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INVERSE PROBLEM FOR SEMI-INFINITE JACOBI
MATRICES AND ASSOCIATED HILBERT SPACES OF
ANALYTIC FUNCTIONS

ABsTrRACT. We consider the dynamic problems for the discrete sys-
tems with discrete time associated with finite and semi-infinite Ja-
cobi matrices. The result of the paper is a procedure of association
of special Hilbert spaces of functions, namely de Branges space,
playing an important role in the inverse spectral theory, with these
systems. We point out the relationships with the classical moment
problems theory and compare properties of classical Hankel matri-
ces associated with moment problems with properties of matrices of
connecting operators associated with dynamical systems.

Dedicated to the anniversary of Nina Nikolaevna Uraltseva

§1. INTRODUCTION

For a given sequence of positive numbers {ag, aq,...} (in what follows
we assume ag = 1) and real numbers {by,bs,...}, we denote by A the
semi-infinite Jacobi matrix
b1 a1 O O O
aq b2 as 0 0

4= 0 a9 bg as 0

(1)

For N € N, by AY we denote the N x N Jacobi matrix which is a block
of (1) consisting of the intersection of first N columns with first N rows
of A. We consider the dynamical system corresponding to a semi-infinite
Jacobi matrix:

Up t+1 +un,t71 —ApUn41,t —An—-1Un—1.t _bnun,t: 07 t> 07 nz 1;
Un, 1 =Upo=0, n>1 (2)
Uo,t = Jt, t 2 07

Key words and phrases: Hamburger moment problem, Stieltjes moment prob-

lem, Hausdorff moment problem, Boundary control method, Krein equations, Jacobi
matrices.
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where ¢ = (g0,91,.-.) is a boundary control, g; € C, i = 0,1,2,..., the
solution to (2) is denoted by u9.

De Branges spaces [8,9,17] play an important role in the inverse spec-
tral theory. In [10,11] the authors show how to associate finite-dimensional
de Branges spaces with the dynamical systems of the form (2). Note that
our approach differs from the classical one and potentially admits the gen-
eralization to the multidimensional systems [15]. The algorithm proposed
in [10,11] is as follows: fixing some finite time ¢ = T one introduces the
reachable set of the dynamical system at this time:

Ut = {u!rlge Fr}.

Then one needs to apply the Fourier transform associated with the oper-
ator corresponding to the matrix A to elements from U” and get a linear
manifold FUT. Then this linear manifold is equipped with the norm de-
fined by the connecting operator CT associated with the system (2), which
resulted in the finite-dimensional de Branges space associated with AT.

Thus for the system (2), due to the finiteness of the speed of wave prop-
agation, the described procedure leads to the finite dimensional Hilbert
space of analytic functions associated with AT (not with the whole ma-
trix A!). The natural question then is to try to associate some infinite-
dimensional functional spaces with the dynamical system (2) with semi-
infinite matrix, taking T — oo.

For a given sequence of moments sg, s1, So, . . . a solution of a Hamburger
moment problem [1,18] is a Borel measure dp(A) on R such that

o0

sk:/)\kdp(/\), k=0,1,2,.... (3)

— 0o

If in a Hamburger moment problem an additional constraint suppdp C
[0,400) or suppdp C [0,1] is imposed on the measure, then such a prob-
lem is called Stieltjes moment problem or Hausdorff moment problem. The
set of solutions of Hamburger moment problem is denoted by Mpg. The
moment problem (moment sequence sg, s1,...) is called determinate if a
solution exists and is unique, if a solution is not unique, it is called indeter-
minate, the same notations are used in respect to corresponding measures.
The relationships of classical moments problems and dynamic inverse prob-
lem for the system (2) are described in [13,14].
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The following semi-infinite Hankel matrix is associated with the moment
problem (see [1])

S0 S1 S22 83
S1 S92 S3 fee e

S = S92 S3 I I (4)
s3

The N x N block of this matrix is denoted by Sy .

