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WEIGHTED LEAVITT PATH ALGEBRAS — AN
OVERVIEW

AssTrACT. Weighted Leavitt path algebras were introduced in 2013
by Roozbeh Hazrat. These algebras generalise simultaneously the
usual Leavitt path algebras and William Leavitt’s algebras L(m,n).
In this paper we try to give an overview of what is known about
the weighted Leavitt path algebras. We also prove some new re-
sults (in particular on the graded K-theory of weighted Leavitt path
algebras) and mention open problems.

§1. INTRODUCTION

Leavitt path algebras are algebras associated to directed graphs. They
were introduced by G. Abrams and G. Aranda Pino in 2005 [1] and inde-
pendently by P. Ara, M. Moreno and E. Pardo in 2007 [7]. The Leavitt
path algebras turned out to be a very rich and interesting class of algebras,
whose studies so far have comprised over 150 research papers and counting.
A comprehensive treatment of the subject can be found in the book [2].
The definition of the Leavitt path algebras was inspired by the algebras
L(m,n) studied by W. Leavitt in the 1950’s and 60’s [19-22]. Recall that
for positive integers m < n, the Leavitt algebra L(m,n) is universal with
the property that L(m,n)™ = L(m,n)"™ as left L(m,n)-modules.

Weighted Leavitt path algebras are algebras associated to weighted
graphs, i.e. directed graphs with a weight map associating to each edge a
positive integer. These algebras were introduced by R. Hazrat in 2013 [13].
If all the weights are equal to 1, then the weighted Leavitt path algebras
reduce to the usual Leavitt path algebras. While their unweighted cousins
only include the Leavitt algebras L(1,n) (n > 1) as special cases, the
weighted Leavitt path algebras embrace all Leavitt algebras (see [29]).

In [15] Grébner bases for weighted Leavitt path algebras were obtained.
Using these bases it was shown that a simple or graded simple weighted
Leavitt path algebra is isomorphic to an unweighted Leavitt path algebra.
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Moreover, the weighted Leavitt path algebras that are domains were clas-
sified, and it was shown that there is a huge class of weighted Leavitt path
algebras having a “local” valuation.

Recall that for a unital ring R, the V-monoid V(R) of R is the set of
isomorphism classes of finitely generated projective left R-modules, which
becomes an abelian monoid by defining [P] + [Q] := [P ¢ Q)] for any
[P],[Q] € V(R). This definition can be extended to nonunital rings. For
a ring R with local units the Grothendieck group Ky(R) is the group
completion of V(R). In [25] the V-monoid and the Grothendieck group of
a weighted Leavitt path algebra were computed.

In [26] the Gelfand-Kirillov dimension of a weighted Leavitt path algebra
was determined. Moreover, it was shown that a finite-dimensional weighted
Leavitt path algebra is isomorphic to an unweighted Leavitt path algebra.

Recall that a group graded K-algebra A = @gGG Ay is called locally
finite if dimgx Ay < oo for every g € G. In [27] the weighted graphs (E, w)
for which the weighted Leavitt path algebra L(FE,w) is locally finite with
respect to its standard grading were characterised. It was also shown that
the locally finite weighted Leavitt path algebras are precisely the Noe-
therian ones, and that a locally finite weighted Leavitt path algebra is
isomorphic to an unweighted Leavitt path algebra.

In [28] Leavitt path algebras of hypergraphs were introduced, which in-
clude as special cases the vertex-weighted Leavitt path algebras, i.e. weighted
Leavitt path algebras of weighted graphs having the property that any two
edges emitted by the same vertex have the same weight. Moreover, the
graded V-monoid (see Section 10) of a Leavitt path algebra of a hyper-
graph was computed, covering the case of a vertex-weighted Leavitt path
algebra.

In [29] the weighted graphs (F, w) having the property that the weighted
Leavitt path algebra L(F,w) is isomorphic to an unweighted Leavitt path
algebra were characterised. Moreover, it was shown that if a weighted
Leavitt path algebra is Artinian, or von Neumann regular, or has finite
Gelfand-Kirillov dimension, then it is isomorphic to an unweighted Leavitt
path algebra.

In [16] modules for weighted Leavitt path algebras were obtained by
introducing the notion of a representation graph for a weighted graph. It
was shown that each connected component of the category RG(E,w) of
representation graphs for a weighted graph (E, w) contains a unique object
yielding a simple L(F,w)-module, and a “universal” object, yielding an
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indecomposable L(FE,w)-module. It was also shown that specialising to
unweighted graphs, one recovers the simple modules for the usual Leavitt
path algebras constructed by X. Chen via infinite paths [12].

In the remainder of this paper we depict the above-mentioned results on
weighted Leavitt path algebras in more detail. We sometimes state results
without giving a proof, or we only give a Sketch of Proof. In either case
we provide a reference to a formal proof. The paper also contains some
new results, for which we of course provide formal proofs. In Section 2
we recall some graph-theoretical notions and moreover the definition of
the Leavitt algebras L(m,n). In Section 3 we recall the definitions of the
unweighted and weighted Leavitt path algebras. In Section 4 we present
the Grobner basis result from [15] and the computation of the Gelfand-
Kirillov dimension from [26]. Section 5 contains the characterisation of
weighted Leavitt path algebras that are isomorphic to unweighted Leav-
itt path algebras from [29]. In Section 6 we give graph-theoretical criteria
for finite-dimensionality, Noetherianness and von Neumann regularity of
weighted Leavitt path algebras. The criteria for finite-dimensionality and
Noetherianness were obtained in [27], the criterion for von Neumann reg-
ularity is new. In Section 7 we introduce the notion of a generalised corner
skew Laurent polynomial ring, generalising the notion of a corner skew
Laurent polynomial ring (see e.g. [4]). The definition of a generalised cor-
ner skew Laurent polynomial ring already appeared in an early version
of [15], but is not contained in the final version of that article. We prove
that a weighted Leavitt path algebra of a finite weighted graph without
sinks is graded isomorphic to a generalised corner skew Laurent polyno-
mial ring. In Section 8 we describe the local valuations for weighted Leavitt
path algebras found in [15]. Section 9 contains the computation of the V-
monoid and the Grothendieck group of a weighted Leavitt path algebra
from [25]. In Section 10, we compute the graded V-monoid and the graded
Grothendieck group of a weighted Leavitt path algebra using the Leavitt
path algebras of bi-separated graphs, which were recently introduced by
R. Mohan and B. Suhas [23]. By doing so, we generalise the graded V-
monoid result for vertex-weighted Leavitt path algebras obtained in [28]
to arbitrary weighted Leavitt path algebras. In Section 11 we present the
modules for weighted Leavitt path algebras found in [16]. In Section 12 we
list some open problems.
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§2. PRELIMINARIES

Throughout the paper K denotes a fixed field. Rings and algebras are
associative but not necessarily commutative or unital. By an ideal we mean
a two-sided ideal. N denotes the set of positive integers, Ny the set of
nonnegative integers, Z the set of integers and R, the set of positive real
numbers.

2.1. Graphs. A (directed) graph is a quadruple E = (E°, E', s,7) where
E% and E! are sets and s, : E* — E° maps. The elements of E° are called
vertices and the elements of E' edges. If e is an edge, then s(e) is called
its source and r(e) its range. If v is a vertex and e an edge, we say that v
emits e if s(e) = v, and v receives e if r(e) = v. A vertex is called a source
if it receives no edges, a sink if it emits no edges, an infinite emitter if it
emits infinitely many edges and regular if it is neither a sink nor an infinite
emitter. The subset of E° consisting of all regular vertices is denoted by
E?eg. The graph FE is called row-finite if no vertex is an infinite emitter,
finite if E° and E' are finite sets, and empty if E° = E' = ().

Let E and F' be graphs. A graph homomorphism ¢ : E — F' consists of
two maps ¢° : E® — FY and ¢! : E' — F! such that s(¢!(e)) = ¢"(s(e))
and 7(¢'(e)) = ¢°(r(e)) for any e € E*. A graph G is called a subgraph of
a graph B if G° C E°, G! C EY, sg = sg|go and 7g = 75|go.

Let E be a graph. The graph E; = (EY, E}, sq4,74) where EY = E°
El = {e,e* | e € E'}, and sq(e) = s(e), ra(e) = r(e), sale*) = r(e),
rq(e*) = s(e) for any e € E' is called the double graph of E. Sometimes
the edges in the graph E are called real edges and the additional edges in
E; ghost edges.

A path in a graph FE is a finite, nonempty word p = 1 ...x, over the
alphabet E° U E' such that either z; € E' (i = 1,...,n) and r(z;) =
s(wig1) (i=1,...,n—1)or n =1 and x; € E°. By definition, the length
|p| of p is n in the first case and 0 in the latter case. p is called nontrivial
if |p| > 0 and trivial otherwise. We set s(p) := s(x1) and r(p) := r(z,)
using the convention s(v) = r(v) = v for any v € E°. A closed path (based
at v) is a nontrivial path p such that s(p) = r(p) = v. A cycle (based at v)
is a closed path p = ...z, based at v such that s(x;) # s(z;) for any
i # j. An edge e € E! is called an exit of a cycle 21 ...z, if there is an
i €{1,...,n} such that s(e) = s(x;) and e # z;.

If u,v € E? and there is a path p such that s(p) = u and 7(p) = v, then
we write u > v. If u € E°, then T'(u) := {v € E° | u > v} is called the tree
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of u. If X C E°, we define T'(X) := {J, ey T(v). A subset H C E" is called
hereditary if T(H) C H. Two edges e, f € E' are called in line if e = f or
r(e) = s(f) or r(f) = s(e). The graph E is called connected if u > v in Eq
for any u,v € EY = E°.

Let E be a graph. The K-algebra P(E) presented by the generating set
E° U E! and the relations

(i) uv = dypu for any u,v € E° and

(ii) s(e)e = e = er(e) for any e € E!
is called the path algebra of E. The paths in E form a linear basis for P(E).
In order to simplify the exposition we make the following assumption.

STANDING ASSUMPTION: In this paper all graphs are assumed
to be nonempty, row-finite and connected.

2.2. Weighted graphs. A weighted graph is a pair (E,w) where E is
a graph and w : B! — N is a map. If e € E', then w(e) is called the
weight of e. An edge e € E* is called unweighted if w(e) = 1 and weighted
otherwise. The subset of E! consisting of all unweighted edges is denoted
by El, and the subset consisting of all weighted edges by E.. We set
w(v) := max{w(e) | e € s71(v)} for any regular vertex v and w(v) := 0
for any sink v. A weighted graph (E,w) is called finite if the graph E is
finite.

A homomorphism of weighted graphs is a graph homomorphism that
preserves the weights. A weighted graph (G, w¢) is called a weighted sub-
graph of a weighted graph (F,wg) if G is a subgraph of E and wg(g) =
wg(g) for any g € G*.

Let (E,w) be a weighted graph. The graph E = (E°, E',3,#) where
E = E° B = {ey, .. S euw(e) | € € E'}, 3(e;) = s(e) and 7(e;) = r(e) for
any e € E' and 1 < i < w(e) is called the unweighted graph associated to
(B, w).

WARNING: Let (E,w) be a weighted graph. In [13] and [15], the set
E' was denoted by E. The set E' = {e1,...,ey) | ¢ € E'} was de-
noted by E'.

2.3. Leavitt algebras. Fix positive integers m < n. If F is a field,
then F™ % F™ as F-vector spaces (by the dimension theorem for vec-
tor spaces). One can ask if there is a unital ring R such that R™ = R"
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as left R-modules. Suppose we have found a unital ring R such that there
are matrices X € M, x,(R) and Y € M, x.,,(R) such that
XY =1d,, and YX =1d,, . (1)

Then X and Y will define left R-module homomorphisms R™ — R™ re-
spectively R™ — R™ which are inverse to each other, whence R™ = R". It
is easy to construct such a ring R: Let R be the unital K-algebra presented
by the generating set {z;;,y;; | 1 <i<m,1 < j < n} and the relations

Zxkjyjl =6 (1< kI <m) and Zyki$il =0 (L <k 1<n). (2)
j=1 i=1
Let X € M,,xn(R) be the matrix whose entry at position (i, ) is x;;,
and Y € M,,x,m(R) the matrix whose entry at position (j,4) is yj;. It
follows from the relations (2) that X and Y satisfy (1), and therefore we
have R™ = R™. The K-algebra R constructed above is called the Leavitt
algebra of type (m,n) and is denoted by L(m,n).

§3. UNWEIGHTED AND WEIGHTED LEAVITT PATH ALGEBRAS

3.1. Unweighted Leavitt path algebras.

Definition 3.1.1. Let E be a graph. The K-algebra L(E) = Lk (E)
presented by the generating set {v,e,e* | v € EY, e € E'} and the relations
(i) uv = 6ypu (u,v € EY),
(ii) s(e)e=e=er(e), r(e)e* =e* =e*s(e) (e € EY),
(iii) ZeEs*l(v) ee*=v (ve€ E?Cg) and
(iv) e*f =degr(e) (v € By e, f € 57'(v))
is called the (unweighted) Leavitt path algebra of E.
Remark 3.1.2. Recall from Section 2 that E; denotes the double graph
of E. The Leavitt path algebra L(E) is isomorphic to the quotient of the

path algebra P(E,) by the ideal generated by the relations (iii) and (iv)
in Definition 3.1.1.

Remark 3.1.3. The relations (iii) and (iv) in Definition 3.1.1 can be
expressed using matrices: Let K(X) be the free K-algebra on the set
X = {v,e,e* | v € E%e € E'}. For any v € EJ, write s7'(v) =
{ev!, ..., e"™®)} and define the matrices

X, = (ev,l - ev,n(v)) S Mlxn(v)(K<X>)
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and
(ev,l)*
Yv = EMn(v)xl(K<X>)~
(ev,n(v))*
Then
(iii) < (XUYU —vVue E]?eg)
and

(iv) & (Yva = diag(r(e”?t),...,r(e""))) Yo € E° )

reg

Example 3.1.4. Let n > 1 and E be the graph

' @

3)

o)

(

[
with one vertex and n loops. Then there is an isomorphism from the Leavitt
algebra L(1,n) to the Leavitt path algebra L(E) mapping z1; to el and
y;1 to (e9))* for any 1 < j < n.

3.2. Weighted Leavitt path algebras.

Definition 3.2.1. Let (E,w) be a weighted graph. The K-algebra
L(E,w) = Lk (E,w) presented by the generating set {v,e;,ef | v € EY e €
E')1<i<w(e)} and the relations

(i) uwv =dpu  (u,v € EY),

7

)
(i) s(e)e; =e; = eir(e), r(e)er =ef =efs(e) (e€ EY,1<i<w(e)),
)

(i) Dees-1(n €i€] =di5v (v E Ep,1<i,j <w(v)) and

(IV) Zlgigw(v) e;cf’i = 6€f’r(e) (U S E?eg’ €, f € S_l(v))
is called the weighted Leavitt path algebra of (E,w). In relations (iii) and
(iv) we set e; and e} zero whenever i > w(e).

