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SEMI-INFINITE HEISENBERG XX0 CHAIN AND
RANDOM WALKS

AssTracT. Heisenberg XX0 chain on semi-infinte interval enables
modelling of random walks restricted by presence of impenetra-
ble wall. The state vectors of the Hamiltonian are represented in
terms of symplectic Schur functions. The transition amplitudes of
the model are obtained in the integral form and are estimated in
the case of unlimited increasing of the number of steps of random
walks.

§1. INTRODUCTION

Exactly solvable lattice systems are playing an important role in the
development of statistical mechanics, enumerative combinatorics and rep-
resentation theory in modern mathematics. The X X0 chain is the zero
anisotropy limit of the prominent Heisenberg X X Z model, and it also
may be considered as a special free fermion case [1,2]. Connection between
the X X0 chain and the low-energy QCD, as well as a possibility of third
order phase transition in the spin chain, are discussed in [3-6].

One of the most interesting properties of the model under considera-
tion is that the answers can be obtained exactly. In particular dynamical
correlators, transition amplitudes, off-shell wave functions are represented
in the determinantal form. Mathematical methods used are based on the
theory of Schur functions, of plane partitions, of Young diagrams and of
random walks. The scalar products of the state-vectors, of the generating
functions may be naturally modelled as vicious (non-intersecting) random
walkers on the two-dimensional square lattice [7-15]. Vicious walkers de-
scribe the situation in which two or more walkers arriving at the same
lattice site annihilate one another [16].

In this paper, we show how some results from the theory of symmetric
functions can be used to examine the Heisenberg X X0 model on a semi-
infinte chain and describe the more difficult case of walkers in the presence
of impenetrable wall. We shall demonstrate that the exchange matrix of the
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model can be represented as the sum of two matrices that are generators of
the Cuntz algebra [17]. In turn, this algebra can be considered as a special
case of the phase algebra [18]. The two standard topologies of interest for
random walks are that of a star and a random turns. The state vectors are
written in terms of symplectic Schur functions and are described as sets of
stars. The transition amplitudes of the model are obtained in the integral
form and are expressed as random turns. The answers are estimated in
case of unlimited increasing of the number of steps.

Organization of the paper is as follows. After introductory Section 1, we
present in Section 2 outline of the Heisenberg X X0 model on semi-infinite
chain. In Section 3 we introduce the even symplectic Schur function, discuss
the combinatorial description of the symmetric functions and the eigen-
functions of the model. In Section 4 we define the generating function of
random vicious walks and discuss its asymptotical behavior in Section 5.
The asymptotics calculated for the infinite chain in the Section 6 allows us
to compare it with the result obtained for the impenetrable wall. Section
7 concludes the paper.

§2. OUTLINE

Open ends Heisenberg X X0 model describing %—spins on sites of a semi-
imfinite chain is described by the Hamiltonian

oo o0
H= Z Aoy o = Z a;a;f_s_l + U;_HUQLL , (1)
n,m=0 n=0
where the local spin operators or = (0% +io¥) and o7 depend on the

lattice argument n € N, and N is a union of zero and of all natural numbers:
N = {0} UN= {0, 1,2,.. } The commutation relations are valid:

+ Om] = 020nm, |05, Uf,fb] = :|:20'i:(5nm . (2)

[

The coupling of spins in (1) is expressed by the entries A, constituting
the exchange matriz A:

Amﬂ = 6|n7m|,1 y (3)

where d,, ;(= 0p;) is the Kronecker symbol.
Spin “up” and “down” states on n'! site, |1),, and ||),, are defined so
that the rising/lowering operators o act on them as follows:

Uv—i_ Pn =M, o, Mn =, o, = U:{ T =0. (4)
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The ferromagnetic state with all spins “up”,

H=Qm.=® () - )

neN neN

z . z

is an eigen-vector of o7,: 07| 1) = | 1), and it is chosen as the reference
state (i.e., pseudovacuum). The state (5) is annihilated by o}, o;f | 1) = 0,
and, therefore, it is annihilated by the Hamiltonian (1):

Hm=0.

