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REFLECTION OPERATOR AND HYPERGEOMETRY
II: SL(2,C) SPIN CHAIN

ABsTrAaCT. We consider noncompact open SL(2,C) spin chain and
construct eigenfunctions of B-element of monodromy matrix for the
simplest case of the chain with one site. The reflection operator ap-
pearing in this construction can be used to express eigenfunction
for n sites in terms of the eigenfunction for n — 1 sites, this general
result is briefly announced. We prove orthogonality and complete-
ness of constructed eigenfunctions in the case of one site, express
them in terms of the hypergeometric function of the complex field
and derive the equation for the reflection operator with the general
SL(2,C)-invariant R-operator.

1. INTRODUCTION

The closed spin chain with the symmetry group SL(2,C) is an inte-
grable model with various applications in quantum field theory [15, 16, 11,
4, 5]. It was studied in the framework of the quantum inverse scattering
method [10], and many important objects of this method (Q-operators,
R-operators, separated variables representation) are known [4, 7]. Separa-
tion of variables (SoV) [20, 21] is performed by diagonalization of element
B(u) of monodromy matrix. Unitarity of the SoV transform for the closed
SL(2,C) spin chain or, equivalently, orthogonality and completeness of
eigenfunctions of B(u) is proven in [17].

In this paper we consider open SL(2,C) spin chain. To define this model
we follow Sklyanin’s approach [22]. The construction of the monodromy
matrix is different from the previous case and involves K-matrix — a solu-
tion to the reflection equation [2, 22, 14]. Eigenfunctions of the B-element
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of monodromy matrix can be constructed recursively with a new ingredi-
ent, the KC-operator that solves the reflection equation with the Lax ma-
trix of the model. Note that in the simplest situation, when K-matrix and
K-operator are identities, eigenfunctions of the B-element of monodromy
matrix are constructed in [9].

In the present paper we focus on the simplest case of spin chain with
one site and prove orthogonality and completeness of eigenfunctions. Our
main computational tool is the diagram technique [4], which significantly
simplifies proofs and makes them visual.

2. OPEN SL(2,C) SPIN CHAIN

To describe the model we recall the main formulas for the principal
series representation of the group SL(2,C) [13, Ch. III]. It is defined on
the space L?(C) of square integrable functions on C with the scalar product

(®|V) = /d2z D(2,2) U(z, ). (2.1)

The integration measure is the Lebesque measure in C: d22 = dRe z dIm z,
and in what follows by [ d?z we denote integration over the whole complex
plane.

To avoid misunderstanding, let us remark that below we denote complex
conjugation of a number a € C as a*, so that in generic situation a does
not mean complex conjugation of a. There are two traditional exceptions:
for the variable z we use z = z*, and complex conjugated functions are
denoted as ¥(z, z). Besides, for simplicity we display only the holomorphic
argument of functions ¥(z) = ¥(z, 2).

The representation is parametrized by the pair of spins

s=(s,3), 2(s—3) € Z.

a b
g<c d>’ ad —bc =1,

is represented by the operator T'(g) acting on functions ¥(z) by the formula

The group element

[7(0) Wl(2) = a0 ).
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Here and in what follows for a pair (a,a) € C? such that a —a € Z we
denote the double power

[Z]a = 050 — |Z|a+d ei(afa) argz (22)

The function (2.2) depends on both “holomorphic” parameter a and “an-
tiholomorphic” one a, but for brevity we display only the “holomorphic”
exponent. The numbers a, a are not complex conjugate in general. We im-
pose the condition a — @ € Z, so that the function [z]* is single-valued in
the whole complex plane. In addition, for p € R we denote

[2]PTe = prtazrta,
The principal series representation is unitary if s and s satisfy the con-
dition
s +5=1, (2.3)
where s* denotes the complex conjugation of s. Together with the condition
2(s — 5) € Z this gives the parametrization of spins

S 1 . —Its 1 .
g="1 2+ +ivg, 52%—1—11/3, ns € Z+o, vs€R, (2.4)
where for the rest of the paper we fix the parameter o
o e {0, %}

Generators of the representation are defined in the standard way as
the coefficients of decomposition of the map 7'(g) in the neighbourhood of
unity. They have the form

S =2z0,+s, S_=-0,, S, = 2%0, + 2sz,

_ _ _ (2.5)
S =z0; + 3, S_ = —0;, S, = 7%0; + 25%.

We call S, S+ holomorphic generators and S, S+ — antiholomorphic ones.
They obey the standard commutation relations of the Lie algebra si(2,C)

[S4,5_] =25, [S,Ss] = +84,

and similarly for the antiholomorphic generators. Note that the holomor-
phic generators commute with the antiholomorphic ones. Two types of
generators are conjugate to each other with respect to the scalar prod-
uct (2.1).

st=-§5, ~st=-5, sl=-5, (2.6)
due to the assumption (2.3).
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In the theory of integrable systems an important role is played by Lax
matrices. The spin chain under consideration is defined by holomorphic
and antiholomorphic Lax matrices of the form

w=("57 ) 5) =757 5).

Another useful notation for the Lax matrix reads
Lu)=Lu+s—1,u—s),

where the parameters u; = v+ s — 1, us = u — s appear naturally in the
factorized expression

o= (5 2)( )

up + 1+ 20, -0,
=, . (2.7)
220, + (ug —us + 1)z ug — 20,

For the construction of the open spin chain we also need K-matrices

i u— = i u—

w0=(auly Mat) FO=(aaly e e
which solve the reflection equation [2, 22, 14]. The K-matrix considered in

the SL(2,R) case [1, eq. (1.12)] can be obtained by the change v = ig.
In the present work the attention is payed to the open SL(2,C) spin
chain. The Hilbert space of the chain consisting of n sites is given by the
direct product of n copies of L2(C), i.e. the space of square integrable
functions of n variables z1, ..., z,. To k-th site one associates holomorphic

Lax matrix
u+ 2,0, + 8 -0,
Ly (u) _ , k k
2505, + 252, u— 2,0, — S
and the analogous antiholomorphic one Ly (%). Quantum integrals of mo-

tion of the model are constructed with the help of the monodromy matrix

T(u) = Ln(u) -+~ Ly (w)K (u) Ly (u) -+ - L (u) = (% g%) ,

and its antiholomorphic counterpart T(), which is defined by means of
Li(uw) and K (@) in the same way. The monodromy matrix satisfies the
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reflection equation

R(u—v) (T(u)®1) Rlu+v—1) (1®@T(v))
=(1®TW)Ru+v—1)(T(w) ®1) R(u—v). (2.9)
Here R(u) is the Yang’s R-matrix that acts in the tensor product C? @ C?
R(u) =u+ P, Pa®b=>b®a. (2.10)
From (2.9) and its antiholomorphic analogue we obtain the commutativity
[B(u), B(v)] =0,  [B(u), B(1)] =0.