Remark 3.2.2. Recall from Section 2 that F denotes the unweighted
graph associated to (E,w). We denote by E, the double graph of E. The
weighted Leavitt path algebra L(E,w) is isomorphic to the quotient of the
path algebra P(E,) by the ideal generated by the relations (iii) and (iv)
in Definition 3.2.1.
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Remark 3.2.3. The relations (iii) and (iv) in Definition 3.2.1 can be
expressed using matrices: Let K (X) be the free K-algebra on the set X =
{v,ei,ef |ve E% ec E'1<i<w(e)} Forany v € E,, write s™'(v) =

{evt, ..., e””’(”)} and define the matrices

e¥’1 . eil)’n(v)

X, = € M'w(v)xn(v) (K<X>)
e'u,l v,n(v)
wiv)  Culw)
and
() o (enly)”
Y'u = S Mn(v)xw(v) (K<X>)

(™) (et

*

Here we set e;” and (e;”)* zero whenever i > w(e"?). Then

(iii) < (XY — diag(v, ...,v) Yo € Efeg)

and

(iv) & (YUXU = diag(r(e”?),...,r(e"™)) Yu € E?eg).
Example 3.2.4. If (E,w) is a weighted graph such that w(e) = 1 for all
e € E', then L(E, w) is isomorphic to the unweighted Leavitt path algebra
L(E).

Example 3.2.5. Let 1 < m < n and (E,w) be the weighted graph

with one vertex and n loops e, ..., e(™ each of which has weight m. Then
there is an isomorphism from the Leavitt algebra L(m,n) to the weighted
(9

Leavitt path algebra L(E,w) mapping z;; to e;”’ and y;; to (el(j))* for any

I1<i<mand1<j<n.

Recall that a ring R is said to have a set of local units X in case X is
a set of idempotents in R having the property that for each finite subset
S C R there exists an z € X such that zsz = s for any s € S. If (E,w) is
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a weighted graph, then L(F,w) has a set of local units, namely the set of
all finite sums of distinct elements of E°. If E is finite, then L(E,w) is a
unital ring with Y _pov = 1.

There is an involution * on L(FE,w) mapping k — k, v — v, e; — e} and
ef —e; forany k € K,v e E° e € E' and 1 < i < w(e). Moreover, one
can define a grading on L(E,w) as follows. Set A := sup{w(e) | e € E'}
if this supremum is finite and otherwise A := w where w is the smallest
infinite ordinal. Let Z* denote the sum of A\-many copies of Z. There is a
Z*-grading on L(E,w) such that deg(v) := 0, deg(e;) := ; and deg(e}) :=
—q; for any v € E ec E'and1<i< w(e). Here ; denotes the element
of Z* whose i-th component is 1 and whose other components are 0. We will
refer to this grading as the standard grading of L(E,w). For proofs of the
claims made in this and the previous paragraph see [13, Proposition 5.7].

§4. LINEAR BASES AND THE GELFAND-KIRILLOV DIMENSION

4.1. Linear bases for weighted Leavitt path algebras. Let (E,w)
be a weighted graph and set X := {v,e;,ef | v € EY e € E',1 < i <
w(e)}. Let (X) denote the set of all finite, nonempty words over X and
set (X) := (X)U{empty word}. Together with juxtaposition of words (X)
becomes a semigroup and (X) a monoid. If A, B € (X), then B is called a
prefiz of A if there is a D € (X) such that A = BD, a suffiz of A if there is
a C € (X) such that A = CB, and a subword of A if there are C, D € (X)
such that A = CBD.

For any v € Ey,, we fix an edge e’ € s~'(v) such that w(e”) = w(v).
The edges e’ (v € EY,,) are called special edges. The words e} (e))* (v €
Ep,,1<i,j <w(v)) and ejfi (ve E?eg,e f €s71(v)) in (X) are called
forbidden. Recall from Section 2 that E denotes the unweighted graph
associated to (E,w) and E, the double graph of E. We call a path in Ey
a d-path. A mormal d-path or nod-path is a d-path such that none of its
subwords is forbidden.

Let K(X) be the free K-algebra on X (i.e. the semigroup K-algebra of
(X)). Then L(E,w) is the quotient K (X)/I where [ is the ideal generated
by the relations (i)-(iv) in Definition 3.2.1. Let K(X)noa be the linear
subspace of K(X) spanned by the nod-paths.

Theorem 4.1.1 ([15, Theorem 16]). The canonical map K(X)noa —
L(E,w) is an isomorphism of K -vector spaces. In particular the images of
the nod-paths under this map form a linear basis for L(E, w).
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Sketch of Proof. Consider the relations (i’)-(v’) below.
(i") For any u,v € E°,
UV = Oyplh.

(ii’) For any v € E°, e € E' and 1 < i < w(e),
ve; = 5vs(e)ei7
€V = 5vr(e)eiv
ve; = dyp(e)€; s

*, *
€;V = Oys(e)€; -

(iii’) For any e, f € E', 1 <i<w(e) and 1 < j < w(f),

eifj =0if r(e) # s(f),
e; fi =0if s(e) # s(f),
eif; =0if r(e) # r(f),
e; fj =0if s(e) # r(f).

(iv’) For any v € Ep,, and 1 <4,j < w(v),

ej(e)" = dijv— Z eie;.
e€s~1(e)\{e"}

(v') For any v € E?eg and e, f € s71(v),

eifr=0csr(e) = Y eife
2<i<w(v)

In relations (iv’) and (v’), we set e; and e} zero whenever ¢ > w(e). Clearly
the relations (i’)-(v’) generate the same ideal I of K(X) as the relations
(i)-(iv) in Definition 3.2.1. Let S be the set of all pairs ¢ = (W,, f,)
where W, equals the left hand side of an equation in (i’)-(v’) and f, the
corresponding right hand side. For any ¢ € S and A, B € (X) let ra,p
denote the endomorphism of the K-vector space K(X) that maps AW, B
to Af,B and fixes all other elements of (X). The set S is called a reduction
system and the maps 7 4,p are called reductions.
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One can show that there is a semigroup partial ordering on (X) com-
patible with S and having the descending chain condition. Moreover, all
ambiguities of S are resolvable (cf. [11, Section 1] or [15, Section 2]). Now
G. Bergman’s Diamond Lemma implies the following. Let a € L(F,w) =
K(X)/I and b € K(X) a representative of a. If one successively applies
reductions to b (not leaving the given element of K (X) invariant), then
eventually one will obtain an element ¢ € K(X),0q. It follows from the
Diamond Lemma that the element ¢ does not depend on the choice of the
representative or the reductions. We call NF(a) := ¢ the normal form of a.
The map NF : L(E, w) — K(X),04 is an isomorphism of K-vector spaces.
Its inverse is the canonical map K(X)noqa — L(E, w). O

4.2. The Gelfand-Kirillov dimension of a weighted Leavitt path
algebra. First we recall some facts about the growth of algebras. Let
A be a nonzero, finitely generated K-algebra and V' a finite-dimensional
subspace of A that generates A as an algebra. For n > 1 let V™ denote the

linear span of the set {vy...v; | kK < n,v1,...,v5 € V}. Then
v=vicvrcvic..., A=JV"anddy(n):=dimV" < occ.
neN

Given functions f,g : N — RT, we write f < g if there is a ¢ € N such
that f(n) < cg(en) for all n. If f < g and g < f, then the functions f, g
are called asymptotically equivalent and we write f ~ g. If W is another
finite-dimensional subspace that generates A, then dy ~ dy . The Gelfand-
Kirillov dimension or GK dimension of A is defined as
GKdim A := limsup log,, dv (n).
n—oo

The definition of the GK dimension does not depend on the choice of the
finite-dimensional generating space V. If dyy < n™ for some m € N, then A
is said to have polynomial growth and we have GKdim A < m. If dy ~ a™
for some real number a > 1, then A is said to have exponential growth and
we have GKdim A = co. If A is not finitely generated as a K-algebra, then
the GK dimension of A is defined as

GKdim(A):=sup{GKdim(B) | B is a finitely generated subalgebra of A}.

Let (E,w) be a weighted graph. A nod?-path in (E,w) is a nod-path p
such that p? is a nod-path. A quasicycle is a nod?-path p such that none
of the subwords of p? of length < |p| is a nod?-path. If p = 21 ...2, is a
quasicycle, then x; # x; for all i # j by [26, Remark 16(a)|. It follows that
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there is only a finite number of quasicycles if (E,w) is finite. Note that if
p = x1...7, is a nod?-path (resp. quasicycle), then p* := z¥ ...27 is a
nod?-path (resp. quasicycle).

In general it is not so easy to read off the quasicycles from a weigthed
graph. But there is the following algorithm for finding all the quasicycles in
a finite weigthed graph: For any vertex v list all the d-paths p =21 ...z,
starting and ending at v and having the property that x; # x; for any ¢ # j
(there are only finitely many d-paths with this property). Now delete from
that list any p such that p? is not a nod-path. Next delete from the list
any p such that p? has a subword ¢ of length |q| < |p| such that ¢? is a
nod-path. The remaining d-paths on the list are precisely the quasicycles
starting (and ending) at v.

Example 4.2.1. Suppose (E,w) is the weighted graph

£l
(E,w) u—"2 v/\x
\§/

e1 f1 el f1
/\ /\ LS\ L
~ ~ € N 1 N
U v x and FEjy u v . x
\/\/ NG
D) g1 €2 g1
One checks easily that p := exfig7e5 and q := exfigie] are quasicycles

independent of the choice of the special edge e”.

If z1...x, is a finite, nonempty word over some alphabet, then we
call the words @41 ... 2px1 ... 2y (1 < m < n) shifts of z1...2,. One
checks easily that any shift of a quasicycle is a quasicycle. If p and ¢ are
quasicycles, then we write p ~ ¢ iff ¢ is a shift of p. Then = is an equivalence
relation on the set of all quasicycles.

Let p and ¢ be nod-paths. If there is a nod-path o such that p is not a

prefix of o and poq is a nod-path, then we write p Lod q. If pq is a nod-path
or p nod q, then we write p = ¢. A nod-path p is called selfconnected
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if p nod p. A sequence py,...,px of quasicycles such that p; % p; for any
i # j is called a chain of length k if p = po = -+ = pi.

If (E,w) is a weighted graph, we denote by E’ the subset of {e;, e} | e €
E'1 <i<w(e)} consisting of all the elements which are not a letter of a
quasicycle. We denote by P’ the set of all nod-paths which are composed
from elements of F’. If (E,w) is finite, then |P’| < co by [26, Lemma 21].

Lemma 4.2.2 ( [26, Lemma 22|). Let (E,w) be a weighted graph. If there
is no selfconnected quasicycle, then any nontrivial nod-path o can be writ-
ten as

a=01p} q102PF ¢s - - Ok} GOk 11
where k > 0, o; is the empty word or o, € P’ (1 <i<k+1), p1,...,pr 18
a chain of quasicycles, l; is a nonnegative integer (1 < i < k), and g; # p;
is a prefiz of p; (1 <i < k).
Theorem 4.2.3 ( [26, Lemma 19, Theorem 23]). Let (E,w) be a finite
weighted graph. Then:
(i) If there is a selfconnected quasicycle, then L(E,w) has exponential
growth and hence

GKdim L(E, w) = cc.

(ii) If there is no selfconnected quasicycle, then L(E,w) has polynomial
growth. In this case

GKdim L(E,w) =d
where d is the mazximal length of a chain of quasicycles.

Sketch of Proof. Let V denote the finite-dimensional subspace
of L(E,w) spanned by {v,e;,ef | v € E% e € E',1 < i < w(e)}. By
Theorem 4.1.1 and its proof, the nod-paths of length < n form a basis
for V™ (since reductions shorten the length of words). Hence dy(n) =
dim V"™ = #{nod-paths of length < n}.

First suppose that there is a selfconnected quasicycle p. Let o be a nod-

path such that p is not a prefix of o and pop is a nod-path. For a fixed
n € N consider the nod-paths

pitop® ... op* (3)
where k,i1,...,i; € N satisfy
(i1 + - +ix)|p| + (k= 1)|o| < n. (4)
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One can show that different solutions (k, i1, ..., ) of inequality (4) define
different nod-paths in (3). Since the number of solutions of (4) is ~ 2", we
obtain 2" < dy. Thus L(E, w) has exponential growth.

Suppose now that there is no selfconnected quasicycle. Fix an n € N.
By Lemma 4.2.2 we can write any nontrivial nod-path « of length < n as

o= 01} 102p2qs . . . kP QLK 41 (5)

where k > 0, o; is the empty word or 0, € P’ (1 <i<k+1), p1,...,px is
a chain of quasicycles, I; is a nonnegative integer (1 <14 < k), and ¢; # p;
is a prefix of p; (1 <i < k). Clearly

Lpi] + -+ lelpe] <n (6)
since |a] < n. Now fix a chain py,...,p; of quasicycles and further o;’s
and ¢;’s as above. The number of solutions (li,...,[lx) of inequality (6) is

~ nF. This implies that the number of nod-paths « of length < n that can
be written as in (5) (corresponding to the choice of the p;’s, 0;’s and ¢;’s)
is < n* < n? Since there are only finitely many quasicycles and finitely
many choices for the o;’s and ¢;’s (note that | P’| < 00), we obtain dy < n.

It remains to show that n? < dy. Choose a chain py,...,pq of length
d. Then p1o1ps .. .04_1pg is a nod-path for some o1, ...,04_1 such that for
any ¢ € {1,...,d—1}, o; is either the empty word or a nod-path such that
p; is not a prefix of 0;. Consider the nod-paths

plllolpé"’ . od_lpff (7)
where [y, ...,lq € N satisfy
Llpi| + -+ lalpal + |o1] + -+ + |og—1] < n. (8)

One can show that different solutions (Iy,...,l4) of inequality (8) define
different nod-paths in (7). The number of solutions of (8) is ~ n and thus
nd <dy. O

Example 4.2.4. Let 1 < m < n and (E,w) be the weighted graph

As mentioned in Example 3.2.5, L(F,w) is isomorphic to the Leavitt al-

1 1) (2) (1
(1) ()g)eg)

gebra L(m,n). Clearly p := e’ is a quasicycle. Since e; e is a
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nod-path, p is selfconnected. Hence GKdim L(F,w) = oo by Theorem
4.2.3.
Example 4.2.5. Consider the weighted graph
e,2
U——>

(an) : fi1

X .

We leave it to the reader to check that up to ~-equivalence the only qua-
sicycles are p = e2f1g7 and p* = ¢1f;es. Moreover, there is no selfcon-
nected quasicycle and the maximal length of a chain of quasicycles is 2,
see [26, Example 31]. Thus GKdim L(E,w) = 2 by Theorem 4.2.3.

Next we want to determine the GK dimensions of weighted Leavitt
path algebras of non-finite weighted graphs. In order to that we need the
following definition.

Definition 4.2.6. A homomorphism ¢ : (E,@w) — (E,w) of weighted
graphs is called complete if ¢° is injective and

O ls-1(0) 1 571 () = s7H(¢"(v))
A weighted subgraph (E, @) of a weighted
graph (E,w) is called complete if 5 (v) = s~ (v) for any v € E?

reg”

is a bijection for any v € E?eg.

Note that if (E , W) is a complete weighted subgraph of a weighted graph
(E,w), then the inclusion homomorphism ¢ : (E, %) — (E,w) is complete.
We denote by WG the category whose objects are the weighted graphs
and whose morphisms are the complete weighted graph homomorphisms.
If ¢ : (E,0) — (E,w) is a morphism in WG@, then it induces an alge-
bra homomorphism L(¢) : L(E,w) — L(E,w). Since one can choose the
special edges in (E,w) and (E,w) in such a way that L(¢) maps distinct
nod-paths in L(E, ) to distinct nod-paths in L(E, w), the homomorphism
L(¢) is injective. Let ALG denote the category of K-algebras. Then we
obtain a functor L : WG — ALG which commutes with direct limits.

