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�1. Ââåäåíèå

Â êâàíòîâîé òåîðèè [1, 2] ïîëÿ ïðè ïåðòóðáàòèâíîì ïîäõîäå çà÷à-
ñòóþ âîçíèêàþò ðàñõîäÿùèåñÿ èíòåãðàëû [3,4]. Äëÿ êîððåêòíîé ðàáî-
òû ñ òàêèìè îáúåêòàìè èñïîëüçóåòñÿ ðåãóëÿðèçàöèÿ. Â çàâèñèìîñòè
îò òèïà ðàññìàòðèâàåìîé ìîäåëè è æåëàåìîãî ðåçóëüòàòà ïðèìåíÿ-
þò ðàçëè÷íûå ñõåìû ðåãóëÿðèçàöèè. Íàïðèìåð, îäíèì èç ñàìûõ åñòå-
ñòâåííûõ ïîäõîäîâ ÿâëÿåòñÿ ðåãóëÿðèçàöèÿ îáðåçàíèåì, êîòîðàÿ îáû÷-
íî çàêëþ÷àåòñÿ â îáðåçàíèè èíòåãðàëà íà íèæíåì èëè âåðõíåì ïðåäåëå
èíòåãðèðîâàíèÿ.

Â äàííîé ñòàòüå èñïîëüçóåòñÿ ðåãóëÿðèçàöèÿ îáðåçàíèåì â èçëîæå-
íèè [5�12] äëÿ èçó÷åíèÿ òðåõïåòëåâûõ ñèíãóëÿðíîñòåé â òðåõìåðíîé
ñêàëÿðíîé òåîðèè ñ øåñòåðíûì âçàèìîäåéñòâèåì [13�18] ñ èñïîëüçî-
âàíèåì ìåòîäà ôîíîâîãî ïîëÿ. Â õîäå èññëåäîâàíèé âû÷èñëåíû êî-
ýôôèöèåíòû êîíñòàíò ïåðåíîðìèðîâêè, à òàêæå ïðîäåìîíñòðèðîâàíî
îòñóòñòâèå ñèíãóëÿðíûõ íåëîêàëüíûõ âêëàäîâ.

Ðàáîòà èìååò ñëåäóþùóþ ñòðóêòóðó. Â ðàçäåëå 2 ïðèâîäèòñÿ ïîñòà-
íîâêà çàäà÷è, îñíîâíûå îïðåäåëåíèÿ è óðàâíåíèÿ äëÿ êîýôôèöèåíòîâ
êîíñòàíò ïåðåíîðìèðîâêè. Â ñåêöèè 3 ôîðìóëèðóåòñÿ òåîðåìà ñ ðå-
çóëüòàòàìè, à òàêæå ïðèâîäÿòñÿ îñíîâíûå øàãè åå äîêàçàòåëüñòâà. Â
çàêëþ÷åíèè ñîäåðæàòñÿ íåêîòîðûå êîììåíòàðèè è ÷àñòíûå ñëó÷àè.

�2. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ñòàíäàðòíîå 3-ìåðíîå åâêëèäîâî ïðîñòðàíñòâî R3, ýëå-
ìåíòû êîòîðîãî áóäåì îáîçíà÷àòü ëàòèíñêèìè áóêâàìè x, y, z, à èõ

Êëþ÷åâûå ñëîâà: ïåðåíîðìèðîâêà, êîíñòàíòà ïåðåíîðìèðîâêè, ñêàëÿðíàÿ ìî-
äåëü, ðåãóëÿðèçàöèÿ îáðåçàíèåì, ôóíêöèÿ Ãðèíà, êâàíòîâîå äåéñòâèå, êâàíòîâîå
óðàâíåíèå äâèæåíèÿ, äèàãðàììà Ôåéíìàíà, òðè ïåòëè, ýôôåêòèâíîå äåéñòâèå, äå-
ôîðìàöèÿ, øåñòåðíîå âçàèìîäåéñòâèå.