The connecting operator CT associated with the system (2) (for fixed
time ¢ = T') plays a central role in the Boundary Control method [3,4], an
approach to inverse dynamic problems. In [13,14] the authors shown the
simple relationship between C” and S7. As CT was used in the procedure
of the construction of finite-dimensional spaces, the natural question then
is to study properties of “semi-infinite” connecting operator C' in a way the
semi-infinite Hankel matrix S was studied in [5,7,20,21].

In the second section we provide all the necessary information on de
Branges spaces. In the third section we list the results for the finite and
semi-infinite operators Sy, S according to [5,7,20,21]. In the forth section
we briefly outline the results for the dynamical system (2) and for dynam-
ical system associated with AY according to [12]. In the fifth section we
describe the procedure of the de Branges spaces construction in the finite
dimensional case according to [10,11]. After that in the last section we
introduce the semi-infinite matrix C' and compare its properties with ones
of the “moment problem” counterpart Hankel matrix S. All these give us
the possibility to introduce the infinite-dimensional de Branges spaces in
the limit circle (indeterminate) case for the system (2) .

§2. DE BRANGES SPACES.

Here we provide the information on de Branges spaces in accordance
with [16,17]. The entire function E : C — C is called a Hermite—Biehler
function if |[E(2)| > |E(Z)| for z € C,. We use the notation F#(z) = F(z).
The Hardy space Ho is defined by: f € Hs if f is holomorphic in C* and

oo
sup [ |f(z +iy)|?dz < co. Then the de Branges space B(E) consists of

y>0—o0o
entire functions such that:

. F F#
B(E):=4F:Cr~ C, F entire, E,fEHQ .
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The space B(E) with the scalar product

dX

1 e
[F,GlpE) = FR/F()\)G(/\)E(A)Q

is a Hilbert space. For any z € C the reproducing kernel is introduced by
the relation [8, Theorem 19, p. 50].

J2(8) = 2i(z — &) o
Then ) dA
F(2) = ., Flpm) = ;/‘W)FWW'

We observe that a Hermite-Biehler function E()) defines J, by (5). The
converse is also true [8, Theorem 22, p. 55].

Theorem 1. Let X be a Hilbert space of entire functions with reproducing
kernel such that

1) if f € X then f# € X and ||f||x = [ /#]x, 3
2) if f € X and w € C such that f(w) = 0, then 2= f(z) € X and

=/
then X is a de Branges space based on the function
E(z) = V(1 —iz2) Ji(2)l il X

where J, is a reproducing kernel.

= Ifllx
X

§3. CLASSICAL MOMENT PROBLEMS, HANKEL MATRICES,
MINIMAL EIGENVALUES AND CLOSABILITY. ASSOCIATED
HILBERT SPACE OF ANALYTIC FUNCTIONS.

With the semi-infinite matrix A we associate the symmetric operator A
(we keep the same notation) in the space I, defined on finite sequences:

D={x=0n,5,..)]3INEN: 3,=0,n> N}, (6)
and given by the rule
(Af)1 = b161 + 162,
(A0)y, = anbni1 + an—10n—1 + bpbpn, n>2.
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By [+, -] we denote the scalar product in ls. For a given sequence 3 =
(51, 522, . ..) we define a new sequence

(G)y = bysey + ay 503,

(G%)n = Uppt1 + Gno1%p—1 + bpit,, n =2,
The adjoint operator A*s = Gs¢ is defined on the domain
D (A*) = {5 = (501, 50,...) €la | (Gx) € I3} .