The state (5) is normalized (f | 1) = 1.
The exchange matrix A is of the form:

01 0 o0 0 O
10 1 0 0 O
A—|lo1 0 1 0 o ,
0 0 1 0 1 0
and a couple of special matrices,
0 0 O
1 0 O
=101 o0

and its transpose ST, enables to express A:
A=S+ST. (6)

Let us identify a spin “down” state on j'" site | j) as the “coordinate”
column,

o
—
<
| ..
—
S~—"

o
—
.
N _|_
—_
~—
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whereas a row (j | as transpose | j). Then, the relations are valid for S and

ST (6):
S|j)=0r—jalr), 72520,
ST|j) = j—ra|Ty, j=r>0.

In other words, S looks like “creation operator”, ST is analogous to “anni-
hilation operator”, and | 0) is “vacuum vector” since ST |0) = (0|S = 0 and
S|0) = | 1). The algebra given by S and ST is called the Cuntz algebra [17):

sTSs=1, SST=1-P, (7)

where I is the identity operator, and P is the vacuum projector:

1 0 O
0 0 O
F=lo0 0 |
since P|j) = 8;0|j), j = 0. The matrices S and ST were introduced and

studied by V. Fock in [19]. Due to the property (7), the exchange matrix A
under consideration significantly differs from that defined on a ring, which
is expressed analogously to (6), but in terms of the circulant matrices
[13,14].

Let us introduce strict partition, i.e., N-tuple p = (u1, 2, ... , 4N)
consisting of strictly decreasing integers u € N, 1 < k < N called parts
of p, where

1> o > ... > uy = 0. (8)

Since the operators o act on |1),, and |),, according to (4), we define the
state |u) corresponding to N flipped (i.e., “down”) spins (“particles”) on
the sites labelled by the parts (“coordinates”) py, and the corresponding
conjugate state (v|:

) = s iz, - i) = (ﬁ a) Y. ©)

<V| = <Z/1,l/2, ,Z/Nl

ol (o) (10)

k=1
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where |1}) is given by (5). The states (9), (10) provide a complete orthogonal
base:

N
wlp) =0, = H O i -
n=1

Let us introduce the state |¥(py)) as the linear combination of |u) (9)
with the coefficients y,,(e’PV):

Ton) = D xu(e®)|w). (11)
{m, pn =0}

Under the exponential parameterization:

. B . 4 tipny .
Xpu(ePN) = xpu (e e™P2 . eTPN) = 1<222N(Slnwk + l)pj) , (12)

where e*P* is a shorthand notation for e e~k and p; € [0, 7] C R,
Vk. Solving the eigenvalue problem

H | ¥(py)) = En(pn) | ¥(pn))
leads to the following identity

N
Z(Xﬂ‘f‘ek (eiipl ’ eiip27 M eiipN) + Xﬂ—ek (eiipl ’ e:i:ip27 e eiipN))
k=1
N
= Z(elpk + e*lpk) % Xu(eilpl , eilpz, o eilPN) .
k=1

Here e, 1 < k < N, are N-tuples consisting of zeros except of a unity at
k*h place, say, from the left. The state |¥(py)) (11) provides us N-particle
eigen-vector of the Hamiltonian (1) with

N N

En(pn) :Z(ei”"' + e P :2Zcospk. (13)

k=1 k=1
§3. STAR OF LATTICE PATHS

Let us discuss the combinatorial interpretation of the function intro-
duced in (12). Consider an 7-tuple A = (A1, A2,...,An) consisting of
weakly decreasing non-negative integers:

M= 2 y20. (14)

The number of non-trivial parts of A is the length of partition [(A) = r.
The Ferrers board of A is an array of cells with [(A) left-justified rows and
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Ai cells in row i. The conjugate of A is the partition X = (A}, A5, ..., Ay),

where )\; is the length of j*" column in the Ferrers board of .

