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A. G. Pronko, S. K. Syrygina

QUANTUM L-OPERATOR OF THE CRITICAL ISING
MODEL

ABsTracT. We consider the two-dimensional Ising model on the
square lattice at the critical temperature. This model can be related
to the free-fermion eight-vertex model with the trigonometric depen-
dence of the Boltzmann weights on the spectral variable. We obtain
the quantum L-operator as a solution of the RLL-relation assuming
the spectral variable dependence similar to that of the R-matrix.

1. INTRODUCTION

The two-dimensional Ising model is probably one of the most famous
models of statistical mechanics. Historically, this is the first model for
which the existence of a phase transition at a non-zero temperature have
been demonstrated and an explicit expression for the free energy in the
thermodynamic limit is obtained [1]. The model admits exact solution at
the zero field for the regular square, triangular, and hexagonal lattices
as well as for the case of a non-zero field at the critical temperature in
the continuum limit. There exist a vast of literature devoted to the Ising
model, see, e.g., monographs [2-4] and references therein.

In the Ising model (and its generalizations, Potts and Ashkin—Teller
models) the local variables (discrete “spins”) are placed at sites of the lat-
tice. Another way to build a planar statistical mechanics model is to place
spins at faces and edges, that correspond to face and vertex models, re-
spectively. The latter acquire their names since they are usually defined by
specifying the allowed configurations of states around a vertex (other con-
figurations assigned infinite energies). Ising-type models, face models and
vertex models, to one degree or another, admit equivalent (re-)formulations
through each other.

All these models are closely related to quantum one-dimensional sys-
tems, such as quantum spin chains, which have numerous applications in
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various fields: condensed matter physics, quantum field theory, supersym-
metric Yang-Mills field theory, quantum computing algorithms, see, e.g.,
review [5]. Recent studies show a renewed and sharply increased inter-
est in constructing new quantum systems with specific properties, such
as frustration-free quantum spin chains [6-8]. Applications in the context
of the quantum information theory stimulate an activity in finding new
solutions of the Yang-Baxter equation [9-14].

The standard modern approach in studying of integrable two-dimensional
statistical mechanics models and related one-dimensional quantum sys-
tems is the Quantum Inverse Scattering method (QISM) [15-17]. In the
framework of this method, new systems can be constructed by finding the
quantum L-operator satisfying the so-called RLL-relation, which general-
izes the Yang-Baxter equation. The RLL-relation allows for searching an
L-operator starting with a given R-matrix, which can be specified, for ex-
ample, as a matrix of the Boltzmann weights of an integrable (usually, ver-
tex) model. A prototypical example here is the R-matrix of the six-vertex
model, which leads, through the RLL-relation, to the quantum L-operator
of the Heisenberg XXZ spin chain of an arbitrary spin [18].

Motivated by the problem of constructing new integrable models one
may wonder which quantum systems can be obtained from the Ising, and
more generally, Potts models. It is known that for the free-fermion eight-
vertex model, which includes the Ising model as a particular case, this can
be done by g-deforming the Clifford algebra [19]. In this case one deals
with the free-fermion elliptic R-matrix. At the same time it is known that
the trigonometric case may admit a richer set of solutions in comparison
with the elliptic one. Hence, it is intriguing to study the special case of
that R-matrix in which it becomes trigonometric but remains related to
the free-fermion eight-vertex model. This is also a necessary step towards
addressing the similar problem in the context of the Potts model [20].

In the present paper, we consider the Ising model with the Bolztmann
weights corresponding to the critical temperature. In this case, the related
vertex model is a free-fermion eight-vertex model with the trigonometric
dependence on the spectral variable. We solve the RLL-relation assuming
the spectral parameter dependence of the L-operator similar to that of the
R-matrix. Taking the central elements of the induced quadratic algebra
proportional to the identity operator, we have obtained two solutions for
the L-operator.
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Figure 1. Square lattice with Ising spins sitting at sites
with the chessboard coloring of faces (left) and the corre-
sponding square lattice of a vertex model (right).

We organize the paper as follows. In the next section we recall how the
Ising model can be formulated as the free-fermion eight-vertex model and
consider the case of the critical temperature where the R-matrix become
trigonometric. In §3 we propose an ansatz for the L-operator, present the
induced quadratic algebra of commutation relations, and derive solutions
for these relations.

2. ISING MODEL AS A VERTEX MODEL

In this section we formulate the Ising model as a vertex model and
present the R-matrix at the critical temperature. Here we follow mainly
the ideas of papers [21-24].