In the limit point case (i.e when A has deficiency indices (0,0)), A is es-
sentially self-adjoint. In the limit circle case, i.e. when A has deficiency
indices (1,1), we denote by p(A) = (pi1(A),p2(A),...) and by ¢q(A) =
(g1(X),g2(A),...) two solutions of the difference equation (we set here
a():l)t

AnPnt1 + On—1Pn—1 +bpdn = Ay, n =1, (7>
satisfying Cauchy data py(\) = 1, po(\) = 222 ¢;(\) = 0, @2(\) = =2

Thus p, (), g.(\) are polynomials of orders n1 — 1 and n — 2. Then [lb,
Lemma 6.22]

D (A*) = D(A)+Cp(0)+Cq(0),

where + denotes the direct sum and A is a closure of A. All self-adjoint
extensions of A are parameterized by h € RU {oo}, are denoted by A, 1
and are defined on the domain

D(A)+C(q(0) + hp(0)), heR

D{doen) = {D(A)—i—(Cp(O), h = .

All the details the reader can find in [18,19]. We introduce the measure

dpoo, n(N) = [dE;‘“”‘el,el}7 where e; = (1,0,...) and dE;l‘”’h is the

projection-valued spectral measure of A 5 such that Effo’h = E;\q‘”’ "

Let {so,s1.82,...} be a moment sequence, dp € My be a solution to
moment problem (3), S, Sy be Hankel matrices (4). The well-known fact
on the solvability of the moments problem [1,18,19] is given in terms of
positivity of these matrices.

Theorem 2. The moment problem (3) has a solution if and only if the
following condition holds:

Sy >0, N=1,23,...
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Note that in this case the matrix A is determined by the moments in a
one-to-one manner.

In [5-7,20,21] the authors studied properties of matrix Sy and corre-
sponding semi-infinite matrix S. Below we list the number of important
results obtained by them. Having fixed N, we denote by Ay the smallest
eigenvalue of Sy:

An = min{lg | I is eigenvalue of Sy, k=1,...,N}.
The following theorem was proved in [5].

Theorem 3. The moment problem associated with the sequence {sy} is
determined (the matriz A is in the limit point case) if and only if

li .
Ngnoo )\N =0

In the limit circle case

s (169 2) " o= (Eper)

The Hankel matrix S give rise to the formally defined operator @ in ls:

-1

(Qf)n = Z Sntmfm, f € la.

m=0

Then without any a priory assumptions on the sequence {si}, only the
quadratic form of this operator

Sif, f1= Z Sm+nf7mfn (8)

m,n=0

is well-defined on D. We always assume the positivity condition (cf. The-
orem 2)

Z Sernfimfn}Ov fED
m,n>0

The following result is obtained in [7].

Theorem 4. If operator A in the limit circle case then operator S defined
via quadratic form (8) is closable.

There exist operator A in the limit point case such that operator S
defined via quadratic form (8) is closable.
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The solutions of the indeterminate moment problem form an infinite
convex set My of measures M with unbounded support, for which moment
identities (3) hold. In this set there exist extremal measures M € My such
that the set of polynomials C[)] is dense in Ly(R, M ). These measures
correspond to Neumann extension A j of operator A were described in
the beginning of Section 3, we denoted them dp. p, these measures are
discrete and are of the form

M = cha)\k()\).
k

Then the result of Stieltjes says that if one mass is removed, then the new
measure

M1 =M — 015)\1 ()\)
is determinate. The existence of examples of the closability of S in the
determinate situation follows from this theorem.

In the indeterminate case the orthonormal with respect to measure M
polynomials form an orthonormal basis in Ls (R, M) if M is extremal. If M
is not extremal then they are basis in C[A] where the closure is assumed
in Ly(R, M). In both cases C[)\] is isomorphic to the space £ of entire
functions of the form

o0
u(z) = ngpk(z), g €1? pg are orthonormal w.r.t. measure M.
k=1

Note (see [19, Sec. 7]) that the reproducing kernel in this space has a form

TN =Y pa(2)pa(N) (9)

and the right hand side converges uniformly on compact subsets of C to
holomorphic function on C2. For this kernel one has

/IﬁMﬂMmasz@, (10)

for all polynomials f(z).