Let X be a partition of length » < N. A tableau T of shape A is called
a 2N-symplectic tableau [20] which is filled with entries in (1 < 1 <
2 <2< ...< N < N) such that entries are weakly increasing along
rows, strictly increasing along columns, and obeys the additional constraint
T;; > i (T;; denotes the entry in cell (4, ) of T'). For the symplectic case,
let xy = (xlil,xgﬂ,...,mﬁl) be a sequence of 2N variables, where xfl
is a shorthand notation for zy,z; ' (v € C,Vk), [21]. The weight of a

symplectic tableau is defined as
N Y ST T
X% = Hl‘f& ofi smT(xi_l)#ofz s in '
i=1

The even symplectic Schur function associated to A is defined by
SNESHEDPESE (15)
T

where the sum is over all symplectic tableau T of shape A.
The even symplectic Schur functions (15) can be expressed as [20]:

det (xAk+N—k+1 _ I,j_o\k'f‘N—k"Fl))

1<5,k<N \ 7
spy (XN ) = 16
PA( N) det (x]y—k+1 _ x_*(N*k+l)> (16)
1< k<N \ Y J
This function is symmetric with respect to the variables x1, zs, ...,z Ny and

is invariant under the exchange z; +— x; 1, 1 < i < N. The denominator
in this expression is an analog of the Vandermonde identity calculated
in [22]:

_ ~(N—k+1)
K%t@(x?’ =g )
N
- H(xj — xj_l) H (:L'k + x,;l —xz;— xj_l) . (1
j=1 1<k<j<N

The r*" order elementary symmetric function e, = e.(xy) of N vari-
ables, xy = (z1,2,...,zy), is defined by

er(xn) = Z Xy T+ - T,

1<iq <ig<---<ip <N
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1<|1|T|T|2]|% SRR
<2223 SRR ::E5
<|3(4|2]3% IR AR
<|4|% N SEEERE
Ss T —— Es
S EAT AT —
S, ——
S KT ——1E:
S, k—+ | 1
~St——f X

1 1

xiox!xdoxdoxboxg xdoxd
Figure 1. A symplectic tableau of shape A = (5,4,4,2)
(left), and the corresponding nest of lattice paths with

weight xI = xl(xfl)zx%(xgl)2x3x51xi(x21)4 = xl_lx4_2.

The identity for the symplectic character was proved in [23]:

spa(xy) = | det o (exr—its(xn) —ex—i—j(xn))

where X\’ is the partition conjugate to .

A symplectic tableau may be expressed by a nest of lattice paths [21].
A nest of lattice paths is called non-intersecting if no two paths in the
nest to cross the same lattice site. A nest of lattice paths associated with
the shape A is a collection of non-intersecting lattice paths from starting
points S; = (O,Z) to F; = (2N,€i), i=1,2,...,)1; 0 < e; < 2N + Aq,
which are characterized by a set {(1,1), (1,—1)} of up and down steps,
and which never go below z-axis. The weight of a nest is the product of
the weights of its steps. The weight of an up-step is unity, while either
x, or o, ! is the weight of a down-step, provided that either (2n — 1)t or
(2n)*™ step of a path is respectively considered. This type of collection of
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lattice paths is known as a star (Figure 1). The number of stars with fixed
end points and with wall restriction is given by [21]:

spx(1) =spy(1,...,1)
- 11 Ar—k -+l e+ M+ N—k—1+2
B l—k N-—k—-1+2

1<k<I<N 1<k<IKN

(18)

The relationship between the parts of p (8) and A (14) is expressed as
N=pm+i-N, 1<j<N, (19)
or A = pu — &y, where dy is the staircase partition
Sn=(N-1,N-2,...,0). (20)
The volume |A| of partition A is the sum of its parts: |A| = Zfil Ai. The
volumes of p, A, and & are connected: |p| = [A|+ Z(N —1).

The eigenfunction (11), (12) is related to the symplectic Schur function
(16) under the exponential parametrization provided that (19) holds:

Xu(ePN) = spy (e etz eFiPN) 1<§12‘5<N(Sin(N —k+1)p;)
= sp,(pn) 1<§1%‘5<N(sin(N —k+1)p;). (21)

This representation gives the enumerative interpretation of eigenfunctions
(11), (12), (16) in terms of stars. The asymptotic behavior of stars when
N tends to infinity was studied in [21].

