ñ ãðàíè÷íûìè óñëîâèÿìè

wk(1) = 0,

lk(w) =
(
νwkwkη

(
1 + 3d(kh)2(V k)2(wk)2

)
− vk0wk+(

V k + khV kξ
)

+B2
)∣∣∣
η=0

= 0.

(7)

Äîêàæåì ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è (6), (7). Â äàëüíåéøåì ÷å-
ðåç Mi è Ki áóäåì îáîçíà÷àòü ïîëîæèòåëüíûå ïîñòîÿííûå, íå çàâèñÿ-
ùèå îò h.

Èìåþò ìåñòî ñëåäóþùèå ëåììû, äîêàçàòåëüñòâà êîòîðûõ âûíåñåíû
â Appendix.

Ëåììà 3.1. Çàäà÷à (6), (7) èìååò ðåøåíèå wk(η), k = 0, 1, ..., [X/h],
êîòîðîå íåïðåðûâíî ïðè 0 6 η 6 1 è áåñêîíå÷íî äèôôåðåíöèðóåìî ïðè

0 6 η < 1, åñëè Vx > 0 ïðè 0 6 x 6 X è V , Vx, v0, B, Bx îãðàíè÷åíû

ïðè 0 6 x 6 X. Äëÿ ýòîãî ðåøåíèÿ ñïðàâåäëèâà îöåíêà

K1(1− η) 6 wk(η) 6 K2(1− η)
√
− lnµ(1− η) (8)

ïðè kh 6 X, h 6 h0, h0 = const > 0, µ = const, 0 < µ < 1.

Ðàññìîòðèì âñïîìîãàòåëüíóþ êðàåâóþ çàäà÷ó äëÿ îáûêíîâåííîãî
äèôôåðåíöèàëüíîãî óðàâíåíèÿ, ðåøåíèå êîòîðîé áóäåì èñïîëüçîâàòü
äëÿ ïîñëåäóþùèõ îöåíîê ðåøåíèé çàäà÷è (6), (7). Ïóñòü V (0) = a,
v0(0) = b, B(0) = B0. Ñîãëàñíî ñäåëàííûì ðàíåå ïðåäïîëîæåíèÿì,
a > 0. Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå

L(Y ) ≡ νY 2Yηη + (η2−1)aYη−ηaY + (η−1)B2
0Yη = 0, 0 < η < 1, (9)

ñ ãðàíè÷íûìè óñëîâèÿìè

l(Y ) ≡
(
νY Yη − bY +B2

0 + a
)∣∣∣
η=0

= 0, Y (1) = 0 (10)

Èìååò ìåñòî óòâåðæäåíèå (äîêàçàòåëüñòâî ñì. â Appendix).

Ëåììà 3.2. Çàäà÷à (9), (10) èìååò ðåøåíèå ñî ñëåäóþùèìè ñâîé-

ñòâàìè:

M2(1− η)σ 6 Y (η) 6M1(1− η)σ ïðè 0 6 η 6 1, (11)

M1(1− η)(σ −K4) 6 Y (η) ïðè 0 < η0 6 η < 1, (12)

−M4σ 6 Yη(η) 6 −M3σ, (13)

|Y Yηη| 6M5, Y Yηη 6 −M6, (14)
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σ =
√
− lnµ(1− η), µ = const, 0 < µ < 1,

νM2
1 = 2a, σ(0) >

|b|
a

+ 2,
K4

σ
< 1 ïðè η > η0 = const > 0.

Äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ òàêîé ôóíêöèè ñîäåðæàòñÿ â [4, �2.1].
Ñëåäóþùåå óòâåðæäåíèå ïîñâÿùåíî îöåíêå ôóíêöèè wk. Äëÿ óäîá-

ñòâà ÷èòàòåëÿ äîêàçàòåëüñòâî âûíåñåíî â Appendix.

Ëåììà 3.3. Ïðåäïîëîæèì, ÷òî V (x) = a+xa1(x), v0(x) = b+xb1(x),
è ôóíêöèè a1(x), a1x(x), b1(x) îãðàíè÷åíû ïðè 0 6 x 6 X.

Òîãäà ïðè 0 6 kh 6 X, ãäå X çàâèñèò îò V (x), v0(x) äëÿ ðåøåíèÿ

wk(η) çàäà÷è (6), (7) èìåþò ìåñòî íåðàâåíñòâà

Y e−C1kh 6 wk(η) 6 Y eC2kh, (15)

ãäå Y (η) � ðåøåíèå çàäà÷è (9), (10).

Äëÿ îáîñíîâàíèÿ ïðåäåëüíîãî ïåðåõîäà â çàäà÷å (6), (7) ïðè h → 0
îöåíèì âåëè÷èíû

rk =
wk − wk−1

h
, zk = wkη , wkwkηη

ðàâíîìåðíî ïî h. Äîêàçàòåëüñòâî ëåììû ñì. Appendix.

Ëåììà 3.4. Ïóñòü âûïîëíåíû ïðåäïîëîæåíèÿ ëåììû 3.3; êðîìå òî-

ãî, a1xx(x) è b1x(x) îãðàíè÷åíû.
Òîãäà ïðè äîñòàòî÷íî ìàëîì X è 0 6 kh 6 X ðåøåíèÿ wk(η)

çàäà÷è (6), (7) óäîâëåòâîðÿþò íåðàâåíñòâàì∣∣∣wk − wk−1

h

∣∣∣ 6 C3Y (η), k = 1, 2, . . . ,
X

h
, (16)

Yηe
C4kh 6 wkη 6 Yηe

−C5kh, k = 0, 1, . . . ,
X

h
, (17)∣∣wkwkηη∣∣ < C6, wkwkηη < −C7, k = 0, 1, . . . ,
X

h
, (18)

ãäå Y (η) � ðåøåíèå çàäà÷è (9), (10).

Îñíîâíîé ðåçóëüòàò (òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè) äëÿ
çàäà÷è â ïåðåìåííûõ Êðîêêî ñôîðìóëèðîâàí íèæå.

Òåîðåìà 3.1 (Ñóùåñòâîâàíèÿ). Ïóñòü âûïîëíåíû ïðåäïîëîæåíèÿ

ëåìì 3.1�3.4.
Òîãäà çàäà÷à (4), (5) â îáëàñòè Ω, ãäå X çàâèñèò îò U , v0, ν, B

èìååò ðåøåíèå ïîëîæèòåëüíîå ïðè η < 1 îáëàäàþùåå ñëåäóþùèìè
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ñâîéñòâàìè: w(ξ, η) íåïðåðûâíà â Ω; åå îáîáùåííûå ïðîèçâîäíûå wξ,
wη, wηη ñóùåñòâóþò è óäîâëåòâîðÿþò íåðàâåíñòâàì

Y e−C1ξ 6 w 6 Y eC2ξ, Yηe
C4ξ 6 wη 6 Yηe

−C5ξ, (19)∣∣wξ(ξ, η)
∣∣ 6 C3Y, −C6 6 wwηη 6 −C7. (20)

Â ëþáîé çàìêíóòîé îáëàñòè, ëåæàùåé âíóòðè Ω, ôóíêöèÿ w è

åå ïðîèçâîäíûå, âõîäÿùèå â óðàâíåíèå (4), óäîâëåòâîðÿþò óñëîâèþ

Ã¼ëüäåðà.

Äîêàçàòåëüñòâî. Ïðîäîëæèì ðåøåíèÿ wk(η) ≡ w(kh, η) çàäà÷è (6),
(7) ëèíåéíî ïî ξ ïðè kh 6 ξ 6 (k+ 1)h, k = 0, 1, 2, . . . , Xh . Â ðåçóëüòàòå
ïîëó÷èì ñåìåéñòâî ôóíêöèé wh(ξ, η), ãäå

wh(kh(1− λ) + (k + 1)hλ, η) = wk(η)(1− λ) + wk+1(η)λ,

0 6 λ 6 1, k = 0, 1, 2, . . . .

Â ñèëó ëåìì 3.1�3.4, ôóíêöèè wh(ξ, η) óäîâëåòâîðÿþò óñëîâèþ Ëèïøè-
öà ïî ξ, 0 6 ξ 6 X, è ïðè 0 6 η 6 1−ε, 0 < ε < 1 èìåþò ðàâíîìåðíî ïî
h îãðàíè÷åííûå ïðîèçâîäíûå ïî η. Ïî òåîðåìå Àðöåëà ïîëó÷àåì, ÷òî
ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü ôóíêöèé whi(ξ, η) ðàâíîìåðíî ñõîäÿ-
ùàÿñÿ â ïðÿìîóãîëüíèêå 0 6 x 6 X, 0 6 η 6 1− ε ê íåêîòîðîé w(ξ, η)
ïðè hi → 0. Òàê êàê K1(1 − η) 6 wh 6 K2(1 − η)σ, òî ïîñëåäîâàòåëü-
íîñòü whi ìîæåò áûòü âûáðàíà ðàâíîìåðíî ñõîäÿùåéñÿ ê w â îáëàñòè
Ω.

Èç îöåíîê âåëè÷èí (16)�(18) ñëåäóåò, ÷òî w èìååò îãðàíè÷åííûå
îáîáùåííûå ïðîèçâîäíûå wξ, wη è îáîáùåííóþ ïðîèçâîäíóþ wηη òà-
êóþ, ÷òî ïðîèçâåäåíèå wwηη îãðàíè÷åíî, òàê êàê ñëàáûé ïðåäåë îãðà-
íè÷åííîé ïîñëåäîâàòåëüíîñòè îãðàíè÷åí òîé æå ïîñòîÿííîé. Ñëåäîâà-
òåëüíî, wη íåïðåðûâíà ïî η < 1. Ïðè ýòîì ïîñëåäîâàòåëüíîñòü whi
áóäåì ñ÷èòàòü âûáðàííîé òàê, ÷òî ïðîèçâîäíûå wξ, wη, wηη â îáëàñòè
Ω = {0 < ξ < X, 0 < η < 1 − ε}, ε = const > 0, ÿâëÿþòñÿ ñëàáûìè
ïðåäåëàìè â L2(ωε) ñîîòâåòñòâóþùèõ ôóíêöèé

h−1
(
whi(ξ + hi, η)− whi(ξ, η)

)
, whiη, whiηη
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Ïîêàæåì, ÷òî óðàâíåíèå (4) âûïîëíÿåòñÿ ïðè w(ξ, η) âñþäó â Ω. Ïî
ïîñòðîåíèþ ôóíêöèÿ wkh(η) óäîâëåòâîðÿåò óðàâíåíèþ

ν
(

1 + 3d(kh)2(V k)2(wkh)2
)

(wkh)2wkhηη − ηkhV
kw

k
h − w

k−1
h

h

+ (η2 − 1)
(
V k + khV kξ

)
wkhη − η

(
V k + khV kξ

)
wkh

+ 6νd(kh)2(V k)2(wkhη)2(wkh)3 + (η − 1)(Bk)2wkhη − (Bk)2khV kwkh = 0,

k = 0, 1, . . . , [X/h] = l(h). (21)

Ïóñòü ϕ(ξ, η) � áåñêîíå÷íî äèôôåðåíöèðóåìàÿ ôóíêöèÿ, íîñèòåëü êî-
òîðîé ðàñïîëîæåí âíóòðè Ω. Óìíîæèâ (21) íà hϕk(η) ≡ hϕ(kh, η),
ïðîèíòåãðèðîâàâ ïî η îò 0 äî 1 è ïðîñóììèðîâàâ ïî k îò 1 äî l(h),
ïîëó÷èì

l(h)∑
k=1

h

1∫
0

[
ν
(

1 + 3d(kh)2(V k)2(wkh)2
)

(wkh)2wkhηηϕ
k

− ηkhV k
wkh − w

k−1
h

h
ϕk + (η2 − 1)

(
V k + khV kξ

)
wkhηϕ

k

− η
(
V k + khV kξ

)
wkhϕ

k + 6νd(kh)2(V k)2(wkhη)2(wkh)3ϕk

+ (η − 1)(Bk)2wkhηϕ
k − (Bk)2khV kwkhϕ

k

]
dη = 0,

wkh − w
k−1
h

h
≡
(∆wh

h

)k
. (22)

Îáîçíà÷èì ÷åðåç f(ξ, η) ôóíêöèþ, îïðåäåëåííóþ â Ω è ðàâíóþ
fk(η) = f(kh, η) ïðè (k − 1)h < ξ 6 kh, k = 1, 2, . . . , [X/h]. Ñ ó÷åòîì
ýòîãî îáîçíà÷åíèÿ ïåðåïèøåì ðàâåíñòâî (22) â âèäå∫

Ω

[
ν
(

1 + 3dξ2V
2
w2
h

)
w2
hwhηηϕ− ηξV

(∆wh
h

)
ϕ

+ ϕ(η2 − 1)
(
V + ξVξ

)
whη − ϕη

(
V + ξVξ

)
wh + 6νdξ2V

2
(whη)2(wh)3ϕ

+ (η − 1)B
2
whηϕ−B

2
ξV whϕ

]
dξdη = 0. (23)
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Ôóíêöèè wh ðàâíîìåðíî ñõîäÿòñÿ ê w ïðè hi → 0, òàê êàê

|wh − w| = |wh − wh + wh − w| 6M18hσ + |wh − w|.

Àíàëîãè÷íî, çàêëþ÷àåì, ÷òî ηξV ϕ, (η2 − 1)
(
V + ξVξ

)
ϕ, η

(
V + ξVξ

)
ϕ,

ϕ, B
2
ϕ ðàâíîìåðíî ñõîäÿòñÿ ê ηξV ϕ, (η2− 1)

(
V + ξVξ

)
ϕ, η

(
V + ξVξ

)
ϕ,

ϕ, B2ϕ ñîîòâåòñòâåííî ïðè hi → 0.
Â îáëàñòè Ωε = {0 < ξ < X, 0 < η < 1 − ε} ïðè ëþáîì ε ∈ (0, 1)

ôóíêöèè ∆wh/h, whη, whηη ñëàáî ñõîäèòñÿ â L2(Ωε) ê ïðîèçâîäíûì wξ,
wη, wηη ñîîòâåòñòâåííî ïðè hi → 0. Ïåðåõîäÿ ê ïðåäåëó ïðè hi → 0 â
(23), ïîëó÷èì

∫
Ω

[
ν(1+3dξ2V 2w2)w2wηη−ηξV wξ+(η2−1)

(
V +ξVξ

)
wη−η

(
V +ξVξ

)
w

+ 6ν(wη)2w3dξ2V 2 + (η − 1)B2wη −B2ξV w
]
ϕ(ξ, η)dξdη = 0, (24)

îòêóäà â ñèëó âûáîðà ϕ ñëåäóåò, ÷òî óðàâíåíèå (4) âûïîëíÿåòñÿ ïî÷òè
âñþäó â îáëàñòè Ω äëÿ ôóíêöèè w(ξ, η).