Ðàáîòà ïîääåðæàíà Ìèíèñòåðñòâîì íàóêè è âûñøåãî îáðàçîâàíèÿ ÐÔ, ãðàíò
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îòäåëüíûå êîìïîíåíòû ïðè ïîìîùè ãðå÷åñêèõ èíäåêñîâ. Îïðåäåëèì
ñêàëÿðíîå âåùåñòâåííîå ïîëå φ(·) è êëàññè÷åñêîå äåéñòâèå S[ · ] äëÿ
ìîäåëè ñ øåñòåðíûì âçàèìîäåéñòâèåì â âèäå

S[φ] =

∫
R3

d3x

(
t1φ(x) +

1

2
φ(x)

(
A0(x) +m2

)
φ(x) +

6∑
k=3

tk
k!
φk(x)

)
, (1)

ãäå A0(x) = −∂xµ∂xµ � îïåðàòîð Ëàïëàñà, m2 � êâàäðàò ìàññîâîãî
ïàðàìåòðà, è tk � âåùåñòâåííûå êîíñòàíòû, îòâå÷àþùèå çà âçàèìîäåé-
ñòâèå. Ïîä ââåäåíèåì ðåãóëÿðèçàöèè áóäåì ïîíèìàòü ïðèáàâëåíèå ê
êëàññè÷åñêîìó äåéñòâèþ äîáàâêè âèäà

S[φ,Λ] =
1

2

∫
R3

d3xφ(x)
(
AΛ

0 (x)−A0(x)
)
φ(x),

ãäå AΛ
0 (x) � äåôîðìèðîâàííûé îïåðàòîð Ëàïëàñà, òàêîé ÷òî îòâå÷àþ-

ùàÿ åìó ôóíêöèÿ Ãðèíà RΛ
0 (·) ïîëó÷àåòñÿ ïåðåõîäîì

R0(x) =
1

4π|x|
→ RΛ

0 (x) =
Λ

4π
f
(
|x|2Λ2

)
+

1

4π

{
Λ, |x| 6 1/Λ;

|x|−1, |x| > 1/Λ.

Çäåñü Λ � ðàçìåðíûé ïàðàìåòð ðåãóëÿðèçàöèè, è f(·) � âñïîìîãàòåëü-
íàÿ ðåãóëÿðèçóþùàÿ ôóíêöèÿ èç C

(
[0,+∞),R

)
. Îíà îáëàäàåò ñëåäó-

þùèìè ñâîéñòâàìè

supp(f(·)) ⊂ [0, 1], A0(x)Λf(|x− y|2Λ2)
Λ→+∞−−−−−→ 0,

ãäå ïîñëåäíåå ñëåäóåò ïîíèìàòü â ñìûñëå îáîáùåííûõ ôóíêöèé íà
êëàññå Øâàðöà S(R3), ñì. [19].

Êàê èçâåñòíî, êâàíòîâîå äåéñòâèå äëÿ äàííîé òåîðèè ñîäåðæèò ðàñ-
õîäèìîñòè, êîòîðûå, èñïîëüçóÿ òåîðèþ ïåðåíîðìèðîâîê, ìîæíî óñòðà-
íèòü ïóòåì ïåðåîïðåäåëåíèÿ ïàðàìåòðîâ è ïîëÿ. Äëÿ èññëåäóåìîé ìî-
äåëè ïðîöåäóðà íîñèò ìóëüòèïëèêàòèâíûé õàðàêòåð [20] è èìååò ñëå-
äóþùèé âèä

ti → tiZi/Z
i/2
0 , m2 → m2Z2/Z0 , φ(·)→ φ(·)Z1/2

0 ,

ãäå

Zi = zi0 +

+∞∑
k=1

~kzik

äëÿ âñåõ i = 0, . . . , 6 ñ óñëîâèåì zi0 = 1. Ïðè òàêîé çàìåíå êëàñ-
ñè÷åñêîå ðåãóëÿðèçîâàííîå äåéñòâèå ïåðåõîäèò â ïåðåíîðìèðîâàííîå
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S[φ] + S[φ,Λ] → Sren[φ]. Ïîñëå ïðèìåíåíèÿ ìåòîäà ôîíîâîãî ïîëÿ

φ(·) → B(·) +
√
~φ(·), ïîäðîáíî èçëîæåííîãî â ðàáîòàõ [21�25], ðàç-

ëîæåíèå êâàíòîâîãî äåéñòâèÿ ïî êîíñòàíòå Ïëàíêà ìîæíî âûïèñàòü
ÿâíî. Îïðåäåëèì ðÿä âñïîìîãàòåëüíûõ ôóíêöèîíàëîâ

Γ3k[φ] =

∫
R3

d3x

(
t3z3k + t4z4kB(x) +

t5z5k

2
B2(x) +

t6z6k

3!
B3(x)

)
φ3(x),

Γ4k[φ] =

∫
R3

d3x

(
t4z4k + t5z5kB(x) +

t6z6k

2
B2(x)

)
φ4(x),

Γ5k[φ] =

∫
R3

d3x
(
t5z5k + t6z6kB(x)

)
φ5(x),

Γ6k[φ] =

∫
R3

d3x t6z6kφ
6(x),

Si[φ] =

∫
R3

d3xφi(x), S0[φ] =

∫
R3

d3xφi(x)AΛ
0 (x)φi(x),

Xi[φ] =

∫
R3

d3xφ(x)

(
AΛ

0 (x)z0i +m2z2i +

6∑
n=3

tnzni
(n− 2)!