§4. THE GENERATING FUNCTION

We shall consider the generating function G(u;v |K), which provides
the number of nests of non-intersecting lattice paths of N random turns
vicious walkers performing K steps [7]. It is given by N-particle transition
amplitude between the states |p) (9) and (v| (10) parameterized by strict
partitions p and v (see (8)), which are interpreted as initial and final
positions of random walks [7,14] (Figure 2):

Guiv |K) = (v | A" | p), (22)

where H is the Hamiltonian (1). This generating function is interpreted in
the following way.
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Figure 2. A nest of lattice paths of random turns vicious
walkers for N =4, K =8

Really, applying the commutation relation (2), one obtains at N = 1:
Glusv |K) = (tl o B0y, 1)
= (M of B [=H, 0,1 1) = (0 o HX 7Y Aoy, 1)

ni

=t o Z Angng—r Bngny Bny oy, M)

= Z AV"LK—l e Anin Anl# = (AK)IJ

n1,N2,.. ., NK—1

=((S+ ST)K)W. (23)

m

The position of a single particle on a lattice is labeled by the spin down
state, while the spin up states correspond to the empty sites. The particle
starts at randomly chosen initial site [, at first step it moves to one of the
sites defined by the matrix element A,,,,, (3), namely one step up (S),m, or
down (S1),,m: {(1,1),(1,—1)}. The difference equation of the generating
function (22) for N =1 follows from the equation (23):

Gl v |K +1) = G+ 1w |K) + G — 1 |K) (24)
for the fixed v and a similar equation for the fixed p. Equation (24) is
supplied with the condition G(u;0|K) = G(0;v |K) = 0.

After K steps all admissible paths of the particle starting from the
site [ and ending at j are given by the matrix product (23). Using the
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commutation relation

[H Uﬂlouz : ZUHI . /Jk 1 i ]J;k+1"'ol;N’ (25)

we see that the average (22) is equal to the number of configurations that
have the N random turns walkers being initially located on the lattice
sites 1 > pa2 > ... > uny = 0 and after K steps arrived at the positions
v1 > v > ... > vy = 0. The vicious walk condition, the condition that
paths does not touch each other up to K steps, is guaranteed by the
property of the Pauli matrices (o) = 0. The additive form of the equation
(25) means that under the action of Hamiltonian the only one walker jumps
up or down {(1,1), (1, —1)}, while the rest are staying {(0,1)}.

Taking into account the equation (25), we shall obtain the difference
equation for the generating function (22):

N
Gl v K +1) =3 Glu+env|K)+Glu—euv|K)  (26)
k=1

for the fixed p, and a similar equation is found for the fixed v. The non-

intersection condition means that G(p,v |K) = 0 if pup = p, or vy, = v,

for any 1 < k,p < N, and the boundary conditions are G(u,v |K) = 0 if
r=0orv,=0forany 1 <k <N.

§5. ASYMPTOTICS

5.1. First way. Knowing the eigen-functions (12), (21) of the Hamilton-
ian (1), we may write the solution of the difference equation (26) in the
following form:

N
K , .
Gl [K) = —q H / apa (23" conpe) (e xu(eP)
k=1
N
1 4 K
= o H [ [ am(23coom)

- k=1

X 1<§iet\ (smpj,uk)l Jd%tg (sinp;g) . (27)

Here the notations fix, = ux + 1, 7 = v + 1 are introduced for the parts
of auxiliary partitions gt = g+ 1, where p is given by (8) and 1 is N-tuple
(L,1,...,1):

1 >pe> ... >y = 1. (28)



SEMI-INFINITE HEISENBERG XX0 CHAIN 101

Using (21), one obtains:

Glpiv|K) = WNN,H | . Zcospk)

2
X (1 gi%tg N(sin kpj)> spaz (Pn) spar(PN),  (29)

where A" = v — 8y, AY = p — 6n (see (19)). The determinant in the
integrand of (29) is obtained using the identity (17) (see [21]):

N
. _  9N(N-1) .
lg(;lgth(sm s0,.) 2 Tl_Ilsm 0,
0, —46 0, +90
X H sin( = k>sin (J;’“) . (30)
1< <k<N

We are interested here in the large K limit with p and v kept fixed. In
order to apply the standard saddle-point approximation, we express the
first factor of integrand in the above equations (29) in the form

exp{ K log Z cos p },
k
and thereby obtain the following system of saddle point-equations [9]:
P o, refi,2,...,N}. (31)
k=1 COS Pk

