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N. M. Bogoliubov

RANDOM ORDERED LATTICE PATHS GENERATED
BY OPERATORS SATISFYING THE CUNTZ ALGEBRA

ABsTrACT. The technique based on operators satisfying the Cuntz
algebra is used for the enumeration of Dyck, Motzkin and Lukasiewicz
lattice paths. It is shown that the weighted paths may be considered
as the generators of master fields of the quantum field theory.

§1. INTRODUCTION

The discrete mathematics of the directed lattice paths are widely stud-
ied. For the enumeration of these paths many methods are often used.
In literature, Dyck, Motzkin and Lukasiewicz paths are the most often
considered (see e.g.) [1-10].

In the papers [11,12] the master field in a number of cases including
QC D5 was explicitly constructed. The master field was generated by a col-
lection of creation and annihilation operators satisfying the Cuntz algebra.

We shall demonstrate that the vacuum expectations of the generators
constructed by the elements of Cunst algebra give an alternative approach
to the calculation of the directed lattice paths. These weighted lattice
paths allow to construct the master fields and to find the coefficients of
the Voiculescu polynomials [13].

The paper is organized as follows. We begin with some preliminaries in
Section 2. In particular, we introduce the directed lattice paths , simple
one dimensional lattice steps, Fock space and the Cuntz algebra acting in
this space. The technique developed in the previous Section will be applied
to enumerate directed lattice paths in Section 3. The interpretation of one-
matrix master fields in terms of lattice paths is the purpose of Section 4.

§2. LATTICE PATHS AND THE CUNTZ ALGEBRA

An N-step lattice path or walk is a sequence of a step set

S:{(l'l,yl)v(x%yQ)v"'a(xNayN)}a SCZ.

Key words and phrases: directed lattice paths, generating functions, master field,
Cuntz algebra.
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We restrict our attention to directed paths, which are defined by the fact,
that for each step (z,y) € S, one has x > 0. Moreover, we will consider
the case, where every element in the step set S is of the form (1,5) which
means that these paths constantly move one step to the right. Thus, they
are essentially one-dimensional objects and can be seen as walks on the
integers along the y-axis.

The spatial coordinates on the y-axis Z& = {0,1,...,n,...} can be
thought of as vector states in the Fock space:
}—B:{|O>a|1>aa|n>a} (1)

The Fock states |n) can be created from the vacuum state |0) by operating
by the operators ¢, ¢':

n) = (¢)"0), 0<n, (2)
and
¢'ln) =In+1), ¢ln)=|n—1), ¢[0)=0. (3)
The introduced operator ¢ is "one-sided unitary" or an isometric; although
oot =1 (4)
one has
plo=1I-m, (5)

in which 7 is the vacuum projector 7 = |0)(0|. This implies that [¢, ¢'] = 7.
The algebra ¢ and the ¢ is called the Cuntz algebra [11].
The operators ¢, ¢! with the number operator N

give the phase algebra [14] characterized by the commutation relations
p¢T=m, [Ngl=—0¢, [N.g]=9 (6)
The matrix representation of operators ¢ and ¢!
000 0 01 00
100 0 0 010
¢f=10 0 1 0 , =10 0 0 0 , (D

were introduced and studied by V. Fock in [15].
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§3. ORDERED LATTICE PATHS

3.1. Dyck paths. A Dyck path is a lattice path of 2N in the first quad-
rant N2 with up steps U = (1, 1), rises, and down steps D = (1, —1), falls,
that starts at the origin (0,0), ends at (2N, 0), and never passes below the
z-axis (see Fig. 1).
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Figure 1. Example of a Dyck path in 14 steps correspond-
ing to the word UUDDUUUUDDUDDD.
Let us associate the Dyck steps to the following operators
ot — (1,1)=U; ¢—(1,-1)=D. (8)
Then the number of Dyck paths in 2V steps may be written in the form
Doy = (O[HEY0), Do=1, 9)
where
Hp=¢+¢'. (10)
Applying the commutation relation
¢Hp = Hpo +
and the property that (0|¢! = 0, we can derive the expression
~o(N ~ o~ o~ ~
(015" 10) = (0o Hp HEY0) = (0| HpoHz" |0) + (0| HY|0)
= (0| HE pHXN20) + (0| HZxHAN 210) + (0[HZV|0). (11
(OlHp¢Hp ™ |0) + (0| HpmHp ™ [0) + (0[Hp " |0) . (11)
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The condition <O|ﬁ%"+1\0> = 0,n > 0 leads then to the quadratic recur-
rence on number of Dyck paths for n > 1:

N
SO(N+1 = 52(N—k
(O[HE ™V j0) = (01 HZ0){0|H7 ™ [0,
k=0
N
Dony1) = Z Dok Do(N—k) - (12)
k=0
The Catalan numbers are given by the explicit formula C = ﬁ (213[ )
and satisfy the numeric recurrence
N
Cny1=Y CiCnog, Co=1. (13)
k=0
From (12) and (13) it follows that
Doy =Ch . (14)

The operator (10) was introduced in [16] in connection with the study
of the phase problem in quantum mechanics and is known as the cosine
operator. Consider the eigenvalue equation

Hp|cosb) = E|cosb). (15)
The coefficients in decomposition

|cos ) = ZSn|n> (16)

n=0

satisfy the difference relations

ESy =51,
ESnJrl =5, + Sn+2 . (17)

The solution of these relations gives the answer to eigenvalue problem of
the equation (15):

E =2cos¥,

| cos 6) :\/zi sin((n 4 1)8)|n). (18)
n=0
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The eigenstates satisfy the conditions