Note that the holomorphic and antiholomorphic operators also commute
with each other

[B(u), B(7)] = 0.
Our main objective is the simultaneous diagonalization of operators B(u)
and B(u). In this paper we study in detail the case n = 1 and derive
the reflection operator, which is the key element in the construction of
eigenfunctions for arbitrary n. Most of the results and proofs are analogous
to the case of SL(2,R) spin chain studied in the first paper of this series [1].

2.1. Eigenfunctions for one site. In this section we collect our main
results concerning the spin chain with one site. In the case n = 1 the
operator B(u) has the form

1
B(u) = (u - 2) (uv* — H®),
where H® can be written in terms of holomorphic generators (2.5)
H® = 8% —425% —2iaS_
5 o ) (2.11)
= (2 —7%)0; + (25 4+ 1)20, + 2iad, + s°.

One can see that the spectral problem for B(u) is equivalent to the spectral
problem for H*®. Similarly for its antiholomorphic counterpart

_ 1N, _
B(u) = (u — 2) (u® — H?)
and the operator
HS = 5% - 5%5% —2iaS_

2.12
= (2% — 3202 + (25 + 1)20; + 2ia0; + 5°. (212)
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Let us impose the condition on these operators
(H*T = {7, (2.13)

where the hermitian conjugation is taken with respect to the scalar prod-
uct (2.1). Operators H® and H° commute, so that under the condition
(2.13) we can construct commuting self-adjoint combinations H® + H¥,
i(H® — H?).

The holomorphic and antiholomorphic generators are conjugate to each
other (2.6): ST = —5, ST = —S_. Then the condition (2.13) is satisfied if

d:a*, ,?2:(,7*)2
Since the operator H* (2.12) depends on 42, without loss of generality we
may assume
a=a", y =" (2.14)
Under the above assumption we look for the joint eigenfunctions of oper-
ators H® and H®

H? Uy(z) = 2° Uy(2), H Uy(z2) = 7% Uy(2),

where we denoted the spectral parameters x = (z, ).

The joint eigenfunctions are constructed with the help of the reflection
operator K(s,x) that acts on functions of z,z and satisfies two reflection
equations with holomorphic Lax and K-matrices (2.7), (2.8)

K(s,z) Llu+x—1,u—s)K(u) L(u+s—1,u — x)

2.15
=Llu+s—1lu—z)K(u) Llu+z—1,u—s)K(s,x) (2.15)
and their antiholomorphic counterparts
Kis,x)Llu+z—1,u—35 K@ Lla+s—1,4—Z
(s, ) L( ) K (u) L ) (2.16)

=Lu+s—1l,u—z)K(u) Llu+z—1,u—35)K(s,x).

The first relation (2.15) is equivalent to three independent operator equa-
tions on reflection operator, see (3.2). One of them includes the operator
H® (2.11)

H°K(s,z) =K(s,z) H".
Similarly, from (2.16) we have

HSK(s,x) = K(s,z) H.
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Acting on 1 in the last two equations we obtain
HiK(s,z)-1=K(s,z) H* -1 =2 K(s,x) - 1, (2.17)
HYK(s,x)-1=K(s,x) H* -1 =2*K(s,x) - 1. (2.18)

Thus, K(s,x) - 1 is the joint eigenfunction of the operators H* and H?.

All of this can be regarded as an induction step from the eigenfunction of
B—o(u) to the eigenfunction of B,—1(u). The operator B,— is an element
of the matrix K (u), i.e. it is a number and its eigenfunction is 1. Acting by
K(s,x) on 1 we obtain an eigenfunction of B,,—1(u), which is the function
of one complex variable z.

Now let us formulate our main results concerning the reflection operator
and eigenfunctions. It is convenient to denote

1 _ 1 ia
and below we frequently use this pair of parameters instead of («,a).
Apart from the conditions on the parameters (2.4), (2.14), in what follows
we always assume
r—T€Z+o, g—gEZ+o,

where o € {0,1/2} is fixed by the spins (2.4). The second assumption
together with the conditions (2.14) gives the following parametrization

1 — 1
g:ng+ + iy, g:%—l—iyg, ng €Z+o, vgecR.
Consequently, the complex conjugation rule for the pair (g, g)
g +g=1 (2.19)

is the same as for the spins (s,3) (2.3).
In Section 3 we derive the explicit formula for the action of reflection
operator K(s,x) on a function ¥(z)

(K(5,2) W) () = o o — ]

(s — x)

e e

(2.20)

Here I'(a) is the gamma function of the complex field [12, Section 1.4], [19,
Section 1.3]
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It depends on two parameters (a,a) € C? such that a — a € Z, but for
brevity we display only the first one. In addition, for p € R we write

I'(a+p)

and for the products of gamma functions we use compact notation
I'(a+b,c,d)=T(a+0b)T(a—b)T(c)T(d).

The useful properties of this function can be found in Appendix A.
Define the integral operator [0,]® acting on functions ¥(z) by the for-
mula

(006 = s [Fw v 2

Then the reflection operator (2.20) can be alternatively written in the form
K(s,x) = [z + " [z =279 [0 [ 49" [e = 9]0 (2.22)

We remark that the operator [0,]2/~! plays an important role in the repre-
sentation theory of SL(2,C), namely, it intertwines equivalent representa-
tions with spins (¢,£) and (1 —¢,1 — £) [13, Chap. III, Sec. 3.2]. Moreover,
it was used for the construction of the general SL(2,C)-invariant solution
of the Yang-Baxter equation [6, Sec. .3].

In addition, for the derivative operator (2.21) we have the expected
relation

[az]a [8z]b = [82]a+b7

which is equivalent to the integral identity (A.1). Then from the for-
mula (2.22) the reflection operator clearly satisfies

K(s,z)K(z,y) = K(s,y).

Section 4 is devoted to the integral representations of the eigenfunctions.
According to the formulas (2.17), (2.18) the eigenfunctions can be written
in the form

Uap(z) =m[29]°7*T(g — x) K(s,x) - 1. (2.23)

Due to the explicit expression for the reflection operator (2.20) and reflec-
tion formula for the gamma function (A.5) it is equivalent to the integral
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representation

Uo(z) = [29] " D(g— 2,1 — s +2)

y / d?w
oA A w— A oAl o =

In Appendix A we explain how such integrals with power functions can be
depicted by diagrams. In this way various integral identities correspond to
simple transformations of diagrams.