Lemma 4.2.7 ( [13, Lemma 5.19]). Let (E,w) be a weighted graph and
{(E;,w;)} the direct system of all finite complete weighted subgraphs of
(E,w). Then (E,w) = hﬂl(Esz) and therefore L(E, w) = lim, L(E;,w;).
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We need the following result by J. Moreno-Fernandez and M. Molina.

Theorem 4.2.8 ( |24, Theorem 3.1]). Let A =J; A; be a directed union
of algebras. Then GKdim A = sup; GKdim A;.

The theorem below follows from Lemma 4.2.7 and Theorem 4.2.8.

Theorem 4.2.9 ( [26, Remark 24]). Let (E,w) be a weighted graph and
{(E;,w;)} the direct system of all finite complete weighted subgraphs of
(E,w). Then GKdim L(E, w) = sup, GKdim L(E;, w;).

§5. WEIGHTED LEAVITT PATH ALGEBRAS THAT ARE ISOMORPHIC
TO UNWEIGHTED LEAVITT PATH ALGEBRAS

Throughout this section (EF,w) denotes a weighted graph.

5.1. Condition (LPA). Recall from Section 2 that an edge in (F,w) is
unweighted if its weight is 1 and weighted otherwise. E} denotes the set of
all weighted edges in (E,w). If X is a set of vertices in (E,w), then T'(X)
denotes the union of all the trees of the elements of X. Two edges e and f
are in line if they are equal or there is a path from r(e) to s(f) or there is
a path from r(f) to s(e). Consider the following conditions:

(LPA1) Any vertex v € EY emits at most one weighted edge.

(LPA2) Any vertex v € T(r(EL)) emits at most one edge.

(LPA3) If two weighted edges e, f € E} are not in line, then T'(r(e)) N
T(r(f)) =0

(LPA4) If e € E} and c is a cycle based at some vertex v € T'(r(e)), then
e belongs to c.

Each of the conditions above “forbids” a certain constellation in the weigh-
ted graph (F,w). The pictures below illustrate these forbidden constella-
tions. Symbols above or below edges indicate the weight. A dotted arrow
stands for a path.

(LPA1)
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(LPA2)

[ ]

>1 /
o ——> e > @

\ .
(LPA3)

>1 >1

oe—>o > 0 < e<—o

(LPA4)

>L >./.H.\..
L

We say that (F,w) satisfies Condition (LPA) if it satisfies Conditions
(LPA1)-(LPA4).

5.2. Presence of Condition (LPA).

Theorem 5.2.1 ( [29, Theorem 1]). If (E,w) satisfies Condition (LPA),
then there is a graph F such that L(E,w) = L(F) as K-algebras.

Sketch of Proof. In [29] the theorem was proved in two steps.

Step 1 Suppose (E,w) satisfies Condition (LPA) and set Z := T'(r(EL)).
Let (E7 W) be the weighted graph one obtains by replacing in (E, w) each
edge e € s71(Z) by w(e) unweighted edges with reversed orientation. More
formally, (E, @) is the weighted graph defined by

E° = E°,
E' = EL U E}. where
EL={eM, ... e ec E s(e) € Z},
EL.={e|ec E' s(e) & Z},
5Dy =r(e), 7(e) = s(e), w(e?) =1 for any e € E},
5(e) = s(e),7(e) = r(e),w(e) = w(e) for any e € E}..

The weighted graph (E7 ) has the property that ranges of weighted edges
are sinks and no vertex emits or receives two distinct weighted edges.
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Moreover, there is a K-algebra isomorphism L(E,w) — L(E,®w) mapping

v (v € EY),

e — (el")* (e € E',s(e) € Z,1 <i < wle)),
e;r — egl (e € B s(e) € Z,1 <i < w(e)),
e; e (e€ E' s(e) € Z,1 <i < wle)),
er —e; (e€ B s(e) & Z,1 <i < w(e)).

For details see [29, Proof of Lemma 9]. For example suppose that (E,w)
is the weighted graph

1 2 1 h,3
(B,w): u c v ! Pp— Y z

which satisfies Condition (LPA). Then Z = T(r(EL)) = {z,y, z}. If one
replaces any edge i in s~1(Z) by w(i) unweighted edges with reversed
orientation, one obtains the weighted graph

M1

~ e,1 f,2 g1 R 1

(E,0): u v x Yy z

which has the property that ranges of weighted edges are sinks and no
vertex emits or receives two distinct weighted edges. There is a K-algebra
isomorphism L(FE,w) — L(E,w) mapping u — u,...,z — z, €1 — ey,
ey —ef, fi— fi and fF — fF for any i € {1,2}, glb—>( ()) ai »—>g£1),

h; — (hg )) and h} — hg) for any i € {1,2,3}.

Step 2. Suppose now that (F,w) is a weighted graph having the property
that ranges of weighted edges are sinks and no vertex emits or receives two
distinct weighted edges. Let v € r(E}). Then there is a unique edge g* €
EL such that 7(g%) = v. We replace v by w(g”) vertices v(1), ... o),
We replace ¢g¥ by w(g?) unweighted edges (¢*)V, ..., (¢*)®") such that
(g*) ™ starts in s(g”) and ends in oM, and (¢*)®) starts in v and ends
in s(g) for any 2 < i < w(g”). Moreover, we replace any unweighted edge
e such that 7(e) = v by w(g”) unweighted edges e ..., e(®(9") such that
e starts in s(e) and ends in v for any 1 < i < ( ). By doing this
for any v € r(EL) we obtain an unweighted graph E. More formally, F is
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defined by
E® = M U N where
M = E°\r(E,),
N ={v®, . @D |y er(EL)},
E'= AU BUCUD where
A={e|lec EL, r(e)gr(EL)},
B = {e(l), .. ,e(“’(gr(e))) lec Bl ,r(e) € r(EL)},
C={e"|ecE,},
D={e® ... v |cecEL}
5(e) = s(e), T(e) =r(e) (e€A),
5(ey = s(e), #(eD) =r(e)D (e € B),
5(eM) = s(e), FeM)=re)® (M e ),
5y =r(e)®, #(e®W) =s(e) (e € D).

There is a K-algebra isomorphism ¢ : L(F,w) — L(F) such that

v, lf v g T(qul;)a
¢(v) = {Z;v_(g”) v, ifver(EL),
e if € € By, r(e) & r(Ey),i =1,

bey = A Ti D, e e Bl rle) € r(BY)i= 1,
! 1)
€ )

ifeeELi=1,
(@), ifee BLi>1,
e, " ifee EL, ,r(e) gr(EL),i=1,
oler) =  Sist €Dy, ifee Blr(e) €n(EL)i=1,

(eM)*, ifec Bl i=1,
e, ifec Bl i>1
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for any v € E°, e € E' and 1 < i < w(e). For details see |29, Proof of
Lemma 11]. For example if (E,w) is the weighted graph

h(l) 1

e,1 1.2 gM 1 h® 1
(B,w): u v x
R 1

then the unweighted graph E define above is given by

jXeY)

Oy )@ m
T Y z

N
@ (g(1>)(2)

e

et
<
)

(%

and we have L(E,w) = L(E).
The theorem follows from Steps 1 and 2 above. O
Example 5.2.2. Suppose (E,w) is the weighted graph

a2 d,1 el

/—\ el Qm k2

(E7w): Yy z,

\/\/

which satisfies Condition (LPA). Let (E,w) be the weighted graph

a(1>’1 k.(l) 1

N \/ N

p(1) 1 k(2) 1

(E,0) :
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and F' the unweighted graph

€

a® d jAC)
/(—2)\ o (R)HY® /\
) (R @)
()

Then L(E,w) = L(E, ) and L(E,ﬁ;) >~ L(F) by Steps 1 and 2 in the
proof of Theorem 5.2.1, respectively.

(
(

5.3. Abscence of Condition (LPA). The following lemma plays a cru-
cial role in the proofs of Theorems 5.3.2 and 5.3.4.

Lemma 5.3.1 ([29, Lemma 17]). Suppose that (E,w) does not satisfy
Condition (LPA). Then there is a nod-path whose first letter is ea and
whose last letter is ek for some e € EL .

Sketch of Proof. We only consider the case that (E,w) does not satisfy
(LPA1). So suppose there is a vertex v € E? which emits at least two
weighted edges. Then we can choose a weighted edge e € s~!(v) such that
e # e". Clearly eqe} is a nod-path since e is not special. O

Theorem 5.3.2 (|29, Corollary 18 and Theorem 3|). If (E,w) does not sat-
isfy Condition (LPA), then L(E,w) is infinite-dimensional as a K-vector
space, not simple, not graded simple with respect to its standard grading,
not locally finite with respect to its standard grading, not Noetherian, not
Artinian, not von Neumann reqular, and has infinite Gelfand-Kirillov di-
mension.

Sketch of Proof. We only prove that L(E,w) is not Noetherian. By
Lemma 5.3.1, we can choose a nod-path p = z7...x, whose first letter
is e2 and whose last letter is e} for some e € E}. Let ¢ be the nod-path
one obtains by replacing the first letter of p by e;. For any n € N let I,
be the left ideal generated by the nod-paths p,pgq,...,pg". One directly
checks that I, equals the linear span of all nod-paths o such that one of
the words p,pq,...,pq" is a suffix of o. It follows that I,, C I,,41 (clearly
none of the words p, pq, ..., pq™ is a suffix of pg™*! since p and ¢ have the
same length but are distinct; hence pg"** & I,,). O
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Lemma 5.3.3 (|29, Lemma 19]). Let p be a nod-path starting with es and
ending with e} for some e € EL. Then the ideal I of L(E,w) generated by
p contains no nonzero idempotent.

Theorem 5.3.4 (|29, Theorem 2|). If (E,w) does not satisfy Condition
(LPA), then there is no field K' and graph F (row-finite or not) such that
Ly (F,w) = Lg/(F) as rings.

Sketch of Proof. Assume there is a field K’ a graph F and a ring iso-
morphism ¢ : L (F,w) = Lg/(F). By Lemma 5.3.1, there is a nod-path
p whose first letter is e; and whose last letter is e} for some e € EL. Let
g be the nod-path one obtains by replacing the last letter of p by e}. By
Lemma 5.3.3, the ideal I of Lx(FE,w) generated by p contains no nonzero
idempotent. Similarly, for any n € N, the ideal I, of Li(E,w) generated
by ¢p™ contains no nonzero idempotent. It follows from [2, Proposition
2.7.9], that ¢(I), ¢(I,) C I(P.(F)) (n € N) where I(P.(F)) is the ideal of
Ly (F) generated by all vertices in F° which belong to a cycle without
an exit. Hence ¢(p), ¢(qp™) € I(P.(F)) (n € N). By [2, Theorem 2.7.3] we

have

I(P.(F)) = € My, (K[, 1)) (9)

i€l

as a K’-algebra and hence also as a ring. The sets ' and A; (i € T') in (9)
might be infinite if F' is not finite.
It follows from the previous paragraph that there is a subring A of Lk (F, w)
such that p,gp" € A (n € N) and A = @, . My, (K'[z, 27 ']). For any
n € Nlet J,, be the left ideal of A generated by ¢p?,...,qp"!. Then J, is
contained in the linear span of all nod-paths o such that one of the words
qp?, ..., qp" ! is a suffix of 0. It follows that .J,, C J,, 41 (clearly none of the
words gp?, ..., qp" " is a suffix of gp™*2 since p and g have the same length
but are distinct). If the sets I and A; (¢ € I') are finite, then we already
have a contradiction since it is well-known that @, My, (K'[z, 27 ]) is
Noetherian in this case. If one of the sets I and A; (¢ € I') is infinite, then
one can use [29, Lemma 20] to obtain a contradiction. |

§6. FINITE-DIMENSIONALITY, NOETHERIANNESS AND VON
NEUMANN REGULARITY

Throughout this section (E,w) denotes a weighted graph. Suppose we
would like to know if L(F,w) is finite-dimensional (respectively Noether-
ian, von Neumann regular). Then one could first check if (F,w) satisfies
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Condition (LPA). If not, then L(F,w) is neither finite-dimensional nor
Noetherian nor von Neumann regular by Theorem 5.3.2. If (F,w) does
satisfy Condition (LPA), then one could apply Steps 1 and 2 in the proof of
Theorem 5.2.1 to obtain an unweighted graph F such that L(E, w) = L(F).
Having done that one could use the well-known graph-theoretical criteria
for finite-dimensionality, Noetherianess and von Neumann regularity of
unweighted Leavitt path algebras, see [2].

In this section we present graph-theoretical criteria which allow us to
determine directly, without the detour via the unweighted graph F' men-
tioned above, if L(E, w) is finite-dimensional (respectively Noetherian, von
Neumann regular). Consider Conditions (W1) and (W2) below.

(W1) No cycle in (E,w) is based at a vertex v € T(r(EL)).

(W2) Thereisnon > 1and paths p1,...,0n,q1,...,¢, in (F,w) such that
r(pi) = r(q:) (1 <i<n), s(p1) = s(qn), s(pi) = s(qi-1) (2<i<n)
and for any 1 < ¢ < n, the first letter of p; is a weighted edge, the
first letter of ¢; is an unweighted edge and the last letters of p; and
q; are distinct.

Condition (W2) is based on an idea by N. T. Phuc. Each of the Conditions
(W1) and (W2) above “forbids" a certain constellation in the weighted
graph (E,w). The pictures below illustrate these forbidden constellations.

° resp. o—> o > @

N s
~
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>0 —>0<—0<

" b

o—> o >0 —>0<— @< o< oo.

1 >1
(E,w) is called well-behaved if Conditions (LPA1), (LPA2), (LPA3), (W1)
and (W2) are satisfied. Note that Condition (W1) is stronger than Con-
dition (LPA4). Hence a well-behaved weighted graph satisfies Condition
(LPA).

6.1. Finite-dimensional weighted Leavitt path algebras.

Lemma 6.1.1 (|27, Corollary 23|). Suppose (E,w) is well-behaved. Then
{e,c* | ¢ is a cycle in E} is the set of all quasicycles.

(E,w) is called acyclic if there is no cycle in (E,w), and aquasicyclic if
there is no quasicycle.

Theorem 6.1.2 (|26, Theorem 47|, [27, Theorem 25]). The following are

equivalent:
(i) L(E,w) is finite-dimensional.
(ii) (E,w) is finite, acyclic and well-behaved.
(i) (E,w) is finite and aquasicyclic.
(iv) (E,w) is finite and GKdim L(E,w) = 0.
(v) L(E,w) 2 @;" | M, (K) for some m,nq,...,n, €N.

Proof. (i)= (ii). Suppose that L(E,w) is finite-dimensional. It follows
from Theorem 4.1.1 that (E,w) is finite and acyclic. One checks easily
that if one of the Conditions (LPA1), (LPA2), (LPA3), (W1) and (W2)
was not satisfied, then there would be a nod®-path (cf. Lemma 5.3.1) and
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hence L(E,w) would have infinite dimension, again by Theorem 4.1.1.
Hence (E,w) is well-behaved.

(ii)= (iii). Suppose that (E,w) is finite, acyclic and well-behaved. Then
E is acyclic since a cycle in E would lift to a cycle in (F,w). It follows
from Lemma 6.1.1 that there is no quasicycle.

(iii)= (iv). Suppose that (E,w) is finite and aquasicyclic. Then
GKdim L(E,w) = 0 by Theorem 4.2.3.

(iv)= (i). Follows from the fact that a finitely generated K-algebra A
is finite-dimensional as a K-vector space if and only if GKdim A = 0.