It is obvious that the solutions to this system of equations satisfy sin p,, = 0
(1 <7 < N) with the restriction that >, cospy # 0. Requiring that the
matrix of second derivatives

1 Z cospr s sin py sin p,
og COS Py, = N rs 2
8p7«(9pé Zk:l COS Dg. (quvzl cospk)

for the solution of (31) is a negative definite matrix, we find that the
steepest descent corresponds to the solution for which cosp, =1, 1 < r <
N, i.e., the main contribution to the integrals in (29) comes from near the
points p, = 0, 1 < r < N. Therefore, we may replace the first factor of the
integrand in (29) by its approximation

( Zcospk> (2N)E exp{jj{vipﬁ}. (32)
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As K — oo, the main contributions to the integrals in (29) come from
near the origin of the integration variables. Using (30) under integration
in (29), we find in the leading order:

(2N)¥
G(p; v |K) = spyc(1)spar(1) NN
N * 2\ o~ (K/2N) 33, pi 2 p2)?
L[z s T gt
eV 1<i<ISN

where the symplectic Schur polynomials spyr.z(1) are associated with the
combinatorial interpretation of the eigen-functions (18). The integral (33)
is the Mehta integral [24], which is evaluated:

CN)ETIY_ 2m)! (g N (34)

m=1
K b

G(p; v |K) = spyr(1)spyr(1) (27)%N!

where A" = v — 6n, AL = pu — dy.

5.2. Second way. Making use of the symmetry of the integrand with
respect to permutations of py,pe,...,pn, the determinant in (27) can be
transformed as

det (sin(p;fix)) <§12‘5<N(sin(pjﬂk))

N1 k<N 1
N
— 1<2%2N(Sin(pjﬂk)) kli[l sin(px o)
— 1<;i’%th(sin(pjﬂk) sin(p;7;)) . (35)

Using (35) we get an alternative expression for the generating function
(29):

N

ok N om K
Guv|K) = ;ﬁfIIt/j dp"( COSpm)
n=17""7 m=1
X det (sin(pj/jk) Sin(pjﬁj))7 (36)

1<), k<N

where the partitions (28) are used.
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The answer for large K may be obtained started from (36). Indeed,
applying (32) we obtain:

= 27r N H/ dp; exp IN Zk 1pk)

X 1<§1,%t<N {cos(p; (i, — 7;)) — cos(p; (i, + ;) } - (37)

G(u;v |K)

The matrix Gaussian integral (37) is evaluated explicitly, and one finds:

K N/2 | 5 o _
G(u;v|K) ~ ((;iv)z)vm(N> Bl +1P1)/2 K?’%th(qfuwk — g
(38)
where ¢ = e VX and |a|* = Zjvzl fi3 (the same for |]?).
Knowing the definition of the symplectic Schur function (16) we re-
express (38):

2N)YE [ N\N/2 (2 e,
Glp:v) ~ <7) (Ial>+21*)/

X spar(q™, g7 g Y) | det (g7 —g™) (39)
where A= AE = uy — 6y, and the parts 6; = N — i + 1 of the partition
On = 0n + 1 (see dy (20)) are used. Another representation equivalent to
(39) is due to the identity

det ( — g0y 17557.)
-N _—(N-1) . 1<r,s<N (g q
sp q yeeesq) = - - , 40
an ) detijken (g% — ¢7) (40)
where A® = AR = vy — &y, and
=88, _ 0.0r) _ —sr st
y ot (5 =) = det (a7 = a7)
is accounted for. One obtains:
(2N)YE  N\N/2 (2 oo, ik "
VK 27(7> (1a1*+12[%)/ ik _ i
G(p;v|K) e E\E) ¢ 1<§1§t<N(q ")
XSp}\L(q_Dlaq_D27"'aq_DN)sp)\R( 7q_(N )77Q) (41)

Equations (39) and (41) provide “exact” expressions for the generating
function G(p; v |K).
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Let us obtain using (17) the asymptotics at g~1- N/K:

—0s0yr U507\ ~ oN =2 =2
1<(;1§t<N(q ¢) ~2 ( ) HVZ H =) (42)