Using diagram technique in Section 4.1 we prove that with the above
normalization the eigenfunctions have reflection symmetry

Ua(z) = U_4(2).

Moreover, making certain diagrams transformations we derive the second
integral representation for them

Ua(z)=[279]"""T(g— 2,1 —s+x)

o / d2w
= 2w — A Al
With the help of this representation in Section 4.2 we show that the eigen-

functions are related to the hypergeometric function of the complex field
[12, §2], [18, Section 1.6] by the formula

g+ x,9g—x)
I'(s+g)
s+xz|5+%, s—x|s— T
s+gls+g

Ua(z) =

X QFiC

1 =z
2 2y

Last but not least in Section 4.3 we obtain one more integral representation
of Mellin—Barnes type

1 1y T(e—y+ax, 1—5s— -
\I/m(z):f/Dy[ ] (e—yxta,l-s—c+y g—c+y)

2 By e+ Al o = ol
where we assume ¢ € (0,1/2) and that both the spectral and integration
variables have the form

(2.24)

k k
:c:(x,;f):<2+in,—2+i77>, ke€eZ+o, neR,

(2.25)

m m
y(yvg)<2+i7.72+i7'>, meZ+o, T€ER.
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By integration over y we mean

/Dy: > /Rdf.

meZ+o
In Section 5 we prove that eigenfunctions ¥, (z), ¥, (2) with spectral
parameters of the form (2.25) are orthogonal with respect to the scalar
product (2.1)
_ le—y)+o(x+y
0y 0) = () NE YT ) (2.26)

Here we denoted the delta-function with spectral parameters

5(:E - y) = Okm 5(77 - T)
and the normalization coefficient

1 122
u@) = gal3[
The proof of the orthogonality relies on the diagram technique described
in Appendix A.

With the help of the Mellin-Barnes representation (2.24) in Section 5
we prove the completeness relation

Dx () Uy (2) Uy (w) = 6% (2 — w),

where 0%(z) is the delta-function in the complex plane
62(2) = 6(Re z) 6(Tm 2).

Notice that the measure in the completeness relation p(x) agrees with the
orthogonality (2.26).

Finally, in Section 7 we show that the operator KC(s,x) (2.22) also sat-
isfies the reflection equation

Ki(x) @12(3371/) Ka(y) Riz(z,y)

= Ris(z,y) Ka2(y) Riz(z, y) Ki(z)
with the R-operators defined by the formulas
Rig(x,y) = Pra [21 — 22)" 7577 [0.,]Y 77 [21 — 22TV,
Ria(z,y) = Pra [21 — 22) 72 [0:,]77 % [0:,]Y 7% [21 — 2]V 71,
where Py, is the permutation operator
P2 (21, 22) = (22, 21).
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Here the lower indices mean spaces of functions of z1, 2o and in all opera-
tors we suppressed the dependence on spin s. Such R-operators represent
special cases of the most general SL(2, C)-invariant solution of the Yang-
Baxter equation [6, §3].

The orthogonality and completeness of the eigenfunctions W,(z) are
equivalent to unitarity of the transform

[T ®)(x) = /d2Z U, (2) ®(2)

that maps the initial Hilbert space to the space of square integrable func-
tions with respect to the measure p(x)Dx and invariant under reflec-
tion * — —x. It will be interesting to establish the relation between this
transform and the complex analogue of the index hypergeometric trans-
form that also has the hypergeometric function in the kernel, but acts on
different Hilbert space [18].

2.2. Eigenfunctions for n sites. For the spin chain with n sites opera-

tors B(u), B(u) act on functions of n complex variables z1, ..., z,. In this
section we state the formula for their joint eigenfunctions

1
Bu)¥g, . . .z, = (u — > (u2 — x?) e (u2 — x%) Ve s

_ I N o
B0) Ve, m, = (1 3 ) (02 =) (= 22 Ve,

with pairs of spectral variables oy = (xy, T) such that z, — T € Z + 0.
Let us introduce the integral operator acting on functions ¥(z;, z;)

1-2s

(Rij(x) V)(zi,25) = /d2w o= w}%sﬂzﬁ, e (w, z;).

We note that it interchanges the arguments in two holomorphic Lax ma-
trices

Rig(x) Li(u+s—1u—s)La(u+s—1u—ux)
=Li(u+s—1u—x)Lo(ut+s—1,u—s)Ria(x),
and the same relation holds for the antiholomorphic ones. This operator

is related to the general SL(2,C)-invariant solution of the Yang-Baxter
equation [6, §3].
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With the help of the above R-operator and reflection operator (2.20)
we define

An(iL') = Rn’nfl(w) Rnfl’nfz(w) e Rgl(w)
X ]Cl(87 .’I)) ng(.’B) RQg(.’B) . Rn_l,n(:c).

Here 1 (s, x) is the reflection operator acting on functions of z;. Then the
induction formula for the eigenfunctions reads

\Pml,.“,wn (Zla ceey Zn) = An(wn) \Pml,.“,mn,l (217 ey anl)u
or, equivalently,
\Ijml,..., T, (Zla R Zn) = An(xn) An—l(mn—l) e Al(ml) -1.

We postpone the proof of this formula to the future work.

3. DERIVATION OF REFLECTION OPERATOR

The operator K(s,x) acts on functions ¥(z) = ¥(z,z) and satisfies
the holomorphic reflection equation (2.15)

K(s,z) Llu+x—1,u—s)K(u) L{u+s—1,u — x)
=Llu+s—1lu—z)K(u) Llu+z—1,u—s)K(s,x)
and similar antiholomorphic one (2.16). The equation (3.1) is a matrix
equation, the entries of matrices are operators polynomial in uw. To obtain
the system of operator equations on K(s,x) one needs to look at the
coefficients of polynomials from both sides of relation (3.1).
Since the reflection equation (3.1) is the same as in SL(2,R) case |1,

Section 2.1], we obtain the same operator equations together with their

antiholomorphic counterparts

KN=NK, KH*=H°K, KI%% =1" K,
_ _ __ _ e s 3.2
KN=NK, KH*=H°K, KI1%% =15*K, (32)

where the holomorphic operators are given by the formulas
N = (22 =420, + (s + )z,
H® = (22 — 4%)0? 4 (25 + 1)20, + 2iad, + 5%,
1% = 2(22 — 4%)02 4 (25 + 1)220, + 2(2* — 4*)0;
+ 2iaz0, + s(s+ )z + N +ia(s + z),
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75,T

and analogously for the antiholomorphic ones N, H*,I%®. To solve the
above system we use the following ansatz for the reflection operator