In the determinate (limit point) case C[A] is dense in Lo(R, M), but
since the quantity (9) diverges, and as a consequence, the reproducing
kernel is absent, there are no results on the equivalence of C[\] to some
space of analytic functions.
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§4. DYNAMICAL SYSTEM WITH DISCRETE TIME ASSOCIATED
WITH FINITE AND SEMI-INFINITE JACOBI MATRICES.

Proofs of statements of this section can be found in [12,13].

We consider the dynamical system with discrete time associated with
the matrix AN:

Un,t+1 +Un7t—1 —0npUn41,t —0n—1Un—1,t _bnvmt = 07 t 2 07 1 < n < Na
Un,—1 = Un,0 = 0, 1I<n< N +1,
vor = ft, Un414=0, t=>0,

(11)
where f = (fo, f1,...) is a boundary control, f; € C,i =0,1,2,.... The
solution to (11) is denoted by v/.

The operator corresponding to a finite Jacobi matrix we also denote by
AN RN — RN it is given by

(A)1 = bir + a1th2, n=1,
(Aw)n = anwn-i-l + an—lwn—l + bn¢n7 2 g n < N — la
(AY)n = an—1¥N-1 +bnYN, n=N,

Denote by {\;}4_, roots of the equation py1(A) = 0, it is known [1]
that they are real and distinct. We introduce the vectors ¢™ € RY by the
rule ¢F :=p;(A\n), n,i =1,..., N, and define the numbers p; by

(¢k7¢l):5klpk’ k’lzla"'aNa
where (-, -) is a scalar product in R, and &y, is a Kronecker symbol.

Definition 1. The set of pairs
{A]m Pk}szl

is called spectral data of the operator AN .

The spectral function of operator A% is introduced by the rule
1
pn(A) = Z —.
(k| aeeny P

The results of [2, Sections 4.5, 5.5] imply that in the limit circle case
dpn — dpoo,n *—weakly as N — oo, where

h =— lim qn(O).
n—00 Py, (O)

(12)
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The outer space of dynamical systems (11), (2) is FZ := CT, FT >

g.f = (fo, fi. ..., fr—1) with the inner product (f,g)rr = _1._y figi.
The input — output correspondences in systems (11), (2) are realized

by response operators: RY, RT : FT s CT defined by rules
t
(Rﬁf)t = /U{J = (TN * f'—l)t = Zrévft—l—37 t= 17' e aTy

(RTf) —ult—r*f Zréftlé, t=1,...,T,
where ¥ = (r)' e e ) r = (ro,r1,...,77_1) are response vectors,
convolution kernels of response operators.
Let Tr(2X) be Chebyshev polynomials of the second kind, i.e. they sat-
isfy
Tev1(A) + Ti—1(A) = ATe(A) =0
To(A) =0, Ti(A) =

Proposition 1. The solution v/ to system (11) and the response vector
N admit representations

3

7f Xil TN fe—kdn(N) dpV(N), teN,n=1,...N, (13)
W= [ TN (), teN. (14)

Remark 1. The solution uf and response vector r corresponding to sys-
tem (2) with semi-infinite Jacobi matrix A admit representations (13), (14)
with dp substituted by any dp(\) € My and n € N.

The inner space of dynamical system (11) is HY = CN, h € HN,
h = (hi,...,hN), hym € HYN, (h,m)y~ = Zivzlﬁmk, v,’jT € HY for
all T € N. For the system (11) the control operator Wi :+ FT s HYN is
defined by the rule

WNf = (”1 T,...,v]]i,’T).
The set
Ut = WEF ={(vf o olr) | £ € FT
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is called reachable. For the system (2) the control operator W7 : FT' s HT
is introduced by

Te._ (,] f
W f .= (ul,T7...,uT,T).