(i)=(v). Suppose that L(E,w) is finite-dimensional. Since (i)= (ii),
(E,w) is well-behaved and therefore satisfies Condition (LPA). Hence, by
Theorem 5.2.1, L(E,w) is isomorphic to an unweighted Leavitt path al-
gebra. By [2, Theorem 2.6.17] any finite-dimensional unweighted Leavitt
path algebra is isomorphic to a finite direct sum of matrix rings over K.

(v)= (i). This implication is obvious. O

6.2. Noetherian weighted Leavitt path algebras. A left adhesive
nod-path or lenod-path is a nod-path p such that the juxtaposition op is
a nod-path for any nontrivial nod-path o such that r(0) = s(p). A right
adhesive nod-path or rinod-path is a nod-path p such that the juxtaposition
po is a nod-path for any nontrivial nod-path o such that s(o) = r(p). A left-
right adhesive nod-path or lerinod-path is a nod-path that is left adhesive
and right adhesive. If A, B are nonempty words over the same alphabet,
then we write A ~ B if A is a suffix of B or B is a suffix of A, and A o B
otherwise.

Lemma 6.2.1 (|27, Lemma 48|). If L(E,w) is Noetherian, then there is
no lenod-path p and nod?-path q such that p # q and pq s a nod-path.

Sketch of Proof. Assume there is a lenod-path p and nod?-path ¢ such
that p % ¢ and pq is a nod-path. For any n € N let I,, be the left ideal
of L(E,w) generated by p,pq,...,pq". Then one can show that I1y C I» C
I3C.... O

Lemma 6.2.2 ( [27, Lemma 50]). If L(E,w) is Noetherian, then there is
no nod?-path p based at a vertex v such that pp* is a nod-path and p*p = v
in L(E,w).

Sketch of Proof. Assume there is a nod?-path p based at a vertex v such
that pp* is a nod-path and p*p = v in L(F,w). For any n € N let I,, be
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the left ideal of L(E,w) generated by v —p™(p*)™. Then one can show that
LHCLCI3C.... O

Recall that a graded K-algebra A = @ gec Ag 1s called locally finite if
dimg Ay < oo for every g € G.

Theorem 6.2.3 ([27, Theorem 52|). The following are equivalent:

(i) L(E,w) is Noetherian.

(E,w) is finite, well-behaved and no cycle has an exit.
(E,w) is finite and GKdim L(E,w) < 1.

L(E,w) is locally finite with respect to its standard grading.

tegers 1,I' > 0 and m;,n; > 1.

Sketch of Proof. First we show that (ii)= (iii)= (iv)=-(ii) (and hence
(i) (iil) < (iv)).

(ii)= (iii). Suppose that (F,w) is finite, well-behaved and no cycle
has an exit. Using Lemma 6.1.1 one can show that no quasicycle is self-
connected. Moreover, if ¢ and ¢’ are quasicycles such that ¢ % ¢/, then
q = ¢’ cannot hold, see [27, Corollary 32|. Hence GKdim L(E,w) < 1 by
Theorem 4.2.3.

(iii)= (vi). Suppose that (E,w) is finite and GKdim L(E,w) < 1. By
Lemma 4.2.2 and Theorem 4.2.3 any nontrivial nod-path is of the form
01p'qos where o1 and oy are either the empty word or nod-paths in P’, p is
a quasicycle, [ > 0 and ¢ # p is a prefix of p. By [26, Remark 16(a)] there
are only finitely many quasicycles and, by [27, Lemma 34|, none of them
is of homogeneous degree 0. Further we have |P’| < co by [26, Lemma 21].
It follows that L(F,w) is locally finite (for fixed o1, p, ¢ and o0y as above
there can at most be one nod-path of the form o1 p'go, in each homogeneous
component).

(iv)= (ii). Suppose L(FE,w) is locally finite. Assume that (E,w) is not
finite. Then |E°| = co. But E° C L(E,w)o and EY is a linearly independent
set by Theorem 4.1.1, which contradicts the assumption that (E,w) is
locally finite. Hence (E, w) is finite. Assume now that one of the Conditions
(LPA1), (LPA2), (LPA3), (W1) and (W2) is not satisfied. Then there is
a nod%-path p starting with ey for some e € EL. Clearly for any n € N,
(p*)"p" is a nod-path in the homogeneous 0-component of L(F,w). But
this contradicts the assumption that (F,w) is locally finite. Hence (E, w)
is well-behaved. It remains to show that no cycle has an exit. Assume
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there is a cycle ¢ = e ... e in (E,w) with an exit f € E'. Clearly
eM ... e ¢ Bl because Condition (W1) is satisfied. Without loss of
generality assume that s(f) = s(e(™) and f # ™. Since w(e™) = 1,
we can choose the special edge e # e, Set ¢ := egl) - egn). Then
for any n € N, é"(¢*)" is a nod-path in the homogeneous 0-component of
L(E,w). But this contradicts the assumption that (E,w) is locally finite.
Hence no cycle in (E,w) has an exit.

Next we show that (i)=-(ii) and (iii)= (i) (and hence (i)<(ii)< (iii)
< (iv)).

(i)= (ii). Suppose that L(E,w) is Noetherian. It follows from Theo-
rem 5.3.2 that (F,w) satisfies Condition (LPA). Moreover, (E,w) is fi-
nite (otherwise taking a sequence (v, ),>1 of pairwise distinct vertices one
would have Iy C Iy C ... where for any n € N, I,, is the left ideal of
L(E,w) generated the set {v1,...,v,}). It remains to show that (E,w)
satisfies (W1) and (W2), and that no cycle has an exit. Assume that Con-
dition (W1) is not satisfied. Then, since (E, w) satisfies Condition (LPA4),

51)652) . e§”> and

there is a cycle eV ... e(™) where e € EL. Set p := e
q = egl)e(f) . egn). Then p is a lenod-path and ¢ is a nod?-path such
that p % ¢ and pq is a nod-path. But this contradicts Lemma 6.2.1. Hence
Condition (W1) is satisfied. Assume that Condition (W2) is not satisfied.
Then there is a nod?-path p based at a vertex v such that p*p is a nod-
path and pp* = v in L(E,w) (see the proof of [27, Theorem 51]). But
that contradicts Lemma 6.2.2. Hence Condition (W2) is satisfied. Assume
now that there is a cycle ¢ = e ...e(™ in (E,w) with an exit f € E'.
Clearly eV ... e(™ € E! because Condition (W1) is satisfied. Without
loss of generality assume that s(f) = s(e(™) and f # e(™. Clearly we can
choose e3(¢™) # (™ since w(e™) = 1. Set v := s(c) and ¢ := egl) . egn).
Then ¢ is a nod?-path based at v, é¢* is a nod-path and ¢*¢ = v. But that
contradicts Lemma 6.2.2. Hence no cycle in (E, w) has an exit.

(iii)= (i). Suppose that (E,w) is finite and GKdim L(F,w) < 1. Then
(E,w) is well-behaved and therefore satisfies Condition (LPA), since we
already proved that (ii7) = (i7). Hence, by Theorem 5.2.1 and its proof,
there is a finite graph F such that L(F,w) = L(F) as K-algebras. It
follows from [3, Theorem 5] that no cycle in F' has an exit (otherwise one
would have GKdim L(F) > 2). Thus, by [2, Theorem 4.2.17], L(E,w) is
Noetherian (note that L(E,w) is left Noetherian iff it is right Noetherian
iff it is Noetherian since L(F,w) has an involution).
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Finally we show that (1)< (v) (and thus (1)< (ii)<(iil) < (iv) < (v)).

(i)= (v). Suppose that L(E,w) is Noetherian. Then (E,w) is well-
behaved and therefore satisfies Condition (LPA), since we already proved
that ()= (ii). Hence, by Theorem 5.2.1, there is a graph F' such that
L(E,w) & L(F) as K-algebras. Thus, by [2, Theorem 4.2.17], L(E,w) is
isomorphic to (@i:l My, (K)) @ (692":1 M,,, (K[z,27'])) for some inte-
gers ,I' > 0 and m;,n; > 1.

(v ) () Follows from the fact that finite matrix rings over K or

Klz,a~!

i
| are Noetherian. O
6.3. Von Neumann regular weighted Leavitt path algebras.

Lemma 6.3.1. Suppose that (E,w) satisfies Condition (LPA). If (E,w)

contains a cycle or is not well-behaved, then L(E,w) = L(F) for some
unweighted graph F containing a cycle.

Proof. Assume (F,w) contains a cycle c. Since (E, w) satisfies Condition
(LPA), we can apply Steps 1 and 2 in the proof of Theorem 5.2.1 to
obtain a graph F such that L(E,w) = L(F) as K-algebras. The weighted
graph (E, %) one obtains by applying Step 1 to (E,w) clearly contains a
cycle ¢ = e . &) (since either all the edges of ¢ get reversed or none
of them). Since the ranges of Weighted edges in (F, ) are sinks, we have

7(eM) ¢ #(EL) for any 1 < n (and hence &) € E!  forany 1 <i < n).
Hence é = e .. &™) ig also a cycle in the graph F' one gets by applying
Step 2 to (E, 12))

Assume now that (E,w) is acyclic but not well-behaved. Then (E,w)
does not satisfy Condition (W2). Hence there are paths p; = e®!...ebli,
¢ = fol. . f¥mi (1 < i < n) such that 7(p;) = r(g) (1 < i < n),
s(p1) = s(qn), s(pi) = s(qi—1) (2 < i < n)and for any 1 < i < n, eb!
is a weighted edge, f! is an unweighted edge and e®!: # f&™i Since
(E,w) satisfies Condition (LPA), we can apply Steps 1 and 2 in the proof
of Theorem 5.2.1 to obtain a graph F' such that L(E,w) = L(F) as K-
algebras. Set Z := T(r(EL)). We need the claim below.

Claim Let 1 <i<n, 1< j<l; and 1 <k <my. Then s(e™) € Z &
j>1, and S(f”“) ¢ 7.

Proof Clearly s(e®7) € Z for any j > 1 because ¢! is a weighted edge.
Since s(e®l) = s(f™1) if i = 1 respectively s(eb!) = s(fi=11) ifi > 1, it
only remains to show that s(f**) ¢ Z. Assume s(f**) € Z. We will show
that this assumption leads to a contradiction. Since Z is hereditary, it

i1
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follows that s(f%™¢) € Z. If I; > 1, then s(e®!i) € Z. But this contradicts
[29, Lemma 8| (since e®! and f©™: are distinct, s(e®!), s(f*™:) € Z and
r(ebti) = r(f*™)). Hence ; = 1. Since s(f*™:) € Z, there is an h € E},
and a path p from r(h) to s(f*™¢). Since (E, w) satisfies Condition (LPA3),
h and e®! are in line, i.e. h = e®! or there is a path from r(h) to s(e!) or
there is a path from 7(e®!) to s(h). Assume that h = 1. Then pf*™ is
a closed path at r(h) = r(e®!) = r(f“™i). But that is not possible since
(E,w) is acyclic. Assume now that there is a path from r(h) to s(e®!).
Then s(e®!) € Z, which contradicts [29, Lemma 8| (see above). Finally
assume that there is a path ¢ from r(e®!) to s(h). Then ghpfi™i is a
closed path at r(e®!) = r(f®™). But that is not possible since (E,w) is
acyclic. Hence the assumption s(f**) € Z leads to a contradiction. Thus
s(fi*) ¢ Z, which finishes the proof of the claim. O

It follows from the claim above that if one applies Step 1 in the proof of
Theorem 5.2.1 to (E,w), then out of the edges e/, fi¥ (1 <i<n, 1 <j<
li, 1 < k < m;) only the edges e*J where j > 1 get reversed (to be more
precise, the edges e®J where j > 1 are replaced by one ore more unweighted
edges with reversed orientation). Hence there are ¢, ... ™ ¢ EN’IIU and
paths g; = fi1... fiti (1 €7 < n) in the resulting weighted graph (E,u?)
such that #(6M) = 7#(g;) (1 <i < n), (M) = 5(Gn), 5(6) = 5(Gi—1) (2 <
i<n), fol € BL, (1 <i<n)andé® # fiti (1 <i < n). Since the
ranges of weighted edges in (E',d)) are sinks, we have fi”‘”' € E}Lw for any
1<i<nand1l<k<t. Since no vertex in (E’, W) receives two distinct
weighted edges, we also have f”l € E}Lw for any 1 < i < n. Hence all
the f““ are unweighted. The picture below illustrates the situation (the
weights are omitted).

é(l) fl,tl fl,l
O —> 0 <— 0 < o<—320

fn,l\L

&(2)

°
e
[ ]
A



186 R. PREUSSER

Now we apply Step 2 to (E,fd)) That has the following effect on the
weighted subgraph S of (E,w) displayed above. Let 1 < i < n and set

u; = s(é9), v; == #(é") and n; := w(?). Then Step 2 replaces v;
by n; vertices vil), ..,v"). The edge & is replaced by an unweighted
edge (6M)™ from u; to Ugl) and unweighted edges (¢()9) (2 < j < ny)
from vgj ) to u;. Moreover, the edge fi'i is replaced by unweighted edges
(fot)@) (1 < j < my) from 3(f5%) to v The other vertices and edges

of S are not changed (since ranges of weighted edges in (E, %) are sinks).
The picture below illustrates the situation.

(é(l))("l) (f'l,t1>(nl)

1)) . (Ft1)(2) 1,1

. ° < ° <f7 .
- &@)H® (&(2))(n2)
& (1)y(1) 1,t1y(1) (@)
) (fhr)
. °
(fhz‘k
° .
73,t33(1 5(3
e ——>o > e ° ..
3! F3:13)(2) EGH®

(F3:t3)(n3) (&(®)(n3)

One checks easily that
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(f"’l o Jzn,tnq(fn,tn)(z)(é(n))(z)) (fnfl,l o (];nq,tn,l>(2)(é(n71))(2))
(P (@ E)@)

is a closed path in the graph F one gets by applying Step 2 to (E, ).
Thus F' contains a cycle. O

Recall that a ring R is called von Neumann reqular if for any x € R
there is a y € R such that zyz = x. A K-algebra is called matricial if it is
isomorphic to a finite direct sum of full finite-dimensional matrix algebras
over K, and locally matricial if it is a direct limit of matricial K-algebras.

Theorem 6.3.2. The following are equivalent:

(i) L(E,w) is von Neumann regular.
(i) (E,w) is acyclic and well-behaved.
(iii) L(E,w) s locally matricial.

Proof. (i)= (ii). Suppose L(E,w) is von Neumann regular. Then (E, w)
satisfies Condition (LPA) by Theorem 5.3.2 (if (E,w) did not satisfy Con-
dition (LPA), then there would be a lerinod-path p by Lemma 5.3.1; but
for such a p there is no a € L(E,w) such that pap = p). Assume that
(E,w) contains a cycle or is not well-behaved. Then, by Lemma 6.3.1,
L(E,w) = L(F) for some unweighted graph F' containing a cycle. But this

contradicts [2, Theorem 3.4.1]. Thus (F,w) is acyclic and well-behaved.
(ii)= (iii). Suppose that (E,w) is acyclic and well-behaved. By Lem-
ma 4.2.7 we have L(F,w) = lim, L(E;, w;) where {(F;,w;)} is the direct
system of all finite complete weighted subgraphs of (E,w). It is easy to
see that the subgraphs (F;, w;) are also acyclic and well-behaved. By The-

orem 6.1.2 each L(E;, w;) is matricial. Thus L(E,w) is locally matricial.
(iii)=-(i). Suppose that L(E,w) is locally matricial. It is well known
that every matricial K-algebra is von Neumann regular and hence so is any
direct union of such algebras. Therefore L(F, w) is von Neumann regular.
U

§7. REALISATION AS GENERALISED CORNER SKEW LAURENT
POLYNOMIAL RINGS

7.1. Generalised corner skew Laurent polynomial rings. Let R
be a unital ring and p an idempotent in R. Let ¢ : R — pRp be a corner
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isomorphism, i.e. a ring isomorphism with ¢(1) = p. A corner skew Laurent
polynomial ring with coefficients in R, denoted by R[t4,t_, ¢], is a unital
ring which is constructed as follows: The elements of R[ty,t_, ¢] are the
formal expressions

g+t et g bt it

where r_,, € p,R and r, € Rp, for any n > 0, where pg = 1 and
Pn = ¢"™(po). The addition is component-wise, and the multiplication is
determined by the distributive law and the following rules:

tty =1, tyt— =p, rt- =t_¢(r), tyr = o(r)ts.