Bn−2(x)

)
φ(x),

(
AΛ

0 (x) +m2 + v(x)
)
GΛ(x, y) = δ(x− y), (2)

ãäå ïîòåíöèàë, çàâèñÿùèé îò ôîíîâîãî ïîëÿ, èìååò âèä

v(x) = t3B(x) +
t4
2
B2(x) +

t5
3!
B3(x) +

t6
4!
B4(x).

Äëÿ íèõ ìîæíî ââåñòè ýëåìåíòû äèàãðàììíîé òåõíèêè, ñì. ðèñ. 1. Òî-
ãäà êâàíòîâîå ïåðåíîðìèðîâàííîå äåéñòâèåWren[B,Λ] ìîæíî çàïèñàòü
ñëåäóþùèì îáðàçîì

i

Ðèñ. 1. Ýëåìåíòû äèàãðàììíîé òåõíèêè GΛ è Γ30�Γ60

â ïåðâîé ñòðîêå, à òàêæåXi, Γ31 è Γ41 âî âòîðîé ñòðîêå.



276 Í. Â. ÕÀÐÓÊ

Wren[B,Λ] = Sren[B]−
(
~
2

ln det(GΛ) + ~κ1

)
−

[
~ exp

(
− 1

2

+∞∑
k=1

~kXk[δj ]−
6∑

n=3

+∞∑
k=0

~n/2+k−1

n!
Γnk[δj ]

)

× eg[GΛ,j]

∣∣∣∣1PI

j=0

+

+∞∑
n=2

~nκn

]
,

ãäå ja(x) � âñïîìîãàòåëüíîå ãëàäêîå ïîëå, δja(x) � âàðèàöèîííàÿ ïðî-
èçâîäíàÿ ïî ïîëþ ja(x), è

g[GΛ, j] =
1

2

∫ ∫
R3×R3

d3xd3y ja(x)GΛ
ab(x, y)jb (y).

Òàêæå ñèìâîë ¾1PI¿ îçíà÷àåò, ÷òî â ñóììå ñîõðàíÿþòñÿ òîëüêî ñèëüíî
ñâÿçíûå äèàãðàììû. Êîíñòàíòû κn âû÷èòàþò îñîáåííîñòè, íå çàâèñÿ-
ùèå îò ôîíîâîãî ïîëÿ.

1

Ðèñ. 2. Äèàãðàììû d1 è d2 è êîíòðäèàãðàììà cd1.

1

1

2
1

1

Ðèñ. 3. Ñëåâà íàïðàâî êîíòðäèàãðàììû cd2�cd5 â ïåð-
âîé ñòðîêå è cd6�cd7 âî âòîðîé ñòðîêå.

Òàê êàê â ïåðåíîðìèðîâàííîì äåéñòâèèWren[B,Λ] îòñóòñòâóþò ñèí-
ãóëÿðíûå ñëàãàåìûå, òî îíè îòñóòñòâóþò è â êàæäîì ïîðÿäêå ~k ïî
êîíñòàíòå Ïëàíêà. Òàê ïîëó÷àþòñÿ ñîîòíîøåíèÿ äëÿ êîýôôèöèåíòîâ
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Ðèñ. 4. Ñëåâà íàïðàâî äèàãðàììû d3�d5 â âåðõíåé
ñòðîêå, d6�d8 â ñðåäíåé ñòðîêå è d9�d10 â íèæíåé ñòðî-
êå.