The Ising model can be defined as a special case of the Potts model
in which interaction between two spins p and v connected by an edge is
described by the Boltzmann weight

wlal,v) = 2,
where 6, is the Kronecker symbol and p,v = 1,...,n. The Ising model
corresponds to n = 2. Here, x = exp{J/kT} encodes the dependence on
the energy of interaction J, the Boltzmann constant k, and temperature
T. The partition function is given as the sum over values of all lattice spins
of the product of the edge Boltzmann weights.

To map the Ising model on to a vertex model let us first consider the
square lattice with the Ising spins and color its faces in the chessboard
manner, in “empty” and “dashed” faces, see Fig. 1. Next, consider another
square lattice obtained by assigning vertices to the “dashed” faces. The
corresponding vertex model follows by identifying the Boltzmann weight
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Figure 2. “Dashed” face with spin variables at the sites
(left) and the corresponding vertex of the resulting square
lattice (right); also shown the variables x1, x2, y1, and ¥y
of the edge Boltzmann weights of the Ising model.

of a vertex as the product of the four Boltzmann weights of edges around
the “dashed” face.

Namely, let 21, x2, y1, and yo be the variables of the Boltzmann weights
of the four edges of a “dashed” face of the starting lattice, and u1, po, v1,
and v» are the spins at the sites of this face, see Fig. 2. The corresponding
vertex carries at its edges the same spins 1, pa, 11, and v,. The Boltzmann
weight W12 of the vertex is given as the product of those of edges of the

K12
“dashed” face:

Wit = w(yr|p, po)w(w|pe, vi)w(ze|p, v2)w(ye|vi, v2).

The weight W72 can be regarded as a matrix element of an operator

acting in C? ® C2. We will treat u’s as “out” and v’s as “in” indices, u; and
v; being assigned to the ith copy of C2. Writing the weight explicitly
s s

é
vive __ H1H2 H2V] H1V2
Wit =y e

Y12 (2.1)

one easily obtains

1 Y2

Y1 Y2
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Here, P stands for the permitation matrix

P= (2.2)
1

and we use the convention to omit in writing an entry when it is zero. We
also use the convention that indices of the first (respectively, second) space
label blocks (elements of blocks) of a matrix.

The weight matrix W can be represented as

W= (A@ AR(A® A, A:\}i(} ‘11)

where R is the matrix of Boltzmann weights of the eight-vertex model

w1 wr
w3 Ws
We Wyq

wg W2

Configurations of the eight-vertex model are given in terms of arrows
placed at edges of the square lattice; the allowed vertex configurations
and their respective Boltzmann weights (we follow conventions of [3]) are
shown in Fig. 3. The weights are given by

w) =ay, we=a_, ws=>by, wsg=0b_,
ws = Cy, Wg=C_, wy=dy, wg=d_
where
1
ax =5 (@122 4+ 1) (y2y1 + 1) £ (21 + 22) (g2 + 11)],
1
by = 3 [(z122 — 1)(yoyn — 1) £ (21 — 22)(y2 — y1)],
1
=3 [(z122 — 1)(yoyr + 1) £ (21 — 22)(y2 + ¥1)],
1
dy =5 (@122 + 1) (yayr — 1) £ (21 +22)(y2 — y1)]-
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T
T

Figure 3. The eight arrow configurations allowed at a ver-
tex, and their Boltzmann weights.

The weights obey the relations

wWiWe + wawy — wswg — wrwg = 0, (2.3&)
wiws + wowy — wswy — wewg = 0, (23b)
wiwy + wows — wswg — wgwy = 0. (2.3¢)

Relation (2.3a) is the so-called free fermion condition. Relations (2.3b) and
(2.3¢) specify the asymmetry between the pairs of the weights ws, wg and
wr, wg of the generic free-fermion vertex model that corresponds to the
Ising model with the face weight (2.1).