ST i=1  1<k<I<N

Consider the parts 6; = N —i+ 1,1 <i < N:

N
[[oi=n1, I &2-d)= W

i=1 1<k<ISN
and, therefore, (42) at ¥ — 4, i.e., v — & results in
N N2 N
—-rs _ T8 ~ N{(-% _ |
1g§,§th(q a4 ) 2 (K) kl:ll(zk !
- (& [Ty (28)!
- \K N
The limiting form of (40) results from (42) and (43) in agreement with
(18):

(43)

N
sp)\R(l)(I}_IIZkl) Huz [ @& -.

i=1 1<k<I<N

Using the approximation of expression (42) we get the final answer for
(39):

N
GuvlE) = spp(@) [[1+w) T 1—w) 4 +2)

i=1 1<k<ISKN
I\N/2 , N\ N>+N/2
K — E—
v ()R w
When v — 4, one obtains
. [T (26)! N\ N*N/2
Gl 3 |K) = o (1) RS < (2N) (K) . (4)
With the help of (43) the equation (41) acquires the form:
g N2 N
Glusv|K) = span(spar(1) (=) [Tk —1)!
k=1
N\ N2+N/2
K E—
X (2N) (K) . (46)
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This answer coincides with (34) and (44). Equation (46) is reduced at
v — 8 to (45) since spyr(1) = 1.

§6. INFINITE CHAIN

Let us turn to it in the limit of infinite chain, where the analogue of the
integral representation G(u; v |K) (36) acquires the form [14] (notice that
Wi — Vi = [ij — Ug):

2 " d S K d (1 )P
" COS D, et (e "WITVRIPG)
oy L (3 omme)” i)
(47)
Provided that the approximation (32) valid at K > 1 is used in (47), one
obtains:

G(uv |K) =~

G(psv |K) =

(28)F

N N/2 24 (|2 v
(%)m( ) gUHP+D/2 et (gmrm), (48)

K 1<, k<N
where ¢ = e VK and |p|? = Zjvzl (13 (the same for |v|?). Besides, the
relation

det  (qmi—v02/2y — GUBlP+Iv®)/2 qat (g—Hi¥
1<jggN(q )=4q 1<jggN(q )

valid both for (8) and (28), is taken into account. The latter is convenient
to compare with the approximate expressions (38) and (48).
Let us remind the definition of the Schur functions Sx [25]:

det(@ YT e

S =S . = ! 49
)\(XN) )\(1‘171‘2, ,l'N) V(XN) ( )
Here V(xx) is the Vandermonde determinant
V(XN) = det(l‘éy_k)lgj7k<1v = H (:L’m — :El) . (50)
1<m<IKN

Using (49) we re-express (48) (compare with (39)):

. 2N)E [ N\N/2Z (oo,
G(M,,‘K):W(E) R+

x Sxc(g

-1 —Uso —UN —vs(N—7)
4T )Kg}gt@(q )

where AL = AL = uy — oy
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Applying the asymptotics of (50) at ¢ ~ 1 — N/K:

N\ N(N-1)/2
det (g~ ) ~ (7) 1 e-w. 6

1<r,s<N K
1<k<IKN
and the limiting value of the Schur functions (49) [26]:

I charen (i — )
Se (1) = SHASEISNE P (52)
[Ty (B —1)!
one obtains the dependence of the asymptotics of the generating function
on the growing number of steps K in the case of infinite chain:

K 2
Guvlk) = Gom(F) Tsww I we-w
1<k<IKN

H1<k<z<N(Ml — p) (Ve — Vi) (2N)E (N)N2/2 (53)

To, (k—1)! ez (K

K
The asymptotics (53) should be compared with that for the generating
function (46) corresponding to impenetrable wall.

§7. DiscussioN

The number of nests of paths of N walkers is growing mainly as (2V)%
provided that the number of steps K is increasing both in the cases of
semi-infinite and infinite chains, however critical exponent N2 + % and
N?/2 are different respectively. As a result, the growth of the number
of nests, governed mainly by (2N)¥, is slowly for the semi-infinite chain
in comparison with that of infinite chain. The combinatorial factors are
different in both cases.
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