×òîáû äîêàçàòü, ÷òî ïðîèçâîäíûå ôóíêöèè w, âõîäÿùèå â óðàâíå-
íèå, óäîâëåòâîðÿþò óñëîâèþ Ã¼ëüäåðà â ëþáîé âíóòðåííåé ïîäîáëàñòè
Ω, ðàññìîòðèì â ïðÿìîóãîëüíèêå ∆ = {ξ1 6 ξ 6 ξ2, η1 6 η 6 η2} óðàâ-
íåíèå

ν
(
1 + 3d(ξV )2w2

)
w2Sηη − ηξV Sξ + (η2 − 1)(V + ξVξ)Sη

− η(V + ξVξ)S + 6νd(ξV )2w3S2
η + (η − 1)B2Sη −B2ξV S = 0 (25)

ñ óñëîâèÿìè

S
∣∣
ξ=ξ1

= w
∣∣
ξ=ξ1

, S
∣∣
η=η1

= w
∣∣
η=η1

, S
∣∣
η=η2

= w
∣∣
η=η2

, (26)

ãäå 0 < ξ1 < ξ2 < X, 0 < η1 < η2 < 1. Ïîñêîëüêó w óäîâëåòâîðÿåò
óñëîâèþ Ëèïøèöà, òî çàäà÷à (25), (26) â îáëàñòè ∆ èìååò ðåøåíèå
S òàêîå, ÷òî Sη îãðàíè÷åíî â ∆, Sη, Sξ, Sηη óäîâëåòâîðÿþò óñëîâèþ
Ã¼ëüäåðà â ëþáîé âíóòðåííåé ïîäîáëàñòè ∆. Ïîêàæåì, ÷òî S = w.
Ôóíêöèÿ W = S − w óäîâëåòâîðÿåò

ν
(
1 + 3d(ξV )2w2

)
w2Wηη − ηξV Wξ + (η2 − 1)(V + ξVξ)Wη

− η(V + ξVξ)W + 6νd(ξV )2w3W 2
η + (η − 1)B2Wη −B2ξV W = 0 (27)
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è

W
∣∣∣
ξ=ξ1

= W
∣∣∣
η=η1

= W
∣∣∣
η=η2

= 0. (28)

Óìíîæèì óðàâíåíèå (27) íà We−αξ, α = const > 0, è ïðîèíòåãðèðó-
åì ïî ∆. Ïðåîáðàçóÿ íåêîòîðûå ÷ëåíû èíòåãðèðîâàíèåì ïî ÷àñòÿì,
ïîëó÷èì ðàâåíñòâî∫

∆

[
− νw2W 2

η + ν
(
w2
η +wwηη

)
W 2 − 3νdξ2V 2w4W 2

η + 6νdξ2V 2
(
3w2w2

η

+w3wηη
)
W 2 +η(ξV )ξ

1

2
W 2−ηξV 1

2
W 2α−η(V +ξVξ)W

2−η(V +ξVξ)W
2

− 3νdξ2V 2w3WηηW
2− 9νdξ2V 2w2wηWηW

2 − 1

2
B2W 2

−B2ξV W 2
]
e−αξdξdη −

∫
ξ=ξ2

ηξV
1

2
W 2e−αξdη = 0,

à èç íåãî íåðàâåíñòâî∫
∆

[
ν
(
w2
η + wwηη

)
+ 6νdξ2V 2

(
3w2w2

η + w3wηη
)

+
1

2
η(ξV )ξ −

1

2
ηξV α

− 2η(V + ξVξ)−
1

2
B2 −B2ξV

]
W 2e−αξdξdη > 0 (29)

Ïðè äîñòàòî÷íî áîëüøîì α âûðàæåíèå â êâàäðàòíûõ ñêîáêàõ ìîæåò
áûòü ñäåëàíî îòðèöàòåëüíûì, è òîãäà èç (29) ñëåäóåò, ÷òî W ≡ 0 è
S = w. Òåîðåìà ñóùåñòâîâàíèÿ äîêàçàíà. �

Òåîðåìà 3.2 (Åäèíñòâåííîñòè). Çàäà÷à (4), (5) â îáëàñòè Ω ìîæåò

èìåòü ëèøü îäíî íåîòðèöàòåëüíîå ðåøåíèå w, îáëàäàþùåå ñâîéñòâà-
ìè: w íåïðåðûâíà â Ω; wη, wηη, wξ, íåïðåðûâíû âî âíóòðåííèõ òî÷êàõ

Ω; w > 0 ïðè η = 0; wη íåïðåðûâíà ïî η ïðè η = 0.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî çàäà÷à èìååò äâà òàêèõ ðåøå-
íèÿ w1 è w2. Èõ ðàçíîñòü w = w1 − w2 óäîâëåòâîðÿåò óðàâíåíèþ

νw2
1wηη + ν(w1 + w2)w2ηηw + 3νdξ2V 2w4

1wηη + 3νdξ2V 2(w3
1

+ w1w
2
2 + w2

1w2 + w3
2)w2ηηw − ηξV wξ + (η2 − 1)(V + ξVξ)wη

− η(V + ξVξ)w + 6νdξ2V 2(w2
1 + w1w2 + w2

2)w2
1ηw

+ 6νdξ2V 2(w1η + w2η)w3
2wη + (η − 1)B2wη −B2ξV w = 0
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ñ ãðàíè÷íûìè óñëîâèÿìè

w
∣∣∣
η=1

= 0,(
νwη + 3νdξ2V 2w2

1wη + 3νdξ2V 2(w1 + w2)w2ηw − (V + ξVξ +B2)w

w1w2

)∣∣∣
η=0

= 0.

Äëÿ W = we−αξ, α = const > 0, èìååì ñëåäóþùåå óðàâíåíèå â îáëà-
ñòè Ω:

νw2
1Wηη + ν(w1 + w2)w2ηηW + 3νdξ2V 2w4

1Wηη + 3νdξ2V 2(w3
1 + w1w

2
2

+ w2
1w2 + w3

2)w2ηηW − ηξV Wξ − αηξVW + (η2 − 1)(V + ξVξ)Wη

− η(V + ξVξ)W + 6νdξ2V 2(w2
1 + w1w2 + w2

2)w2
1ηW

+ 6νdξ2V 2(w1η + w2η)w3
2Wη + (η − 1)B2Wη −B2ξV W = 0, (30)

à òàêæå ãðàíè÷íûå óñëîâèÿ

W
∣∣∣
η=1

= 0, (31)

(
νWη+3νdξ2V 2w2

1Wη+3νdξ2V 2(w1+w2)w2ηW − (V + ξVξ +B2)W

w1w2

)∣∣∣
η=0

= 0.

Äëÿ óïðîùåíèÿ äàëüíåéøèõ ðàññóæäåíèé ïîä÷åðêí¼ì, ÷òî óðàâíåíèå
(30) ÿâëÿåòñÿ ïàðàáîëè÷åñêèì è ìîæåò áûòü ïåðåïèñàíî â âèäå

ηξV Wξ =

(
νw2

1 + 3νdξ2V 2w4
1

)
Wηη

+

(
(η2 − 1)(V + ξVξ) + 6νdξ2V 2(w1η + w2η)w3

2 + (η − 1)B2

)
Wη

+

(
ν(w1 +w2)w2ηη +3νdξ2V 2(w3

1 +w1w
2
2 +w2

1w2 +w3
2)w2ηη−η(V +ξVξ)

+ 6νdξ2V 2(w2
1 + w1w2 + w2

2)w2
1η −B

2ξV − αηξV
)
W, (32)

Îòìåòèì, ÷òî â ãðàíè÷íîì óñëîâèè ïðè η = 0 êîýôôèöèåíò ïðè Wη

ñòðîãî ïîëîæèòåëåí, à êîýôôèöèåíò ïðè W ñòðîãî îòðèöàòåëåí, ïî-
ýòîìó ÿñíî, ÷òî èç Wmax(ξ, 0) > 0 ñëåäóåò, ÷òî Wη(ξ, 0) > 0, à èç
Wmax(ξ, 0) < 0 ñëåäóåò, ÷òî Wη(ξ, 0) < 0, ÷òî ïðèâîäèò ê ïðîòèâî-
ðå÷èþ. Èç óñëîâèÿ (20) ñëåäóåò, ÷òî w2ηη < 0 ïðè η < 1, à w1 > 0 è
w2 > 0, ïîýòîìó ïðè äîñòàòî÷íî áîëüøîì α êîýôôèöèåíò ïðèW â (32)
îòðèöàòåëåí, (V + ξVξ) > 0 ïî óñëîâèþ. Ïî ïðèíöèïó ìàêñèìóìà (ñì.
ïðèíöèï ìàêñèìóìà äëÿ óðàâíåíèé ñ íåîòðèöàòåëüíîé êâàäðàòè÷íîé
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ôîðìîé â ëåììå 1.1.2 è òåîðåìå 1.1.2 [25, ãëàâà 1, �. 1.1], à òàêæå [26])
èç (32), (31) ñëåäóåò, ÷òî W íå ìîæåò èìåòü íè ïîëîæèòåëüíîãî ìàê-
ñèìóìà, íè îòðèöàòåëüíîãî ìèíèìóìà ïðè 0 6 η < 1. Ñëåäîâàòåëüíî,
W ≡ 0 è w ≡ 0. �

Çàìå÷àíèå 3.1. Â äîêàçàòåëüñòâå ïðè ïðèìåíåíèè ïðèíöèïà ìàê-
ñèìóìà ìû âîñïîëüçîâàëèñü ñëåäóþùèì ñîîáðàæåíèåì. Ìû ðåøàåì
çàäà÷ó ïðè äîñòàòî÷íî ìàëîì ξ. Â (32) èìååì −B2ξV = O(ξ), à âîç-
ìîæíûå ¾íåõîðîøèå¿ ñëàãàåìûå â ñóììå èìåþò ïîðÿäîê O(ξ2). Ïðè
η = 0 ðàáîòàåò ãðàíè÷íîå óñëîâèå (ñì ðàññóæäåíèÿ âûøå). Ïðè ξ = 0
ó íàñ íèêàêèõ óñëîâèé íåò è îíè íå âàæíû, òàê êàê â ýòîé òî÷êå (ïðÿ-
ìîé) óðàâíåíèå âûðîæäàåòñÿ è çíàê ïðîèçâîäíîé Wξ â îáùåì áàëàíñå
çíàêîâ ïðè ïðèìåíåíèè ïðèíöèïà ìàêñèìóìà íå ó÷àñòâóåò (ñì. [26]).

�4. Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ

èñõîäíîé çàäà÷è

Îáðàùàÿ ïðåîáðàçîâàíèå ïåðåìåííûõ (3), ÷òî âîçìîæíî â ñèëó
ñâîéñòâ ðåøåíèÿ çàäà÷è (4), (5), ïîëó÷àåì îñíîâíîé ðåçóëüòàò î ñó-
ùåñòâîâàíèè è åäèíñòâåííîñòè êëàññè÷åñêîãî ðåøåíèÿ çàäà÷è (1), (2)
â ñìûñëå äàííîãî íàìè îïðåäåëåíèÿ. Èìååò ìåñòî òåîðåìà.

Òåîðåìà 4.1 (Ñóùåñòâîâàíèÿ). Ïðåäïîëîæèì, ÷òî

U(x) = x
(
a+ xa1(x)

)
, v0(x) = b+ xb1(x), 0 6 x 6 X,

ãäå a = const > 0, b = const; U > 0 ïðè x > 0; a1, a1x, a1xx, b1, b1x
îãðàíè÷åíû, B íåïðåðûâíî äèôôåðåíöèðóåìà.

Òîãäà çàäà÷à (1), (2) â îáëàñòè D, ïðè X, çàâèñÿùåì îò U , v0

èìååò ðåøåíèå u, v, êîòîðîå îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè: uy >

0 ïðè y > 0 è x > 0; u
U ,

uy
U îãðàíè÷åíû è íåïðåðûâíû â D; u > 0 ïðè

y > 0 è x > 0; u → U ïðè y → ∞, u(x, 0) = u(0, y) = 0;
uy
U > 0 ïðè

y > 0;
uy
U → 0 ïðè y → ∞; ux, uy, uyy îãðàíè÷åíû è íåïðåðûâíû â D;

v íåïðåðûâíà â D ïî y ïðè x > 0; v íåïðåðûâíà ïî x è y âíóòðè D;
uyyy îãðàíè÷åíà â D; uxy îãðàíè÷åíà â D ïðè îãðàíè÷åííûõ y; uxy è

uyyy íåïðåðûâíû â D;
uyy
uy

íåïðåðûâíà â D ïî y; èìåþò ìåñòî îöåíêè

U(x)Y
( u
U

)
e−C1x 6 uy 6 U(x)Y

( u
U

)
eC2x,

Yη

( u
U

)
eC4x 6

uyy
uy
6 Yη

( u
U

)
e−C5x,
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e

[
−M

2
1

4 y2e2C2x

]
6 1− u

U
6 e

[
−M

2
1

4 y2e−2C1x

]
.

ãäå Y (η) � ðåøåíèå çàäà÷è (9), (10).

Äîêàçàòåëüñòâî. Òåîðåìà 4.1 óñòàíàâëèâàåòñÿ íà îñíîâå òåîðåìû 3.1.
Äëÿ íà÷àëà ïîêàæåì, ÷òî åñëè w(ξ, η) îáëàäàåò ñâîéñòâàìè, óêàçàííû-
ìè â òåîðåìå 3.1, òî ìîæíî ñ ïîìîùüþ çàìåíû (3) ïåðåéòè îò ðåøå-
íèÿ çàäà÷è (4), (5) ê ðåøåíèþ çàäà÷è (1), (2), ñóùåñòâîâàíèå êîòîðîãî
óòâåðæäàåòñÿ â òåîðåìå 4.1.

Ñîãëàñíî (3) èìååì

w(ξ, η) = w(x,
u

U
) =

uy
U
, (33)

x = ξ, y =

u(x,y)
U(x)∫
0

ds

w(x, s)
. (34)

Îòñþäà â ñèëó íåïðåðûâíîñòè w(ξ, η) â Ω è íåðàâåíñòâà w > 0 ïðè

0 6 η < 1 ïîëó÷àåì, ÷òî u(x)
U(x) íåïðåðûâíà è îãðàíè÷åíà â D,

u(0, y) = 0, u(x, 0) = 0, u(x, y)→ U(x) ïðè y →∞,

uy íåïðåðûâíà è îãðàíè÷åíà â D, uy > 0 ïðè y > 0, x > 0. Èç (33), (34)
íàõîäèì, ÷òî

uy = wU ;
uyy
uy

= wη;

uyy = Uwηηy = wηuy;

uyyy = wηη
u2
y

U
+ wηuyy;

uxy = wUξ + Uwξ + uξwη − uwη
Uξ
U

;

ux = u
Ux
U

+ wU

u(x,y)
U(x)∫
0

wξ(x, s)

w2(x, s)
ds.

(35)

Èç ñâîéñòâ ôóíêöèè w è åå ïðîèçâîäíûõ ââèäó ðàâåíñòâ (35) ñëåäóåò,
÷òî îáîáùåííûå ïðîèçâîäíûå ux, uyy, uyyy îãðàíè÷åíû â D, uxy îãðà-
íè÷åíà ïðè êîíå÷íûõ y. Íåðàâåíñòâà äëÿ u, óòâåðæäàåìûå òåîðåìîé
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4.1, cëåäóþò èç îöåíîê ôóíêöèé w, wξ, wη è wwηη. Íåïðåðûâíîñòü ux
è uyy ïî y ñëåäóåò èç (35). Ôóíêöèþ v(x, y) îïðåäåëèì ðàâåíñòâîì

v =
1

uy

(
− uux + νuyy

(
1 + 3du2

y

)
+B2(U − u) + UUx

)
. (36)

Ïîêàæåì, ÷òî u è v, îïðåäåëåííûå ôîðìóëàìè (34), (36), óäîâëåòâî-
ðÿþò ñèñòåìå (1) è óñëîâèÿì (2).

Ôóíêöèÿ v èìååò ïðîèçâîäíóþ ïî y â D. Äèôôåðåíöèðóÿ (36) ïî y,
ïîëó÷èì

vyuy + vuyy + uyux + uuxy − νuyyy − 6νduyu
2
yy − 3νdu2

yuyyy +B2uy = 0,

vyuy +
uyy
uy

(
− uux + νuyy

(
1 + 3du2

y

)
+ UUx

)
+ uyux + uuxy − νuyyy

− 6νduyu
2
yy − 3νdu2

yuyyy +B2uy = 0. (37)

Ôóíêöèÿ w(ξ, η) =
uy
U óäîâëåòâîðÿåò óðàâíåíèþ (4). Çàìåíÿÿ â óðàâ-

íåíèè (4) ïðîèçâîäíûå w ÷åðåç ïðîèçâîäíûå îò u, íàõîäèì, ÷òî

1

U

{
ν
(
1 + 3du2

y)
uyyyuy − u2

yy

uy
− (uxyuy − uxuyy)u

uy
−
uUx(uuyy − u2

y)

Uuy

+
(u2 − U2)Ux

U

uyy
uy

+ uuy −
uuyUx
U

+ 6νdu2
yyuy −B2uy

}
= 0. (38)

Óìíîæèâ (38) íà U è ñêëàäûâàÿ ðàâåíñòâà (37) è (38), ïîëó÷èì

ux + vy = 0. (39)

Óðàâíåíèÿ (36), (39) ïðåäñòàâëÿþò ñèñòåìó (1). Ïîêàæåì, ÷òî v(x, y)
óäîâëåòâîðÿåò óñëîâèþ

v(x, 0) = v0(x).

Èç (5) ñëåäóåò, ÷òî

v0 =

[
νwwη(1 + 3dU2w2) + Ux +B2

w

]∣∣∣∣∣
η=0

. (40)
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Èç ðàâåíñòâ (36), (40) ïîëó÷àåì

v(x, 0) =

[
ν(1 + 3du2

y)uyy + UUx + UB2

uy

]∣∣∣∣∣
y=0

=

[
ν(1 + 3dU2w2)wwη + Ux +B2

w

]∣∣∣∣∣
η=0

= v0(x).

Çäåñü ìû èñïîëüçîâàëè íåïðåðûâíîñòü ôóíêöèé u, ux, uy, uyy ïî y
ïðè y = 0, à òàêæå íåïðåðûâíîñòü w è wwη ïî η. Êàê ñëåäóåò èç

(38), ôóíêöèÿ v, îïðåäåëåííàÿ ðàâåíñòâîì (36), íåïðåðûâíà â D ïî y è
îãðàíè÷åíà ïðè îãðàíè÷åííûõ y; vy îãðàíè÷åíà â D, òàê êàê vy = −ux,
à u
U è u îãðàíè÷åíû.