This operator admits the representation W7 = Wy .Jp:

ap Wi w12 L. wW1T—1 0 0 O 1
0 apax w3 2 co. Wa -1 0 0 0 0
Wr=l¢ . [iia, - wira 1= 1 0 0
0 0 0 U | 1 0 0 0 0

(15)

Everywhere below we substantially use the finiteness of the speed of
wave propagation in systems (11), (2), which implies the following remark.

Remark 2. Solution v/ to system (2) and solution uf to system (11)
satisfy

ufl,t zv,{,t, n<t< N

VVN:VVJJ\,V7 re=7rY, t=0,...,2N — 1.

The connecting operator for the system (11) C% : FT s FT is defined
via the quadratic form: for arbitrary f,g € F1 we set

(CRt9) o i= (WL WEG) = (002 -

For the system (2) the connecting operator C7 : FT' + FT is introduced
by the rule:

(CT1.9) o i= WL W) = (Wl guds) o (16)

In [11,12] the following formulas were obtained.

Proposition 2. The matriz of the connecting operator C% for systems
(11) and the matriz of the connecting operator CT for system (2) admit
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spectral representations
{Clq\;}l-i-l,m-i-l = / Tr-1(N)Tr—m(N) de(/\)> lLLm=0,....,T -1,
{CT Y41, me1 = / Tr-1(N)Tr-m(N) dp(A), 1,m=0,....,T -1,

in the last equality we can take any dp(\) € Mpy. The following dynamic
representation valid if T < N :

T—max {i,j}
T _ T T —

CH=Cy, {CT}i= X Tisjion
ro+re+...+ror—2 - ce re+rr_o Tr—1
ri+r3+...+ror—3 - ce rr_1+7r7-3 TT_2

oT . . . . . 17
rr—3+rr—1+rr41 - Tot+retrs r1+73 T2 ( )
rr+r7r_2 : ri+rs ro+T2 1
TT—1 : T2 1 To

We introduce matrices Cp := JpCT Jp thus this matrix keeps the struc-
ture of CT but “is filled” from the upper left corner. Then we have

Cr = (Wg)" Wr.

§5. DE BRANGES SPACES FOR FINITE JACOBI MATRICES

By dp we denote the spectral measure of A in the limit point case or
dpoo,n, with h defined in (12) in the limit circle case. According to [2] this
measure give rise to the Fourier transform F : [? — Lo(R, dp), defined by
the rule:

(Fa)(\) = Zakpk()\), a = (ag,ai,...) €12
n=0
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where pg () is a solution to (7) satisfying Cauchy data p;(\) = 1, pa(N\) =
)‘;—f’l. The inverse transform and Parseval identity have forms:

(oo}

%:/@mwmm@ux

o0

> aite = [ FOIE ) do() (19
k=0

— 00

We assume that T is fixed and f € FZ. Then for such control and for
A € C we have the following representation [11] for the Fourier transform
of the solution to (2) at t = T

T
(Pulz) ) =3 TV frss AeEC,
k=1

Now we introduce the linear manifold of Fourier images of states of dy-
namical system (2) at time ¢ = T, i.e., the Fourier image of the reachable
set:

T
Bﬁ;:FuTz{(Fu{;f) N | JTfe]-'T}: {Z TN fx | fe]—'T} . (19)
k=1

Note that BY = C7_;[\]. It would be preferable for us to use Cr instead of
CT | although that leads to changing of some formulas comparing to [11,14].
We equip B£ with the scalar product defined by the rule:

[FaG]BE = (Cvag)]:tv FngB;l;a (20)

T T
FO) =Y TeWfr, GO = Te(Ngx, frg€ F.
k=1 k=1
Evaluating (20) making use of (18) yields:

(F, Gl = (Crf.g)r = (CTIrf. Jrg) pr = (w5 0l3?).

)

_ / Ful3 )N (Fu?3) () dpoe, n(A) = / FOVGO) dpse n(V). (21)

Where the last equality is due to the finite speed of wave propagation in
(2), (11). In [12] the authors proved the following theorem.
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Theorem 5. The vector (rg,r1,72,...,TaN—2) is a Tesponse vector for the
dynamical system (11) if and only if the matriz of connecting operator C™V
defined by (16), (17) with T = N s positive definite.