êîíñòàíò ïåðåíîðìèðîâêè. Â äàííîé ðàáîòå áóäóò èññëåäîâàòüñÿ ïåð-
âûå òðè ñîîòíîøåíèÿ. Îíè èìåþò âèä

t1z11S1 +
z01

2
S0 +

m2z21

2
S2 +

6∑
k=3

tkzk1

k!
Sk

s.p.
=

1

2
ln det(GΛ) + κ1, (3)

t1z12S1 +
z02

2
S0 +

m2z22

2
S2 +

6∑
k=3

tkzk2

k!
Sk

s.p.
=

d1

12
− d2

8
− cd1

2
+ κ2, (4)

t1z13S1 +
z03

2
S0 +

m2z23

2
S2 +

6∑
k=3

tkzk3

k!
Sk

s.p.
=

d3

16
+
d4

24
− d5

8
− d6

8

+
d7

48
+
d8

16
+
d9

12
− d10

48
− cd2

4
+
cd3

4
+
cd4

4
− cd5

2
+
cd6

6
− cd7

8
+ κ3,

ãäå çíàê
s.p.
= îçíà÷àåò ðàâåíñòâî ñèíãóëÿðíûõ ÷àñòåé. Çàâèñèìîñòü îò

ôîíîâîãî ïîëÿ B(·) â ôóíêöèîíàëàõ áûëà îïóùåíà äëÿ ïðîñòîòû. Òàê-
æå çäåñü èñïîëüçóþòñÿ îáîçíà÷åíèÿ äëÿ äèàãðàìì, èçîáðàæåííûõ íà
ðèñóíêàõ 2, 3 è 4.

�3. Ðåçóëüòàòû è ñîîòíîøåíèÿ

Êëþ÷åâûì ýëåìåíòîì ïðè èññëåäîâàíèè ñèíãóëÿðíûõ ñîñòàâëÿþ-
ùèõ ÿâëÿåòñÿ ðàçëîæåíèå ôóíêöèè Ãðèíà (2) îêîëî äèàãîíàëè, òî åñòü
ïðè x ∼ y. Â òðåõìåðíîì ïðîñòðàíñòâå â ðàìêàõ èçó÷åíèÿ ïåðâûõ òðåõ
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êâàíòîâûõ ïîïðàâîê òàêîå ðàçëîæåíèå ìîæåò áûòü âûïèñàíî [26,27] â
ïðîñòîì âèäå

GΛ(x, y) = RΛ
0 (x− y) + PS(x, y), (5)

ñîäåðæàùèì âñåãî äâà ñëàãàåìûõ, òàê êàê â òðåõïåòëåâûõ äèàãðàììàõ
íå ïîÿâëÿþòñÿ íåèíòåãðèðóåìûå ïëîòíîñòè |x|−k ñ k > 4, çàâèñÿùèå
ïðè ýòîì îò ôîíîâîãî ïîëÿ. Ôóíêöèÿ PS(x, y) èìååò êîíå÷íûé ïðåäåë
ïðè y = x è íîñèò íåëîêàëüíûé õàðàêòåð â ñìûñëå çàâèñèìîñòè îò
ôîíîâîãî ïîëÿ.

Äàëåå äëÿ óäîáñòâà ââåäåì ðÿä îáîçíà÷åíèé

α = R1
0(0) =

f(0) + 1

4π
,

α1(f) =

∫
R3

d3x
(
GΛ(x)

)4

=
1

(4π)3

(
1 +

1∫
0

ds s2
(
f(s2) + 1

)4
)
,

Jij [B] =

∫
R3

d3xBi(x)
(
PS(x, x)

)j
.

Ïîñëåäíåå îáîçíà÷åíèå áóäåò èñïîëüçîâàòüñÿ òîëüêî â ñëó÷àå j 6= 0,
÷òîáû íå âîçíèêàëà ïóòàíèöà â ñâÿçè ñ ðàâåíñòâîì Ji0[B] = Si[B]. Òà-
êîå îáîçíà÷åíèå ÿâëÿåòñÿ èíäèêàòîðîì íàëè÷èÿ íåëîêàëüíîé ñîñòàâ-
ëÿþùåé.

Òåîðåìà 1. Ïóñòü âûïîëíåíû ïðåäïîëîæåíèÿ, èçëîæåííûå âûøå.

Òîãäà ñèíãóëÿðíûå âêëàäû â ïåðâûõ òðåõ êâàíòîâûõ ïîïðàâêàõ ïðî-

ïîðöèîíàëüíû Si[B], ãäå i ∈ {0, . . . , 6}, à êîýôôèöèåíòû (2) äëÿ êîí-

ñòàíò ïåðåíîðìèðîâêè èìåþò âèä

z01 = ẑ01, z11 =−αt3
2t1

Λ + ẑ11, z21 =− αt4
2m2

Λ + ẑ21, z31 =−αt5
2t3

Λ + ẑ31,

z41 = −αt6
2t4

Λ + ẑ41, z51 = ẑ51, z61 = ẑ61,

z02 = ẑ02,

z12 = Λ2α
2t5

8t1
− Λ

αt3(ẑ31 − ẑ01)