It is well known (see, e.g., [21,22]) that the free-fermion model is critical
when one of the following four quantities vanish

W] —Wa—W3—Wyq, W]—W2tW3+Ws, W1tW2—W3+Wy, W1+W2t+W3—Wy.
For the first quantity equals zero this amounts to

(122 — 1)(y192 — 1)
(x1 +22)(y1 +y2)

=1 (2.4)

Other cases correspond to the mappings of pairs of the variables (z1, z3) —
(—z1,—22), (z1,91) = (—z1,—y1), and (21,y2) = (—21,—Y2), respec-
tively, in (2.4). An exhaustive study of criticality conditions for the Ising
model can be found in [25].
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In this paper we focus our attention to the case where r1 = x2 = = and
Y1 = Y2 =y, so that (2.4) becomes the Kramers—Wannier duality relation

() ()

The Baxter’s substitution

1+ cosu 1+sinu
r=—"F—"-—", Yy=—
sinu cos U
yields
2 + sin 2u 2sinu

sin2u  2cosu
2cosu  sin2u
2sinu 2 —sin2u

where p(u) = 4sin®(u/2) sin®(u/2 — 7/4).
Matrix (2.5) satisfies the Yang-Baxter equation

(R(u—v) @ 1) (I® R(u)) (R(v) © 1)
= (I®RW)) (Ru)&I) (I® R(u—1)),

(
where T denotes 2 x 2 identity matrix and R(u) = PR(u) with P being
the permutation matrix (2.2).

3. QUANTUM L-OPERATOR

A generalization of the Yang-Baxter relation is the so-called RLL-
relation:

R(u—v) [L(u) ® L(v)] = [L(v) ® L(u)] R(u —wv). (3.1)

Here, L(u) is a 2 x 2 matrix with the entries being quantum operators
acting in H, a space of quantum states. The RLL-relation can be seen as
an equation for L(u), called quantum L-operator. In the QISM, quantum
L-operators can be constructed by quantization of classical ones, or, more
generally, they can be found by directly solving (3.1) with a given R-
matrix [17].
Here we consider the problem of construction of the quantum L-operator
of the form
L(u) _ (GQiua+ + ag + e—Qiua_ eiub+ + e—iub_ ) .

eiuC+ 4 efiuc_ eQiud+ + dO + ef2iud_ (32)
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Expression (3.2) seems to be the simplest possible ansatz to satisty (3.1)
in the case of the R-matrix given by (2.5).

In the critical Ising model dimH = 2 and the operator coefficients are
represented by the following 2 x 2 matrices:

. 1 1 .
a+ = diag (:t2i, i2i> , ap = diag(2,0),
(0 Fi (0 1
dy = diag [ 4=, 7= do = diag(0, 2)
+ = dlag 21)¥21 ) o0 = diag(V, -

In this case L(u) = R(u), where R(u) is given by (2.5).

3.1. Commutation relations. In general, the coefficients are subject to
the following algebra of quadratic relations.
The operators a4 and a_ are central elements, i.e., commute with all
operators of the algebra,
lat, €] =0, €= ax,0,bx,cx,dyo.
The operators d+ and d_ commute with each other, with ag and dy,
[d+? d*] = 07 [d:l:a (10] = [d:l:, dO] = 07 (34)
and anti-commute with b, b_, ¢y, and c_,
{de b1} ={ds, b} ={ds,cy} ={ds,c-} =0. (3.5)

The remaining relations can be split on two sets, of ‘even’ and ‘odd’ type
relations, according to the number of b- and c-factors. Both sets consists
of 16 independent relations. The ‘even’ relations are

d3 =adi, (3.6a)

bi =i =arag — dody, (3.6b)
bibr = cxcy, (3.6¢)
{by,b_} =2(aya_ —dyd_), (3.6d)
[bt,ct] = +2i(ardy — apdy), (3.6e)
[bi,c_]=T[b—,cq] =2i(ayd- —a_dy), (3.6f)
[ag, do] = 21 (byc_ —b_cy) =2i(c_by —cqb_), (3.6g)
ag —d3 = (1 —2i)b_by + (1 +2i)byb_. (3.6h)
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The ‘odd’ relations are

bidy = tiaycy, (3.7a)

c+dy = Filay by, (3.7b)

[b+,a0] = *i{cs,do} = £2ia1br + 2¢4dy, (3.7¢)

brag Fidocr = arby £icdy, (3.7d)
[c+,a0] = Fi{bs,do} = F2iarcy + 2b4dy, (3.7¢)

cxag £idobt = arcy Fibrds. (3.71)

Since a4 and a_ are central elements, it is interesting to study how the
relations above simplify when a4 and a_ are proportional to the identity
operator, id = I. We will assume that ax # 0. By shifting the variable u
one can always make such that a_ = —a4, and we will assume this choice
hereafter. By fixing further a, one can fix the overall normalization of the
solution; below we use a1 = 1/2i as in (3.3).