Âûâåäåì àñèìïòîòè÷åñêóþ ôîðìóëó äëÿ îòíîøåíèÿ u(x,y)
U(x) ïðè y →

∞. Èñïîëüçóÿ îöåíêè ôóíêöèé w(ξ, η) èç òåîðåìû 3.1 è îöåíêè Y (η)
èç ëåììû 3.2, ïîëó÷àåì ïðè η0 6 η 6 1 íåðàâåíñòâà

M1(1− η)(σ −K4)e−C1x 6 w(ξ, η) 6M1(1− η)σeC2x.

Ýòî ïðèâîäèò ê íåðàâåíñòâàì

M1

(
1− u

U

)(
σ
( u
U

)
−K4

)
e−C1x 6

uy
U
6M1

(
1− u

U

)
σ
( u
U

)
eC2x.

Èç òîãî, ÷òî σy =
uy
U

2
(

1− u
U

)
σ
, ïîëó÷àåì

uy
U
6M1

(
1− u

U

)
σ
( u
U

)
eC2x,

2uyσ

2UM1

(
1− u

U

)
σeC2xσ

61,
2σy

M1eC2x
61,

M1

(
1− u

U

)(
σ
( u
U

)
−K4

)
e−C1x6

uy
U
, 16

uy

UM1

(
1− u

U

)
(σ−K4)e−C1x

,

1 6
2uyσ

2UM1

(
1− u

U

)
(σ −K4)e−C1xσ

, 1 6
2σσy

M1(σ −K4)e−C1x
,

îòêóäà

2σy
M1eC2x

6 1 6
2σσy

M1(σ −K4)e−C1x
.
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Èíòåãðèðóÿ ïîñëåäíèå íåðàâåíñòâà ïî y îò y0, ñîîòâåòñòâóþùåãî η0,
äî ïðîèçâîëüíîãî y ∈ (y0,∞), ïîëó÷àåì

2(σ − σ0)

M1eC2x
6 y − y0 6

2(σ − σ0)

M1e−C1x
+

2K4

M1e−C1x
[ln(σ −K4)− ln(σ0 −K4)],

ãäå σ =
√
− lnµ(1− u

U ), σ0 = σ
∣∣
y=y0

.

Èç ýòèõ íåðàâåíñòâ íàõîäèì

(y − y0)M1e
−C1x

2
+K4 ln

(
1 +

(y − y0)M1e
C2x

2(σ −K4)

)
+ σ0 6 σ

6
(y − y0)M1e

C2x

2
+ σ0

è, ñëåäîâàòåëüíî,

− y2M2
1 e

2C2x

4
+
yy0M

2
1 e

2C2x

2
− y2

0M
2
1 e

2C2x

4
+ ln

(
1− u(x, y0)

U(x)

)
− (y − y0)M1e

C2xσ0 6 ln
(

1− u

U

)
6 −y

2M2
1 e
−2C1x

4

+
yy0M

2
1 e
−2C1x

2
− y2

0M
2
1 e
−2C1x

4
+ ln

(
1− u(x, y0)

U(x)

)
− (y − y0)M1e

−2C1xσ0 −
[
M1K4(y − y0)e−C1x

+K2
4 ln

(
1 +

(y − y0)M1e
C2x

2(σ −K4)

)
+ 2σK4

]
ln
(

1 +
(y − y0)M1e

C2x

2(σ −K4)

)
,

÷òî ïðèâîäèò ê ñîîòíîøåíèþ

e

[
−U(0)

2ν y2e2C2x+O(y)

]
6 1− u

U
6 e

[
−U(0)

2ν y2e−2C1x+O(y ln y)

]
ïðè y →∞,

ãäå M2
1 = 2a

ν , a = Ux(0). Äàííûå íåðàâåíñòâà äîêàçûâàþò ñïðàâåäëè-
âîñòü ôîðìóëû

e

[
−M

2
1

4 y2e2C2x

]
6 1− u

U
6 e

[
−M

2
1

4 y2e−2C1x

]
.

Òåîðåìà äîêàçàíà. �

Òåîðåìà 4.2 (Åäèíñòâåííîñòè). Ïóñòü u, v � ðåøåíèå çàäà÷è (1), (2)
òàêîå, ÷òî: ïðîèçâîäíûå ux, uy, vy, uyy, uyyy, uxy íåïðåðûâíû â D;
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u
U è

uy
U íåïðåðûâíû â D; uy > 0 ïðè y > 0, x > 0;

uy
U > 0 ïðè y = 0;

uy
U → 0 ïðè y →∞;

uyy
uy

, ux íåïðåðûâíû ïî y ïðè y = 0;
uyyyuy−u2

y

u2
y

6 0.

Òîãäà u, v � åäèíñòâåííîå ðåøåíèå çàäà÷è (1), (2) ñ óêàçàííûìè

ñâîéñòâàìè.

Äîêàçàòåëüñòâî. Åñëè u, v � ðåøåíèå çàäà÷è (1), (2) ñ ýòèìè ñâîé-
ñòâàìè, òî ñ ïîìîùüþ çàìåíû íåçàâèñèìûõ ïåðåìåííûõ (3) è ââåäåíèÿ
íîâîé íåèçâåñòíîé ôóíêöèè w =

uy
U ïðèõîäèì ê ðåøåíèþ w çàäà÷è (4),

(5), îáëàäàþùåìó ñâîéñòâàìè èç òåîðåìû 3.1, àíàëîãè÷íî äîêàçàòåëü-
ñòâó òåîðåìû 4.1. Êàê ïîêàçàíî âûøå, òàêîå ðåøåíèå w åäèíñòâåí-
íî. �

�5. Àñèìïòîòèêè ðåøåíèÿ

Çàäà÷à (1), (2) ðåøåíà â ïðåäïîëîæåíèè, ÷òî V (x) è v0(x) äîïóñêà-
þò àñèìïòîòè÷åñêîå ïðåäñòàâëåíèå ïðè x → 0 äî ñëàãàåìûõ íå íèæå
ïåðâîãî ïîðÿäêà ïî x. Ïðè ýòîì ïîëó÷åííûå îöåíêè ôóíêöèé w(ε, η)
è uy(x, y) äàþò âîçìîæíîñòü íàéòè ãëàâíûé ÷ëåí àñèìïòîòèêè ýòèõ
ôóíêöèé ïðè x → 0. Åñëè èçâåñòíû àñèìïòîòè÷åñêèå ïðè x → 0 ðàç-
ëîæåíèÿ ôóíêöèé V (x) è v0(x) ñ ëþáûì ÷èñëîì ÷ëåíîâ, òî âîçìîæíî
ïîëó÷èòü àñèìïòîòè÷åñêîå ðàçëîæåíèå ôóíêöèè uy(x, y) äî ñëàãàåìûõ
ëþáîãî ïîðÿäêà ïî x è îöåíèòü îñòàòî÷íûé ÷ëåí ðàçëîæåíèÿ. Ñëåäó-
þùèå äàëåå àïðèîðíûå îöåíêè ðåøåíèå w(ξ, η) çàäà÷è (4), (5) ìû ïðî-
âåäåì, ïðåäïîëàãàÿ ñïðàâåäëèâûìè íåêîòîðûå àñèìïòîòè÷åñêèå ðàç-
ëîæåíèÿ.

Ïðåäïîëîæèì, ÷òî èìåþò ìåñòî àñèìïòîòè÷åñêèå ðàçëîæåíèÿ

U(x) = x
(
a+

q∑
β=1

aβx
β + aq+1(x)

)
,

v0(x) = b+

q∑
γ=1

bγx
γ + bq+1(x),

B2(x) = B2
0 +

q∑
γ=1

cκx
κ + cq+1(x),

(41)

ãäå a = const > 0; aβ = const; β = 1, . . . , q; b, bγ = const; γ = 1, . . . , q;
κ = 1, . . . , q;

|aq+1(x)| 6 C9x
q+1,

∣∣∣daq+1

dx

∣∣∣ 6 C10x
q,

∣∣∣d2aq+1

dx2

∣∣∣ 6 C11x
q−1,
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|cq+1(x)| 6 C12x
q+1,

∣∣∣dcq+1

dx

∣∣∣ 6 C13x
q,

∣∣∣d2cq+1

dx2

∣∣∣ 6 C14x
q−1,

|bq+1(x)| 6 C15x
q+1,

∣∣∣dbq+1

dx

∣∣∣ 6 C16x
q, q > 1.

Ýòè ïðåäïîëîæåíèÿ âûïîëíÿþòñÿ, â ÷àñòíîñòè, êîãäà ïðîèçâîäíàÿ
ïîðÿäêà q + 2 ôóíêöèé U(x) è B2(x), à òàêæå ïðîèçâîäíàÿ ïîðÿäêà
q + 1 ôóíêöèè v0(x) îãðàíè÷åíû.

Èññëåäóåì âñïîìîãàòåëüíóþ êðàåâóþ çàäà÷ó äëÿ ñèñòåìû îáûêíî-
âåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Èìåþò ìåñòî óòâåðæäåíèÿ, äî-
êàçàòåëüñòâà êîòîðûõ äëÿ óäîáñòâà ÷èòàòåëÿ ïåðåíåñåíû â Appendix.

Ëåììà 5.1. Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé äëÿ

ôóíêöèé Ym(η), m = 1, 2, . . . , q:

νY 2
0 Ymηη + (η2 − 1)aYmη − 2ηaYm + 2νY0Y0ηηYm + (η − 1)B2

0Ymη

+ ν
∑

ρ+l+s=m
ρ 6=m,l 6=m,s 6=m

YρYlYsηη + (η2 − 1)
∑

ρ+s=m
ρ6=m

(2s+ 1)asYρη

− η
∑

ρ+s=m
ρ 6=m

(2s+ 1)asYρ − η
∑

ρ+s=m
ρ6=m

2ρasYρ = 0, (42)

m = 1, 2, . . . , q; è ïóñòü ãðàíè÷íûå óñëîâèÿ èìåþò âèä

Ym(1) = 0,(
νY0Ymη+νY0ηYm−bYm−

∑
l+s=m
s 6=m

blYs+
∑

ρ+s=m
ρ6=m,s 6=m

νYsYρη−(2m+1)am
)∣∣∣
η=0

=0,

m = 1, 2, . . . , q, (43)

ãäå Y0 � ðåøåíèå çàäà÷è (9), (10). Óòâåðæäàåòñÿ, ÷òî çàäà÷à (42),
(43) èìååò ðåøåíèå ñî ñëåäóþùèìè ñâîéñòâàìè:

|Ym| 6 Nm(1− η)σ, |Ymη| 6 Cmσ, |Y0Ymηη| 6 Rm, (44)

ãäå Nm, Cm, Rm� ïîëîæèòåëüíûå ïîñòîÿííûå.

Ëåììà 5.2. Ïóñòü èìåþò ìåñòî àñèìïòîòè÷åñêèå ðàçëîæå-

íèÿ (41). Òîãäà äëÿ ðåøåíèÿ w(ξ, η) çàäà÷è (4), (5) ñïðàâåäëèâû îöåíêè

q∑
m=0

ξmYme
−C17ξ

q+1

6 w 6
q∑

m=0

ξmYme
C18ξ

q+1

(45)
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ïðè 0 6 ξ 6 X, ãäå Y0(η) � ðåøåíèå çàäà÷è (9), (10); Y1(η), . . . , Yq(η) �
ðåøåíèå ñèñòåìû (73), ñ óñëîâèÿìè (74); ïîëîæèòåëüíûå ïîñòîÿí-

íûå X, C17, C18 çàâèñÿò îò U(x), v0(x), B2(x).

Èç ëåììû 5.2 âûòåêàþò ñëåäóþùèå òåîðåìû îá àñèìïòîòè÷åñêèõ
ðàçëîæåíèÿõ.

Òåîðåìà 5.1. Ïðåäïîëîæèì, ÷òî äëÿ U(x) è v0(x) èìååì ïðåäñòàâ-

ëåíèÿ (41) ïðè q > 1. Òîãäà äëÿ ðåøåíèÿ w(ξ, η) çàäà÷è (4), (5) ñïðà-
âåäëèâî àñèìïòîòè÷åñêîå ðàçëîæåíèå âèäà∣∣∣w(ξ, η)−

q∑
m=0

Ymξ
m
∣∣∣ 6 C26Y0(η)ξq+1, 0 6 ξ 6 X, (46)

ïðè ξ → 0, ãäå Ym, m = 1, . . . , q � ðåøåíèÿ çàäà÷è (73), (74); Y0 �

ðåøåíèÿ óðàâíåíèÿ (9) ñ óñëîâèÿìè (10); C26 � ïîëîæèòåëüíàÿ ïî-

ñòîÿííàÿ.

Äîêàçàòåëüñòâî. Ïóñòü C27 = max(C17, C18). Ïî ëåììå 5.2 èìååì
q∑

m=0

ξmYme
−C27ξ

q+1

6 w 6
q∑

m=0

ξmYme
C27ξ

q+1

Îòñþäà ëåãêî ñëåäóåò (46). �

Òåîðåìà 5.2. Ïðåäïîëîæèì, ÷òî èìåþò ìåñòî ïðåäñòàâëåíèÿ (41)
ïðè q > 1. Òîãäà äëÿ ðåøåíèÿ u, v çàäà÷è (1), (2) ñïðàâåäëèâà îöåíêà∣∣∣uy(x, y)− U(x)

q∑
m=0

Ym

( u
U

)
x2m

∣∣∣ 6 C16U(x)Y0

( u
U

)
x2q+2 (47)

ãäå Yj � ôóíêöèè èç òåîðåìû 5.1.

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî òåîðåìû âûòåêàåò íåïîñðåäñòâåí-
íî èç òåîðåìû 5.1 è îïðåäåëåíèÿ ôóíêöèè w. �

Èç íåðàâåíñòâà (47) âûòåêàåò, â ÷àñòíîñòè, ñëåäóþùàÿ îöåíêà:∣∣∣uy(x, y)− U(x)

q∑
m=0

Ym(0)x2m
∣∣∣ 6 C16U(x)Y0(0)x2q+2. (48)

Èç (48) âûòåêàåò àñèìïòîòè÷åñêîå ðàçëîæåíèå

uy(x, y) = U(x)

q∑
m=0

Ym(0)x2m +O
(
U(x)x2q+2

)
, ïðè x→ 0.
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Ïîñêîëüêó êàñàòåëüíàÿ ñîñòàâëÿþùàÿ τ íàïðÿæåíèÿ âÿçêîãî òðå-
íèÿ íà ïîâåðõíîñòè îáòåêàåìîãî òåëà ðàâíà νρuy(x, 0), èìååì

τ = νρU(x)

q∑
m=0

Ym(0)x2m +O
(
U(x)x2q+2

)
, ïðè x→ 0.

äëÿ ëþáîãî öåëîãî ïîëîæèòåëüíîãî q.

Çàìå÷àíèå 5.1. Ìàãíèòíîå ïîëå äîñòàòî÷íî áîëüøîé âåëè÷èíû, êàê
îòìå÷àëîñü â ðàáîòàõ [18] è [23], ïðåäîòâðàùàåò îòðûâ ïîãðàíè÷íîãî
ñëîÿ ýëåêòðîïðîâîäíîé æèäêîñòè. Áîëåå òîãî, ãëàâíûé ÷ëåí B2

0 àñèìï-
òîòè÷åñêîãî ðàçëîæåíèÿ èíäóêöèè ìàãíòíîãî ïîëÿ ìåíÿåò âåëè÷èíó
ãîðèçîíòàëüíîé ñîñòàâëÿþùåé ñêîðîñòè æèäêîñòè u(x, y), íî ïðè ýòîì
àñèìïòîòè÷åñêîå ïîâåäåíèå u(x, y) ïðè y → +∞ êà÷åñòâåííî íå ìåíÿ-
åòñÿ, ò.å.

u(x, y) ∼ U(x)(1− e−Cy
2

).

Îòìåòèì, ÷òî ñòåïåííûå ÷ëåíû àñèìïòîòèêè ìàãíèòíîãî ïîëÿ ñóùå-
ñòâåííî íå âëèÿþò íà ýòî àñèìïòîòè÷åñêîå ïîâåäåíèå.

Çàìå÷àíèå 5.2. Ðåøåíèå çàäà÷à (9), (10) ïî ñóòè ÿâëÿåòñÿ òðàåêòîð-
íûì àòòðàêòîðîì äëÿ ñèñòåìû óðàâíåíèé Ïðàíäòëÿ (ñì. òåîðåìó 5.2).
Âàæíóþ ðîëü ïðè ýòîì èãðàþò àâòîìîäåëüíûå ðåøåíèÿ (ñì. [16]).