The corner skew Laurent polynomial rings are studied in [4], where
their Ki-groups are calculated. This construction is a special case of the
so-called fractional skew monoid rings constructed in [5]. Assigning 1 to ¢
and —1 to t_ makes A := R[ty,t_,$] a Z-graded ring with A = P, A,
where

A; = Rpiti, for i > 0,
A, =t~*'p_;R, fori <0,
AO = R7

see [5, Proposition 1.6]. Clearly, when p = 1 and ¢ is the identity map, then
R[ty,t_,¢] reduces to the familiar ring R[t,t71]. As it was shown in [5,
Example 2.5] (see also [14, Example 1.6.14]), Leavitt path algebras of finite
graphs with no sources are examples of corner skew Laurent polynomial
rings. This was used to prove that Leavitt path algebras are graded von
Neumann regular rings [14, Corollary 1.6.17].

In this section we introduce the notion of a generalised corner skew
Laurent polynomial ring. A corner skew Laurent polynomial ring is char-
acterised as a Z-graded unital ring A = @,., A; with an s € A_; and
at € A; such that st = 1. A generalised corner skew Laurent polyno-
mial ring is characterised as a Z"-graded unital ring A = @, ;. A; with
S1y.vy8n € Mlyym(Ay,) and t1, ...ty € My, x1(A_y,), where m € N, such
that sit; = -+ = sut, = 1. Here {a; | 1 < @ < n} is the standard basis
of Z™.

Definition 7.1.1. Let G be a group, written multiplicatively, and A =
{Ay | g € G} a family of abelian groups, written additively. Furthermore,



WEIGHTED LEAVITT PATH ALGEBRAS 189

let for any g, h € G,
¢g,h : Ag X Ah — Agh

be a biadditive map. If a € A4 and b € Aj,, we sometimes write a.b instead
of ¢4 n(a,b). Suppose that

(i) there is an element 1 € Ag such that a.1 = a = l.a for any g € G

and a € A, and

(ii) (a.b).c=a.(b.c) for any g,h,k € G and a € Ay,b € Ap,c € Ay.

Define the map
@ P — DA,
geG geG geG

((ag)g€G7 (bg)geG) — (cg)gec

cg = Z ap.by.

hk=g

Then (B, Ay, +, ) is a ring which we denote by A[G] and call a gener-
alised group ring.

where

Remark 7.1.2. (a) If each A; = R where R is a unital ring and each
¢g.n is the multiplication in R, then A[G] is the group ring R[G].

(b) A[G] is a G-graded ring such that its g-component equals A, for any
g € G (we identify A, with its image in @ 5 Ag)-

Until the end of this subsection n denotes a fixed positive integer. We
define a map ": Z" — N} by § = (max(g1,0),..., max(g,,0)). Recall that
{a; | 1 <14 < n} denotes the standard basis of Z™.

Definition 7.1.3. Let A[Z"] = @gezn Ay be a generalised group ring
such that the conditions (i)-(iv) below are satisfied.
(i) There is an m € N, a unital ring R and idempotents
DPg S Mm91+"‘+9n xmIlt++9n (R) (g S Ng)
where po = 1 such that Ay = pg M 5,1 5. 0o+ Can (R)P
for any g € Z"™.

(ii) or =07 forany 1 <i<n,o € A_,, and 7 € A,,, where o7 is the
usual matrix product of ¢ and .
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(iii) 1€ Aq,.A_q, for any 1 <i <n. Here Ag, A_q, = {35 1 a;.b; | ke
N, aj € Aa“bj S A,ai}.

(iv) 07w = oTw for any g € Z", o,w € Ay and 7 € A_,, where oTw is
the usual matrix product of o, 7 and w.

Then A[Z"] is called a generalised corner skew Laurent polynomial ring.
Remark 7.1.4. (a) We usually denote the ring A[Z"] by
Rlt1, .. tptep, ... t_1, |

and write an element (0g)gezn € A[Z"] in the form

S e S0 G
geZ™
(b) Let R be a unital ring and p an idempotent of R. Let ¢ : R — pRp
be a corner isomorphism, i.e., a ring isomorphism with ¢(1) = p. Set
pg = ¢?(1) for any g € No, A, := pgRp—, for any g € Z, and A :=
{Ay | g € Z}. Define for any g, h € Z the map ¢gp, : Ag x Ay — Agyn
by

¢ (a)b if g,h >0

¢" (ab) ifg>0,h<0,9g+h>0

¢=9(ab) ifg>0,h<0,g+h<0
D9.n(@0) =93 Gothia)p i g<0.h>0.g+h>0

ap= M) if g<0,h>0,g+h<0

adp=I(b) if g,h <0.

One checks easily that the conditions (i) and (ii) in Definition 7.1.1
are satisfied. Furthermore, the generalised group ring A[Z] satisfies
the conditions (i)-(iv) in Definition 7.1.3. Hence A[Z] = R[t1,t_1, ¢]
is a generalised corner skew Laurent polynomial ring. Let R[t;,t_, @]
be the corner skew Laurent polynomial ring defined by R and ¢ (see
[14, §1.6.2]). Define the map

w : R[tlv t—lv ¢] — R[t"r? t—7 ¢]
S P S
9gEL gEZ

It is easy to show, that ¢ is a ring isomorphism. Defining a grading on
R[t4,t_, ¢] by assigning 1 to t_ and —1 to t, we get

Y((R[t1,t-1,8])g) = (R[t4,t—, 8])g
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for any g € Z, i.e. ¥ is a graded ring isomorphism. Hence corner skew
Laurent polynomial rings are special cases of generalised corner skew
Laurent polynomial rings.

Recall that a G-graded ring A = @, ¢
if AgA, = Agy for any g,h € G. Here AgA, = {35 a;b; | k €
N,al,...,ak GAQ,bl,...,bk GAh}.

Ay is called strongly graded

Proposition 7.1.5. Let A = R[t1,...tn,t_p,...,t_1,d] denote a gener-
alised corner skew Laurent polynomial ring. Then A is strongly graded if
and only if Mixm(R)pa; Minx1(R) = R for any 1 < i < n, where

M xm (R)pai M1 (R)

k
Z{Zujpa,ﬂj | kEN up, ... up €EMiym(R), v1, . .. ,UkGan(R)}-

j=1

Proof. (=) Suppose A is strongly graded. Let 1<i<n. Then1€ A_,, A,,.
Hence there is a k € N, uq, ..., ur € Miyn(R) and vq, ..., 05 € My, x1(R)
such that 37 (ujpa,t—i) - (tiPa,v;) = 1. But (u;pa,t—i) - (tipa,v;) =
UjPa,v; by Definition 7.1.3(ii). Hence 25:1 UjPa;v; = 1 and therefore
M xm (R)Pa; Mimx1(R) = R.

(<) Suppose Mjxm(R)pa; Mpmx1(R) = R for any 1 < ¢ < n. Since
Z" is generated by the «;’s, it suffices to show that 1 € A,,A_,, and
1 e A_,,A,, for any 1 < i < n in order to prove that A is strongly
graded (see [14, §1.1.3]). Let 1 < ¢ < n. By Definition 7.1.3(iii), 1 €

Ag, Ay, Let k € N, ug, ... up € My (R) and vq,...,vp € My, x1(R)

k k
such that 3 7, wjpa,v; = 1. Then 377 (ujpa,t—;) - (tipa,vj) = 1 by

Definition 7.1.3(ii) and thus 1 € A_,, A,,. O

A graded ring A is called graded von Neumann regular if for any ho-
mogeneous a € A there is a b € A such that a = aba. Proposition 7.1.8
determines when a generalised corner skew Laurent polynomial ring is
graded von Neumann regular. We need the following Definition 7.1.6 and
Lemma 7.1.7 for the proof of Proposition 7.1.8.

Definition 7.1.6. Let C be a category. Then C' is called von Neumann
regular if for any morphism f € Hom(X,Y") there is a ¢ € Hom(Y, X) such
that fgf = f.
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Lemma 7.1.7. Let R denote a unital ring and C' the category of finitely
generated free right R-modules. Then C' is von Neumann regular if and
only if R is von Neumann regular.

Proof. (=) This direction is obvious since (Hom(R, R),0) = (R,-) as a
monoid.

(<) This follows from [18, Theorem 24, p. 114] and the following easy
to prove remark: If A is a von Neumann regular ring and e, e’ € A are
idempotents, then for any f € eAe’ there is a g € €’ Ae such that fgf = f.

O

Proposition 7.1.8. Let A = R[t1,...tn,t—p,...,t_1,¢] denote a gener-
alised corner skew Laurent polynomial ring. Then A is graded von Neu-
mann reqular if and only if R is von Neumann regqular.

Proof. (=) If a graded ring is graded von Neumann regular, then it is
easy to see that its zero component ring is von Neumann regular.

(<) Suppose R is von Neumann regular. Let g € Z" and 0 € A, C
M504 tan sy (Ciitt o (1) By Lemma 7.1.7, there is a
T EM, (51t +(Tarn xman +tan (1) such that o7'c = 0. Set 7 := p—7'pg
€ A_,. Then clearly 070 = 07’0 = 0 since p; and p—, are idempotents.
By Definition 7.1.3(iv), ‘

(0 3ot SO A C AT DT g0
x (t90 tOngtC 9 9
= . .tiﬂamt‘__j)" ... t(__lg)1
= 0 g0 9 O
Let R be a unital ring and m € N. Below we define a multiplication on
the set |, jeNo Mimixmi (R) which extends the usual matrix multiplication

and makes Ui)jeNO M,,,i xmi (R) a monoid. This monoid structure will be
used in the proof of Theorem 7.1.10.

Definition 7.1.9. Let R be a unital ring and m € N. Set 0 = M(m, R) :=
Ui jeno Mimixmi (R). We define a multiplication - on 9 as follows. Let
A, B € 9. Then there are 4,75, k,1 € Ny such that A € M, iy, (R) and
B e M,k xmi (R)
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Case 1 Assume that j < k. Let

A
A= € M, itk sk (R)
A

be the matrix with m*~7 copies of A on the diagonal and zeros
elsewhere. We define A - B := A’B € M,,,i+5-j x i (R) where A’B
is the usual matrix product of A’ and B.

Case 2 Assume that j > k. Let

B
B = S MijmI+j—k(R)
B

be the matrix with m/ =" copies of B on the diagonal and zeros
elsewhere. We define A- B = AB’ € M,,i ymi+i—+ (R) where AB’ is
the usual matrix product of A and B’.

One checks easily that (91,-) is a monoid whose identity element is
(1) € Myx1(R). Further A(B+C) = AB+ AC and (B+C)A = BA+CA
whenever B + C' is defined, i.e. whenever B and C' have the same size.
However, one can show that there is no binary operation + on 9% such
that (91,4, ) is a ring.

The theorem below will be used in the next section in order to iden-
tify weighted Leavitt path algebras with generalised corner skew Laurent
polynomial rings.

Theorem 7.1.10. Let A be a Z™-graded unital ring. Assume that there
is an m € N and elements Ty,...,T, € Miym(Aqs,) and T—q,...,T_, €
My x1(A—q;) such that T;T_; = 1 for any 1 < i < n. Then A is graded
isomorphic to a generalised corner skew Laurent polynomial ring.

Proof. Set R := Ay and for any g € N,
pgi=T% . THTY ... TJ" € Myor+-+on xmor+-+on (R)
(where the multiplication is taken in 9t(m, A)). Moreover, set for any

gezr,

Ag = pﬁMm§1+---+an xm(=D1++(=Dn (R)pfg
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and define for any g, h € Z" the map

¢g,h : Ag X Ah — Ag—i—h
(0,7) = Y G g O o
X T Tl O T,
One checks easily that A := {flg | g € Z™} is a family of abelian groups
and the ¢4 p,’s are biadditive maps which satisfy the conditions (i) and (ii)

in Definition 7.1.1. Furthermore, the generalised group ring A[Z"] satisfies
the conditions (i)-(iv) in Definition 7.1.3. Hence

AlZ"] = Rty .. tpyt_py ey t_1, 0]

is a generalised corner skew Laurent polynomial ring. We will show that
A is graded isomorphic to A[Z"]. Define the map

Vv AZ"] — A
STttt s N 18, r T
geZ™ gELN

One checks easily that ¢ is a graded ring homomorphism. In order to show
that ¢ is an isomorphism, it suffices to show that 1| 4zn), : A[Z"], — Ay
is a bijection for any g € Z™. Let g € Z™. Suppose

T .. TIgTCI T = (i@ 4Gt 1591y = 0

for some ¢ € A[Z"],. By multiplying T@L e Tgll from the left and Tl(_g)1
.. .Téfg)" from the right, it follows that pgop—, = 0. But clearly Pgop=; =

o, since 0 € A[Z"], and p; and p—, are idempotents. Hence o = 0
and therefore t?l ...t%ﬂat(__ng)" ...t(:lg)l = 0. Thus we have shown that

Y| agzny, + A[Z"]g — Ay is injective. Suppose now that a € A,. Then

Tiz e TfllaTl(_g)l ce T7(L79)71 S Py Mm§1+"'+§n xm(—D 1+ +(EDn (R)p:\g
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Clearly

G AG (T T T T O e

€A[Z™]4
=10 gE T T e pon
=a

since T;T_; = 1 for any i € {1,...,n}. Thus we have shown that 9| 4iz»1, :
A[Z"], — A is surjective as well. This finishes the proof. O

7.2. Weighted Leavitt path algebras as generalised corner skew
Laurent polynomial rings. Let (E,w) be a finite weighted graph and
n the maximal weight of an edge in E. Recall that the standard grading of
L(E,w) is a Z"-grading such that deg(v) = 0, deg(e;) = a; and deg(e}) =
—a; for any v € E?, e € E' and 1 < i < w(e) (we continue to denote the
standard basis of Z™ by {a; | 1 < i < n}).

Theorem 7.2.1. Let (E,w) be a finite weighted graph without sinks. Then
L(E,w) is graded isomorphic (with respect to its standard grading) to a
generalised corner skew Laurent polynomial ming.

Proof. Let n be the maximal weight of an edge in E. Write E°={v, ..., vy}
and for any 1 < j <k, s7!(v;) = {e!,...,e?™ }. For any 1 <4 < n and
1< 7 < kset

Tij = (eg’l ez’nj) € Misn, (L(E,w)a,)
and _
()"
T, = : € My, x1(L(E,w)—q,)
(e1™)"
where e{’l = (eg’l)* =0 if i > w(e’!). Moreover, for any 1 <i < n set
T; = (T} ... TF)€Mixm(L(E,w)a,)
and
T,
T_;:= S MmXI(L(E7w)*Qi)
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where m = ny + -+ + ng = |EY|. It follows from Definition 3.2.1(iii) that
T,7_;=v1+ - -+v,=1foranyi € {1,...,n}. Thus, by Theorem 7.1.10,
L(E,w) is graded isomorphic to a generalised corner skew Laurent poly-
nomial ring,. O

Theorems 7.2.2 and 7.2.4 below follow directly from Theorem 7.2.1 and
Propositions 7.1.5 and 7.1.8.