(cosB|cost')y =5(0 —6'),

n o0

jfd9|coso><cos9|::j{:|n>@z|::1. (19)
0 n=0

This mentioned approach gives the analytical proof that Doy = Cy. Really

2N+1
Doy = (0|HZV|0) = / sin?(6) cos®N (0)d
22N+1 / 910 — 92N+1 / N+1 a0
0 0

0 )

The generating function of the Dyck paths is defined as
1 oo R oo
D(z) = (0| ——=—10) = > _ 2> (0|HF'(0) = Y _2*"C.  (21)
1 - ’ZHD n=0 n=0
It is straightforward to derive that
2 [ sin%0 1—v1— 422
D(z) = = / 7 = =

1—2zcos@ 222

0
The integral in this expression was calculated in [17].
3.2. Lukasiewicz paths. A Lukasiewicz path of length N is a lattice
path in N? starting at the origin (0,0), ending on the x-axis at (N,0),
which are made using steps into the set D = (1,-1), F = (1,0) and
U = (1,k) for k > 1 (see Fig. 2).
The introduced set of steps correspond to the following operators:

(e — (1,k) = Uy ; ¢ — (1,-1) = D; I —(1,0) =

The number of Lukasiewicz paths in N steps is given by
Ly = (O|HN0), Lo=1, (24)
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Figure 2. A Lukasiewicz path in 15 steps corresponding
to the word Us DF DU, UsDDDUSFDFDD.

where

He=¢+Y (¢ =9+l (25)

k>0

The commutation relations
oot = oty + oln, ¢H,=Hpo+0'r=He(o+7),  (26)
allows us to derive the following recurrence relation
(O[HZ*(0) = (01(1 + ¢)HZ |0)
= (O[HF |0) + (| HeoHY' ™' |0) + (0| HemHE ™' [0)
= (0| HX [0)+ (0| Hom HY 10)+ (0| HE2r HN ~2(0)+ (0| H2pHN ~2|0).  (27)

This expression yields the following quadratic recurrence

N
(O[HZ*10) = (0[HE|0)(0|HZ ~*|0)
k=0
N
Lni1=) Liln_. (28)
k=0

Comparing the obtained recurrence with the (13) we can derive that the
number of Lukasiewicz paths in IV steps is given by the Catalan number:

Ly =Cy. (29)
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The generating function of the Lukasiewicz paths is
1-4
szmm Zﬁﬁ STVITEE L (30)

3.3. Motzkin paths. A Motzkin path is a lattice path of 2N in the
first quadrant N? with up steps U = (1,1), down steps D = (1,—1), and
forward steps F = (1,0) that starts at the origin (0,0), ends at (2N,0),
and never passes below the z-axis (see Fig. 3).

The set of Motzkin steps are given by

(¢") — (1,1) =U; ¢ — (1,-1) = D; I— (1,00=F. (31)

£(z)={0l—

Figure 3. A Motzkin path in 15 steps corresponding to
the word UFFUDUUDDDUUFDD.

The number of Motzkin paths in IV steps is

My = (0[HY|0), Mo =1, (32)
where
ﬁM:¢+¢T+IEﬁD+I- (33)
Using the above definition we can write
R (/2] / R
00 = 3 (5, ) 01D, (3)
k=0

and hence the number of Motzkin paths in N steps is equal to
(N/2]

My =" @)ok. (35)

k=0
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The eigenvalue difference equations of the operator (33) are similar to
(17):

(E—1)Sy =51,
(E - 1)Sn+1 :Sn + Sn+2 . (36)

With these eigenvalue equations the generating function of the Motzkin
paths is

(37)

1—2)—2zcosf 222

9 1 in2 g l—2—1-22-322
M(Z)ﬂ_/( sin d0 — z z z'
0

§4. MASTER FIELD

The operator construction of the master field for the one-matrix model
was constructed in [11,13]. This operator is expandable in a basis of Cuntz
operators ¢ and ¢':

M(p,¢") = o+ Mi(ghF (38)

k=0

with an appropriate choice of the scalar coefficients Mj,.
Applying the representation of operators (7) one obtains the matrix

form of Z/W\((b, #"):

My 1 0 0
M, My 1 0
My M, M, 1

The operator (38) may be considered as the generator of the weighted
Lukasiewicz paths (25) — the step (¢f)* carries the weight Mj, (k > 0). One
can compute Voiculescu polynomials [13] of the N-th order enumerating
the weighted Lukasiewicz paths in N steps. The first such polynomials are
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of the form (See Fig. 4)
(M (6, ¢1)[0) =My,
(012 (¢, 61)[0) =M§ + M,
(013 (6, 61)[0) =M + 3Mo M, + My,
(0|M*(¢,¢7)[0) =M + 6MZ My + 2M? + AMaMy + Ms.  (40)
? I I I
. 1 1 |
M e
. 1 1 |
e e e
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Figure 4. Lukasiewicz paths and the graphical represen-
tation of Voiculescu polynomial: (0|M?3(¢, ¢)|0) = M3 +
3MoM, + M.

The explicit operator of the Gaussian master field [11,12]

Mg (6, 0") = ¢+ ao. (41)
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can be made explicitly Hermitian by a similarity transformation:
SMc(¢,¢")5™" = Va(é + ¢') = Valp, (42)

using S = exp(—g log «) , where N is the the number operator (6). The
coefficients

(0|M2N (¢, 61)|0) = oM (0] HEY|0) = oV O, (43)

were C'y are the Catalan numbers. The Gaussian generating function is
equal to generating function of the Dyck paths (22).
The "Motzkin" master field may be defined as

My (,9") = ¢ + agl + VaI, (44)

which is operator (33) after the similarity transformation

S]/W\M((ﬁ, ¢T)571 = \/aﬁM ,
and hence .

(O1AL31(6,9)[0) = 2% My ,
where My are the Motzkin numbers (35).
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