�6. Appendix

Äîêàçàòåëüñòâî ëåììû 3.1. Ðåøåíèå ñèñòåìû (6) ñ óñëîâèÿìè (7)
ïîëó÷èì êàê ïðåäåë ïðè ε→ 0 ðåøåíèé ñèñòåìû

Lε,k(w) ≡ ν
((

1+3d(kh)2(V k)2(wk)2
)
(wk)2+ε

)
wkηη−ηkhV k

wk − wk−1

h

+(η2−1)
(
V k+khV kξ

)
wkη −η

(
V k+khV kξ

)
wk+6νd(kh)2(V k)2(wkη)2(wk)3

+ (η − 1)(Bk)2wk − (Bk)2khV kwk = 0 (49)

ïðè 0 < η < 1, ε > 0, ñ óñëîâèÿìè (7). Ïðåäïîëîæèì, ÷òî çàäà÷à
(49), (7) èìååò ðåøåíèå wk, ïîëîæèòåëüíîå ïðè η = 0, ïîëó÷èì äëÿ
ýòîãî ðåøåíèÿ àïðèîðíóþ îöåíêó ñíèçó. Äëÿ ýòîãî îïðåäåëÿåì íîâóþ
ôóíêöèþ V k1 = V1 = K1(1− η). Òîãäà ïðè 0 < η < 1 èìååì
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Lε,k(V1) = (η2 − 1)
(
V k + khV kξ

)
(−K1)− η

(
V k + khV kξ

)
K1(1− η)

+ (η − 1)(Bk)2(−K1)− (Bk)2khV kK1(1− η)

+ 6νd(kh)2(V k)2(−K1)2(K1(1− η))3 = (1 + η)(1− η)
(
V k + khV kξ

)
K1

− η
(
V k + khV kξ

)
K1(1− η) + (Bk)2K1(1− η)− (Bk)2khV kK1(1− η)

+ 6νd(kh)2(V k)2K2
1K

2
1 (1− η)2K1(1− η)

= K1(1− η)
(

(V k + khV kξ ) + (Bk)2 − (Bk)2khV k

+ 6νd(kh)2(V k)2K2
1K

2
1 (1− η)2

)
> 0.

Ïîëîæèì

λε,k(w)≡

(
ν
(
1+3d(kh)2(V k)2(wk)2

)
wkη−vk0 +

V k + khV kξ
wk

+
(Bk)2

wk

)∣∣∣∣∣
η=0

.

Òîãäà

λε,k(V1)=

(
ν
(
1+3d(kh)2(V k)2(K1)2

)
(−K1)−vk0+

V k+khV kξ
K1

+
(Bk)2

K1

)∣∣∣∣∣
η=0

>0,

åñëè K1 äîñòàòî÷íî ìàëî.
Îáîçíà÷èì yk := V1 − wk è ïîêàæåì, ÷òî yk 6 0.

Çàìå÷àíèå 6.1. Ýòî è áóäåò èñêîìîé îöåíêîé ñíèçó, êîòîðàÿ áóäåò
âïîñëåäñòâèè óòî÷íåíà.

Ïðè 0 < η < 1 ïîëó÷èì

Lε,k(V1)− Lε,k(w) =
(
ν
(
1 + 3d(kh)2(V k)2(V k1 )2

)
(V k1 )2 + ε

)
V k1ηη

− ηkhV k V
k
1 − V k−1

1

h
+ (η2 − 1)

(
V k + khV kξ

)
V k1η − η

(
V k + khV kξ

)
V k1

+ 6νd(kh)2(V k)2(V k1η )2(V k1 )3 − (Bk)2khV kV k1 + (η − 1)(Bk)2V k1η

−
(
ν
(
1 + 3d(kh)2(V k)2(wk)2

)
(wk)2 + ε

)
wkηη + ηkhV k

wk − wk−1

h

− (η2 − 1)
(
V k + khV kξ

)
wkη + η

(
V k + khV kξ

)
wk

− 6νd(kh)2(V K)2(wkη)2(wk)3 + (Bk)2khV kwk

− (η − 1)(Bk)2wkη > 0
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è ïðîâåä¼ì íåñêîëüêî óïðîùàþùèõ ïðåîáðàçîâàíèé. Íàõîäèì(
ν
(
1 + 3d(kh)2(V k)2(V k1 )2

)
(V k1 )2 + ε

)
V k1ηη

−
(
ν
(
1 + 3d(kh)2(V k)2(wk)2

)
(wk)2 + ε

)
wkηη

=
(
ν
(
1 + 3d(kh)2(V k)2(V k1 )2

)
(V k1 )2 + ε

)
V k1ηη

−
(
ν
(
1 + 3d(kh)2(V k)2(wk)2

)
(wk)2 + ε

)
V k1ηη

+
(
ν
(
1 + 3d(kh)2(V k)2(wk)2

)
(wk)2 + ε

)
V k1ηη

−
(
ν
(
1 + 3d(kh)2(V k)2(wk)2

)
(wk)2 + ε

)
wkηη

=
(
ν
(
1 + 3d(kh)2(V k)2(wk)2

)
(wk)2 + ε

)
ykηη

+νV k1ηη

((
1+3d(kh)2(V k)2(V k1 )2

)
(V k1 )2−

(
1+3d(kh)2(V k)2(wk)2

)
(wk)2

)
=
{

(V k1 )2 + 3d(kh)2(V k)2(V k1 )4 + 3d(kh)2(V k)2(wk)4

− (wk)2 =
(
V k1 + wk

)
yk + 3d(kh)2(V k)2

(
(V k1 )2 + (wk)2

)(
V k1 + wk

)
yk
}

=
(
ν
(
1 + 3d(kh)2(V k)2(wk)2

)
(wk)2 + ε

)
ykηη

+ νV k1ηη
(
1 + 3d(kh)2(V k)2

(
(V k1 )2 + (wk)2

))(
V k1 + wk

)
yk

è

6νd(kh)2(V k)2(V k1η )2(V k1 )3 − 6νd(kh)2(V k)2(wkη)2(wk)3

=
{

(V k1η )2(V k1 )3 + (V k1η )2(wk)3 − (V k1η )2(wk)3 − (wkη)2(wk)3

= (V k1η )2
(
(V k1 )3 − (wk)3

)
+ (wk)3

(
(V k1η )2 − (wkη)2

)
= (V k1η )2

(
(V k1 )2 + V k1 w

k + (wk)2
)
yk + (wk)3

(
V k1η + wkη

)
yk
}

= 6νd(kh)2(V k)2(V k1η )2
(
(V k1 )2 + V k1 w

k + (wk)2
)
yk

+ 6νd(kh)2(V k)2(wk)3
(
V k1η + wkη

)
ykη ;

Ñëåäîâàòåëüíî,(
ν
(
1 + 3d(kh)2(V k)2(wk)2

)
(wk)2 + ε

)
ykηη − η(kh)V k

yk − yk−1

h
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+ (η2 − 1)
(
V k + khV kξ

)
ykη+

+ (η − 1)(Bk)2ykη + 6νd(kh)2(V k)2
(

(V k1 η)2
(
(V k1 )2 + V k1 w

k + (wk)2
)
yk

+ (wk)3
(
V k1 η + wkη

)
ykη

)
− η
(
V k + khV kξ

)
yk − (Bk)2khV kyk > 0,

à òàêæå

λε,k(V1)− λε,k(w) = ν
(
1 + 3d(kh)2(V k)2(V k1 (0))2

)
V k1η (0)− vk0

+
V k + khV kξ
V k1 (0)

+
(Bk)2

V k1 (0)
− ν
(
1 + 3d(kh)2(V k)2(wk(0))2

)
wkη(0) + vk0

−
V k + khV kξ
wk(0)

+ ν
(
1 + 3d(kh)2(V k)2(wk(0))2

)
V k1η (0)

− ν
(
1 + 3d(kh)2(V k)2(wk(0))2

)
V k1η (0)− (Bk)2

wk(0)

= ν
(
1 + 3d(kh)2(V k)2(wk(0))2

)
ykη(0)

+ ν
(

1 + 3d(kh)2(V k)2(V k1 (0))2 − 1− 3d(kh)2(V k)2(wk(0))2
)
V k1η (0)

+
(Bk)2

(
wk(0)− V k1 (0) +

)
V k1 (0)wk(0)

+

(
V k + khV kξ

)(
wk(0)− V k1 (0)

)
V k1 (0)wk(0)

= ν
(
1 + 3d(kh)2(V k)2(wk(0))2

)
ykη(0)− (Bk)2

V k1 (0)wk(0)
yk(0)

+ 3νd(kh)2(V k)2
(
(V k1 (0))2 + (wk(0))2

)
V k1η (0)yk(0)

−
V k + khV kξ
V k1 (0)wk(0)

yk(0) > 0.

Èç ýòèõ íåðàâåíñòâ è óñëîâèÿ yk(1) = 0 ñëåäóåò, ÷òî yk 6 0. Äåé-
ñòâèòåëüíî, ðàññìîòðèì Sk = yke−αkh. Ïîëó÷èì

Lε,k(Sk) =
(
ν
(
1 + 3d(kh)2(V k)2(wk)2

)
(wk)2 + ε

)
Skηη

− ηkhV k
(Sk − Sk−1

h
e−αh + Skαeαh

′
)

+ (η2 − 1)
(
V k + khV kξ

)
Skη

− η
(
V k + khV kξ

)
Sk + 6νd(kh)2(V k)2

(
V k1η + wkη

)
(wk)3Skη

+ DkSk + (η − 1)(Bk)2Skη − (Bk)2khV kSk > 0 (50)
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ïðè η < 1, 0 < h′ < h,, ãäå

Dk = 6νd(kh)2(V k)2(V k1 η)2
(
(V k1 )2 + V k1 w

k + (wk)2
)
,

è (
ν
(
1+3d(kh)2(V k)2(wk)2

)
Skηe

αkh−
V k + khV kξ
wkV k1

Skeαkh− (Bk)2

wkV k1
Skeαkh

+ νV k1η3d(kh)2(V k)2
(
V k1 + wk

)
Skeαkh

)∣∣∣∣∣
η=0

> 0. (51)

Åñëè α > 0 äîñòàòî÷íî âåëèêî è h äîñòàòî÷íî ìàëî, òî êîýôôèöèåíò

Dk − (Bk)2khV k − η
(
V k + khV kξ

)
− αeαh

′
ηkhV k

ïðè Sk â (50) îòðèöàòåëåí.
Îòìåòèì, ÷òî îïåðàòîð Lε,k ÿâëÿåòñÿ ïàðàáîëè÷åñêèì, ïîýòîìó ê

çàäà÷å (50), (51) ìîæåò áûòü ïðèìåí¼í ïðèíöèï ìàêñèìóìà äëÿ ïàðà-
áîëè÷åñêèõ îïåðàòîðîâ. Ïîñêîëüêó Ukξ =

(
V k + khV kξ

)
> 0 è wk, V k1

ïîëîæèòåëüíû ïðè η = 0, èç (50), (51) â ñèëó ïðèíöèïà ìàêñèìóìà
ñëåäóåò, ÷òî Sk 6 0. Äåéñòâèòåëüíî, â ïðîòèâíîì ñëó÷àå ôóíêöèÿ
Sk(η) ïðè íåêîòîðîì k èìåëà èìåëà áû ïîëîæèòåëüíûé ìàêñèìóì
ïðè 0 6 η < 1 . Ïðè 0 < η < 1 ôóíêöèÿ Sk(η) íå ìîæåò ïðèíèìàòü
ïîëîæèòåëüíûé ìàêñèìóì, òàê êàê â òî÷êå ìàêñèìóìà èìåëè áû ìåñòî
íåðàâåíñòâà

Sk > 0, Skη = 0, Skηη 6 0,
Sk − Sk−1

h
> 0,

÷òî ïðîòèâîðå÷èò (50). Ïðè η = 0 ïîëîæèòåëüíûé ìàêñèìóì Sk òàê-
æå íå ìîæåò äîñòèãàòüñÿ, òàê êàê â ïðîòèâíîì ñëó÷àå ïðèõîäèì ê ïðî-
òèâîðå÷èþ ìåæäó íåðàâåíñòâàìè Skη (0) 6 0 è (51). Çíà÷èò, Sk 6 0 è

yk = V k1 − wk 6 0.
Ñëåäîâàòåëüíî, wk(η) > K1(1− η) ïðè kh 6 X. è ìû îêîí÷àòåëüíî

ïîëó÷èëè îöåíêó ñíèçó, î êîòîðîé óïîìèíàëè.
Äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è (49), (7) ðàñ-

ñìîòðèì âìåñòî óñëîâèé (7) ãðàíè÷íûå óñëîâèÿ âèäà

wk(1) = 0,(
ν
(

1 + 3d(kh)2(V k)2(wk)2
)
wkη − vk0 +

V k+khV kξ
ψ(wk)

+ (Bk)2

ψ(wk)

)∣∣∣∣∣
η=0

= 0,(52)
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ãäå ψ(w) � áåñêîíå÷íî äèôôåðåíöèðóåìàÿ ôóíêöèÿ ïðè w∈(−∞; +∞)
òàêàÿ, ÷òî ψ(w) = w ïðè w > K3, ψ(w) = K3/2 ïðè w 6 K3/4,
0 6 ψ′(w) 6 1 ïðè K3/4 6 w 6 K3. Ïîñòîÿííàÿ K3 âûáðàíà òàê, ÷òî

wk(0) > K3, max
|v0|
Uξ

<
2

K3
, K3 6 K1.

Ïóñòü w̃k � ëþáîå ðåøåíèå çàäà÷è (49), (52) ïðè 0 < ε 6 1 . Ïîêà-
æåì, ÷òî ñïðàâåäëèâî íåðàâåíñòâî w̃k > V k1 . Ïîëîæèì ỹk = V k1 − w̃k.
Èìååì(

ν
(
1 + 3d(kh)2(V k)2(V k1 )2

)
V k1 η − v

k
0 +

V k + khV kξ
ψ(V k1 )

+
(Bk)2

ψ(V k1 )

)∣∣∣∣∣
η=0

= −ν
(
1 + 3d(kh)2(V k)2K2

1

)
K1 − vk0 +

V k + khV kξ
K1

+
(Bk)2

K1
> 0

â ñèëó âûáîðà K1, è(
ν
(
1 + 3d(kh)2(V k)2(wk)2

)
ỹkη + νV k1 η3d(kh)2(V k)2

(
V k1 + wk

)
ỹk−

−
V k + khV kξ
ψ(V k)ψ(wk)

ỹk − (Bk)2ỹk

ψ(V k)ψ(wk)

)∣∣∣∣∣
η=0

> 0,

(
ν
(
1 + 3d(kh)2(V k)2(wk)2

)
+ ε
)

(wk)2ỹkηη − ηkhV k
ỹk − ỹk−1

h

+ (η2 − 1)
(
V k + khV kξ

)
ỹkη − η

(
V k + khV kξ

)
ỹk

+ 6νd(kh)2(V k)2(wk)3(ỹkη)2 + (η − 1)(Bk)2ỹkη − (Bk)2khV kỹk > 0

ïðè η < 1.
Äàëåå, äëÿ S̃k = ỹke−αkh, êàê è äëÿ Sk, ïîëó÷èì, ÷òî S̃k 6 0 è

V k1 6 w̃
k ïðè 0 6 η 6 1, kh 6 X. Ñëåäîâàòåëüíî, wk(0) > V k1 (0) > K4,

è ïîýòîìó ψ(w̃k) = w̃k. Òàêèì îáðàçîì, ðåøåíèå w̃k(η) çàäà÷è (49),
(52) ÿâëÿåòñÿ òàêæå ðåøåíèåì çàäà÷è (49), (7), ïîëîæèòåëüíûì ïðè
η = 0.

Äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è (49), (52) ïðè ε > 0
ïðîâåäåì íà îñíîâå òåîðåìû Ëåðå�Øàóäåðà èç [27].

Òåîðåìà 6.1 (Òåîðåìà Ëåðå�Øàóäåðà). Ïóñòü â áàíàõîâîì ïðî-

ñòðàíñòâå X çàäàíî ñåìåéñòâî îòîáðàæåíèé y = T (x,k), ãäå x, y ∈
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X, k � âåùåñòâåííûé ïàðàìåòð, ìåíÿþùèéñÿ íà îòðåçêå a 6 k 6 b.
Ïðåäïîëîæèì, ÷òî

1) T (x,k) îïðåäåëåíî äëÿ âñåõ x ∈ X è a 6 k 6 b;
2) ïðè ëþáîì ôèêñèðîâàííîì k îïåðàòîð T (x,k) íåïðåðûâåí íà X,

òî åñòü ïðè ëþáîì x0 ∈ X è ëþáîì ε > 0 ñóùåñòâóåò δ > 0 òàêîå,

÷òî ‖T (x,k)− T (x0,k)‖ < ε, åñëè ‖x− x0‖ < δ;
3) íà îãðàíè÷åííûõ ìíîæåñòâàõ èç X îïåðàòîðû T (x,k) ðàâíîìåð-

íî íåïðåðûâíû ïî k, òî åñòü äëÿ ëþáîãî îãðàíè÷åííîãî ìíîæåñòâà

X0 ⊂ X è ëþáîãî ε > 0 ñóùåñòâóåò δ > 0 òàêîå, ÷òî åñëè x ∈ X0 è

|k1 − k2| < δ, k1,k2 ∈ [a, b], òî ‖T (x,k1)− T (x,k2)‖ < ε;
4) ïðè ëþáîì ôèêñèðîâàííîì k îòîáðàæåíèå T (x,k) âïîëíå íåïðå-

ðûâíî, òî åñòü îòîáðàæàåò ëþáîå îãðàíè÷åííîå ìíîæåñòâî èç X â

êîìïàêòíîå â X ìíîæåñòâî;

5) ñóùåñòâóåò ïîñòîÿííàÿ M òàêàÿ, ÷òî åñëè x � ðåøåíèå óðàâ-

íåíèÿ x− T (x,k) = 0 (x ∈ X,k ∈ [a, b]), òî ‖x‖ 6M ;

6) óðàâíåíèå x− T (x, a) = 0 èìååò åäèíñòâåííîå ðåøåíèå â X.