K(s,@) = [z +917 s =)' 7 W(s,z) [ +9]" 7 [ 9|77, (3.3)
where W (s, x) is an unknown operator. Here and in what follows we denote

_ 1, ia Sl ia
9—2 'Y’ g_2 /?7

and notation for the double power [z]* is defined in (2.2). The right hand
side of (3.3) is the composition of W (s, x) with operators of multiplication
by power functions. To have single-valued power functions we assume

r—T€”Z+o, g—g€E€Z+o, (3.4)

where o € {0,1/2} is fixed by the spins (s, §) parametrization (2.4). The
motivation for such ansatz is explained at the end of this section.
Substituting the ansatz (3.3) into the equations (3.2) we obtain the
equivalent system
WNx,s — Ns,a: VV, W HES = 5% VV: W T%5 — T5% W,

o e _ R 3.5
WNw,s _ Ns,:r I/Va W HES = 57 W, W I%5 = I5% W, ( )

where each holomorphic operator A% = N, H® I%* has been similarity
transformed

A = [z + AT = AT TIANT [+ ) [ = 1] T,

and analogously for the antiholomorphic ones. Now our aim is to solve the
system (3.5) for W (s, x). First, denote the generators of SL(2,C)

S5 =20, + 4, S5 = -9, S7% =220, + 21z,
S5 = 285 + 4, §5% = —0, ST =720 + 20z,
with the pair of spins
:1+33—s Zzl—f—:ﬁ—g
2 ’ 2 '

Next calculate the similarity transformed derivatives

1

[e + 910 [z =T 0 [r + ) e =) T
1—2s)z — 2ix

(



60 P. V. ANTONENKO, N. M. BELOUSOV, S. E. DERKACHOV, P. A.VALINEVICH

e e A e i T
(1—28)z — 2 (25 — 1)(2822 + 7?) — 4a? + 8siaz
2 _ A2 9 + 2 _ ~2)2 :
22— (22 =)
Using the above formulas we express the operators in the system (3.5) in
terms of introduced generators

NOT = §57 4 255 _ dia,

=02+2

HT = —SPSN 4+ (2 — 5 — 7)™

2, .2
208t (st ST 8T

2 )
$,T 8. T $.0 OIS, T 3—s—=x s,T
I07 = SYTST 425Gl = ST
1
st ; T Y285 — 2iaS5F — ia.

The expressions for N'*%, H5% TI5% are of the same form, one just needs
to replace holomorphic generators and parameters with antiholomorphic
ones. Therefore, the solution of the system (3.5) is given by the operator
that intertwines introduced generators

WS =S "W, WSy =Sy W,
WS™S = ST W, WSLT =Sy W

Note that the interchange s = x corresponds to the transformation of the
spin £ - 1 — ¢ (3.6). It is known that SL(2,C) representations with spins

(¢,¢) and (1—4¢,1—2) are equivalent [13, Ch. ITI, Section 3.2]. The operator
establishing their equivalence can be written in the form [6, Section 2.3]

W = [62]22—1 _ [az]z—s.
Here [0,]% is an integral operator depending on two parameters (a,a) € C?
such that a — a € Z. It is given by the following formula:
(0" 0 = 7 [ Py V@) (3.7)
. zZ) = w w), .
7 T(—a) [z —w]ot!

where T'(—a) is the gamma function of the complex field
I'(—a)

I'(—a) = m.
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Thus, the reflection operator admits the expression

K(s,@) = [z 4717 [z =)' 790" [ + 9" [z = 9)*T971. (3.8)
According to the definition (3.7), the explicit action of this operator on
U(z) is given by the formula

(/C(S,:L’) \I/) (2) = [z2+797°[2 77}17579

a(s—x)

2, (W fw o]
/d [z — et U (w).

(3.9)

Note that in Section 2.1 we imposed the conditions & = o*, ¥ = v* (2.14),
which together with the assumption g—g € Z+o0 (3.4) give us the following
parametrization
ng+1 | _ —ng+1
5 + 1vg, g = 9
similar to the parametrization of the spins (s, §) (2.4).
Now let us explain the motivation for the ansatz (3.3). In the first paper

of this series we obtained the formula for the reflection operator of open
SL(2,R) spin chain [1, Section 2.2]

s F((Z - ’7)62 —i—x—i—g)
I'((z=7)0:+s+g)

Heuristically, we can introduce the complex power of the derivative over
the variable z by the following formula [3, eq. (2.8)]
1 I'((z—7)0,+1
e = _ ((z=70:+1) (3.11)
(z=7)T((z=7)0.+1—aq)
This operator mimics the properties of the usual derivative, see [3]. Then
the expression (3.10) can be rewritten in the suggestive form

K(s,2) = (29)°
X (24 )I7 (2 =) I O (5= )T (),

which motivates the ansatz (3.3). However, in the SL(2,R) case we consider
v =i € iRsg and the Hilbert space consists of the functions analytic in
the upper half-plane Im z > 0. The power functions (z — ) are not single-
valued in the upper half-plane, which makes the individual factors in the
formula (3.12) ill-defined.

g= +ivg, ng € Z+o, vy €R,

K(s,z) = (27)°"" (z +7)"

(z+7)"79.  (3.10)

(3.12)
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Notice that the defining equation for the reflection operator (3.1) is
invariant with respect to the reflection v — —v. Under this reflection the
parameter

also changes ¢ — 1 — ¢g. It is interesting that despite the defining equa-
tion (3.1) in SL(2,R) and SL(2,C) cases is the same, only the SL(2,C)
solution (3.8) is symmetric with respect to the reflection v — —~, whereas
in the SL(2,R) case the symmetry is broken, as it can be seen from the
definition (3.11).

4. EIGENFUNCTIONS

4.1. Diagrammatic representations. In this section we derive two in-
tegral representations for the one-site eigenfunctions. Both of them can
be represented by certain diagrams using the technique described in Ap-
pendix A. As it is explained in Section 2.1, the eigenfunctions can be

Figure 1. Diagrammatic representation of W, (z).

constructed using the reflection operator (2.23)
Wo(2) = 7 [24)" " T(g — 2) K(s,@) - 1.

Below we prove that with such normalization the eigenfunctions are in-
variant with respect to the reflection x — —.
The explicit action of the reflection operator is given by the formula (3.9)
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(IC(.S, x) \I!)(z) = m [z 4+ )97 [z — 4] 59

0w A" [w — AT
x/dw [z wjrett

Therefore, due to the reflection formula for the gamma function (A.5)
[-1]P*=T(s—=z,1—s+x)
we obtain the first integral representation for the eigenfunctions
Ue(2)=[29)"T (g — 2,1 —s+x)
y / d2w . (4.1)
e (e e TR L
Up to gamma functions behind the integral it is depicted in Figure 1.