This theorem shows that (21) is a scalar product in BY. But we can say
even more [11].

Theorem 6. By dynamical system with discrete time (2) one can construct
the de Branges space by (19) As a set of functions it coincides with the
space of Fourier images of states of dynamical system (2) at timet =T
(or what is the same, states of (11) with N =T at the same time), i.e. the
Fourier image of a reachable set, and is the set of polynomials with real
coefficients of the order less or equal to T — 1. The norm in BY is defined
via the connecting operator:

[F’ G]BZ = (Cvag)]:T 5 F,G S B?;,

where

T

T
FO) =Y e fr, GO =Y TeNgx, frg€ F".
k=1

k=1

The reproducing kernel has a form

!

JEON) =D TN i)k,

k=1
where j% is a solution to Krein-type equation
Crjr = (22)
Tr(2)

Note [10,12] that control Jrj% drives the system (2) to the special state
att="1T:

(Whirji), = (Wi drjp), =piz), i=1,....T.
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Thus the reproducing kernel in B% is given by

T
TEN) =D TN Gk = (Crits 57) g = (WiWrid, 57) o
k=1

T
= (Wrids Wrji) e = D pn(2)Pa(N).
n=1

Remark 3. Due to the finite speed of wave propagation in (2), (11) (cf.
Remark 2) we can use the system (11) with N = T and use operator C-
and the measure dpr(A) in formulas for the scalar product (21).

5.1. Remark on canonical systems and Jacobi matrices. Let 2 x 2
matrix function 0 < H = H* € Ly 0.([0,L); R**?) be a Hamiltonian,

define the matrix J = ( 1 é) and the vector Y = Gjl) be solution
- 2
to the following Cauchy problem:
—J4Y = \HY,
J dx A ’ (23)
Y (0) =C,

for C € R2, C'#0. Without loss of generality we assume that tr H(z)=1.
Then the function E,(A) = Y1(z, A) +iYa(z, A) is a Hermite-Biehler func-
tion (Er()\) makes sense if L < 00), it is called de Branges function of
the system (23) since one can construct de Branges space based on this
function. On the other hand, E, serves as an inverse spectral data for the
canonical system (23). The main result of the theory [8,17] says that every
Hermite-Biehler function satisfying some additional conditions comes from
some canonical system.

Remark 4. The Jacobi matrices are particular examples of canonical
system (23). The Hamiltonian H(x) defined on the interval (0, L) related
to the matrix A is piecewise constant and has a special structure [17].
Moreover, the Jacobi matrix A is in the limit circle case if and only if
L < 4o0.

This remark leads to the following question: is it possible to introduce
the de Branges spaces by the method from Section 5 for semi-infinite Jacobi
matrices without passing to canonical systems? If the answer is “yes” then
this method should “feel” the difference between limit point and limit circle
cases for Jacobi operator A, and the norm in the space can be expressed
in the dynamic terms as in finite-dimensional situation.
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§6. PROPERTIES OF CONNECTING OPERATOR AND HILBERT
SPACES OF FUNCTIONS ASSOCIATED WITH SEMI-INFINITE
JACOBI MATRICES.

6.1. Operator C. We consider the matrix C formally defined by the
product of two matrices: C' = (W)* W (cf. (15), (16)), where

ap Wi wi,2
0 apaq w2 2
W= -
0 ‘e Hj:l a;
0 0 0
and
To 1 T2 .
71 ro+mre T1+T3 ... ... max {i,j}—1
C=|re rm+rs : ol G = YD e

k=0

In our approach to de Branges spaces the finite matrices Cr plays an
important role since they are used in the scalar product (20). We suggest
that matrix C' should play the same role in semi-infinite case.