From (3.4), (3.5), and (3.6a) it follows that

di = I/:taiX, V:2i: = 1,

where X is an operator satisfying

X2 =1, (3.8)
and

{bx, X} = {cu, X} = [ag, X] = [do, X] = 0. (3.9)
The further analysis depends upon whether v = vy or v_ = —vy,
where without loosing generality one can put vy = 1 (otherwise the sign
can be absorbed into the operator X). We will refer to the case v_ = v
as the regular solution, since it includes as a particular case the R-matrix
itself, see (3.3). The case v = —vy will be referred to as the irregular

solution.

3.2. Regular solution. Using dy = a1+ X in (3.7a) and (3.7b) one gets
CcC4 = :Fib:tX. (3.10)

Relation (3.6¢) and the relation given by the first equality in (3.6b) are
fulfilled with (3.8) and (3.10). The relations given by the second equality
in (3.6b) imply

b2 b2

Y~ doX. (3.11)

a4 a_
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Relation (3.6d) becomes

{by,b_} =0. (3.12)
Relations (3.6e) boils down to (3.11) and (3.6f) to (3.12). Relation (3.6g)
is just

[ao, do] =0
and (3.6h) with (3.12) taken into account gives
ag —d3 = 4ib,b_. (3.13)
Relations (3.7¢), (3.7d), (3.7e), and (3.7f) simplify to
[bx,ao] = {bx,do} X = +4iasbs (3.14)
and
brag = dobr X. (3.15)
Note that from the first equality in (3.14) also follows that
apby = —bydoX. (3.16)

To complete constructing the solution, we have to find how the operators
ag and dy can be expressed in terms of by, b_, and X. The following
properties of the operators b, and b_ are crucial for accomplishing this
task.

An important observation which can be made from the obtained rela-
tions is that bf_ and b2 are central elements. To show this one has just to
prove that these operators commute with ag and dy. Indeed, acting with
bs on (3.15) from the left, moving operator X through b1 and using (3.16)
gives

biag = brdobs X = —birdoXby = agh’
and similarly we have b3.dy = dob?..

Furthermore, the operators b, and b_ are not independent from each
other, as it follows from the first equality in (3.11) and from (3.12). To
tackle this issue more precisely, we now on set a_ = —a,, so that the first
equality in (3.11) becomes

by = —b%. (3.17)
Again using by X = —Xby one can easily find that (3.12) and (3.17) are
fulfilled with

b_ =+b  X. (3.18)
It turns out that besides (3.18) there may exist other solutions to (3.12)
and (3.17), provided that certain conditions are met. In Appendix A we
give an example valid in the case where the operators are represented by
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4 x 4 matrices with 2 x 2 block structure, which shows that in addition to
the “trivial” solutions (3.18) there exist “non-trivial” solutions

bo =+ (pby X + b7 X), (3.19)

where p and v are numerical coefficients. They are functions of the entries
of the matrix by, i.e., p = p(||b+|]) and v = v(||b4]]), see (A.2). Apparently,
for (3.19) to exist, by must be invertible; from (3.17) it follows that if this
is true for b, then b_ is also invertible.

Now we are ready to compute ag and dy. Let us first consider the case
where by are represented by invertible matrices. Rewriting (3.13) as

(ao — doX)(CLO + doX) = 4ib+b_
and using (3.11), we get
ap + doX = 4ib_7_1b_.

Hence,

b2 b2
= 2la b lb_ + — do = 2ia b '0_X — —X.
0 la+ + + 26L+ ’ 0 la+ + 20,4_

Setting a4 = 1/2i that fix the overall normalization, we thus arrive at the
following expression for the L-operator:

sin2u - I+ 030 +ib% eltby +e iup_
L(u) = '

—ielby X +ieTMb_X  sin2u- X +b;'0_X —ib2 X
(3.20)
Here, the operators b, b_, and X satisfy

{by,b_} =b7 +b> ={bs, X} =0, X*=1,

and we also note that b;lb, = b, b h
Let us now consider the case of relation (3.18), without the assumption
that by and b_ are invertible. We introduce new operator B by

by = B, b_ =+BX. (3.21)
To find ag and dy, we take the following ansatz:
ap = al + X, do=~vI+6X,

where «, 3, v, and § are some functions of B2, the central element. From
(3.14), (3.15), and (3.16) it follows that

B == +2ia4, 0= —a,
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and from the second equality in relation (3.11), or from (3.13), one can
find
BQ

Finally setting ay = 1/2i, we arrive at

sin2u-I+iB?+ X e"B+e “BX

L(u) = _ _ , (3.22)

—ie*BX +ie” B sin2u-X —iB2X +1

where
XB = —BX, X2 =1

Note that (3.22) can be obtained from (3.20) upon formally using the
substitution defined by (3.21).