Òîãäà óðàâíåíèå x− T (x, b) = 0 èìååò ðåøåíèå â X.

Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé, çàâèñÿùóþ îò
ïàðàìåòðà γ

νγ
(
1 + 3d(kh)2(V k)2(wk)2 + ε

)
(wk)2wkηη − ηkhV k

wk − wk−1

h

+ (η2 − 1)
(
V k + khV kξ

)
wkη − η

(
V k + khV kξ

)
wk

+ 6νγd(kh)2(V k)2(wk)3(wkη)2 + (η − 1)(Bk)2wkη − (Bk)2khV kwk = 0
(53)

ñ ãðàíè÷íûìè óñëîâèÿìè

wk(1) = 0,(
ν
(
1+3d(kh)2(V k)2(wk)2

)
wkη−vk0 +

(
V k+khV kξ +(Bk)2

)
×
[
ϕ(γwk)wk +

1

ψ(0)

])∣∣∣
η=0

= 0, (54)

ãäå

wϕ(w) =
1

ψ(w)
− 1

ψ(0)
= −w

1∫
0

ψ′(sw)

ψ2(sw)
ds, ϕ(w) 6 0.
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Ïðè γ = 0 çàäà÷à (53), (54) ëèíåéíà, à ïðè γ = 1 ñîâïàäàåò ñ çàäà÷åé
(49), (52).

Ïðîâåðèì âûïîëíåíèå òåîðåìû Ëåðå�Øàóäåðà. Ðàññìîòðèì îïåðà-
òîð T (θ, γ) = w, êîòîðûé ñîïîñòàâëÿåò ëþáîé âåêòîð-ôóíêöèè θ êëàñ-

ñà C2[0, 1] âåêòîð-ôóíêöèþ w ≡ (w1, . . . , wm), m =
[
X
h

]
, ÿâëÿþùóþñÿ

ðåøåíèåì ëèíåéíîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé

νγ
(
1 + 3d(kh)2(V k)2(θk)2 + ε

)
(θk)2wkηη − ηkhV k

wk − wk−1

h

+(η2−1)
(
V k+khV kξ

)
wkη−η

(
V k+khV kξ

)
wk+6νγd(kh)2(V k)2(wkη)2(θk)3

+ (η − 1)(Bk)2wkη − (Bk)2khV kwk = 0 (55)

ñ ãðàíè÷íûìè óñëîâèÿìè

wk(1) = 0,(
ν
(
1 + 3d(kh)2(V k)2(wk)2

)
wkη − vk0 + (V k + khV kξ

+ (Bk)2)
[
ϕ(γθk)wk +

1

ψ(0)

])∣∣∣
η=0

= 0, (56)

Ïðè γ = 0 ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (55), (56), ïî-
ñêîëüêó îíà ëèíåéíà, à êîýôôèöèåíò ïðè wk â óðàâíåíèè (55) íåïîëî-
æèòåëåí ïðè ìàëûõ h è ϕ(x) 6 0, (V k + khV kξ ) > 0.

Ðåøåíèÿ wk íåëèíåéíîé çàäà÷è (53), (54) ðàâíîìåðíî ïî γ îãðà-
íè÷åíû âìåñòå ñ ïðîèçâîäíûìè âòîðîãî ïîðÿäêà. Îöåíèì ñíà÷àëà wk

ñíèçó. Ïóñòü V0 = K4(1− η). Èìååì(
ν
(
1 + 3d(kh)2(V k)2(V k0 )2

)
wkη − vk0 + (V k + khV kξ + (Bk)2)

[
ϕ(γwk)V k0

+
1

ψ(0)

])∣∣∣
η=0

=
(
− ν
(
1 + 3d(kh)2(V k)2(wk)2

)
K4 − vk0

+ (V k + khV kξ + (Bk)2)
[
ϕ(γwk)K4 +

2

K3

])∣∣∣
η=0

> 0

ïðè äîñòàòî÷íî ìàëîì K4, òàê êàê max( |v0|Ux
) < 2

K3
; ïîñòîÿííàÿ K4 íå

çàâèñèò îò γ, h, ε. Ïîýòîìó äëÿ yk = V k0 − wk, ïîëó÷àåì íåðàâåíñòâà(
ν
(
1+3d(kh)2(V k)2(wk)2

)
ykη +(V k+khV kξ +(Bk)2)(ϕ(γwk)yk)

)∣∣∣
η=0

> 0
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νγ
(
1 + 3d(kh)2(V k)2(wk)2 + ε

)
(wk)2ykηη − ηkhV k

yk − yk−1

h

+ (η2 − 1)
(
V k + khV kξ

)
ykη − η

(
V k + khV kξ

)
wk

+ 6νγd(kh)2(V k)2(wk)3(ykη)2 + (η − 1)(Bk)2ykη − (Bk)2khV kyk > 0,

èç êîòîðûõ ëåãêî ñëåäóåò, ÷òî yk 6 0 è wk > V k0 ïðè âñåõ γ è kh 6 X,
0 6 η 6 1, 0 < ε 6 1.

Îöåíèì òåïåðü ðåøåíèå wk çàäà÷è (53), (54). Äëÿ ýòîãî ïåðåéäåì â
óðàâíåíèÿõ (53) è óñëîâèÿõ (54) ê íîâîé ôóíêöèè w̃k òàêîé, ÷òî

wk =
(
K5 − eβη

)
elkhw̃k,

ãäå K5, l, β � ïîëîæèòåëüíûå ïîñòîÿííûå. Ïðè äîñòàòî÷íî áîëüøèõ l,
β è K5 äëÿ w̃k ïîëó÷èì óðàâíåíèÿ

νγ
(
1 + 3d(kh)2(V k)2(wk)2 + ε

)
(wk)2w̃kηη − ηkhV k

w̃k − w̃k−1

h
eαh

+ (η2 − 1)
(
V k + khV kξ

)
w̃kη − η

(
V k + khV kξ

)
w̃k

+ 6νγd(kh)2(V k)2(wk)3(w̃kη)2 + (η − 1)(Bk)2w̃η − (Bk)2khV kw̃ = 0,
(57)

ãäå η
(
V k + khV kξ

)
> 0 à òàêæå ïîëó÷èì óñëîâèÿ

wk(1) = 0,
(
ν
(
1+3d(kh)2(V k)2(w̃k)2

)
w̃kη + C̃kw̃k+ C̃k1

)∣∣∣
η=0

= 0, (58)

ãäå C̃k < 0. Ïî ïðèíöèïó ìàêñèìóìà èç (57), (58) ëåãêî ñëåäóåò, ÷òî
wk 6 K6, ãäå K6 âûáðàíî äîñòàòî÷íî áîëüøèì è íå çàâèñÿùåì îò γ.
Ïîýòîìó wk îãðàíè÷åíû ðàâíîìåðíî ïî γ.

Îöåíêà ïðîèçâîäíûõ wkη , ðàâíîìåðíàÿ ïî γ, ñëåäóåò èç óðàâíåíèé
ïåðâîãî ïîðÿäêà, êîòîðûå ïîëó÷åíû èç (53) è êîòîðûì óäîâëåòâîðÿ-
þò ôóíêöèè wkη , è îöåíêè wkη ïðè η = 0, âûòåêàþùåé èç ãðàíè÷íîãî

óñëîâèÿ (54). Ïðîèçâîäíûå wkηη âûðàæàþòñÿ èç óðàâíåíèÿ (53), à ïðî-

èçâîäíûå wkηηη îöåíèâàþòñÿ èç óðàâíåíèÿ, ïîëó÷åííîãî äèôôåðåíöè-
ðîâàíèåì (53).

Òî÷íî òàêæå ìîæíî îöåíèòü (ðàâíîìåðíî ïî γ) ðåøåíèå wk(η) óðàâ-
íåíèé (55) ñ óñëîâèÿìè (56) è åãî ïðîèçâîäíûå äî òðåòüåãî ïîðÿäêà
âêëþ÷èòåëüíî, ïðè÷åì ïîñòîÿííûå â ýòèõ îöåíêàõ çàâèñÿò îò sup |θ(η)|
è sup |θη(η)|.

Îòñþäà ñëåäóåò, ÷òî îïåðàòîð T (θ, γ) ïåðåâîäèò îãðàíè÷åííîå ìíî-
æåñòâî ôóíêöèé θ èç êëàññà C2 â êîìïàêòíîå ìíîæåñòâî ôóíêöèé
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w(η). Íåïðåðûâíîñòü T (θ, γ) ñëåäóåò èç óðàâíåíèé è ãðàíè÷íûõ óñëî-
âèé, êîòîðûì óäîâëåòâîðÿåò ðàçíîñòü ðåøåíèé çàäà÷ (55), (56), ñîîò-
âåòñòâóþùèõ ðàçëè÷íûì θ è γ, à òàêæå èç ðàâíîìåðíûõ ïî γ îöåíîê
äëÿ ýòèõ ðåøåíèé è èõ ïðîèçâîäíûõ.

Òàêèì îáðàçîì, èç òåîðåìû Ëåðå�Øàóäåðà ñëåäóåò ñóùåñòâîâàíèå
ðåøåíèÿ çàäà÷è (49), (52) èç êëàññà C2 ïðè ε > 0.

Âûøå ìû ïîëó÷èëè ðàâíîìåðíóþ ïî ε,h îöåíêó ñíèçó äëÿ ðåøåíèé
wk(η) çàäà÷è (49), (52); òàêèì îáðàçîì,

wk(η) > K1(1− η).

Îöåíèì òåïåðü ðåøåíèå çàäà÷è (49), (52) ñâåðõó ðàâíîìåðíî îòíî-
ñèòåëüíî ε è h. Ïóñòü

V k2 = V2 = K2(1− η)σ, σ =
√
− lnµ(1− η), 0 < µ < 1.

Òîãäà

Lε,k(V2) = εK2

(
− 1

2σ(1− η)
− 1

4σ3(1− η)

)
− (1− η)(1 + η)K2

(
V k

+ khV kξ
)( 1

2σ
− σ

)
+
(
ν
(
1 + 3d(kh)2(V k)2K2

2 (1− η)2σ2
)
K2

2 (1− η)2σ2
)

×
(
− K2

2σ(1− η)
− K2

4σ3(1− η)

)
− ηK2(1− η)σ

(
V k + khV kξ

)
+ 6νd(kh)2(V k)2K3

2 (1− η)3σ3K2
2

( 1

2σ
− σ

)2

− (1− η)(Bk)2K2

( 1

2σ
− σ

)
− (1− η)(Bk)2K2σ < 0 (59)

ïðè 0 6 η < 1, åñëè K2 > 0 äîñòàòî÷íî âåëèêî; K2 íå çàâèñèò îò ε è
h. Äàëåå,

λk(V k2 ) =

(
ν
(
1 + 3d(kh)2(V k)2K2

2 (1− η)2σ2
)
K2

( 1

2σ
− σ

)
−vk0 +

V k + khV kξ
K2(1− η)σ

+
(Bk)2

K2(1− η)σ

)∣∣∣∣∣
η=0

< 0,

(60)

åñëè K2 äîñòàòî÷íî âåëèêî è σ2 > 1/2 ïðè η = 0, ò.å. µ < e−1/2.
Èç íåðàâåíñòâ (59), (60) è óñëîâèÿ (wk − V k2 )|η=1 = 0 ïî ïðèíöèïó
ìàêñèìóìà ïîëó÷àåì, ÷òî

wk − V k2 6 0, ïðè 0 6 η 6 1, 0 6 x 6 X.
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Èç óðàâíåíèé (49), ãðàíè÷íîãî óñëîâèÿ (7) ïðè η = 0 è îöåíîê ñíèçó
è ñâåðõó äëÿ wk ñëåäóþò ðàâíîìåðíûå ïî ε îöåíêè wkη , w

k
ηη íà ëþáîì

îòðåçêå 0 6 η 6 1 − δ, δ = const > 0. Äèôôåðåíöèðóÿ óðàâíåíèå (49)
ïî η, óñòàíàâëèâàåì, ÷òî ïðîèçâîäíûå ëþáîãî ïîðÿäêà îò ôóíêöèé wk

îãðàíè÷åíû íà îòðåçêå 0 6 η 6 1− δ ðàâíîìåðíî ïî ε.
Ñëåäîâàòåëüíî, èç ñîâîêóïíîñòè ðåøåíèé wk çàäà÷è (49), (7) ïðè

0 < ε 6 1 ìîæíî âûäåëèòü ïîñëåäîâàòåëüíîñòü wk òàêóþ, ÷òî ôóíêöèè
wk âìåñòå ñ èõ ïðîèçâîäíûìè ëþáîãî ïîðÿäêà ïðè ε → 0 ðàâíîìåðíî
ñõîäÿòñÿ íà îòðåçêå 0 6 η 6 1−δ, ïðè÷åì ïðåäåëüíàÿ ôóíêöèÿ (â ñèëó
îöåíîê V 6 wk 6 V1) íåïðåðûâíà ïðè 0 6 η 6 1, îáðàùàåòñÿ â íóëü
ïðè η = 1 è óäîâëåòâîðÿåò (6), (7) ïðè η < 1.

Î÷åâèäíî, ÷òî îöåíêè (8) âåðíû äëÿ ïðåäåëüíûõ ôóíêöèé wk. �

Äîêàçàòåëüñòâî ëåììû 3.2. Ïðåäïîëàãàÿ, ÷òî Y (0) 6= 0, ìû ïîëó-
÷èì îöåíêè (11) � (14) äëÿ ðåøåíèÿ çàäà÷è (9), (10), à çàòåì äîêàæåì
ñóùåñòâîâàíèå òàêîãî ðåøåíèÿ. Ïîëîæèì Φ1 = M1(1−η)σ è âû÷èñëèì
L(Φ1) è l(Φ1). Èìååì

L(Φ1) = M1(1− η)σ
(
− νM2

1

2
− νM2

1

4σ2
+ a− (1 + η)

a

2σ2
− B2

0

2σ2
+B2

0

)
< 0

ïðè 0 6 η < 1, åñëè νM2
1 > 2(a+B2

0);

l(Φ1) =
[
νM2

1σ
( 1

2σ
− σ

)
−M1bσ + a+B2

0

]∣∣∣
η=0

< 0,

åñëè σ(0) äîñòàòî÷íî âåëèêî. Èç ñîîòíîøåíèé

L(Φ1)− L(Y ) < 0, l(Φ1)− l(Y ) < 0, (Φ1 − Y )
∣∣
η=1

= 0

ñëåäóåò, ÷òî Φ1 − Y > 0 ïðè 0 6 η 6 1.
Îöåíèì òåïåðü Y (η) ñíèçó. Äëÿ Φ2 = M2(1− η)σ èìååì

L(Φ2) = M2(1− η)σ
(
− νM2

2

2
− νM2

2

4σ2
+ a− (1 + η)

a

2σ2
− B2

0

2σ2
+B2

0

)
> 0

ïðè 0 6 η 6 η0, η0 = const < 1, à òàêæå

l(Φ2) =
[
νM2

2σ
( 1

2σ
− σ

)
−M2bσ + a+B2

0

]∣∣∣
η=0

> 0,

åñëè M2 äîñòàòî÷íî ìàëî. Èç íåðàâåíñòâ L(Φ2) > 0 ïðè 0 6 η 6 η0 è
l(Φ2) > 0 ëåãêî ñëåäóåò, ÷òî Y > Φ2 âíå íåêîòîðîé îêðåñòíîñòè η = 1.

Óòî÷íèì òåïåðü îöåíêó äëÿ Y (η) ñíèçó â îêðåñòíîñòè η = 1. Äëÿ
ýòîãî ââåäåì ôóíêöèþ Φ3 = M1(1−η)σ(1−K4/σ) è ðàññìîòðèì L(Φ3).
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Èìååì

L(Φ3) = νM2
1 (1− η)2(σ −K4)2

[
− M1

2σ(1− η)
− M1

4σ3(1− η)

]
−M1(1− η2)a

(
− σ +

1

2σ

)
−M1K4(1− η2)a− ηaM1(1− η)(σ −K4)

+M1(1− η)σ
(
B2

0 −
B2

0

2σ2

)
+M1K4(η − 1)B2

0 .