2t1
+ L

t3t4
96π2t1

+ ẑ12,

z22 = Λ2α
2t6

8m2
− Λ

αt4(ẑ41 − ẑ01)

2m2
+ L

(t24 + t3t5)

96π2m2
+ ẑ22,

z32 = −Λ
αt5(ẑ51 − ẑ01)

2t3
+ L

(t3t6 + 3t4t5)

96π2t3
+ ẑ32,
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z42 = −Λ
αt6(ẑ61 − ẑ01)

2t4
+ L

(4t4t6 + 3t25)

96π2t4
+ ẑ42,

z52 = L
5t6

48π2
+ ẑ52,

z62 = L
5t6

48π2
+ ẑ62,

z03 = ẑ03,

z13 = Λ2α
2t5(ẑ51 − 2ẑ01)

8t1
− ΛL

α(t3t6 + 3t4t5)

192π2t1

+ Λ
12αt3(ẑ01ẑ31 + ẑ02 − ẑ32 − ẑ2

01) + α1(f)t4t5
24t1

+ L
t3t4(ẑ31 + ẑ41 − 3ẑ01)

96π2t1
+ ẑ13,

z23 = Λ2α
2t6(ẑ61 − 2ẑ01)

8m2
− ΛL

α(4t4t6 + 3t25)

192π2m2

+ Λ
12αt4(ẑ01ẑ41 + ẑ02 − ẑ42 − ẑ2

01) + α1(f)(t4t6 + t25)

24m2

+ L
t24(2ẑ41 − 3ẑ01) + t3t5(ẑ31 + ẑ51 − 3ẑ01)

96π2m2
+ ẑ23,

z33 = −ΛL
5αt5t6
96π2t3

+ Λ
t5
(
α(ẑ01ẑ51 + ẑ02 − ẑ52 − ẑ2

01) + α1(f)t6/4
)

2t3

+ L
3t4t5(ẑ41 + ẑ51 − 3ẑ01) + t3t6(ẑ31 + ẑ61 − 3ẑ01)

96π2t3
+ ẑ33,

z43 = −ΛL
5αt26

96π2t4

+ Λ
t6
(
α(ẑ01ẑ61 + ẑ02 − ẑ62 − ẑ2

01) + α1(f)t6/4
)

2t4

+ L
4t4t6(ẑ41 + ẑ61 − 3ẑ01) + 3t25(2ẑ51 − 3ẑ01)

96π2t4
+ ẑ43,

z53 = −L5t6(3ẑ01 − ẑ51 − ẑ61)

48π2
+ ẑ53,

z63 = −L5t6(3ẑ01 − 2ẑ61)

48π2
+ ẑ63,
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ãäå �z�-êîýôôèöèåíòû ÿâëÿþòñÿ ñâîáîäíûìè êîíå÷íûìè êîíñòàíòà-

ìè, âîçíèêàþùèìè íà êàæäîì øàãå ïðîöåññà ïåðåíîðìèðîâêè.

Äîêàçàòåëüñòâî òåîðåìû çàêëþ÷àåòñÿ â ïîñëåäîâàòåëüíîì àíàëè-
çå ñèíãóëÿðíûõ ÷àñòåé äèàãðàìì è ðåøåíèè ñèñòåìû ëèíåéíûõ óðàâ-
íåíèé. Ìåòîä ïîäñ÷åòà êîýôôèöèåíòîâ àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ
ïðè Λ → +∞ â ïîäîáíûõ äèàãðàììàõ áûë ìíîãîêðàòíî èçëîæåí â
íåäàâíèõ ñòàòüÿõ [11, 12], ïîýòîìó ïðèâåäåì ëèøü íåîáõîäèìûå êðàò-
êèå êîììåíòàðèè è îòâåòû.

Ïåðâàÿ ïåòëÿ. Íà ïðèìåðå îäíîïåòëåâîãî âêëàäà ïðîäåìîíñòðèðóåì
îáùóþ èäåþ íàõîæäåíèÿ êîýôôèöèåíòîâ zi1, ãäå i ∈ {0, . . . , 6}. Äëÿ
ýòîãî ñïåðâà íàéäåì ñèíãóëÿðíóþ ñîñòàâëÿþùóþ ïðàâîé ÷àñòè ðàâåí-
ñòâà (3), êîòîðàÿ, ñ ó÷åòîì èçâåñòíîé ôîðìóëû [5,11,28], âûïèñûâàåòñÿ
ñëåäóþùèì îáðàçîì

1

2
ln det(GΛ) + κ1

s.p.
= −R

Λ
0 (0)

2

∫
R3

d3x v(x)

= −Λα

2

(
t3S1 +

t4S2

2
+
t5S3

3!
+
t5S4

4!