The matrix Cr is connected with the classical Hankel matrix St by the
following rule:

Cr = ArSt (Ar)™.
Proposition 3. The entries of the matriz Ar € RT*T are given by
0 ifi <j,
Ar ={w;;} =10 ifi+ 7 is odd,

; i .
D’ (-1)= %7  otherwise
=t

where DF are binomial coefficients. The entries of the response vector are
related to moments by the rule:

1 To S0
T1 ()\) A 1 S1
. = AT y = AT (24)
TT(A) A.T.;l 7‘.T.—.1 ST-1
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We rewrite the Krein equation (22) in terms of St: taking into account
(24) we get that

1

. A
StALip =

And introducing the vector f3 := A%j we come to the equivalent form
of (22):
1

A
St fp =

(25)
Therefore the reproducing kernel in B% is represented by

1 T-1
TN =(Crig i) g = | | - | AR | =D S\
AT-1 n=0
].'T
Krein equations in the form (22) and in the form (25) demonstrate the
importance of the knowledge of the invertability properties of operators
St and Cr when T goes to infinity. The Theorem 3 answers this question
for S, below we answer the same question for C.
We introduce the notation:

B = min{'yk | v is an eigenvalue of Cp, k =1,... ,T}.
Then we can formulate the “dynamic” analog of Theorem 3.

Theorem 7. If the moment problem associated with sequence {si} is in-
determinate (the matriz A is in the limit circle case) then
-1

1
. _ dx _ >
Jim > /1z ] BRRRCEDUC Y

Proof. We use the variational principal which says that

BT = min{(CTf7f)]:T | ||f||2 = 1}

Passing to reciprocal gives

o = max{I£IP ] (Cr . f)pr =1}, @7



172 A. MIKHAYLOV, V. MIKHAYLOV

Take functions F,G € BY, then

T T
FO) =Y fiTe(V), GO =Y gTe(N)
k=1 k=1

for some f,g € FT. Since Ty()\) are Chebyshev polynomials of the second
kind, they are orthogonal with respect to the measure

_ X1y

dv(\) i

dA,

then

T 1
s 2 9 dA
1717 =3 1 __/1|m>| e

(Crf.g)rr = / FONG(N ) dp(n),  dpA € My
R

Let us take another representation of F(A):

T
FO) =Y capr(N).
k=1
Then for such F' we have that

T
/ FO)2dp(N) = (Cof, Nrr = Jel?
R k=1

Thus we can rewrite (27) as:

1 g a d\ a
— = max cipi (A c»~)\7‘ alP=1%. 28

1
Introducing the notation k;; := [ p;(\)p;j(\) L=, we rewrite (28) as
j 2[1 I\ A

T T
1
5 = max D kijgici | Y el =17 (29)
T k=1

4,j=1
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Define the matrix K := {kU}z =10 being a Gram matrix, K is positive.
The latter implies that the right hand side of (29) is monotonically increas-
ing, and consequently, Sr is monotonically decreasing as T' — oo, which
guarantees the existence of the limit in (26). Then we proceed with the

estimate:

1 2 4\ 1
Br S \/1—>\2 h s VI—AZ
The latter inequality ylelds the statement of the theorem. O

Remark 5. We note that the characterization limit point/limit circle in
terms of S as in the Theorem 3 does not hold. The simple example of
free Jacobi operator, i.e. when a = 1, by = 0, k = 1,2, ... confirms this.
In this case it is not hard to see that C'r = I is an identity operator and
consequntly, 87 = 1 for any N.

We introduce the notation:
vr = max{~y |yx is an eigenvalue of Cp, k=1,...,T}.

Lemma 1. If there exist such a constant M € R that v < M for all
T =1,2,..., then operator A is in the limit point case (the moment problem
associated with the sequence {sy} is determined).