Ó÷èòûâàÿ, ÷òî νM2
1 > 2(a + B2

0), è ïðåäïîëàãàÿ, ÷òî K4/σ < 1 è
1−K4/σ > c > 0 ïðè η0 6 η < 1, ãäå M2 >M1c, ïîëó÷èì

L(Φ3) >M1(1− η)

[
aK4

(
1− K4

σ

)
+
(K4a

σ2
− aK2

4

2σ3

)
− 2a+ aη

2σ

+(σ −K4)B2
0 −

B2
0

2σ
−B2

0(σ −K4)2
( 1

σ
+

1

2σ3

)]
> 0,

åñëè K4 äîñòàòî÷íî âåëèêî.
Âûáåðåì η0 èç óñëîâèÿ (1−K4/σ)|η=η0 = c. Â ñèëó âûáîðà η0 è K4

èìååì L(Φ3) > 0 ïðè η0 < η < 1. Ïîñêîëüêó (Φ3 − Y )|η=1 = 0 è

Φ3

∣∣∣
η=η0

= M1(1− η0)σ(η0)c 6M2(1− η0)σ(η0) = Φ2

∣∣∣
η=η0

6 Y (η0),

òî ðàññìàòðèâàÿ âûðàæåíèå L(Φ3) − L(Y ) íà îòðåçêå η0 6 η < 1,
íàõîäèì, ÷òî Φ3 6 Y .

Îöåíèì òåïåðü z = Yη. Èç óðàâíåíèÿ (14) ïîëó÷èì ñëåäóþùåå óðàâ-
íåíèå äëÿ z:

Λ(z) = νY 2 dz

dη
+ (η2 − 1)az + (η − 1)B2

0z = ηaY, (61)

à òàêæå ãðàíè÷íîå óñëîâèå

z
∣∣∣
η=0

=
b

ν
− a

νY (0)
− B2

0

νY (0)
.

Ïîëîæèì ϕ1 = −M7e
αησ. Òîãäà

Λ(z−ϕ1) = M7e
αη
(
νY 2 1

2σ(1− η)
+ασνY 2+(η2−1)aσ+(η−1)B2

0σ
)

+ηaY.

Âûáåðåì η0 èç óñëîâèÿ (1−K4/σ)|η=η0 = c. Â ñèëó âûáîðà η0 è K4

èìååì L(Φ3) > 0 ïðè η0 < η < 1. Ïîñêîëüêó (Φ3 − Y )|η=1 = 0 è

Φ3

∣∣∣
η=η0

= M1(1− η0)σ(η0)c 6M2(1− η0)σ(η0) = Φ2

∣∣∣
η=η0

6 Y (η0),



318 Â. Í. ÑÀÌÎÕÈÍ, Ã. À. ×Å×ÊÈÍ

ðàññìàòðèâàÿ âûðàæåíèå L(Φ3)−L(Y ) íà îòðåçêå η0 6 η < 1, íàõîäèì,
÷òî Φ3 6 Y .

Âûáåðåì α > 0 ñòîëü áîëüøèì, ÷òîáû íåðàâåíñòâî Λ(z − ϕ1) > 0
èìåëî ìåñòî ïðè η 6 1

2 . Âûáåðåì òåïåðü M7 íàñòîëüêî ìàëûì, ÷òîáû

ïðè η > 1
2 ÷ëåí ηaY â âûðàæåíèè Λ(z − ϕ1) ñòàë áîëüøå èëè ðàâíûì

ïåðâîìó ÷ëåíó. Èç îöåíêè (11) ñëåäóåò, ÷òî íàéäóòñÿ ïîñëåäîâàòåëü-
íîñòè ηn → 1 è η′n → 1, n→∞, òàêèå, ÷òî

z(ηn) > −M1σ(ηn), z(η′n) 6 −1

2
M2σ(η′n). (62)

Âûáåðåì òåïåðü M7 íàñòîëüêî ìàëûì, ÷òîáû âûïîëíÿëîñü íåðàâåí-
ñòâî (z−ϕ1)|η=η′n

< 0. Òîãäà î÷åâèäíî, ÷òî z−ϕ1 íå ìîæåò ïðèíèìàòü
ïîëîæèòåëüíûõ çíà÷åíèé ïðè η 6 η′n, òàê êàê â ïðîòèâíîì ñëó÷àå íà-
øëàñü áû òî÷êà η = η òàêàÿ, ÷òî (z − ϕ1)|η=η = 0, z − ϕ1 < 0 ïðè
η < η 6 η′n è (z − ϕ1)η 6 0 ïðè η = η; íî ýòî ïðîòèâîðå÷èò íåðàâåí-
ñòâó Λ(z − ϕ1) > 0 ïðè 0 6 η < 1. Ñëåäîâàòåëüíî, z − ϕ1 6 0 ïðè
η 6 η′n. Ïîñêîëüêó η

′
n → 1 ïðè n → ∞, èìååò ìåñòî z 6 ϕ1 6 −M3σ

ïðè 0 6 η < 1.
Ðàññìîòðèì ϕ2 = −M4σ. Ïîëüçóÿñü îöåíêîé (11), ïîëó÷èì, ÷òî

Λ(z − ϕ2) = M4

(
νY 2 1

2σ(1− η)
+ (η2 − 1)aσ + (η − 1)B2

0σ
)

+ ηaY

6 −M4η(1− η)aσ + ηaY < 0

ïðè 0 6 η < 1, åñëè M4 äîñòàòî÷íî âåëèêî. Ñîãëàñíî íåðàâåíñòâó
(62) ïðè äîñòàòî÷íî áîëüøîì M4 èìååì (z − ϕ2)|η=ηn > 0. Ïîñêîëüêó
Λ(z − ϕ2) < 0 ïðè 0 6 η < 1, ôóíêöèÿ z − ϕ2 íå ìîæåò ïðèíèìàòü
îòðèöàòåëüíûõ çíà÷åíèé ïðè η 6 ηn. Ñëåäîâàòåëüíî, z > −M4σ ïðè
0 6 η < 1.

Ïîëó÷èì òåïåðü îöåíêè (14). Ñîãëàñíî óðàâíåíèþ (9) èìååì

νY Yηη = (1− η2)a
Yη
Y

+ (1− η)B2
0

Yη
Y

+ ηa.

Îòñþäà è èç îöåíîê (11), (13) ñëåäóåò, ÷òî |Y Yηη| 6 M5. Ïîëîæèì
R = Y Yηη. Ïðîäèôôåðåíöèðóåì óðàâíåíèå (9) ïî η, ïîëó÷èì äëÿ R
ñëåäóþùåå óðàâíåíèå:

Q(R) ≡ νY Rη+νYηR+(η2−1)
aR

Y
− νY R

η
+(η−1)B2

0

R

Y
= −aYη

η
−B2

0Yη.

(63)
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Êàê ñëåäóåò èç îöåíêè (12), íàéäåòñÿ ïîñëåäîâàòåëüíîñòü ηn → 1, n→
∞, òàêàÿ, ÷òî

Yη

∣∣∣
η=ηn

6
(
−M1σ +

M1

2σ
+M1K4

)∣∣∣
η=ηn

,

R
∣∣∣
η=ηn

6
1

ν

(
(1− η2)a

Yη
Y

+ (1− η)B2
0

Yη
Y

+ aη
)∣∣∣
η=ηn

6
1

ν

[ (1 + η)a+B2
0

cM1σ

(
−M1σ +

M1

2σ
+M1K4

)
+ aη

]∣∣∣
η=ηn

6 −M8,

åñëè n äîñòàòî÷íî âåëèêî. Çäåñü M8 = const > 0.
Ðàññìîòðèì R+M6, ïðåäïîëàãàÿ, ÷òî M6 < M8. Èìååì

Q(R+M6) = −aYη
η
−B2

0Yη +M6

(
νYη +

(η2 − 1)a

Y
+

(η − 1)B2
0

Y
− νY

η

)
.

Ëåãêî âèäåòü, ÷òî Q(R + M6) > 0 ïðè 0 6 η < 1 è (R + M6)
∣∣∣
η=ηn

< 0

ïðè áîëüøèõ n, åñëè M6 äîñòàòî÷íî ìàëî. Ïîýòîìó R + M6 < 0 ïðè
0 6 η 6 ηn. Èç òîãî, ÷òî ηn → 1 ïðè n → ∞ ñëåäóåò R < −M6 ïðè
0 6 η < 1.

Ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è (9), (10) ìîæíî äîêàçàòü íà îñíî-
âå òåîðåìû Ëåðå�Øàóäåðà, ðàññìàòðèâàÿ îäíîïàðàìåòðè÷åñêîå ñåìåé-
ñòâî êðàåâûõ çàäà÷

(νY 2 + ε)Yηη + (η2 − 1)aYη − ηaY + (η − 1)B2
0Yη = 0. 0 < η < 1,

Y (1) = 0,
(
νYη − b+

a+B2
0

Ψ(Y )

)∣∣∣
η=0

= 0,

ãäå 0 < ε 6 1; Ψ(Y ) � áåñêîíå÷íî äèôôåðåíöèðóåìàÿ ôóíêöèÿ ïðè
−∞ < Y < +∞ òàêàÿ, ÷òî

Ψ(Y ) = Y ïðè Y > K2

√
− lnµ,

Ψ(Y ) =
1

2
K2

√
− lnµ ïðè Y 6

1

4
K2

√
− lnµ,

0 6 Ψ′(Y ) 6 1 ïðè
1

4
K2

√
− lnµ 6 Y 6 K2

√
− lnµ. �
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Äîêàçàòåëüñòâî ëåììû 3.3. Äëÿ ôóíêöèé W k = Y e−C1kh èìååì

Lk(W ) = e−C1kh
[
νY 2Yηη

(
e−2C1kh − 1

)
+ νY 2Yηη + 3νd(kh)2(V k)2Y 4Yηη

(
e−4C1kh − 1

)
+ 3νd(kh)2

(
(V k)2 − a2

)
Y 4Yηη + 6νd(kh)2(V k)2Y 3Y 2

η

(
e−3C1kh − 1

)
+ 6νd(kh)2

(
(V k)2 − a2

)
Y 3Y 2

η + (η − 1)(Bk)2Yηe
−3C1kh

− (Bk)2khV kY e−3C1kh + ηkhV kY C1e
C1h

′
+ (η2 − 1)kh(ak1 + V kx )Yη

− ηkh(ak1 + V k)
]

= 0,

ãäå 0 < h′ < h. Â ñèëó ïðåäïîëîæåíèé ëåììû èìååì∣∣∣(V k)2 − a2
∣∣∣ < M8 ïðè kh 6 X.

Êðîìå òîãî, ïðè kh 6 X è äîñòàòî÷íî ìàëîì X

e−2C1kh−16−khC1, e
−3C1kh − 1 6 −3

2
khC1 e−4C1kh − 1 6 −2khC1,

à â ñèëó ëåììû 3.2 âûâîäèì∣∣(η2 − 1)kh
(
ak1 + V kξ

)
Yη
∣∣ 6M9khY.

Ïîýòîìó, åñëè C1 äîñòàòî÷íî âåëèêî, òî èìååì íåðàâåíñòâî Lk(W ) > 0
ïðè 0 6 η < 1 è 0 6 kh 6 X.

Ó÷èòûâàÿ (10), íàõîäèì, ÷òî

lk(W ) =
[
ν
(
1 + 3d(kh)2

(
(V k)2 − (ak1)2

)
Y 2)Y Yη

(
e−3C1kh − 1

)
−

−vk0Y
(
e−C1kh − 1

)
− (vk0 − b)Y +

(
ak1 + khV kξ

)
+ (Bk)2

]∣∣∣
η=0

.

Ïî óñëîâèþ ëåììû∣∣vk0 − b∣∣ 6M10kh,
∣∣ak1 − khV kξ ∣∣ 6M11kh ïðè kh 6 X.

Îòñþäà ñëåäóåò, ÷òî ïðè äîñòàòî÷íî áîëüøîé ïîñòîÿííîé C1 è X0,
çàâèñÿùåì îò V, v0, èìååì lk(W ) > 0 ïðè 0 6 kh 6 X0.

Ïðè 0 6 η < 1 è kh 6 X ïîëó÷àåì íåðàâåíñòâà

Lk(W )− Lk(w) > 0, lk(W )− lk(w) > 0,

îòêóäà ñëåäóåò

wk 6W = Y e−C1kh ïðè 0 6 η 6 1, 0 6 kh 6 X0.
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Àíàëîãè÷íî ïîëó÷àåòñÿ îöåíêà (62) ñâåðõó, òàê êàê åñëè W∗ = Y eC2kh

è C2 äîñòàòî÷íî âåëèêî, òî Lk(W∗) < 0 è lk(W∗) < 0 ïðè 0 6 η < 1,
0 6 kh 6 X. �

Äîêàçàòåëüñòâî ëåììû 3.4. Íåðàâåíñòâà (16) � (18) äîêàæåì ïî èí-
äóêöèè. Â ëåììå 3.2 ìû äîêàçàëè íåðàâåíñòâà (17), (18) ïðè k = 0.
Ïîêàæåì, ÷òî ïîñòîÿííûå Cj ìîæíî ïîäîáðàòü íåçàâèñèìî îò h òàê,
÷òî èç âûïîëíåíèÿ íåðàâåíñòâ (16) � (18) ïðè k − 1 ñëåäóåò èõ ñïðà-
âåäëèâîñòü ïðè k, åñëè 0 6 kh 6 X, ãäå X çàâèñèò îò V , v0, ν è íå
çàâèñèò îò h.

Äëÿ óäîáñòâà â óðàâíåíèÿõ

Lk(w) ≡ ν
(

1 + 3d(kh)2(V k)2(wk)2
)

(wk)2wkηη − ηkhV k
wk − wk−1

h

+ (η2− 1)(V k +khV kξ )wkη − η(V k +khV kξ )wk + 6νd(kh)2(V k)2(wkη)2(wk)3

+ (η − 1)(Bk)2wkη − (Bk)2khwk = 0

è

λk(w)=
(
ν
(

1 + 3d(kh)2(V k)2(wk)2
)
wkη−vk0+

V k + khV kξ +(Bk)2

wk

)∣∣∣
η=0

=0

ââåäåì îáîçíà÷åíèÿ:

Ak≡(η2 − 1)(V k+khV kξ )+(η−1)(Bk)2, Bk≡−η(V k+khV kξ )−(Bk)2kh,

Ck≡3νd(kh)2(V k)2, Dk≡6νd(kh)2(V k)2, Ek ≡ V k + khV kξ + (Bk)2.

Ñîñòàâèì óðàâíåíèÿ, êîòîðûì óäîâëåòâîðÿþò rk è zk. Äëÿ íà÷àëà
âîçüìåì

wkηη =
ηkhV krk −Akzk − Bkwk −Dk(zk)2(wk)3

(ν + Ck(wk)2)(wk)2
.