)
.

Âèäíî, ÷òî ñèíãóëÿðíàÿ ÷àñòü íå ñîäåðæèò íåëîêàëüíûõ ñîñòàâëÿþ-
ùèõ. Òàêèì îáðàçîì, ïîäñòàâëÿÿ íàéäåííîå àñèìïòîòè÷åñêîå ðàçëîæå-
íèå â (3) è ðåøàÿ ëèíåéíîå óðàâíåíèå, óáåæäàåìñÿ â ñïðàâåäëèâîñòè
îòâåòîâ äëÿ îäíîïåòëåâûõ êîýôôèöèåíòîâ.

Âòîðàÿ ïåòëÿ. Àíàëîãè÷íûì îáðàçîì ìîãóò áûòü íàéäåíû äâóõïåò-
ëåâûå ñëàãàåìûå. Â ýòîì ñëó÷àå íåîáõîäèìî ðàññìîòðåòü äâå äèàãðàì-
ìû d1 è d2 è îäíó êîíòðäèàãðàììó cd1. Ïîõîæèå îáúåêòû óæå ðàññìàò-
ðèâàëèñü ðàíåå â ðàáîòàõ [5,11,12], ïîýòîìó îáðàòèì âíèìàíèå òîëüêî
íà êîíñòðóêöèîííûå îñîáåííîñòè.

Äèàãðàììà d1 ñîäåðæèò äâà èíòåãðàðîâàíèÿ (ê ïðèìåðó, ïî ïåðå-
ìåííûì x è y), à âñå òðè âõîäÿùèå â íåå ôóíêöèè Ãðèíà èìåþò âèä
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GΛ(x, y). Òàê êàê ïðîñòðàíñòâî òðåõìåðíî, òî ñèíãóëÿðíûé âêëàä ìî-
ãóò äàòü òîëüêî ñëàãàåìûå, ñîäåðæàùèå ëèøü ãëàâíóþ ÷àñòü ðàçëîæå-
íèÿ (5). Ñëåäîâàòåëüíî, ïîëó÷àåì ðàâåíñòâî

d1 + κ̂1
s.p.
=

L

8π2

(
t3t4S1 +

(t24 + t3t5)

2
S2 +

(t3t6 + 3t4t5)

3!
S3

+
(4t4t6 + 3t25)

4!
S4 +

10t5t6
5!

S5 +
10t26
6!

S6

)
,

ãäå áûëî èñïîëüçîâàíî ñîîòíîøåíèå∫
B1/σ

d3x
(
GΛ(x)

)3 s.p.
=

L

16π2
.

Ïåðåéäåì ê ñëåäóþùèì äèàãðàììàì. Çàìåòèì, ÷òî âñå îíè ñîäåð-
æàò ôóíêöèè Ãðèíà ïðè ñîâïàäàþùèõ àðãóìåíòàõ, ïîýòîìó, èñïîëüçóÿ
îïðåäåëåíèÿ äëÿ âåðøèí, ìãíîâåííî âûïèñûâàåì îòâåò â âèäå

d2 + κ̂2
s.p.
= Λ2α2

(
t5S1 +

t6
2
S2

)
+ Λα

(
2t4J01 + 2t5J11 + t6J21

)
,

cd1 + ĉκ1
s.p.
= Λα

(
t3(z31 − ẑ01)S1 +

t4(z41 − ẑ01)

2
S2

+
t5(z51 − ẑ01)

3!
S3 +

t6(z61 − ẑ01)

4!
S4 −

t4
2
J01 −

t5
2
J11 −

t6
4
J21

)
.

Ìîæíî çàìåòèòü, ÷òî îòäåëüíûå äèàãðàììû ñîäåðæàò J-ôóíêöèîíàëû
ñ íåëîêàëüíûìè ñîñòàâëÿþùèìè. Îäíàêî, ïîñëå ïîäñòàíîâêè â ïðà-
âóþ ÷àñòü óðàâíåíèÿ (4), îíè óñïåøíî ñîêðàùàþòñÿ. Îñòàâøèåñÿ S-
ôóíêöèîíàëû ïðèâîäÿò ê èçëîæåííûì â òåîðåìå îòâåòàì.