=7 =Y

Figure 2. Reflection symmetry x — —x.

Now let us prove the reflection symmetry
Up(z) =U_5(2) (4.2)

using diagram technique. The left diagram in Figure 2 is equivalent to
the one in Figure 1: we just divided the vertical line corresponding to the
factor [2y]°~* into two parts

[27]°77 = [29]747 [29) 777,
Using the reduced cross relation shown in Figure 8 we arrive at the second

diagram in Figure 2. Modulo coefficient with gamma functions, this dia-
gram depicts the function ¥_,(z). Restoring the gamma functions from
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(4.1) and taking into account the gamma function factor coming from the
reduced cross relation (A.7) one obtains (4.2).

At last, we derive the second integral representation for the eigenfunc-
tions. Starting from the first representation (4.1) and using the same re-
duced cross relation (A.7) two times we arrive at

Ua(z)=[279]"""T(g— 2,1 —s+x)

v e

The corresponding diagram transformations are shown in Figure 3.

Y
S+8-1 1-x-g s+g-1 I-s=x g-x
~ X-S+1 ~ I+x-g ~ X+S
\/ s-x

.

Figure 3. Derivation of the second integral representation.

4.2. Relation to hypergeometric function. By analogy with the
SL(2,R) spin chain [1, Section 3], the one-site eigenfunction (4.3) can
be expressed in terms of the hypergeometric function. In the SL(2,C)
case it is the hypergeometric function of the complex field [12, § 2], [18,

Section 1.6]
L'(c) o, [P =g
v} = “Tc—b) /d t At ) (4.4)

C a|d, b|l_)
2y [ cle

where a — @, b — b, ¢ — ¢ € Z. It satisfies the pair of hypergeometric differ-

ential equations [18, Proposition 3.7]

(v(l — )02+ [e— (a+b+1)0]0, — ab)F(v) —0, (4.5)

(@(1 ~ )02+ [e— (@+b+ 1)), — dB)F(v) =0, (4.6)

where ¥ = v* is the complex conjugate of v. Notice that the spectral
problem for the operator H® (2.11)

((22 — 0% 4 (25 + 1)20, + 2iad, + 82) U, (2) = 2% Uy(2)

*
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transforms into the first hypergeometric equation (4.5), if we change the
variable

z
V= — —
2y

N =

and identify the parameters
a=s+x, b=s—ux, c=s+g,

where as before g = 1/2 +ia/y. Since v* = 7 (2.14), the same is true
for the operator H® (2.12) and the second hypergeometric equation (4.6)
under identification

>
Il

W]
|

&

a=S+1, c=S5+g,
where g = 1/2 + ia/7.
Correspondingly, if we change the integration variable in the second
integral representation of the eigenfunctions (4.3)
2 2
v d2w _ [ ’7] th’

t=—
w—r’ 2

we arrive at the relation with the hypergeometric function defined
above (4.4)

1 z

2 2y

This formula is similar to the expression for the one-site eigenfunction of
the open SL(2,R) spin chain [1, (1.32)] — parameters and the argument
of the hypergeometric function have the same form. Note also that the
symmetry of the hypergeometric function [18, Proposition 3.3]

ﬁf{a'@’ﬂb M =2Fic[b|b’ afa v}

corresponds to the reflection symmetry & — —a of the eigenfunctions.

nDg+z,9—2) | s+z[s5+2 s—z[5-7

T'(s+g) 2

V. .(z) =
=(2) s+gl5+g

4.3. Mellin-Barnes representation. Denote for brevity the products
of gamma functions

I'laxb,c,d) =T(a+b)T(a—b)T'(c)T'(d).
In this section we obtain one more representation for the eigenfunctions

1 -1V *I'(e—y*tz,1-5s—c+y,g—c+
\I,w(z)zf/py[ ] (57 Y . yii Y)
2 e e L

(4.7)
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with arbitrary € € (0,1/2). Here we assume that both the spectral and
integration variable have the form

k k
:L'z(x,x):(2—|—in,—2—|—in>, keZ+o, neR, (4.8)

y:(y,y):(";+jq—7_n;+iq->’ meZ+o, TER
and by integration over y we mean

/Dy— /dT

Recall that the parameter o € {0,1/2} is fixed from the very beginning
by the spins (s,5) (2.4). Notice that the reflection symmetry  — —x is
evident from the above representation.

For the proof we need the formula [19, eq. (3.2)]

mel+to

—a 1
where it is assumed that ¢« — @, b —b € Z+ ¢ and
Re(a+a) > 0, Re(b+b) > 0, (4.10)

so the contour 7 € R separates series of poles from gamma functions.
To obtain the Mellin-Barnes representation (4.7) we start with the for-
mula for the eigenfunction (4.1)

Uo(z) = [29]" " T(g — 2.1 — s+ 2)
) / 2w (4.11)

B P T T e

First, change the variable z — —(z — v)/(w — 7) in the identity (4.9) and
with its help rewrite the power function

1 1

[w— z]e=s+1 21 1"(1; —s+1)

D 1)y~ “’I‘(l—s—a—i—y,m—&—s— Y)
y ]1 s—e+y [w ,Y]m+s y
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Here we assume ¢ € (0, 1/2) in accordance with (4.10) and the parametriza-
tions of s, x (2.4), (4.8). Then from (4.11) we obtain the multiple integral

X/dQM'Dy [F1]P"TA—-s—e+y, z+e—y) .
[Z + rﬂs—g [Z — 7]g+y—s [w + ,y]g—f [’LU _ ,Y]l+5_g_y

Integrating over w using the chain relation (A.1)

1
d2
[ [w 7] fw =]
w[—1]97% 1
Fl+e—g-y,g—a, l—ct+aty) [29]"2V

we arrive at the desired formula (4.7).

5. ORTHOGONALITY

Recall the scalar product (2.1

)
<¢>\w>=/d2zww<z>,

where integration is performed over the whole complex plane. In this sec-
tion we prove that the eigenfunctions ¥,(z) are orthogonal with respect
to this scalar product

2
(| We) = 20 | 2 (3@ — y) + 3@ + y)), (5.1)
where the spectral parameters are of the type
_ k. k.
= (z,T)= §—|—1n,—§—|—1n , keZ+o, neR,

(5.2)

y:(y,y):<7;l+i7'7—n;+ir>’ meZ+o, TER

and for brevity we denote
6(x —y) = 0km o(n — 7).