Èç óðàâíåíèÿ (6) äëÿ wk âû÷òåì óðàâíåíèå (6) äëÿ wk−1 è ðàçäåëèì
ïîëó÷åííîå ðàâåíñòâî íà h. Íàõîäèì

ν(wk)2wkηη − ν(wk−1)2wk−1
ηη

= ν(wk)2wkηη − ν(wk−1)2wk−1
ηη + ν(wk)2wk−1

ηη − ν(wk)2wk−1
ηη

= ν(wk)2
wkηη − wk−1

ηη

h
h+ νwk−1

ηη

(wk)2 − (wk−1)2

h
h

= ν(wk)2rkηηh+ ν(zk−1
η )rk(wk + wk−1)h;
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3νd
[
(kh)2(V k)2(wk)4wkηη − ((k − 1)h)2(V k−1)2(wk−1)4wk−1

ηη

]
= 3νd

[
(kh)2(V k)2(wk)4wkηη

− ((k − 1)h)2(V k−1)2(wk−1)4wk−1
ηη + ((k − 1)h)2(V k−1)2(wk)4wk−1

ηη

− ((k − 1)h)2(V k−1)2(wk)4wk−1
ηη

]
= 3νd

(kh)2(V k)2 − ((k − 1)h)2(V k−1)2

h
(wk)4wk−1

ηη

+ 3νd(kh)2(V k)2(wk)4rkηη

+ 3νd((k − 1)h)2(V k−1)2rkwk−1
ηη

(
wk + wk−1

)(
(wk)2 +

(
wk−1)2

)
= Ck(wk)4rkηη +

Ck − Ck−1

h
(wk)4zk−1

η

+ Ck−1rkzk−1
η

(
wk + wk−1

)(
(wk)2 +

(
wk−1)2

)
;

6νd
[
(kh)2(V k)2(wk)3(wkηη)2 − ((k − 1)h)2(V k−1)2(wk−1)3(wk−1

η )2
]

= 6νd
[
(kh)2(V k)2(wk)3(wkη)2

− ((k − 1)h)2(V k−1)2(wk−1)3(wk−1
η )2 + ((k − 1)h)2(V k−1)2(wk−1)3(wkη)2

− ((k − 1)h)2(V k−1)2(wk−1)3(wkη)2
]

= 6νd((k − 1)h)2(V k−1)2(wk−1)3rkη(zkη + zk−1
η )

+ 6νd
(kh)2(V k)2 − ((k − 1)h)2(V k−1)2

h
(zkη )2(wk)3

+ 6νd(k − 1)h)2(V k−1)2(zk)2rk
(
(wk)2 + wkwk−1 + (wk−1)2

)
= Dk−1(wk−1)3rkη(zkη + zk−1

η ) +
Dk −Dk−1

h
(zkη )2(wk)3

+Dk−1(zk)2rk
(
(wk)2 + wkwk−1 + (wk−1)2

)
;

Akwkη −Ak−1wk−1
η = Akwkη −Ak−1wk−1

η +Akwk−1
η −Akwk−1

η

= Akrkη +
Ak −Ak−1

h
zk−1;

Bkwk − Bk−1wk−1 = Bkwk − Bk−1wk−1 + Bkwk−1 − Bkwk−1
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= Bkrk +
Bk − Bk−1

h
wk−1;

ηkhV krk − η(k − 1)hV k−1rk−1

= ηkhV krk − η(k − 1)hV k−1rk−1 + η(k − 1)hV k−1rk − η(k − 1)hV k−1rk

= η
khV k − (k − 1)hV k−1

h
rk + η(k − 1)hV k−1 r

k − rk−1

h
.

Èñïîëüçóÿ âûøåïåðå÷èñëåííûå âûðàæåíèÿ ââåäåì Rk(r):

Rk(r) ≡ ν(wk)2rkηη + Ck(wk)4rkηη +Akrkη + Bkrk

−η khV
k − (k − 1)hV k−1

h
rk+

(
wk + wk−1

)(
ν + Ck−1

(
(wk)2 +

(
wk−1)2

))(
ν + Ck−1(wk−1)2

)
(wk−1)2

×
[
η(k − 1)hV k−1rk−1 −Ak−1zk−1 − Bk−1wk−1

−Dk−1(zk−1)2(wk−1)3
]
rk − η(k − 1)hV k−1 r

k − rk−1

h

+Dk−1(wk−1)3rk(zk + zk−1) +Dk−1(zk)2rk
(
(wk)2 +wkwk−1 + (wk−1)2

)
= −D

k −Dk−1

h
(zk)2(wk)3

−
3νd
(
(kh)2(V k)2 − ((k − 1)h)2(V k−1)2

)
(wk)4

h
(
ν + Ck−1(wk−1)2

)
(wk−1)2

×
[
η(k − 1)hV k−1rk−1 −Ak−1zk−1 − Bk−1wk−1 −Dk−1(zk−1)2(wk−1)3

]
− zk−1Ak −Ak−1

h
− wk−1Bk − Bk−1

h
; k > 1.

Àíàëîãè÷íî èç (7) ïîëó÷àåì

ν
wkη − wk−1

η

h
= νrkη ;

3νd
[
(kh)2(V k)2(wk)2wkη − ((k − 1)h)2(V k−1)2(wk−1)2wk−1

η

]
= 3νd

[
(kh)2(V k)2(wk)2wkη − ((k − 1)h)2(V k−1)2(wk−1)2wk−1

η

+ ((k − 1)h)2(V k−1)2(wk−1)2wkη − ((k − 1)h)2(V k−1)2(wk−1)2wkη

]
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=3νd((k−1)h)2(V k−1)2(wk−1)2rkη+3νd((k−1)h)2(V k−1)2zkrk
(
wk+wk−1

)
+ 3νd

(kh)2(V k)2 − ((k − 1)h)2(V k−1)2

h
(wk)2zk

= Ck−1(wk−1)2rkη + Ck−1zkrk
(
wk + wk−1

)
+
Ck − Ck−1

h
(wk)2zk;

Ek

wk
− E

k−1

wk−1
=
Ek

wk
− E

k−1

wk−1
+
Ek

wk−1
− Ek

wk−1
=
Ek − Ek−1

hwk−1
+
Ekrk

wkwk−1
.

Òîãäà

ρk(r)n≡
(
νrkη+Ck−1(wk−1)2rkη+Ck−1zkrk

(
wk + wk−1

)
− Ekrk

wkwk−1

)∣∣∣∣
η=0

=
vk0 − vk−1

0

h
− E

k − Ek−1

hwk−1(0)
− C

k − Ck−1

h
(wk)2zk, rk(1)=0, k>1.

Äèôôåðåíöèðóÿ óðàâíåíèå (6) ïî η, äëÿ zk ïîëó÷èì óðàâíåíèÿ

Pk(z) ≡ ν(wk)2zkηη + 2νwkzkzkη + 12νd(kh)2(V k)2(wk)3zkzkη

+ 3νd(kh)2(V k)2(wk)4zkηη − ηkhV k
zk − zk−1

h
− khV krk

+Akzkη +Akηzk + Bkzk + Bkηwk + 18νd(kh)2(V k)2(wk)2(zk)3

+ 12νd(kh)2(V k)2(wk)3zkzkη = ν(wk)2zkηη + 2νwkzkzkη + 4Ck(wk)3zkzkη

+ Ck(wk)4zkηη − ηkhV k
zk − zk−1

h
− khV krk +Akzkη +Akηzk + Bkzk

+ Bkηwk + 3Dk(wk)2(zk)3 + 2Dk(wk)3zkzkη = 0.

Èç ãðàíè÷íîãî óñëîâèÿ (7) ïðè η = 0 ñëåäóåò óñëîâèå

zk(0) =
vk0(

ν + Ck(wk(0)
)2) − Ek(

ν + Ck(wk(0))2
)
wk(0)

.

Ðàññìîòðèì ôóíêöèþ ϕk = C3Y è îöåíèì Rk(ϕ) ïðè óñëîâèè, ÷òî
íåðàâåíñòâà (16), (17) âûïîëíåíû ïðè k − 1. Ñíà÷àëà çàìåòèì, ÷òî â
ñèëó ðåçóëüòàòîâ, ïîëó÷åííûõ â ëåììå 3.2, âûïîëíåíî íåðàâåíñòâî∣∣∣νC3Y

2Yηη + C3AkYη − C3BkY
∣∣∣ 6 C3M12khY



ÎÁ ÀÒÒÐÀÊÒÎÐÀÕ ÌÃÄ-ÏÎÃÐÀÍÈ×ÍÎÃÎ ÑËÎß ÆÈÄÊÎÑÒÈ 325

ïðè 0 6 kh 6 X. Òàê êàê Ux > 0 è a1xx(0) îãðàíè÷åíà ïî ïðåäïîëî-

æåíèþ ëåììû, òî
khV k − (k − 1)hV k−1

h
> 0 ïðè h 6 h0 è äîñòàòî÷íî

ìàëîì h0; êðîìå òîãî, îòíîøåíèÿ

(kh)2(V k)2 − ((k − 1)h)2(V k−1)2

h
,

Ak −Ak−1

h
,
Bk − Bk−1

h
,
Ck − Ck−1

h
,
Dk −Dk−1

h

îãðàíè÷åíû.
Äàëåå, ó÷èòûâàÿ ïðåäïîëîæåíèÿ èíäóêöèè, íàõîäèì, ÷òî

η(k − 1)hV k−1rk−1 −Ak−1zk−1 − Bk−1wk−1 −Dk−1(zk−1)2(wk−1)3

6 η(k − 1)hV k−1C3Y − (Ak−1 − a(η2 − 1))zk−1 − (η2 − 1)aYηe
−C3kh

− (Bk−1 + ηa)wk−1 − ηaY eC2kh − (Dk−1 − 6νda2)(zk−1)2(wk−1)3

−6νda2Y 3Y 2
η e

3C2khe−2C5kh6νY Yηη+Ck−1Y 4Yηη+M13khY−M14Y (η),

åñëè kh 6 X è X äîñòàòî÷íî ìàëî è íå çàâèñèò îò h.
Ó÷èòûâàÿ ýòè çàìå÷àíèÿ, ïîëó÷àåì, ÷òî

Rk(ϕ) +
∣∣∣− 3νd

(
(kh)2(V k)2 − ((k − 1)h)2(V k−1)2

)
(wk)4

h
(
ν + Ck−1(wk−1)2

)
(wk−1)2

×
[
η(k − 1)hV k−1rk−1 −Ak−1zk−1 − Bk−1wk−1 −Dk−1(zk−1)2(wk−1)3

]
− zk−1Ak −Ak−1

h
− wk−1Bk − Bk−1

h

∣∣∣ < 0 (64)

ïðè 0 6 η < 1, 0 6 kh 6 X(C3, C4, C5), ãäå C3 äîñòàòî÷íî âåëèêî è íå
çàâèñèò îò h; çäåñü ìû èñïîëüçîâàëè íåðàâåíñòâà

−η khV
k − (k − 1)hV k−1

h
C3Y +

∣∣∣∣∣wk−1Bk − Bk−1

h

∣∣∣∣∣ < 0,

(
wk+wk−1

)(
(wk)2+

(
wk−1)2

)
C3Y >

∣∣∣∣∣ (kh)2(V k)2 − ((k − 1)h)2(V k−1)2

h

∣∣∣∣∣,
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M12kh 6
1

4

∣∣∣∣∣
(
wk + wk−1

)(
(wk)2 +

(
wk−1)2

)(
ν + Ck−1(wk−1)2

)
(wk−1)2

(
ν + Ck−1

)
×
[
η(k−1)hV k−1rk−1−Ak−1zk−1−Bk−1wk−1−Dk−1(zk−1)2(wk−1)3

]∣∣∣∣∣.
Ïîñòîÿííàÿ C3 íå çàâèñèò îò C4 è C5, òàê êàê åñëè

M14 >
M14

2
+
M15A

k−1zk−1

Y
,

òî

−
C3M15

(
wk + wk−1

)(
(wk)2 +

(
wk−1)2

)(
ν + Ck−1

)
Ak−1zk−1(

ν + Ck−1(wk−1)2
)
(wk−1)2

+

∣∣∣∣∣zk−1Ak −Ak−1

h

∣∣∣∣∣ < 0

ïðè ïîäõîäÿùåì âûáîðå C3 è äîñòàòî÷íî ìàëîì X.
Âû÷èñëèì ρk(ϕ). Èìååì

ρk(ϕ) = C3

(
νYη + Ck−1(wk−1)2Yη + Ck−1zkY

(
wk + wk−1

)
+

+
Ck − Ck−1

h
(wk)2zk − EkY

wkwk−1

)∣∣∣
η=0
− C3M16, M16 > 0,

ïðè kh > 0, kh 6 X è äîñòàòî÷íî ìàëîì X. Ïîýòîìó

ρk(ϕ) +

∣∣∣∣∣vk0 − vk−1
0

h
− E

k − Ek−1

hwk−1(0)

∣∣∣∣∣ < 0, (65)

åñëè C3 äîñòàòî÷íî âåëèêî, kh 6 X è h 6 h0; çäåñü âîñïîëüçîâàëèñü
òåì, ÷òî ïî óñëîâèþ ïðè ìàëûõ h îãðàíè÷åíû îòíîøåíèÿ

vk0 − vk−1
0

h
,

Ek − Ek−1

h
.

Ðàññìîòðèì ôóíêöèè Sk± = ϕk± rk ïðè 0 6 kh 6 X. Èç îöåíîê (64),
(65) ïîëó÷àåì íåðàâåíñòâà

Rk(Sk±) < 0, ρk(Sk±) < 0.

Ïîñêîëüêó Sk±(1) = 0, èç ýòèõ íåðàâåíñòâ íà îñíîâàíèè ïðèíöèïà ìàê-

ñèìóìà íàõîäèì, ÷òî Sk±(η) > 0 ïðè 0 6 η 6 1 è, ñëåäîâàòåëüíî,

|rk| 6 C3Y .
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Äëÿ îöåíêè Zk = wkη ðàññìîòðèì ôóíêöèþ F1 = Yηe
−C5kh. Èìååì

Pk(F1) = e−C5kh
{(
νY 2Yηηη + 2νY YηYηη + (η2 − 1)aYηη + ηaYη − aY

)
+ ν
(
(wk)2 − Y 2

)
Yηηη + 3νd(kh)2(V k)2(wk)4Yηηη

+
(
Ak − (η2 − 1)a

)
Yηη +

(
Akη − 2ηa

)
Yη +

(
Bk + ηa

)
Yη

}
− khV krk + 2νYηYηη

(
wke−C5kh − Y )e−C5kh

+ 24νd(kh)2(V k)2(wk)3YηYηηe
−2C5kh

+ 18νd(kh)2(V k)2(wk)2Y 3
η e
−3C5kh

+
(
Bkηwk + aY e−C9kh

)
+ ηkhC5V

keC5h
′
e−C5khYη. (66)

Äèôôåðåíöèðóÿ óðàâíåíèå (9) ïî η, ïîëó÷èì

νY 2Yηηη + 2νY YηYηη + 2ηaYη + (η2 − 1)aYηη − ηaYη − aY +B2
0Yη

+ (η − 1)B2
0Yηη = 0. (67)

Èç (67) ñëåäóåò, ÷òî
∣∣Y 2Yηηη

∣∣ 6 M17|Yη|, à òàêæå, ÷òî â (66) ïåðâîå
ñëàãàåìîå ïðàâîé ÷àñòè ðàâíî íóëþ. Ñëàãàåìûå

khV krk, Bkηwk + aY e−C5kh

èìåþò ïîðÿäîê khY è C5khY ñîîòâåòñòâåííî. Îñòàëüíûå ñëàãàåìûå â
(66) èìåþò ïîðÿäîê khYη. Åñëè âûáðàòü C5 äîñòàòî÷íî áîëüøèì, òî
ïîñëåäíèå äâà ÷ëåíà â (66) ïðåâîñõîäÿò ïî ìîäóëþ îñòàëüíûå, åñëè
kh 6 X, è X äîñòàòî÷íî ìàëî. Ïîýòîìó Pk(F1) < 0 ïðè 0 6 η 6 1 è
0 6 kh 6 X.

Èç íåðàâåíñòâ (15) ñëåäóåò, ÷òî ñóùåñòâóåò äâå ïîñëåäîâàòåëüíîñòè
ηm → 1 è ηm → 1 ïðè m→∞ òàêèå, ÷òî

zk
∣∣∣
η=ηm

6 Yη(ηm)e−C1kh, zk
∣∣∣
η=ηm

> Yη(ηm)eC2kh. (68)

Ïóñòü C5 > C1. Ðàññìîòðèì ðàçíîñòü Sk = F1−Zk. Èç (68) ñëåäóåò,
÷òî Sk(ηm) > 0. Ïðè k > 1, kh 6 X, äîñòàòî÷íî ìàëîì X è äîñòàòî÷íî
áîëüøîì C5 èìååì

Sk(0) = − vk0(
ν + Ck(wk(0))2

) − b

ν
+

Ek(
ν + Ck(wk(0))2

)
wk(0)

−
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− a(
ν + Ck

(
Y (0)

)2)
Y (0)

+ Yη(0)
(
e−C5kh − 1

)
> 0. (69)

Èç óðàâíåíèÿ (6) ïðè k = 1 ïîëó÷àåì äëÿ z1 = w1
η óðàâíåíèå

P 0
1 (z1) ≡ ν(w1)2z1

η + C1(w1)4z1
η +A1z1 +D1(w1)3z1 = −B1w1 + ηV 1w1.

Ïîëàãàÿ F2 = Yηe
−C8h, íàõîäèì

P 0
1 (z1 − F2) = e−C8h

{
ν
(
Y 2 − (w1)2

)
Yηη + Ck(w1)4Yηη

+
(
(η2 − 1)a−A1

)
Yη +Dk(w1)3

)
Yη

}
−
(
B1w1 + ηaY e−C8h

)
+ ηV 1

(
w1 − Y

)
> 0, η0 6 η < 1,

ïðè äîñòàòî÷íî áîëüøîì C8 è äîñòàòî÷íî ìàëîì h. Êðîìå òîãî, åñëè
âûáåðåì
C8 > C1, òî èç (68) ïîëó÷èì íåðàâåíñòâî(

z1 − F2

)∣∣∣
η=η1m

6 0.