Theorem 7.2.2. Let (E,w) be a finite weighted graph without sinks. Then
L(E,w) is strongly graded with respect to its standard grading if and only
if

My sern (L(E, w)o)T—iT; My x1 (L(E,w)o) = L(E,w)o
for any 1 < i < n where m, n, T; and T_; are defined as in the proof of
Theorem 7.2.1.

Corollary 7.2.3. Let (E,w) be a finite weighted graph without sinks and
sources such that w = 1. Then L(E,w) is strongly graded with respect to
its standard grading.

Proof. We use the same notation as in the proof of Theorem 7.2.1. Clearly
T4 Ty = diag (r(e™"),...,r(e"™),r(e*"),...,r(e>™),
Cr(eh), ()

by Definition 3.2.1(iv). Since there are no sources in F, any vertex of E
appears as a diagonal entry in T_1T;. It follows that

Mle(L(E, ’(H)O)T_lTl mel(L(E, ’w)o) = L(E, w)o.

Thus L(E,w) is strongly graded with respect to its standard grading by
Theorem 7.2.2. (]

Theorem 7.2.4. Let (E,w) be a finite weighted graph without sinks. Then
L(E,w) is graded von Neumann regular with respect to its standard grading
if and only if L(E,w)q is von Neumann regular.

It has yet to be worked out whether there is a good description for the
zero component L(E,w)g (cf. Section 12). When w = 1, this ring is well
understood.

Corollary 7.2.5. Let (E,w) be a finite weighted graph without sinks such
that w = 1. Then L(E,w) is graded von Neumann regular with respect to
its standard grading.
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Proof. By [14, pp. 168-169] (or [2, Corollary 2.1.16]), L(E,w), is an
ultramatricial algebra, i.e. it is isomorphic to the union of an increasing
chain of finite products of matrix algebras over a field. Hence L(E,w)q is
von Neumann regular and thus, by Theorem 7.2.4, L(E,w) is graded von
Neumann regular. O

§8. LOCAL VALUATIONS

8.1. General results. In this subsection we recall some notions and re-
sults from [28, §7.1].

Definition 8.1.1. Let R be a ring. A valuation on R is a map v : R —
Nop U {—o0} such that

(i) v(z) =—-c0 & =0,

(ii) v(z —y) < max{v(z),v(y)} for any z,y € R and
(iii) v(zy) = v(z) + v(y) for any z,y € R.
We use the conventions —oco < n for any n € Ny and (—o0) +n = n +
(—o0) = —oo for any n € Ny U {—o0}.

Definition 8.1.2. A ring with enough idempotents is a pair (R, E') where
R is a ring and FE is a set of nonzero orthogonal idempotents in R such
that the set of finite sums of distinct elements of E is a set of local units
for R. Note that if (R, E) is a ring with enough idempotents, then R =
DP.cpeR = @feE Rf = ®e,fEE eRf. A ring with enough idempotents
(R, E) is called connected if eRf # {0} for any e, f € E.

Definition 8.1.3. Let (R, F) be a ring with enough idempotents. A local
valuation on (R, E) is a map v : R — Ny U {—o0} such that

(i) v(z)=—c0 ez =0,

(ii) v(z —y) < max{v(z),v(y)} for any z,y € R and
(iii) v(zy) =v(x)+v(y) for any e € E, € Re and y € eR.
A local valuation v on (R, E) is called trivial if v(x) = 0 for any « € R\ {0}
and nontrivial otherwise.

Let R be a ring. Recall that a left ideal I of R is called essential if
InJ = {0} = J = {0}, for any left ideal J of R. If I is an essential
left ideal of R, then we write I C. R. For any x € R define the left ideal
ann(z) := {y € R | yr = 0}. The ring R is said to be left nonsingular if
for any « € R, ann(z) C. R < z = 0. A right nonsingular ring is defined
similarly. R is called nonsingular if it is left and right nonsingular.



198 R. PREUSSER

Proposition 8.1.4 ( [28, Proposition 37]). Let (R, E) be a ring with
enough idempotents that has a local valuation. Then R is nonsingular.

Proof. We show only left singularity of R and leave the right singularity
to the reader. Let v be a local valuation on (R, F) and z € R\ {0}. Choose
an e € F such that ex # 0. Suppose that ye € ann(z) for some y € R.
Then

v(ye) + v(ex) = v(yex) = v(0) = —o0
and hence ye = 0. This shows that ann(z) N Re = {0}. But Re # {0} since
e € Re. Hence ann(z) is not essential. O

Recall that a nonzero ring R is called a prime ring if IJ = {0} = (I =
{0} v J = {0}), for any ideals I and J of R. If R has local units, then it is
prime iff Ry = {0} = (x =0V y =0), for any z,y € R.

Proposition 8.1.5 ( [28, Proposition 38]). Let (R, E) be a nonzero, con-
nected ring with enough idempotents that has a local valuation. Then R is
a prime ring.

Proof. Let v be a local valuation on (R, E) and z,y € R\ {0}. Clearly
there are e, f € E such that xe, fy # 0. Since (R, E) is connected, we can
choose a z € eRf \ {0}. Clearly

v(zzy) = v(zezfy) = v(ze) + v(z) +v(fy) > 0.
Hence zzy # 0 and thus xRy # {0}. O

Recall that a ring is called semiprimitive if its Jacobson radical is the
zero ideal.

Proposition 8.1.6 ( [28, Proposition 40]). Let (R,E) be a connected
ring with enough idempotents. Suppose R is a K-algebra and there is a
local valuation v on (R, E) such that v(z) = 0 iff v € span(F) \ {0}
where span(FE) denotes the linear subspace of R spanned by E. Then R is
semiprimitive.

Proof. Let v be the local valuation on (R, E) such that v(z) = 0 iff
x € span(FE) \ {0}. Assume that the Jacobson radical J of R is not zero.
Since R = €, ,cpeRf, there are e, f € E and an 2’ € JNeRf \ {0}.
Since R is connected, we can choose an element z € fRe \ {0}. Then
x:=2'z € JNeRe\ {0} since v(z) = v(a'z) = v(z') + v(z) > 0. Since
J does not contain any nonzero idempotents, it follows that v(z) > 0 (if
v(z) = 0, then x = ke for some k € K and hence J contains the nonzero
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idempotent e). Since x € J, we have that x is left quasi-regular, i.e. there
is a y € R such that  +y = yz. By multiplying e from the right and from
the left one gets = + eye = eyex. Hence we may assume that y € eRe. It
follows that

max{v(z),v(y)} = v(z +y) = v(yz) = v(z) + v(y).

This implies that v(y) = 0 and hence y = ke for some k € K. It follows
that y = yo — ¢ = kex — 2 = kx — x = (k — 1)z. But this yields a
contradiction since v(y) = 0 but either v((k — 1)z) = —o0, if k = 1, or
v((k—1zx) =v(x) >0, if k # 1 (note that v((k — 1)z) = v((k — 1)ex) =
v((k —1)e) + v(z)). Thus the Jacobson radical of R is zero. O

8.2. Applications to weighted Leavitt path algebras. Throughout
this subsection (E,w) denotes a weighted graph. Note that (L(E,w), E°)
is a ring with enough idempotents. We say that (E,w) satisfies Condition
(LV) if w(e) > 2 for any e € E' and #{e € s }(v) | w(e) = w(v)} = 2 for
any v € EQ.,.

Asin §4.11et K(X) denote the free K-algebra on the set X = {v, e;, e} |
veE E%ee EY1<i<wle)} and K(X)p,oq the linear subspace of K{X)
generated by the nod-paths. Let NF : L(E, w) — K(X)no4 be the isomor-
phism of K-vector spaces defined in the proof of Theorem 4.1.1. For an
a € L(E,w) we define its support supp(a) as the set of all nod-paths which
appear in NF(a) with nonzero coefficient. Recall that the length of a path
p is denoted by |p|.

Theorem 8.2.1 ( [15, Proposition 40]). If (E,w) satisfies Condition (LV),
then the map

v:L(E,w) = NgU{—o0}
a — max{|p| | p € supp(a)}

is a local valuation on (L(E,w), EY). Here we use the convention max () =
—00.

Corollary 8.2.2 ( [15, Theorem 47]). If (E,w) satisfies Condition (LV),
then L(E,w) is nonsingular.

Proof. Follows from Proposition 8.1.4 and Theorem 8.2.1. O

Corollary 8.2.3 ( [15, Theorem 46|). If (E,w) satisfies Condition (LV),
then L(E,w) is a prime ring.
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Proof. Clearly L(F,w) is not the zero ring since F is nonempty. Let
u,v € E°. Since E is connected, there is a d-path p from u to v. Let v
be the local valuation on (L(FE,w), E°) defined in Theorem 8.2.1. Clearly
v(p) = |p| = 0 since v(xz) = 0 for any z € EY and v(e;) = v(e}) = 1 for
any e € E!' and 1 < i < w(e). Hence uL(E,w)v # {0} for any u,v €
E° and therefore (L(E,w), EY) is a nonzero, connected ring with enough
idempotents. It follows from Proposition 8.1.5 that L(E,w) is a prime
ring. O

Corollary 8.2.4 ([15, Theorem 50]). If (E,w) satisfies Condition (LV),
then L(E,w) is semiprimitive.

Proof. Let v be the local valuation on (L(E,w), E?) defined in Theo-
rem 8.2.1. Then clearly v(x) = 0 iff z € span(E°)\ {0} where span(E°) de-
notes the linear subspace of L(E,w) spanned by E°. Moreover,

(L(E,w), EY) is connected since F is connected (see the proof of Corollary
8.2.3). It follows from Proposition 8.1.6 that L(FE,w) is semiprimitive. O

8.3. Classification of the weighted graphs (F, w) such that L(F, w)
is a domain. Recall that a domain is a nonzero ring without zero divisors.
A weighted graph (E, w) satisfying Condition (LV) is called an LV-rose if
|E°| = 1.

Theorem 8.3.1 (|15, Theorem 41]). Let (E,w) be a weighted graph. Then
L(E,w) is a domain if and only if (E,w) is an LV-rose or the weighted
graph e Q 1.

Proof. One checks easily that L(E,w) has zero divisors if (E,w) is nei-
ther an LV-rose nor the weighted graph e 1. On the other hand, if
(E,w) is an LV-tose, then the local valuation v on (L(E,w), EY) defined
in Theorem 8.2.1 is a valuation and hence L(E,w) is a domain. Moreover,
L(e Q 1) 2 Klz,r71] is a domain. O

§9. THE V-MONOID AND K|

Recall from Section 4 that WG denotes the category whose objects
are the weighted graphs and whose morphisms are the complete weighted
graph homomorphisms, that ALG denotes the category of K-algebras
and that L : WG — ALG is a functor which commutes with direct
limits. In Subsection 9.1 we define functors V : ALG — MON and M :
WG — MON where MON denotes the category of abelian monoids. In
Subsection 9.2 we recall some universal ring constructions by G. Bergman
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which are used in the proof of Theorem 9.3.1. In Subsection 9.3 we sketch
the proof of Theorem 9.3.1 which states that Vo L = M and that L(E,w)
is left and right hereditary provided (E,w) is finite. In Subsection 9.4 we
compute the Grothendieck group of a weighted Leavitt path algebra.

9.1. The functors V and M.

Definition 9.1.1. Let A be a K-algebra. Let My, (A) be the directed
union of the rings M,,(A) (n € N), where the transition maps M, (4) —
g 8 . Let I(M(A)) denote the set of all
idempotent elements of My, (A4). If e, f € I(Mu(A)), write e ~ f iff there
are x,y € My (A) such that e = zy and f = yx. Then ~ is an equivalence
relation on I(My(A)). Let V(A) be the set of all ~-equivalence classes,
which becomes an abelian monoid by defining

a+11=|(5 9]

for any [e],[f] € V(A). If ¢ : A — B is a morphism in ALG, let V(¢) :
V(A) — V(B) be the canonical monoid homomorphism induced by ¢. One
checks easily that V : ALG — MON is a functor that commutes with
direct limits.

M, 4+1(A) are given by x —

Remark 9.1.2. For a K-algebra A with local units there is the following
alternative description of the monoid V(A). Recall that a left A-module M
is called unitalif AM = M. Let V'(A) denote the set of isomorphism classes
of finitely generated projective unital left A-modules, which becomes an
abelian monoid by defining [P] + [Q] := [P & Q)] for any [P], [Q] € V'(A).
Then V'(A) =2 V(A) as abelian monoids, see [8, Subsection 4A].

Definition 9.1.3. Let (E,w) be a weighted graph. For any v € E°
write w(s~1(v)) = {wi(v),..., wg,(v)} where k, > 0 and wy(v) < -+ <
wy, (v) (hence k, is the number of different weights of edges in s71(v)).
Let M(E,w) be the abelian monoid presented by the generating set

{v.gt,...,qp, 1 lve E°} and the relations
g+ (wi(0)—wi(v)v=q¢/ + Y r(e) (weE’1<i<k,) (10)
e€s™(v),

w(e)=w;(v)
where qf = qp = wo(v) = 0. If ¢ : (E,w) — (£',w’) is a morphism in
WG, then there is a unique monoid homomorphism M(¢) : M(E,w) —
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0 v
M(E' ') such that M(¢)([v]) = [¢°(v)] and M(¢)([g}]) = [af "] for
any v € EY and 1 <4 < k, — 1. One checks easily that M : WG — MON
is a functor that commutes with direct limits.

9.2. Some universal ring constructions by G. Bergman. In this
subsection all rings are assumed to be unital. Let k be a commutative ring
and R a k-algebra (i.e. R is a ring given with a homomorphism of k into
its center). By an R-module we mean a left R-module. An R-ringy is a
k-algebra S given with a k-algebra homomorphism R — S. In [10], G.
Bergman described the following two key constructions:

e ADJOINING MAPS Let M be any R-module and P a finitely
generated projective R-module. Then there exists an R-ringy, S,
having a universal module homomorphism f: M ® S - P ® S,
see [10, Theorem 3.1]. S can be obtained by adjoining to R a family
of generators subject to certain relations, see [10, Proof of Theo-
rem 3.1].

e IMPOSING RELATIONS Let M be any R-module, P a projective
R-module and f : M — P any module homomorphism. Then there
exists an R-ringg S such that f ® S = 0 and universal for that
property. S can be chosen to be a quotient of R, see [10, Proof of
Theorem 3.2].

Using the key constructions above Bergman described more complicated
constructions. Two of them are used in this paper:

e ADJOINING ISOMORPHISMS Given two finitely generated pro-
jective R-modules P and @), one can adjoin a universal isomor-
phism between P® and Q® by first freely adjoining maps i :
P® — Q® and i~! : Q® — P® (via ADJOINING MAPS) and
then setting 1gg —ii~! and 1pg —i~ i equal to 0 (via IMPOSING
RELATIONS), see [10, p. 38]. Bergman denoted the resulting R-
ringy, by R{i,i~!1: P = Q).

e ADJOINING IDEMPOTENT ENDOMORPHISMS Given a fini-
tely generated projective R-module P, one can adjoin a universal
idempotent endomorphism of P® by first freely adjoining a map
e: P® — P® (via ADJOINING MAPS) and then setting e — e
equal to 0 (via IMPOSING RELATIONS), see [10, p. 39]. Bergman
denoted the resulting R-rings, by R{e : P — P;e? = e). Note that
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the adjoined idempotent endomorphism e yields a universal direct
sum decomposition P® = ker(e) ® im(e).