3.3. Irregular solution. Setting d; = a4 X and d_ = —a_X in (3.7a)
and (3.7b), where the operator X is defined as above, see (3.8) and (3.9),
we get

cy = —ibp X. (3.23)
Relations (3.6¢) turn into
[b+,b-]=0 (3.24)
and (3.6d) into
{by,b_} =4daja_. (3.25)
Second equality in (3.6b) gives us two relations
bl
— =ag F doX
a+

from which we immediately obtain

1 /b b2 1 /b b2
a0<—++), do(_+)X.
2\a- a4 2\a- ay

These expressions for ag and dy together with (3.23), (3.24), and (3.25)
make the remaining relations of the algebra, namely, (3.6e)—(3.6h) and
(3.7¢)—(3.76), totally fulfilled.

To fix the expression for the L-operator, we set, as above, a_ = —a
and a4 = 1/2i. As result, we obtain

sin2u - I + 1b2+ — b2 eiub+ +eilup_
Ly =1 _ : . (3.26)
—ielb, X —ie™b_X —icos2u-X — ibi_X i X
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Here,
{by,0-} =1, [b4+,b-] ={by, X} =0, X*=1

From these relations follows that b4 b_ = b_b;, = %I, hence both b4 and
b_ must be invertible, and no analogue of (3.22) exists in this case. This
also means that in (3.26) one can set b_ = %b;l.

4. CONCLUSION

In this paper, we have considered the Ising model at the critical tem-
perature and studied solutions of the RLL-relation. The starting object
is the R-matrix with trigonometric dependence on the spectral variable.
Using the ansatz for the L-operator with the similar spectral variable de-
pendence, we have obtained two expressions for the L-operator valid in the
case where two central elements of the algebra of commutation relations
are proportional to the identity operator. Note that, since the algebra of
operators defining entries of the L-operator contains one more central el-
ement, bf_, the obtained expressions for the L-operator can be multiplied
by an arbitrary function (which can also depend on the spectral variable)
of bi.

Ag a further development of the obtained results one could be interested
in construction of local spin-chain Hamiltonians. Unlike, e.g., the case of
the five-vertex model where the L-operator has a simple spectral variable
dependence such that the expansion of the transfer matrix at infinity gen-
erates local interaction Hamiltonians [26], for the L-operator considered
here no such a simple construction seems to exist. This means that one
has to study the corresponding fundamental R-matrix [18]. We intend to
address this problem in the sequel.

Another direction of further study could be an extension of the present
results to the cases n > 3 of the critical n-state Potts model. These mod-
els are known to be trigonometric with an exception of the n = 4 case
where a rational R-matrix arises [20]. One more interesting problem to be
addressed is the role of the star-triangle relation in constructing of new
integrable systems. Indeed, the star-triangle relation is a basic ingredient
for integrability of the Ising and Potts models and there are evidences that
it could be even more fundamental in general than the Yang-Baxter and
RLL-relations [27].
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APPENDIX A. AN EXAMPLE OF MATRICES by AND b_
Here we give an example of solutions to the matrix system of equations
bib_ +b_by =0, b2 4+b2 =0, (A1)
where matrices b4 and b_ are subject to the relations
b1 X + Xby =0, X2=1.

Consider the case of 4 x 4 matrices with 2 x 2 block structure, induced by
the choice of the matrix X in the form:

X = diag(1,1,-1,-1).

(Y )

where a, b, f, and g are some 2 X 2 matrices.
Solving (A.1) for entries of f and g against those of a and b one can
find four solutions. Two solutions have the form

f=%a,  g=70,
which apparently describe relation (3.18). Other two solutions are

f=%(pa+vdb™t),  g=F(ub+val),

This means that

where
tr ab 2 det ab

= , VvV = .
. V/(trab)2 — 4det ab V/(trab)? — 4 det ab

These solutions describe relation (3.19) where p and v are the following
functions of the entries of b, :

tr b2
= o3 b= 4detb+ ) (A2)

V(ere2)? —16detd, V (082)” — 16 det b,
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