Note that the eigenfunctions ¥, possess the symmetry & — —x (see Sec-
tion 4.1). Therefore, the scalar product also must be invariant under re-
flection & — —x. So, it is sufficient to prove the formula (5.1) in the
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sector & # —y, where the second delta-function §(x + y) disappears, and
at the end restore full expression by symmetry.
For the proof we use the integral representation (4.1)

Ue(2)=[279]""T (g —x,1 —s+2x)
d?w
o e e T T RN

and diagram technique explained in Appendix A. Using the rule for com-
plex conjugation of double powers

([e]")" =[] = 2" 2"
and conditions on the parameters (2.3), (2.19)
S*+§:17 g*+§:1

one obtains the diagrammatic representation for the scalar product (¥, |¥,)
in the top left corner in Figure 4 (modulo coefficient behind the integral).

The first transformation in Figure 4 is the cancellation of lines connect-
ing the central vertex with v and —v and the use of chain relation (A.1)
depicted in Figure 7. On the next step we use the star-triangle relation
(A.6) also shown in Figure 7. In the last transformation we again use two
chain relations and arrive at the lower left corner:

/d2w [w _ ,y]fl+17*+a: _ /d2w [w]71+y*+z' (53)

For x and y of the form (5.2) the integral (5.3) can be easily calculated in
polar coordinates w = re’#, which gives

/d2w [w] 7Y = 972 6 6(n — 7) = 272 8(x — y).
Taking into account the factors with gamma functions appearing during
diagram transformations and using the reflection formula (A.5)
L(a)T(1—a)=[-1]" = (-1)*° (5-4)
we obtain the expression for the scalar product
2 [1]4Y [29]
Frl+z+y)Tl-—2z—-y)
The complex gamma function satisfies the difference equation (A.3)

I'(a+1) = —aaT(a).

(Wy|We) =

S(x —v). (5.5)
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Figure 4. Derivation of the orthogonality relation.

Using it together with the reflection formula (5.4) we rewrite (5.5) as

_ 2 [27]
(Uy|Wy) = T etr9)E+D) é(x —y) (5.6)
:27r4‘%’ iz —y). (5.7)

Derivation of (5.7) is based on the tacit assumption & # y, only in this
case all steps in Figure 4 have sense. This can be clearly seen from the
expression in front of delta-function in (5.6). This expression collects all
factors appearing in intermediate steps of calculation and it is evidently
singular at the point * = —y.

Removing the condition # # —y and restoring the whole answer
from (5.7) by symmetry we obtain the orthogonality relation (5.1).
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6. COMPLETENESS

In this section we prove the completeness relation

/D:c () Uy (2) Uy (w) = 62(2 — w), (6.1)

where as before we denote
k k
:c:(x,a:):<2+iv77—2+in), /Dm: Z /Rdn (6.2)
keZ+o
and 62(z) is the two-dimensional delta function in the complex plane
62(2) = 6(Re z) 6(Tm 2).
The integration measure
1 22
) = g |5
follows from the orthogonality relation (5.1) and it is useful to rewrite it
in equivalent form
I'(stxz,1-s*x)
) = ——
47t [29] T(£2x)
with the help of difference equation (A.3) and reflection formula (A.5) for
the gamma function.
To prove the completeness relation (6.1) we use Mellin-Barnes repre-
sentation for the eigenfunctions (4.7)

1 -1V *T(e—y+a, 1—s—c+y,g—c+vy)
\I/w(z) =5 /D e—y—s s— _ —e+
2]y [z +A]579 [z — ooty

(6.3)

5 . (6.4)

where € € (0,1/2) and the integration variable is of the type
y—(y,ﬂ)—<1;1+17,1;1+i7'>, meZ+o, T€eR

In what follows we treat ¢ as the regularization parameter and at the end
of the calculation take the limit € — 0.

To write down the complex conjugated eigenfunction W, (w) recall the
conditions on the parameters (2.3), (2.19)

and how the double powers (2.2) are conjugated

*

([2])" = [* -
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Note also that assuming a,a are of the form

n n
a:§+iu, a:f§+iu, neZ, veR

from the definition of the gamma function (A.2) and the formula (A.4) we
have complex conjugation rule

L(p+a)*=T(p—a)=[-1]"T(p—a), peR
Due to all of the above remarks we have

1 —1]¥' -9 '+, s—e—y, 1—g—ec—y
o=+ [ [ ety 2o s—e—y, 1—g—e—y)
[2,y]€+y +571[w+,y]gfs[w_»7]1*g*5*y

, (6.5)

where integration variable is again of the type

/

Vi
y =W, 7) = <n; +ir, —m? + iT/>, m eZ+o, T €R.

Substituting the explicit formulas (6.3), (6.4) and (6.5) into the left hand
side of the completeness relation (6.1) and taking limit € — 0, one obtains
the multiple integral

(/Dmu@ﬁwﬂdﬂﬂhw

1P*T(1—-s—ec4+y,g—c+y)
lim ’Dy
167r4 e—04 [z +7]5=9 [z — y]9—=+¥

D 1V 9D(s—e—y,1—g—c—y)
y27%yﬂ[w+ﬂgﬂw AIemaY

(6.6)

D T(sta,1—-s—4deta,e—yta, et+y £a)
T

I'(+2x) ’
where in the last x-integral we introduced additional regularization

I'l—s+z)= lim I'(1 — s —4e £ x).
E‘)O+

In order to integrate over x we need the complex analog of sp(1) Gustafson
integral [8, eq. (2.3b)], [23, eq. (65)]

ﬁ L(a; £2) 4n ] T(aj+ax)

D =1 _ o ISy<ksd ’ 6.7
/ I'(£2x) I'(ar + a2 + a3z + a4) (6.7)
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where the integration variable is of the same type as before (6.2) and the
parameters a;, a; are of the form

:%—i—yj, djz—%—i—uj, nj€Z+0', uje(C. (68)

The identity (6.7) holds if the contour of integration n € R separates the
series of poles [8]

k—n; . k+n;
|27]‘+Vj+p, 17]:—| jl—yj—p, p € ZLxo

2
and v; obey the following inequality
Re(v1 +va+vs+1y) < 1.

aj

in=

In our case this condition is satisfied since in the x-integral (6.6) we have
a1 =35, ay=1—s5—4e, az=c—vy, ar=c+Yy,

so that according to (6.8)

1. . . .
V1:§+1V5, ugzi—ws—éls, V3 =¢ —iT, vg=e+ir,

and the needed inequality holds for small enough £ > 0
RE(V1+V2+I/3+Z/4) =1—-2e<1.