Set S := R(i,i"': P~ Q) and T := R{e : P — P;e? = ¢). Bergman
proved the following (for these results he required that k is a field and
that P and @ are nonzero): The abelian monoid V'(S) (see Remark 9.1.2)
may be obtained from V'(R) by imposing one relation [P] = [Q]. The
abelian monoid V'(T) may be obtained from V'(R) by adjoining two new
generators [Pi] and [P] and one relation [P;] 4+ [P2] = [P]. Furthermore,
the left global dimension of S (resp. T') equals the left global dimension of
R, unless the left global dimension of R is 0, in which case the left global
dimension of S (resp. T') is < 1. See [10, Theorems 5.1, 5.2 and the last
paragraph of p. 48].

9.3. VoL and M are isomorphic.

Theorem 9.3.1 ( [25, Theorem 14]). Vo L = M. Moreover, if (E,w) is
a finite weighted graph, then L(E,w) is left and right hereditary.

Sketch of Proof. In Part I below we define a natural transformation
0: M — Vo L. In Part IT we explain why 6 is a natural isomorphism and
why L(F,w) is left and right hereditary provided that (E,w) is finite.

Part I Let (E,w) be a weighted graph and v € Ep,,. Write s~'(v) =
{ev!, ..., ev™®)} where w(e®!) < ... < w(e?™?)). Let X, be defined as

in Remark 3.2.3. Then X, has the upper triangular block form

Xl’l X1’2 X1,3 X17kv
0 X2 X283 . X2k
X,—| 0 0 X} o xik
0 0 ... 0 Xkk

where k, is the number of different weights of edges in s~!(v) and none
of the matrices X% has a zero entry. For any 1 < I < k, — 1 define the
matrix

XLt XLk

X’u,l = .

XU XLk

and set €, ; 1= XX, Here X;"l is the matrix one obtains by transposing
X, and applying the involution * to each entry. One can show that €, ; is
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an idempotent matrix for any 1 <[ < k, — 1. There is a unique monoid ho-
momorphism 0z ) : M(E,w) — V(L(E,w)) such that 0 ,)(v) = [(v)]
and 0(g ,)(q/) = levy] for any v € E® and 1 < 1 < k, — 1. It is an casy
exercise to show that # : M — V o L is a natural transformation.

Part IT It remains to show that the natural transformation § : M — VoL
defined in Part I is a natural isomorphism, i.e. that 0(g ) : M(E,w) —
V(L(E,w)) is an isomorphism for any weighted graph (E,w). By Lemma
4.2.7 any weighted graph is a direct limit of a direct system of finite
weighted graphs. Hence is suffices to show that g ., is an isomorphism
for any finite weighted graph (E, w) (note that M, V and L commute with
direct limits). So let (E,w) be a finite weighted graph. Set By := KZ°.
We denote by «, the element of By whose v-component is 1 and whose
other components are 0. Let vy,...,v, be the distinct elements of E?eg.
Let 1 <t < m and assume that B; 1 has already been defined. We define
a K-algebra B, as follows. Set C; := B;_; and let JPiZ Cto — Cip be
the map sending any element to 0. For 1 < [ < k,, — 1 define inductively
Cyp = Cp1—1(BY : Oy — O 15 (B8H)? = BB (see Subsection 9.2 or [10, p.
39]) where
wy(ve)
O =im(B" e P a,Cu-1
h=w;_1(v¢)+1

Set Dio = Cig,,—1. For 1 < I < ky, — 1 define inductively Dy, =
Dy i1 (v9 (Y71 Py 2 Q) (see Subsection 9.2 or [10, p. 38]) where

ni(ve)
Pu= @  aperoyDir and Qpp =ker(8M).
h=n;_1(v¢)+1
Finally define By := Dy, —1(y"Fve, (yFoe )12 Py 22 Qy g, ) Where
Tk, (V¢)

Pt,l = @ ar(eh'“t)Dt-,kvtfl and
h=ng,, —1(ve)+1

Why, (”t)

Qt k,, = im (Bt @ @ Ay, Dt g, —1-

h=wp,, —1(ve)+1

Then one can show that L(E,w) = B,,. It follows from [10, Theorems 5.1,
5.2] that M(E,w) = V' (B,,) = V(L(E,w)) = V(L(E,w)). One checks
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easily that the monoid isomorphism M (E,w) — V(L(E,w)) one gets in
this way is precisely 6 ). Furthermore, the left global dimension of By, =
L(E,w) is < 1 by [10, Theorems 5.1, 5.2|, i.e. L(E,w) is left hereditary.
Since L(F,w) is a ring with involution, we have L(F,w) = L(E,w)°.
Thus L(E,w) is also right hereditary. O

Corollary 9.3.2 ([25, Corollary 15]). Let (E,w) be a weighted graph.
If there is a vertex v € E° that emits edges of different weights, then
[V(L(E,w))| = oo.

Proof. Let F' denote the free abelian monoid generated by the set

{v,qt,...,qp _, | v € E°} and ~ the congruence on F defined by the
relations (10) in Definition 9.1.3. Let v € E° be a vertex such that k, > 1.
For any n € Ny let [ng}] denote the ~-congruence class of ng}. In F one
cannot write ngj as x +y where x € F and y is the left or right hand side
of one of the relations (10) (note that in the left hand side as well as in the
right hand side of each of the relations (10) a nonempty sum of vertices
appears). Hence [ng}] = {ng}} for any n € Ny (i.e. each ngy is only congru-
ent to itself). Therefore the elements [ng}] (n € Ny) are pairwise distinct
in M(E,w). It follows from Theorem 9.3.1 that |V(L(E,w))| = co. O

Corollary 9.3.3 (|25, Corollary 16]). Let (E,w) be an LV-rose such that
there are edges of different weights. Then L(E,w) is a domain that is
neither K-algebra isomorphic to an unweighted Leavitt path algebra nor to
a Leavitt algebra.

Proof. By Theorem 8.3.1, L(E,w) is a domain. Clearly (E,w) does not
satisfy Condition (LPA1) and hence L(FE,w) is not isomorphic to an un-
weighted Leavitt path algebra by Theorem 5.3.4. It remains to show that
L(E,w) is not isomorphic to a Leavitt algebra L(m,n) where 1 <m < n.
By Example 3.2.5 and Theorem 9.3.1 we have V(L(m,n)) = Ny/{(m =
ny and hence |V(L(m,n))] = n < oco. But by Corollary 9.3.2 we have
|[V(L(E,w))| = co. Thus L(F,w) is not isomorphic to a Leavitt algebra
L(m,n). O

9.4. The Grothendieck group Ky(L(E,w)). One can use the adja-
cency matrix and the weighted identity matrix of a weighted graph (E, w)
to describe Ko(L(E,w)). We define those matrices below.

Definition 9.4.1. Let (F,w) be a weighted graph. The adjacency matriz
of (E,w) is the matrix N € NOEO®EO whose entry at position (u,v) is the
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number of edges from u to v. The weighted identity matriz of (E,w) is the
0 0
matrix I, € Ng ®E" whose entry at position (u,v) is w(v) if u = v and 0

otherwise.

Let (E,w) be a weighted graph. Denote the transpose of its adjacency
matrix N by N¢. Multiplying the matrix N* — I,, from the left defines a
group homomorphism ZE° — 7F° where ZF" is the direct sum of copies
of Z indexed by E°. The theorem below shows that the cokernel of this
map is the Grothendieck group of L(E,w).

Theorem 9.4.2 (|25, Theorem 18]). Let (E,w) be a weighted graph. Then
Ko(L(E,w)) = coker(N' — I, : ZE* — 75").

Proof. Since L(E,w) is a ring with local units, Ko(L(E,w)) is the group
completion (V(L(E,w)))T of the abelian monoid V(L(E,w)), see [2, p.
77]. By Theorem 9.3.1, V(L(E,w)))* = (M(E,w))™". It follows from [13,
Equation (45)] that the abelian group (M(E,w))" is presented by the
generating set {v,q{,...,qp | |v€E E°} and the relations

gi—1 + (wi(v) —wi—1(v))v = g + Z r(e) (ve E°1<i<k,)

eEs*l(v)7
w(e)=w;(v)

where g§ = g = 0. We can rewrite the relations above in the form

¢ = q;—1 + (wi(v) — w1 (v))v — Z r(e) (ve Eov 1<i<hy).

e€s 1 (v),
w(e)=w;(v)

By successively applying Tietze transformations we get that (M(E,w))™
is presented by the generating set E° and the relations

w(v)v = Z r(e) (v e E%).

e€s~1(v)
Hence (M(E,w))" = ZE’ /H where H is the subgroup of ZZ’ generated
by the set

{ Z Qrey —w(v)ay, | v € E"}

e€s—1(v)

(where for a vertex v, , denotes the element of ZF° whose v-component
is 1 and whose other components are 0). One checks easily that H is the
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image of the homomorphism Nt — I,, : ZE" — 7’ Thus
Ko(L(E,w)) = (V(L(E,w)))* = (M(B,w))" =2 /H
= coker(N' — I, : 27" - 77"). O

Example 9.4.3. Consider the weighted graphs

1 2
(B ,w):u c v—2 x

and

(E,w'):u “? o s,

Note that by Section 5, L(F,w) = L(F) = M3(K) ® M3(K) where F is
the unweighted graph

|

F: e ° °

)

while L(E,w’) is not isomorphic to an unweighted Leavitt path algebra.
By Theorem 9.3.1 we have

V(L(E,w)) = (u,v,x,q|v=q+u,q+v=a) =N

and
V(L(E,w")) = (u,v,z | 2v = u+ ).

It follows that V(L(F,w)) 2 V(L(E,w’)) since V(L(F,w)) is a refinement
monoid but V(L(E,w")) is not. On the other hand we have

Ko(L(B,w)) 2 Ko(L(B,w')) & (u,v,z | 2v =u +2) = Z?

by Theorem 9.4.2.

§10. THE GRADED V-MONOID AND K§'

Throughout this section I' denotes a group with identity e.
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10.1. Basic definitions and results. Let R be a ring. Recall that a
left R-module M is called unital if RM = M. We denote by R-MOD the
category of unital left R-modules. Furthermore, we denote by R-MOD .,
the full subcategory of R-MOD whose objects are the projective objects
of R-MOD that are finitely generated as a left R-module. If R has local
units, we define
V(R) ={[P] | P € R-MODy,,;}

where [P] denotes the isomorphism class of P as a left R-module. V(R) be-
comes an abelian monoid by defining [P]+[Q] = [P®Q)]. The Grothendieck
group Ky(R) is the group completion of V(R) (cf. [8, Subsection 4A]).

Let R now be a I'-graded ring. Recall that a left R-module M is called I'-
graded if there is a decomposition M = @%F M., such that RoM, C M,
for any o,y € I'. We denote by R-GR the category of I'-graded unital left
R-modules with morphisms the R-module homomorphisms that preserve
grading. Moreover, we denote by R-GRp..; the full subcategory of R-
GR whose objects are the projective objects of R-GR that are finitely
generated as a left R-module. If R has graded local units, we define

VE(R) = {[P]| P € R- GRyproj}

where [P] denotes the isomorphism class of P as a graded left R-module.
V&' (R) becomes an abelian monoid by defining [P] + [Q] = [P & Q)]. The
graded Grothendieck group K§' (R) is the group completion of Ve'(R)
(cf. [8, Subsection 4A]).

Let R be a I'-graded ring. The smash product ring R#I is defined as
the set of all formal sums nyer r(”/)pW where (") € R for any v € T,

the p,’s are symbols, and all but finitely many coefficients ) are zero.
Addition is defined component-wise and multiplication is defined by linear
extension of the rule (rp.)(spg) = rsas-1pg where r,s € R and o, f € T.
We will use the proposition below to compute the graded V-monoid of a
weighted Leavitt path algebra.

Proposition 10.1.1 ( [28, Proposition 66]). Let R be a T'-graded ring with
graded local units. Then R-GRpo; = R#I'-MOD,,;0; by an isomorphism
that commutes with direct sums. It follows that V&' (R) = V(R#T).

10.2. Admissible weight maps. In this subsection (E,w) denotes a
weighted graph. For any v € E?eg we choose an edge e’ € s71(v) such that
w(e’) = w(v). Recall that the unweighted graph associated to (F,w) is

denoted by FE.
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Definition 10.2.1. An admissible weight map for (E,w) is a map W :
E' — T which has the property that

W (e)W(e;) " =W (fi)W(f;)~" and W(e) "W (fi)=W(e;)” W (f;)
for any v € EQ,, e, f € s7'(v) and 1 < ,j < min{w(e),w(f)}.
The lemma below is straightforward to check.

Lemma 10.2.2. A map W : E* — T is an admissible weight map for
(E,w) if and only if W(e;) = W(ef(e))W(ei(e))_lW(el) for any e € E*
and 1 < i < wle).

Set S :={e1,ef |e€ E,v e B, 1 <i<w(v)}C E'. Tt follows from
Lemma 10.2.2 that there is a 1-1 correspondence between the set of all
maps S — I' and the set of all admissible weight maps E!' — T for (E,w).

Lemma 10.2.3. Let W be an admissible weight map for (E,w). Then W
induces a I'-grading on L(E,w) such that deg(v) = ¢, deg(e;) = Wi(e;)
and deg(e}) = W(e;)™! for anyv € E°, e € E* and 1 <i < w(e).

Proof. Let K(X) denote the free K-algebra on the set X = {v,e;, el |
v e E%e € E'1 <i < w(e)}. There is a I'-grading on K(X) defined
by deg(v) = ¢, deg(e;) = W(e;) and deg(e}) = W(e;)~* for any v € E°,
e € B! and 1 < i < w(e). Clearly the relations (i)-(iv) in Definition 3.2.1
are homogeneous with respect to this grading. Hence the I'-grading on
K (X) induces a I'-grading on L(E, w). O

Example 10.2.4. Let A be defined as in the last paragraph of Section 3.
Define a map W : El - 7> by W(e;) = o; where «; denotes the element
of Z* whose i-th component is 1 and whose other components are 0. Then
W is an admissible weight map for (E,w). It induces the standard grading
on L(E,w).

Example 10.2.5. Let A\ be defined as in the previous example. For any
v e EY, write s7'(v) = {e"!,...,e""}. Set p = sup{n, | v € E%.}
if this supremum is finite and otherwise p := w where w is the smallest
infinite ordinal. Define a map W : E* — Z* & Z* by W(e!?) = (a, 55)
for any v € E?eg, 1<j<n,and 1l < i < we’) (g is defined as
in the previous example and f3; is defined analogously). Then W is an
admissible weight map for (F,w) and therefore it induces a Z* @ Z*-
grading on L(E,w). Obviously this grading is finer than the one defined

in the previous example.
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10.3. Leavitt path algebras of bi-separated graphs. In this subsec-
tion we recall some definitions and results from [23].

Definition 10.3.1. A bi-separated graph is a triple E = (E,C, D) such
that

(i) E = (E° E' s,r) is a graph,

(ii) C = | epo Cv where C, is a partition of s™*(v) for any v € E°,
(iii) D = ||,cpo Dv where D, is a partition of »~*(v) for any v € E°,
(iv) | XNY|<1lforany X € Cand Y € D.