Proof. The condition of the statement implies that the spectrum of C’;l
is contained in [ﬁ, +00). Then we can estimate the quadratic form

((57) ) ((€r)* Arg Arg) > 32 (Ar€ A7), €€ FT. (30)
Choosing £ = e; = (1,0,...,0) we observe that due to (24) we have that
1 T3(0)
A0 = RO (31)
0 Tr(0)
Since it is known that
Top-1(0) = (=1)"7Y,  T1,(0) = 0, (32)
using (30), (31), (32), we come to the estimate
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The latter inequality means that the maximal eigenvalue of S, ! tends to
infinity when T goes to infinity, which in turn implies that the minimal
eigenvalue of St tends to zero when T goes to infinity. That yields the
limit point case due to Theorem 3. O

The matrix C = {¢pm}, . _o give rise to the (formally defined) operator
Cin lg:

(Cf)n = Z Cnmfma f S l2-

m=0

Then without any a’priory assumptions on c¢,,,, only the quadratic form
C[fa f] = Z Cnmfimfn
m,n>0

is well-defined on the domain D (6).
We always assume the positivity condition

Z Cnmfimfn>0; feb,

m,n=0

which guarantees [14] the existence Jacobi matrix A and the (not necessar-
ily uniquely defined) measure M € M g which solves the moment problem
(3). The following result is valid.

Theorem 8. The quadratic form C|, | is closable in ls if one of the fol-
lowing occurs:

o a) If the Jacobi operator A is in the limit circle case (the moment
problem associated with sequence {s;} is indetermined)

e b) If operator A is bounded, i.e., for all k =1,2,..., |ag|,|bx] < ¢
for some ¢ € Ry and its spectral measure is absolutely continuous
with respect to Lebesgue measure.

Proof. Consider the operator B : [? — Lo(R, M), M € My, acting by
the rule

Bf =) fxTe(N),
k

with the domain D. In view of (20) the relationship between B and C1,]
is of the form

Clf. 1= 1BfI2, @), f€D.

By definition, the form C[, | is closable in I if and only if the operator B
is closable.
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We need to show that for the sequence D 3 f(® — 0 in I, such that
and Bf("™) — F in Ly(R, M) we necessarily have that F' = 0.

In the limit circle case we use the existence of the holomorphic kernel
(9), which gives that the limit function is analytic: F € £. Indeed the
sequence f* € D,so £ > Bf"™) — Fin Ly(R, M) then (see the end of the
Section 3) F' € £. Alternatively, to get the same result, we can pass to the
limit in (10). Since £ — 0 in Iy, we have that corresponding

(n) _. pn) : 118 )

Bf Y — 0 in Lg(l,l,m .

The latter immediately yields F' =0 in Ly(—1,1;dp), so F =0 on (—1,1)
and thus being analytic in C, ' = 0 in C. This implies the closability of
the operator B and of the quadratic form CT, ].

In the case of bounded Jacobi matrix A we can assume that ||A] < 1
(otherwise considering the operator «A with appropriate «). In this case
we have that the solution of the moment problem is unique and denoted by
M. The support of theis measure is bounded: supp M C (—1,1). Repeating
the above arguments we get that for the limit function F', which is in this
case is not necessarily analytic, we also have that F' = 0 in Lo(—1,1;dp)
and thus F' = 0 almost everywhere on (—1,1). But then we immediately
obtain that F' = 0 in Ls(R, M) since the support of M C (—1,1) and
M is absolutely continuous with respect to dz. And thus C[, ] and B are
closable. O

Now we assume the sequence s, s1, ... is indeterminate (the matrix A
is in the limit circle case). By analogy with (19) we introduce the linear
manifold

BY = {mem | Clf, 1< oo}-
k=1

The scalar product in By is given by the rule

F.Glp == Clf.g] = / FOVGO M, M e My,

— 00

F,GeBY, FON) =Y [T, GO = gTu().
k=1 k=1
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The reproducing kernel is given by (9):

TN =D pa(z)pa(N).

The conditions of Theorem 1 verifying B is a de Branges space are triv-
ially checked.
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