Hence, integrating over & with the help of the Gustafson integral (6.7) and
using reflection formula for the gamma functions (A.5) we obtain

/D I‘(sim,1—5—45ix75—yi$75+y/i$)
r I (+2x)

/ (6.9)
=4 [-1]Y"V T (1 —4e, 2e £ (y —y))
xT(s+e—y,s+e+y,1—-s5s—3—y,1—s—3c+y).

The next step is to rewrite three gamma functions from the second line

I(1—4e 2e+(y—1y))
4e (1 — 4e)
= F(2e+A£(y—9 6.10
2e4+y—y)2—y+y) I'(1+4¢) (2 (v—y)) (610)
using the pair of variables A = 1, A = 0. Let us prove that the first fraction
in (6.10) produces the delta-function
de

lim
e=01 (2e+y—y')(2e—y+y)

=270 m,0(T—7)=2m0(y—y’). (6.11)
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First, we decompose it into the sum

de ! 1
(25+y—y’)(25—y+y’)_25+y—y’+25—y+y’
= - S S . 6.12)
—jmem +Tf7"f2i€+fim_m + 7 — 7"+ 2ie (

2 2
If m # m’ then in the limit ¢ — 04 both summands in (6.12) do not
contain singularities in 7,7/ € R and cancel each other. In the remaining

case m = m’ we use SokhotskisH*“Plemelj theorem

lim( L ):mé(r).

e=04 \ 7 —1e T +ie

Hence, the result for both cases is given by the formula (6.11).

The rest part of the right hand side in (6.10) does not contain poles on
the contours of integration over 7 and 7/ in the limit &€ — 04, as well as the
remaining gamma functions in the right hand side of (6.9) and in (6.6).

Therefore, putting (6.9), (6.10), (6.11) together, integrating the delta-
function and using reflection formula for the gamma functions (A.5) we
derive from (6.6) the following expression
1 [z49)9 " [wr]* 9 /Dy {w—vr”'

Dap(a)Ve(2)Ve(w) =5 lw—? 2=y

The last step is to use the relation
y+g
/Dy [2} =27 [u]? 6% (u — v),
U

which can be easily proved in polar coordinates v/u = re'¥. After that we
obtain the answer for the completeness relation (6.1).

7. REFLECTION EQUATIONS

The boundary K-matrix

satisfies the reflection equation

(1® K@) Ru+v—1)(K(u)®1) R(u—v)
=Ru—v) (Ku)®1)Ru+v—1) (10 K(v)) (7.1)
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with the rational R-matrix (2.10) acting in C? @ C2
R(u) =u+ P, Pab=>b®a.

This equation is usually depicted as in Figure 5 that we read from left to
right: each reflection of lines from the “floor” corresponds to the K-matrix
and each intersection of lines corresponds to the R-matrix. The numbers
1,2 correspond to different matrix spaces C? from the tensor product.

Figure 5. Reflection equation.

Defining equation
K(s,z) Llu+x—1,u—8)K(u) L{u+s—1,u — x) .
=Llu+s—1l,u—z)Ku)Llu+z—1,u—s)K(s,x) (72)

for the reflection operator
K(s,®) = [z 4+ [z =)' 7 [0 [z + 4" 9 [z = 4]0}

also can be pictured by Figure 5 with the first line “carrying” infinite-
dimensional space of functions (z), on which reflection operator and ele-
ments of Lax matrices act.

It is natural to ask, whether there is a variant of reflection equation with
the same reflection operator and both spaces being infinite-dimensional.
The answer is given by the following identity

Ki(x) IF@m(ﬁ'ﬂ, y) Ka(y) Riz(z,y)
= Ria(z,y) Ka(y) Riz(z,y) Ki(2).

Here the lower indices mean spaces of functions of z1, zo and in all operators
we suppressed the dependence on spin s. The R-operators are defined as

Rus () = Pro [o0o]' 7% (0,197 [210) 0,

Rio(®, y) = P [212)' 72 [02,]7 % (02,1975 [212]" ¥

(7.3)
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where z15 = 21 — 22 and Pjs is the permutation operator

Pr2 (21, 22) = P (22, 21).

Notice that for the two previous equations (7.1) and (7.2) we have anti-
holomorphic counterparts, whereas in the last one (7.3) both holomorphic
and antiholomorphic variables come into play.

The proof of the identity (7.3) is long, but straightforward: one just
uses many times chain and star-triangle relations (A.1), (A.6), which can
be written in terms of operators as

[az}a [aZ]b = [82]a+bu
[z + w]®[0.]°T [z + w]® = [0.]° [z + w]*TP [0.]%.
Now let us explain how the identity (7.3) can be guessed and where do

such R-operators come from. The operators Ris(x,y) and @12(83,3}) are
special cases of the more general R-operator [6, Section 3.1]

Riz(ur, uz|vr,vs) = Pra [212]" 7 [0,] 7 [0:,]" 77 [210]
that permutes two Lax matrices
@12 Ly (u1,uz) La(v1,v2) = La(v1,v2) Ly (u1, ug) I?&2
and their antiholomorphic counterparts. Indeed, from the above definitions
we have
Ris(x,y) :@12(u+571, u—zxz|lu+s—1,u—1y),
Rip(z,y) =Rp(u+z—1,u—s|ut+s—1,u—y)

where we denoted 1 = (1,1). Using these operators and reflection operator
satisfying (7.2) one can rearrange the product of matrices

Lo(u+y—1,u—s) Li(u+z—1,u—s) K(u)
X Li(u+s—1u—x) Lo(u+s—1,u—vy)
= Lo(u+s—1lu—y) Li(ut+s—1,u—z) K(u)
X Li(u+z—1u—s)Lo(u+y—1,u—s)
in two different ways, which correspond to the left and right hand sides

of the identity (7.3). Hence, we guess that operators from opposite sides
of (7.3) are equal.
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a
> w

z

Figure 6. Diagrammatic representation of [z — w]~®.

APPENDIX A. DIAGRAM TECHNIQUE
In the paper functions and scalar products are represented by diagrams.
They consist of directed lines (Figure 6) that correspond to the function
1 1 _(Z—w)*
[e—wle — (z—w)(Z-w)* |z —we’
where we always assume a—a € Z. The flip of the arrow gives an additional
sign factor

e I e
[z—w]*  fw—2*  [w—z]*
—g—o—é— =2 (-0"T(a, b, ¢) l +£ !
a 1-b I-c
c b =rxl"a, b, c)
I-a

Figure 7. The chain and star-triangle relations, a + b+ ¢ = 2.

There are several useful integral identities, which correspond to trans-
formations of diagrams. The proofs can be found in [4, Appendix A]. The
first identity is the chain relation depicted in Figure 7

1 m[—1]° 1
d? = Al
Rl e e B v I S
where ¢ =2 —a — b, ¢ =2 — a — b. The bold vertex corresponds to the
integration over C. From the right we have gamma function of the complex
field [12, Section 1.4], [19, Section 1.3]

I'(a) = =——— (A.2)
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and we denote its products as
I'(a,b) = T'(a)L'(b).