Òðåòüÿ ïåòëÿ. Îñíîâíàÿ èäåÿ ïðè âû÷èñëåíèè ñëåäóþùåãî ïîðÿäêà
îñòàåòñÿ ïðåæíåé. Ñðàçó óäîáíî îòìåòèòü ðÿä äèàãðàìì, êîòîðûå íå
ñîäåðæàò ñèíãóëÿðíîãî âêëàäà

d3 + κ̂3
s.p.
= 0,

d4 + κ̂4
s.p.
= 0,

d5 + κ̂5
s.p.
= 0.
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Ýòè ñîîòíîøåíèÿ ÿâëÿþòñÿ ïðÿìûì ñëåäñòâèåì ñâîéñòâ ôóíêöèè∫
B1

d3y
1

|y|2|y + x|
,

êîòîðàÿ ïðè |x| → +0 èìååò ëèøü ëîãàðèôìè÷åñêóþ èíòåãðèðóåìóþ
îñîáåííîñòü. Îñòàëüíûå äèàãðàììû àíàëèçèðóþòñÿ àíàëîãè÷íûìè ìå-
òîäàìè. Çàìåòèì, ÷òî íåêîòîðûå äèàãðàììû óäîáíî ðàññìàòðèâàòü â
âèäå ëèíåéíîé êîìáèíàöèè, ïîòîìó ÷òî íåëîêàëüíûå ñèíãóëÿðíûå ñî-
ñòàâëÿþùèå ìîãóò áûòü ïðîïîðöèîíàëüíû ÷àñòÿì äèàãðàìì. Îòâåòû
âûïèñûâàþòñÿ ñëåäóþùèì îáðàçîì

d6 + 2cd2 + κ̂6
s.p.
= 2ẑ01

(
d1 + κ̂1

)
,

d7 + κ̂7
s.p.
= Λα1(f)

(
2t4t5S1 + (t25 + t4t6)S2 + t5t6S3 + t26S4/4

)
+

L

4π2

(
t24J01 + 2t4t5J11 + (t25 + t4t6)J21 + t5t6J31 + t26J41/4

)
,

d8 + 4cd3 + 4cd4 + κ̂8
s.p.
= 4ẑ01

(
d2 + 2cd1 + κ̂2 + 2ĉκ1

)
,

cd5 + ĉκ5
s.p.
= Λα

(
t3(z32 − ẑ02)S1 + t4(z42 − ẑ02)S2/2+

+ t5(z52 − ẑ02)S3/6 + t6(z62 − ẑ02)S4/4!
)

+m2z22J01

+ t3z32J11 + t4z42J21/2 + t5z52J31/3! + t6z62J41/4!,

d9 + 2cd6 + κ̂9
s.p.
=

L

23π2

(
t3t4(ẑ31 + ẑ41)S1

+ (t5t3ẑ31/2 + t24ẑ41 + t5t3ẑ51/2)S2

+ (t6t3ẑ31/6 + t5t4ẑ41/2 + t4t5ẑ51/2 + t3t6ẑ61/6)S3

+ (t6t4ẑ41/6 + t25ẑ51/4 + t4t6ẑ61/6)S4

+ (t6t5ẑ51 + t5t6ẑ61)S5/12 + t26ẑ61S6/36

)
+
t3t5

2
J01

+
t3t6 + t4t5

2
J11 +

t25 + 2t4t6
4

J21 +
t5t6

3
J31 +

t26
12
J41,
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d10 + κ̂10
s.p.
= 3Λ2α2t6J01 + 3Λαt6J02,

cd7 + ĉκ7
s.p.
= Λ2α2

(
t5ẑ51S1 + t6ẑ61S2/2

)
+ Λα

(
2t4z41J01 + 2t5ẑ51J11 + t6ẑ61J21

)
− Λαt6

2
J02.

Ïîñëå ïîäñòàíîâêè ïîëó÷åííûõ àñèìïòîòè÷åñêèõ ðàçëîæåíèé â ëèíåé-
íîå óðàâíåíèå âñå ñëàãàåìûå ñ íåëîêàëüíûìè ñîñòàâëÿþùèìè ñîêðà-
ùàþòñÿ. Îñòàâøèåñÿ ÷àñòè ïðèâîäÿò ê ïðåäñòàâëåííûì îòâåòàì.