Êàê è ïðè äîêàçàòåëüñòâå ëåììû 3.2, íàõîäèì, ÷òî z1 6 F2 ïðè η0 6
η < 1. Âîçüìåì C5 > C8. Òîãäà ïðè η0 6 η < 1 ïîëó÷èì íåðàâåíñòâî

z1 6 F 1
1 . (70)

Äëÿ ðàçíîñòè zk − F1 = Sk èìååì

Pk(F1)− Pk(z) = ν(wk)2Skηη + Ck(wk)4Skηη − η
khV k

h
Sk +AkSkη

+ BkSkη + 3Dk(wk)2(Skη )3 + 2νwkF k1 ηS
k

+ 2νwkzkSkη + 4Ck(wk)3F k1 ηS
k + 4Ck(wk)3zkSkη +AkηSk

+ 2Dk(wk)3F k1 ηS
k + 2Dk(wk)3zkSkη < −η

khV k

h
Sk−1. (71)

Â íåðàâåíñòâå (71) êîýôôèöèåíò ïðè Sk ðàâåí

2νwkF k1 η + 4Ck(wk)3F k1 η + Bk +Akη + 2Dk(wk)3F k1 η − ηkV
k. (72)

Åñëè 0 6 kh 6 X è X äîñòàòî÷íî ìàëî, òî âûðàæåíèå (72) îòðèöà-
òåëüíî ïðè k > 2 äëÿ 0 6 η 6 1 è ïðè k = 1 äëÿ 0 6 η 6 η0 â ñèëó
âûáîðà η0. Òàê êàê S

1(0) > 0, S1(η0) > 0, êàê ïîêàçàíî âûøå, è S0 = 0
â ñèëó ëåììû 3.2, òî èç (71) ïî ïðèíöèïó ìàêñèìóìà ïîëó÷àåì S1 > 0
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ïðè 0 6 η 6 η0. Âìåñòå ñ (70) ýòî ïðèâîäèò ê íåðàâåíñòâó S1 6 0 ïðè
0 6 η 6 1.

Äàëåå, â ñèëó òîãî, ÷òî ñóììà (72) ïðè k 6 2 îòðèöàòåëüíà, S1 6 0
ïðè 0 6 η < 1, èç (71), (68) è (69) ïî ïðèíöèïó ìàêñèìóìà âûâîäèì
íåðàâåíñòâî Sk 6 0 ïðè 0 6 η < 1, k 6 2. Ïîýòîìó

zk 6 F1 = Yηe
−C5kh.

Äëÿ îöåíêè ôóíêöèè zk ñíèçó ðàññìîòðèì ôóíêöèþ F3 = Yηe
C4kh

è âû÷èñëèì Pk(F3). Òàê æå, êàê ïðè îöåíêå zk ñâåðõó, ïîêàæåì, ÷òî
Pk(F3 > 0), åñëè C6 äîñòàòî÷íî âåëèêî è X äîñòàòî÷íî ìàëî. Âûáðàâ
C4 > C2, ïîëó÷èì

(F3 − zk)
∣∣∣
η=ηm

6 0, (F3 − zk)
∣∣∣
η=0

< 0

ïðè äîñòàòî÷íî áîëüøîì C4 è 0 6 kh 6 x. Ðàññóæäàÿ äàëåå òàê æå,
êàê ïðè äîêàçàòåëüñòâå îöåíêè zk ñâåðõó, ïîëó÷èì, ÷òî

zk > Yηe
C4kh.

Èç ïîëó÷åííûõ îöåíîê ôóíêöèé wk, rk, zk è óðàâíåíèÿ (6) ñëåäóåò
îãðàíè÷åííîñòü ïðîèçâåäåíèÿ wkwkηη . Óñòàíîâèì âòîðîå èç íåðàâåíñòâ
(18). Èç (6) íàõîäèì

νwkwkηη

(
1+3d(kh)2(V k)2(wk)2

)
= ηkhV k

rk

wk
−(η2−1)

(
V k+khV kξ

)wkη
wk

− η
(
V k + khV kξ

)
−Dk(wk)2(wkη)2

6 ηkhV k
rk

wk
− (η2 − 1)

aYη
Y

+ ηa+ (η2 − 1)
[aYη
Y
−
(
V k + khV kξ

)wkη
wk

]
−

−
[
ηa− η

(
V k + khV kξ

)]
−Dk(wk)2(wkη)2 < −νM6M17 = −νC7,

åñëè 0 6 kh 6 X èX äîñòàòî÷íî ìàëî. Ýòèì äîêàçàòåëüñòâî ëåììû 3.4
çàâåðøåíî. �

Äîêàçàòåëüñòâî ëåììû 5.1. Ââåäåì îáîçíà÷åíèÿ

T (Ym) ≡ νY 2
0 Ymηη + (η2 − 1)aYmη − 2ηaYm

+ 2νY0Y0ηηYm + (η − 1)B2
0Ymη,

(73)

t(Ym) ≡
(
νY0Ymη + νY0ηYm − bYm

)∣∣∣
η=0

. (74)
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Ðåøåíèå ñèñòåìû (42) ñ óñëîâèÿìè (43) ñâîäèòñÿ ê ïîñëåäîâàòåëüíîìó
ðåøåíèþ êðàåâûõ çàäà÷ äëÿ ëèíåéíûõ óðàâíåíèé

T (Ym) = Fm, t(Ym) = fm

∣∣∣
η=0

, Ym(1) = 0, (75)

m = 1, 2, . . . , q, ãäå Fm è fm âûðàæàþòñÿ ÷åðåç óæå èçâåñòíûå ôóíêöèè
Y0, . . . , Ym−1 è èõ ïðîèçâîäíûå.

Áóäåì äîêàçûâàòü ëåììó 5.1 ïî èíäóêöèè. Ïðåäïîëàãàÿ óòâåðæäå-
íèå âûïîëíåííûì äëÿ Ym−1, äîêàæåì åãî ñïðàâåäëèâîñòü äëÿ Ym.

Ðåøåíèå çàäà÷è (75) ìîæíî ïîëó÷èòü êàê ïðåäåë ïðè ε→ 0 ðåøåíèé
çàäà÷è

εY εmηη + T (Y εm) = Fm, t(Y εm) = fm

∣∣∣
η=1

, Y εm(1) = 0, (76)

êîòîðàÿ èìååò åäèíñòâåííîå ðåøåíèå, åñëè ε > 0. Åäèíñòâåííîñòü ðå-
øåíèÿ çàäà÷è (76) ñëåäóåò èç ïðèíöèïà ìàêñèìóìà, òàê êàê êîýôôè-
öèåíò ïðè Ym â âûðàæåíèè äëÿ T (Ym) îòðèöàòåëåí ïðè η < 1 â ñèëó
íåðàâåíñòâà (13), à êîýôôèöèåíò νY0η−b ïðè Ym â ãðàíè÷íîì óñëîâèè
(43), â ñèëó óñëîâèÿ (10) ðàâíûé − a

Y0
, òàêæå îòðèöàòåëåí. Ñóùåñòâî-

âàíèå ðåøåíèÿ çàäà÷è (74) ñëåäóåò èç åãî åäèíñòâåííîñòè, òàê êàê äëÿ
ýòîé çàäà÷è ìîæíî ïîñòðîèòü ôóíêöèþ Ãðèíà (ñì, íàïðèìåð, [28] ).

Ðåøåíèÿ Y εm(η) çàäà÷è (76) ðàâíîìåðíî îãðàíè÷åíû ïî ε. Äåéñòâè-
òåëüíî, ïóñòü Em = const > 0. Òîãäà

T (±Y εm + Em)± εY εmηη = ±Fm + Em(2νY0Y0ηη − 2aη) < 0,

t(±Y εm + Em) = ±fm
∣∣∣
η=0

+ Em

(
− a

Y0

)∣∣∣
η=0

= 0,

åñëè Em äîñòàòî÷íî âåëèêî, òàê êàê ïî ïðåäïîëîæåíèþ èíäóêöèè |Fm|
è |fm| îãðàíè÷åíû ïîñòîÿííûìè, íå çàâèñÿùèìè îò ε. Î÷åâèäíî,

(±Y εm + Em)
∣∣∣
η=1

> 0.

Ñëåäîâàòåëüíî, ïî ïðèíöèïó ìàêñèìóìà èìååì |Y εm| 6 Em, ãäå Em íå
çàâèñèò îò ε.

Óòî÷íèì ýòó îöåíêó â îêðåñòíîñòè η = 1. Ïîëîæèì,

ψm = N ′m(1− η)σ, N ′m = const > 0.
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Òîãäà ïðè η0 6 η 6 1, ãäå 1− η0 äîñòàòî÷íî ìàëî, èìååì

εψmηη + T (ψm) = N ′m

[
(νY 2

0 + ε)
(
− 1

2σ(1− η)
− 1

4σ3(1− η)

)
+a(η2−1)

( 1

2σ
−σ
)

+2νY0Y0ηη(1−η)σ−2aη(1−η)σ+(η−1)B2
0

( 1

2σ
−σ
)]

6 −N ′m(1− η)σγm, γm = const > 0,

òàê êàê

Y0Y0ηη < −M6, νY 2
0 > 2a(1− η)2σ2

(
1− K4

σ

)2

â ñèëó îöåíîê (12), (14). Âûáåðåì N ′m ñòîëü áîëüøèì, ÷òîáû âûïîë-
íÿëèñü íåðàâåíñòâà

T (±Y εm + ψm) + ε(±Y εm + ψm)ηη 6 ±Fm −N ′m(1− η)σγm < 0

ïðè η0 6 η < 1. Ýòî âîçìîæíî, òàê êàê â ñèëó ïðåäïîëîæåíèÿ èíäóê-
öèè ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà äëÿ FM :

|Fm| 6 dm(1− η)σ, dm = const > 0.

Ïðè N ′m äîñòàòî÷íî áîëüøîì, ïîëó÷èì

(±Y εm + ψm)
∣∣∣
η=η0

> (−Em +N ′m(1− η)σ)
∣∣∣
η=η0

> 0.

Ïîñêîëüêó (±Y εm + ψm)
∣∣∣
η=1

= 0, â ñèëó ïðèíöèïà ìàêñèìóìà

±Y εm + ψm > 0 ïðè η0 6 η 6 1.

Èç îöåíîê

|Y εm| 6 Em ïðè 0 6 η 6 1, |Y εm| 6 N ′m(1− η)σ ïðè η0 6 η 6 1

âûòåêàåò ñóùåñòâîâàíèå ïîñòîÿííîé Nm òàêîé, ÷òî |Y εm| 6 Nm(1−η)σ.
Ïðîèçâîäíûå Y εmη, Y

ε
mηη, Y

ε
mηηη íà îòðåçêå 0 6 η < 1−δ, δ=const>0,

ìîæíî îöåíèòü ðàâíîìåðíî ïî ε , èñïîëüçóÿ óðàâíåíèÿ (42) äëÿ Y εm è
ãðàíè÷íûå óñëîâèÿ (43). Èç ýòèõ îöåíîê ñëåäóåò êîìïàêòíîñòü ñåìåé-
ñòâà ôóíêöèé Y εmη, Y

ε
mηη íà îòðåçêå 0 6 η 6 1 − δ(çäåñü ε � ïàðàìåòð

ñåìåéñòâà, 0 < ε 6 1), à òàêæå ðàâíîìåðíàÿ ñõîäèìîñòü Y εm íà îòðåçêå
[0, 1] ïðè ε→ 0 ïî íåêîòîðîé ïîäïîñëåäîâàòåëüíîñòè.

Îöåíèì òåïåðü ïðîèçâîäíûå Ymη. Äëÿ zm = Ymη èìååì óðàâíåíèå

S(zm) ≡ νY 2
0 zmη+(η2−1)azm+(η−1)B2

0zm = Fm+2aηYm−2νY0Y0ηηYm.
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Èç îöåíîê −Nm(1 − η)σ 6 Ym 6 Nm(1 − η)σ ñëåäóåò ñóùåñòâîâàíèå
ïîñëåäîâàòåëüíîñòåé η+

n è η−n òàêèõ, ÷òî η+
n → 1, η−n → 1 ïðè n→∞ è

zm

∣∣∣
η=η+n

>
(
Nm(1−η)σ

)
η

∣∣∣
η=η+n

, zm

∣∣∣
η=η−n

>−
(
Nm(1−η)σ

)
η

∣∣∣
η=η−n

. (77)

Ðàññìîòðèì ôóíêöèè c′m(σ+1)±zm. Ëåãêî âèäåòü, ÷òî ïðè 0 6 η < 1
è äîñòàòî÷íî áîëüøîì c′m èìååì

S(c′m(σ + 1)± zm) = c′m

[
νY 2

0

1

2σ(1− η)
+ a(η2 − 1)(σ + 1)

]
±(Fm + 2aηYm − 2νY0Y0ηηYm)

6 −c′maη(1− η)σ − c′m(1− η2)a+ |Fm + 2aνYm − 2νY0YmηηYm| < 0.

Èç ðàâåíñòâà (77) ñëåäóåò, ÷òî

(c′m(σ + 1)± zm)
∣∣∣
η=η±n

> 0,

åñëè c′m äîñòàòî÷íî âåëèêî.
Èç ýòîãî íåðàâåíñòâà è óñëîâèÿ Sm(c′m(σ+1)±zm) < 0 ëåãêî ñëåäóåò,

÷òî

c′m(σ + 1)± zm > 0 è |zm| 6 cmσ ïðè 0 6 η < 1.

Ñîãëàñíî óðàâíåíèÿì (42) èìååì

|νY0Ymηη| 6 |2νY0ηηYm|+
∣∣∣(η2 − 1)

aYmη
Y0

∣∣∣+
∣∣∣2aνYm

Y0

∣∣∣+
∣∣∣Fm
Y0

∣∣∣
+
∣∣∣ (η − 1)B2

0Ymη
Y0

∣∣∣.
Èç îöåíîê (11)�(14) äëÿ Y0 è íåðàâåíñòâ (44), ñïðàâåäëèâûõ ïî ïðåä-

ïîëîæåíèÿ èíäóêöèè äëÿ Yl ïðè l 6 m−1 âûòåêàåò, ÷òî |Y0Ymηη| 6 Rm.
Ëåììà äîêàçàíà. �

Äîêàçàòåëüñòâî ëåììû 5.2. Ââåäåì îáîçíà÷åíèÿ

W =

q∑
m=0

ξmYm, W1 = We−C19ξ
q+1

.

Ïðåäïîëîæèì X ñòîëü ìàëûì, ÷òî ïðè 0 6 ξ 6 X âûïîëíåíû íåðà-
âåíñòâà

C20(1− η)σ 6W 6 C21(1− η)σ ïðè 0 6 η 6 1,

−C22σ 6Wη 6 −C23σ, WWηη 6 −C24,
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σ =
√
− lnµ(1− η), µ = const, 0 < µ < 1. Ïðè äîñòàòî÷íî áîëüøîì

C19 è äîñòàòî÷íî ìàëîì X èìååì

L(W1) > 0, l(W1) > 0, ïðè 0 6 ξ 6 X.

Â òåîðåìå 3.1 äîêàçàíî, ÷òî ðåøåíèå w(ξ, η) çàäà÷è (4), (5) íåîòðèöà-
òåëüíî â Ω, îáëàäàåò íåïðåðûâíûìè ïðîèçâîäíûìè wη, wηη, wξ â Ω;
êðîìå òîãî, w ïîëîæèòåëüíî ïðè η = 0 è ïðîèçâîäíàÿ wη íåïðåðûâíà
ïî η ïðè η = 0. Íåòðóäíî óñòàíîâèòü, ÷òî ôóíêöèÿ W1 òàêæå îáëà-
äàåò òàêèìè ñâîéñòâàìè. Ïîýòîìó èç ïîëó÷åííûõ âûøå íåðàâåíñòâ ïî
ïðèçíàêó ìàêñèìóìà (ñì. [4, �2.1]) ñëåäóåò, ÷òî w > W1. Àíàëîãè÷íî

óñòàíàâëèâàåòñÿ, ÷òî w 6WeC25ξ
q+1

. Ëåììà äîêàçàíà. �

Áëàãîäàðíîñòè

Àâòîðû áëàãîäàðÿò ðåöåíçåíòîâ çà ïîëåçíûå çàìå÷àíèÿ, êîòîðûå
ïîçâîëèëè óëó÷øèòü èçëîæåíèå ðåçóëüòàòîâ. Âûðàæàåì òàêæå áëàãî-
äàðíîñòü À. È. Íàçàðîâó çà âíèìàòåëüíîå ïðî÷òåíèå ðàáîòû è ñîâåòû
ïî å¼ óëó÷øåíèþ.
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In the paper it considers the boundary layer of a rheologically complex
magnetohydrodynamic medium obeying the law of O. A. Ladyzhenskaya.
Using the Crocco change of variables, the original problem is reduced to
a problem for one nonlinear equation, for which the theorem of existence
and uniqueness of the solution is proved. After that, the validity of similar
theorems for the original problem is shown. Then, asymptotics of solutions
of the original problem in the neighborhood of the initial point are cons-
tructed.
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