Notice that I'(a) depends on two parameters (a,a) € C? such that a —a €
Z, but for brevity we display only the first one. Moreover, for p € R we
write

I'(a+ p)
F(l—a—p)
From the well-known properties of the ordinary gamma function it is easy
to prove the following relations

T(a+p) =

I'(a+1) = —aal(a), (A.3)

[(a) = [-1]*T(a), (A4)

T'(a)T(1—a)=[-1]% (A.5)

The second diagram identity is the star-triangle relation shown in Figure 7

1
d*w
/ [w — z1]%[w — 22]P[w — 23]°
(A.6)
T 1

= I‘(a,b, C) [Zl _ 22]1_0[2,3 _ 21]1_b[22 — Z3]1—a )

where again a +b+c=2and a+b+ ¢ = 2.

a,b) = TI(a'b")

Ma,b) = I(a,b)

Figure 8. Cross and reduced cross relations, a + b =a’ +b'.
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From the star-triangle relation one can deduce the so-called cross rela-
tion

1 2 T'(a,b)
[29 — 1] —@ /d [w— 2z1]%[w — 22]1 =% [w — 23]° [w — 24—V
1 T(a',b)

= 7/ /d2w ’ / )
[24 — 23]0~° [w—21]"" [w — 2274 [w — 23]" [w — 24P
depicted in Figure 8, where we assume a +b=a' +0,a+b=a' +b'. Its
limiting case gives the reduced cross relation

;/d% [ I'(a,b)

[22 — 2] — 2] [w = 2] [w — z]°

T(d,b) (A7)

= [ g2
/ v [w — 21]%" [w — 29]1= [w — 23]b"’
where again a +b=da' +0,a+b=a + 0.

REFERENCES

1. P. Antonenko, N. Belousov, S. Derkachov, S. Khoroshkin, Reflection operator and
hypergeometry I: SL(2,R) spin chain, to appear (2024).

2. 1. V. Cherednik, Factorizing Particles on a Half Line and Root Systems. — Theor.
Math. Phys. 61 (1984) 977-983.

3. D. Chicherin, S. Derkachov, D. Karakhanyan, R. Kirschner, Bazter operators for
arbitrary spin. — Nuclear Physics B 854:2 (2012) 393-432.

4. S. E. Derkachov, G. P. Korchemsky, A. N. Manashov, Noncompact Heisenberg spin
magnets from high-energy QCD: I.B Bazter Q-operator and separation of variables.
— Nuclear Physics B 617 (2001) 375-440.

5. S. Derkachov, V. Kazakov, E. Olivucci, Basso-Dizon correlators in two-dimensional
fishnet CFT. — J. High Energy Physics 2019, 32 (2019).

6. S. E. Derkachev, A. N. Manashov, General solution of the Yangse B“Baxter equation
with symmetry group SL(n,C). — Algebra Analiz 21:4 (2009) 1-94. ,Englih transl.,
St. Petersburg Math. J. 21:4 (2010) 513-577.

7. S. E. Derkachov, A. N. Manashov, lterative construction of eigenfunctions of the
monodromy matriz for SL(2,C) magnet. — J. Phys. A: Math. Theor. 47:30 (2014).

8. S. E. Derkachov, A. N. Manashov, On Complex Gamma-Function Integrals. — 16
(2020) 003.

9. S. Derkachov, A. Manashov, P. Valinevich, SL(2,C) Gustafson Integrals. — SIGMA
14 (2018) 030.

10. L. D. Faddeev, How algebraic Bethe ansatz works for integrable model, Quantum
Symmetries/Symetries Quantiques: Proceedings of the Les Houches Summer School
64 (1998) 149-211.

11. L. D. Faddeev, G. P. Korchemsky, High energy QCD as a completely integrable
model. — Physics Letters B 342 (1995) 311-322.



REFLECTION OPERATOR AND HYPERGEOMETRY II 79

13.
14.
15.
16.
17.
18.
19.
20.
21.
22.

23.

Steklov Mathematical Institute,

. I. M. Gelfand, M. 1. Graev, V. S. Retakh, Hypergeometric functions over an arbi-
trary field. — Russian Mathematical Surveys 59:5 (2004) 831-905.

I. M. Gelfand, M. 1. Graev, N. Ya. Vilenkin, Generalized functions. Vol. 5. Integral
geometry and representation theory, AMS Chelsea Publishing (1966).

P. P. Kulish, E. K. Sklyanin, Algebraic structures related to the reflection equations.
— J. Phys. A 25 (1992) 5963-5976.

L. N. Lipatov, High energy asymptotics of multi-colour QCD and two-dimensional
conformal field theories. — Physics Letters B 309: 3—4 (1993) 394-396.

L. N. Lipatov, High-energy asymptotics of multicolor QCD and ezactly solvable
lattice models. — JETP Lett. 59 (1994) 596-599.

A. N. Manashov, Unitarity of the SoV Transform for SL(2,C) Spin Chains. —
SIGMA 19 (2023) 086.

V. F. Molchanov, Yu. A. Neretin, A pair of commuting hypergeometric operators
on the complex plane and bispectrality. — J. Spectral Theory 11:2 (2021) 509-586.
Y.A. Neretin, Barnes—Ismagilov Integrals and Hypergeometric Functions of the
Complex Field. — SIGMA 16 (2020) 072.

E. K. Sklyanin, The Quantum Toda Chain. — Lect. Notes Phys. 226 (1985) 196—
233.

E. K. Sklyanin, Separation of Variables: New Trends. — Prog. Theor. Phys. Suppl.
118 (1995) 35-60.

E. K. Sklyanin, Boundary Conditions for Integrable Quantum Systems. — J. Phys.
A 21 (1988) 2375-2389.

G. A. Sarkissian, V. P. Spiridonov, The endless beta integrals. — SIGMA 16 (2020)
074.

Ilocrynumo 4 urona 2024 r.

Leonhard Euler International Mathematical Institute,

St
E-

. Petersburg, Russia

mail: pavel.v.antonenkoQgmail.com

Steklov Mathematical Institute,

St

. Petersburg, Russia;

National Research University Higher School of Economics,
Moscow, 101000, Russia

B-

mail: belousovnikita.m@gmail.com

Steklov Mathematical Institute,

St
E-
E-

. Petersburg, Russia

mail: derkach@pdmi.ras.ru

mail: pavel-valinevich@yandex.ru