�4. Çàêëþ÷åíèå

Â ðàáîòå áûëè èçó÷åíû ñèíãóëÿðíûå ñîñòàâëÿþùèå äëÿ ïåðâûõ
òðåõ êâàíòîâûõ ïîïðàâîê äëÿ òðåõìåðíîé ìîäåëè ñ øåñòåðíûì âçà-
èìîäåéñòâèåì, ñì. äåéñòâèå (1). Ïîêàçàíî, ÷òî íåëîêàëüíûå âêëàäû
ñîêðàùàþòñÿ. Íàéäåííûå êîýôôèöèåíòû äëÿ êîíñòàíò ïåðåíîðìèðîâ-
êè ïðåäñòàâëåíû â òåîðåìå 1.

Äîïîëíèòåëüíî ðàññìîòðèì ÷àñòíûé ñëó÷àé, êîãäà âñå ñâîáîäíûå
¾z¿-êîýôôèöèåíòû, âîçíèêàþùèå íà êàæäîì øàãå ïðîöåññà ïåðåíîð-
ìèðîâêè, òàêæå ðàâíû íóëþ. Òîãäà íåíóëåâûå êîýôôèöèåíòû èìåþò
âèä

Z0 = 1 +O
(
~4
)
,

Z1 = 1− ~Λ
αt3
2t1

+ ~2

(
Λ2α

2t5
8t1

+ L
t3t4

96π2t1

)
+ ~3

(
− ΛL

α(t3t6 + 3t4t5)

192π2t1
+ Λ

α1(f)t4t5
24t1

)
+O

(
~4
)
,

Z2 = 1− ~Λ
αt4
2m2

+ ~2

(
Λ2α

2t6
8m2

+ L
(t24 + t3t5)

96π2m2

)
+ ~3

(
− ΛL

α(4t4t6 + 3t25)

192π2m2
+ Λ

α1(f)(t4t6 + t25)

24m2

)
+O

(
~4
)
,

Z3 = 1− ~Λ
αt5
2t3

+ ~2L
(t3t6 + 3t4t5)

96π2t3

+ ~3

(
− ΛL

5αt5t6
96π2t3

+ Λ
α1(f)t5t6

8t3

)
+O

(
~4
)
,
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Z4 = 1− ~Λ
αt6
2t4

+ ~2L
(4t4t6 + 3t25)

96π2t4

+ ~3

(
− ΛL

5αt26
96π2t4

+ Λ
α1(f)t26

8t4

)
+O

(
~4
)
,

Z5 = 1 + ~2L
5t6

48π2
+O

(
~4
)
,

Z6 = 1 + ~2L
5t6

48π2
+O

(
~4
)
.

Âûáèðàÿ t1 = t3 = t5 = t6 = 0, ïîëó÷àåì ñóïåðïåðåíîðìèðóåìûé ñëó-
÷àé, â êîòîðîì òðåáóåòñÿ ïåðåíîðìèðîâêà òîëüêî ìàññîâîãî ïàðàìåòðà

Z2 = 1− ~Λ
αt4
2m2

+ ~2L
t24

96π2m2
.

Çàìåòèì, ÷òî êîýôôèöèåíòû â òåîðåìå 1 çàâèñÿò îò α è α1(f), êî-
òîðûå â ñâîþ î÷åðåäü ñòðîÿòñÿ ñ èñïîëüçîâàíèåì ôóíêöèè f(·). Ðàñ-
ñìîòðèì äâà ÷àñòíûõ ñëó÷àÿ.

• Â ïåðâîì ñëó÷àå ôóíêöèÿ íå óäîâëåòâîðÿåò óñëîâèþ ïðèìå-
íèìîñòè, ñì. [29], íî ïðè ýòîì èìååò òðèâèàëüíûé âèä f ≡ 0.
Òîãäà ïîëó÷àåì

α =
1

4π
, α1(f) =

4

3(4π)3
.

• Âî âòîðîì ñëó÷àå êðèòåðèé [29] âûïîëíåí, è ïðè s ∈ [0, 1] ôóíê-
öèÿ ðàâíà f(s2) = 1− s, òîãäà

α =
1

2π
, α1(f) =

68

35(4π)3
.

Àâòîð âûðàæàåò áëàãîäàðíîñòü À. Â. Èâàíîâó çà ïîëåçíûå êîììåí-
òàðèè.
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Kharuk N. V. Three-loop renormalization with a cuto� in a sextic
model.

The paper studies the quantum action for the three-dimensional real
theory φ6 using the background �eld method. Three-loop renormalization
is performed with a cuto� regularization in the coordinate representation.
An explicit form of the �rst three coe�cients for the renormalization
constants is presented. The absence of non-local singular contributions
is discussed.
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