For a bi-separated graph E = (E,C, D) we set Cgp, := {X € C'| | X| <
oo} and Dg, := {Y € D | |Y| < oo}. In the following we assume that
C = Cqy and D = Dgy. Recall from Section 2 that if E is a graph, then
E,; denotes the double graph of F and P(FE) denotes the path algebra of
E. In [23] the double graph of E was denoted by E and the path algebra
of E by K(E).

Let E = (E,C, D) be a bi-separated graph. For X € C' we denote by
s(X) the common source of the edges in X. For Y € D we denote by r(Y")
the common range of the edges in Y. Moreover, for X € C' and Y € D we
define
e, it XNY ={e},

XY =YX =
0, f XNY =0.

Definition 10.3.2. Let E = (E, C, D) be a bi-separated graph. The Leav-
itt path algebra of E with coefficients in K, denoted by L(E), is the quotient
of P(E,) obtained by imposing the following relations:

(L1) >y ep(XY)(YX')* = dxx:5(X) for any X, X' € C,

(L2) > xecc(YX)(XY') = dyyr(Y) for any YV, V' € D.

Example 10.3.3. Let (E,w) be a weighted graph. For any v € E° and
1 < i < w(v) define X! := {e; | e € s7(v),w(e) > i}. For any e € E*
define Y° := {e; | 1 < i < w(e)}. Moreover, define C, := {X! | 1 <i <
w(v)} and D, := {Y*¢ | e € r~1(v)} for any v € E°. Then (E,C, D) is a
bi-separated graph and L(E,w) & L(E7 C,D).

Let E = (E,C, D) be a bi-separated graph. We define an equivalence
relation ~p on C as follows: For X, X’ € C define X ~p X' if X = X'
or there exists a finite sequence Xg, Y7, X1,Y5, Xo,...,Y,, X,, such that
X, eC(0<i<n),YieD(1<i<n),Xo=X, Xn=X, X,_1NY; #
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P (1<i<n)and Y;NX; #0 (1 <i<n) Let C =[],y X\ be the
partition of C' induced by ~p. Similarly we define an equivalence relation
~c on D and let D = [ ],,c,, VY be the partition of D induced by ~c.
There is a canonical bijective map A — A’, see |23, §4.2|. Therefore we
will denote the indexing sets of the partitions of both C' and D by A. The
bi-separated graph E is called tame, if |Xy|,|Vz| < oo for any A\ € A. E
is called docile if it is tame and for any A € A there are distinguished
elements X, € X, and Y, € YV, such that X, NY # () for any Y € ), and
X NYy #0D for any X € X).

Let E = (E,C,D) be a docile bi-separated graph. The words
(XYO(MX)* (A e A, X, X' e X)) and (YX))*(XoY') (Ve A, VY €
V) are called forbidden. We call a path in the double graph E,; a d-path.
A normal d-path or nod-path is a d-path such that none of its subwords is
forbidden.

Theorem 10.3.4 (|23, Theorem 5.5|). Let E be a docile bi-separated graph.

Then the nod-paths form a linear basis for L(E).

10.4. The covering bi-separated graph of a weighted graph de-
fined by an admissible weight map.

Definition 10.4.1. Let (E,w) be a weighted graph and W an admissible
weight map for (F,w). Define a graph F' by

FO={v" |veE% yeT},

F'={e |ee B\ 1<i<w(e),yel},
sp(el) = s(e) WE WD)
T’F(
For any v € I', v € E® and 1 < i < w(v) set X, ,; = {em | e €

s '(v),w(e) > i}. For any v € T and e € E' set Y, . = {el(.v) |1 <4
w(e)}. For any v(") € FO define

‘
ey = r(e) W),

N

Coon ={Xw(enyw(er) -1y, | 1 <i<w(v)},
Dv("r) = {YW(el)’y,e | ec r_l(v)}'

The bi-separated graph F = (F,C, D) is called the covering bi-separated
graph of (E,w) defined by W.
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Until the end of this subsection (F,w) denotes a weighted graph, W
an admissible weight map for (E,w) and F' = (F,C, D) the covering bi-
separated graph of (E, w) defined by W. Recall that W induces a I'-grading

on L(E,w). We will show that L(F) 2 L(E,w)#T.

The equivalence relations ~p on C' and ~¢ on D defined in the previous
subsection are given by Xg i ~p X0, < (B=7Au=v) and Yz, ~¢
Y, 7 e (B =7ANs(e) = s(f)), respectively. Hence the partition of C
induced by ~p is

C= |_| Xy0) Where Xy = { X500 | 1 <i <w(v)}
(7, v)ETXEY,,
Similarly the partition of D induced by ~¢ is

D= || Y where Yy = {Yyc e €57 (0)}.
(7,v)ET X Ey

Moreover, F is docile. As distinguished elements we choose X, ) := X 41
and Y, ) := Y, cv for any (y,v) € I x E,

reg*

Lemma 10.4.2. There is a surjective K -algebra homomorphism

Y L(F) = L(E,w)#T

such that

1/)(11(7))211177, w(ez("y))zeipW(m)*l'ya d)((egv))*):eij(ef(e))W(ef(E))—lv

(11)
for any v € F° and 657) € Fl.
Proof. In order to show that there is a K-algebra homomorphism 1 :
L(F) — L(E,w)#T such that (11) holds, it suffices to prove the relations
(i)-(iv) below, where
Ape) =Dy A F EPw ety B T €GPy ey es) -1y

for any v(?) € F° and 657)
(cf. [23, Proposition 3.18]).

(i) A A, = duuA, for any u,v € FO.

(ii) As(f)Af = AfAr(f) = Af and AT(f)Bf = BfAS(f) = Bf for any

feF.
(111) ZYED AxyByx = 6XX’A3(X) for any X, X' eC.
(IV) ZXGC ByxAxy = (Syy/Ar(y) for any Y, Y’ e D.

€ F', and moreover Ag = 0 and By = 0
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We leave (i) and (ii) to the reader and show only (iii) and (iv).
First we prove (iii). Let X, X’ € C. Clearly we may assume that X, X’ €
X(y,) for some (v,v) € I' x EY,, (otherwise (iii) is trivially satisfied). It

follows that X = X, ,; and X’ = X, ,, ; for some 1 < 4,5 < w(v). Clearly

Z AxyByx' = Z Aegw Be§w

YeD e€s—1(v),w(e)>i,j
= > EiPW (1)~ 14 ETPW (X)W (e})~ 1y
e€s=1(v),w(e) >0
= > el Wi Wiepwen  PWiepwien
e€s—1(v),w(e)>i,j
= > CiCTPW (e2)W (e}) 1y

e€s—1(v),w(e)>i,j
= 0ij UPW ()W (e3) 1
= dxxAs(x)
by Lemma 10.2.2 and hence (iii) holds.

Next we prove (iv). Let Y, Y’ € D. Clearly we may assume that Y, Y’ €
Vi) for some (v,v) € T x ER,, (otherwise (iv) is trivially satisfied). It
follows that Y =Y, . and Y/ =Y, ; for some e, f € s7*(v). Clearly

> ByxAxy = > B A

XeC 1<iSw(e),w(f)

= ) epwenwen - fipwn) iy
1<i<w(e)w(f)

= Z e:(fi)W(e'i“)W(ef)*1W(f1)pW(f1)’1’Y

1<isw(e),w(f)
= Z erfipW(fl)*ly
1<i<w(e),w(f)
= Oesr(€)pwi(f1)-14
= dyy Ay
by Lemma 10.2.2 and hence (iv) holds. .

Thus there is a K-algebra homomorphism ¢ : L(F) — L(E,w)#I such
that (11) holds. Clearly the image of ¢ contains the set

S == {vp,,eipy,eipy |vE E’ e € B 1 <i<w(e),yeTl}
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But S generates L(E, w)#I as a K-algebra and therefore 1 is surjective.
O

Our next goal is to show that the homomorphism ¢ : L(F) — L(E, w)#I’
from Lemma 10.4.2 is injective. Let A denote the set of all nod-paths for
F and B the set of all nod-paths for (E,w). Set Y := {v(), 627), (egv))* |
yeT,ve Eeec EL1 <i<we)} and Z := {v,e,ef | v e E% e €
E'1<i<w(e)}. Let (Y) be the set of all finite nonempty words over Y’
and (Z) the set of all finite nonempty words over Z. With juxtaposition
of words, (Y) and (Z) become semigroups. Let £ : (Y) — (Z) be the

unique semigroup homomorphism such that £(v(")) = v, S(ep)) = ¢; and
5((657))*) =e}. For any a € A set b(a) := &(a).

Lemma 10.4.3. For any a € A there is a uniquely determined y(a) € T’
such that 1 (a) = b(a)py(a)-

Proof. The assertion of the lemma clearly holds if |a| < 1. Suppose now
that @ = y1 ...y, where n > 2 and y1,...,y, € Y \ F°. Then for any
1 < ¢ < n there is a ; such that 9 (y;) = b(y:)p, -
First we show that
degb(yr) = w17 (2<k<n) (12)
where degb(y) denotes the homogeneous degree of b(yx). We consider
only the case that yx_1 = egﬂ) and y; = f]h) for some el(-ﬁ)j;ﬂ’) € Ft
and leave the other cases to the reader. Clearly yx_1 = W(e;)~ '3 and
e = W(f1)~'y. Since

_ s(f) s(f)y—
r(e)WEN ) = pp(el?)) = sp(f;ﬂ) = s(f)W(GIWETD ),
we have
Yoot = Wie) T By W () = WS D)W (es V) Tt ()
= W(f;) = degb(yr)

in view of Lemma 10.2.2. Thus (12) holds.
Now we show by induction on ¢ that

Y(yr.y) =0y y)py, 2<E< ). (13)

t = 2: Clearly
(y1y2) = b(y1)p1, 0(y2)Pr = b(Y1)(b(y2)),,471Pv = b(Y112)P+s
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by (12).

t —1 — t: Clearly

V(W1 ye—1ye) = V(W1 - Y1)V (ye)
= b(y1 - - Ye—1)Py_, b(Ye )Py,
=b(y1 - y—1)(0(Yt)), 171Dy = b(y1- - Y2)Dy,
by the induction assumption and (12).

Hence (13) holds and thus in particular ¢ (a) = b(a)p() Where y(a) =
~n- The uniqueness of y(a) follows from the definition of L(E,w)#I'. O

Lemma 10.4.4. b(a) € B for any a € A.

Proof. We leave it to the reader to check that b(a) is a d-path for (E,w).
We show now that b(a) contains no forbidden subword and hence lies in
B. That is clear if a is a vertex, so let us assume that a = y; ...y, where
Yi,-- -, Yn € Y\ FO. It is straightforward to check that the forbidden words
for F are

)7 ((e)) (yeT,ve BY, 1< i, j < w(v))

K3 reg’
and

@) (el we Blye fes™ ().
Assume that thereis a t € {1,...,n— 1} such that {(y;y:+1) = e} (e}})* for
some v € EY and 1 < i,j < w(v). Then y;y,41 = (e”)gﬁ)((e”)y))* for some
B,7 € I. Since a is a d-path, it follows that 8 = ~ (by the definition of
rr). Hence we get the contradiction that a contains a forbidden subword.
Analogously one can show that b(a) contains no forbidden subword of the
form e} f; where e, f € s71(v) for some v € EY. Thus b(a) € B for any
a€ A O

Lemma 10.4.5. The map (b,y) : A — BxT, a+— (b(a),v(a)) is injective.

Proof. Let a =y, ...y1,0' =y, ...y} € A such that b(a) = b(a’) and
v(a) = ~v(a’). Then clearly n = n’. We show by induction on ¢ that y; = y;
for any 1 <t < n (and hence a = a').

t = 1: Suppose that y; = ez(-’Y) for some GE’Y) € F'. Then y} = eg’/) for some
7" € T since b(a) = V'(a). Clearly W(e;) "ty = v(a) = v(a’) = W(e1) 1.
Hence v = v and therefore y; = y}. The cases y; = (61(-7)>* and y; = v
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are similar.

t —1—t: Assume that y;_1; = yj_; for some 2 < ¢t < n. Suppose that
Y = egw) for some egw) € F!. Then y, = 657,) for some ' € T since b(a) =
b'(a). Since y;—1 = y;_; and a, b are d-paths, we have Tp(ep)) = rp(ez(-’yl)).
It follows from the definition of rr that v =+ and therefore y; = y;. The
case yr = (egv))* is similar. O
Proposition 10.4.6. Let (E7w) be a weighted graph, W an admissible
weight map for (E,w) and F the covering bi-separated graph of (E,w)
defined by W. Then L(F) = L(E,w)#T.

Proof. Let ¢ : L(F) — L(E,w)#T be the surjective K-algebra homomor-
phism from Lemma 10.4.2. Let A, B and b(a) (a € A) be defined as in the
first paragraph after the proof of Lemma 10.4.2. By Lemma 10.4.3 there
is for any a € A a uniquely determined ~y(a) such that ¢ (a) = b(a)p-(a)-
By Lemma 10.4.4, b(a) € B for any a € A. By Lemma 10.4.5 the map
(b,v) : A — B x T is injective.

In order to prove the proposition it suffices to show that v is injective.
Let z € L(F). By Theorem 10.3.4 we can write z = 3., _, kqa where

almost all coefficients k, € K are zero. Clearly

Y(z) = Z kab(a)p~(a) = Z( Z kab(a))ps.
a€A BEL a€A,y(a)=p
Assume now that ¢(z) = 0. Then 3, 4 =g kab(a) = 0 in L(E,w) for
any S € I'. But since the map (b,7) : A — B x I is injective, we have
b(a) # b(d') for any a # o' € A such that v(a) = ~v(a’). It follows from
Theorem 4.1.1 that k, = 0 for any @ € A and hence x = 0. Thus v is
injective. O

a€A

10.5. The monoid V& (L(E,w)). In this subsection we fix a weighted
graph (E,w) and an admissible weight map W : E* — T for (E, w). Recall
that W induces a I'-grading on L(FE, w).

Definition 10.5.1. For any v€ E° write s ' (v) ={e”!, ..., e?™")} where
w(e? M) <. .. <w(e?™). Moreover, write w(s~(v))={w1(v), ..., w, (v)}
where w (v) < -+ < wy, (v). Set ny(v) == #{e € s71(v) | w(e) < w;(v)}
for any 1 < I < k,. We define M8 (F,w) as the abelian monoid pre-
sented by the generating set {v("), 177, ... 07 |ve E° y eTl} and the
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relations
wi (v) » ni(v) . s
I+ Z pW(EDW D) ™) — 74 Z r(e?d)W(er) ™)
i=w;—1(v)+1 Jj=ni—1(v)+1

(ve E%yeTl,1<1<ky).
Here we use the convention Iy = I,”7 = wo(v) = ng(v) = 0 for any
v€EYand vy €T.
Theorem 10.5.2. V&' (L(E,w)) =2 M®(E, w).
Proof. Let F = (F,C, D) be the covering bi-separated graph of (E,w
defined by W. By Propositions 10.1.1 and 10.4.6 we have V&' (L(E, w))

V(L(E,w)#T) = V(L(F)). Hence it suffices to show that V(L(F))
M (E, w). We use the notation of Definition 10.5.1. Recall that

C= |_| X(y,v) Where Xy ) = { X0 | 1 <i<w(v)}
(vv)ETXEL,

~

1R

and
D= || Yy where V) = {Ye [e €571 (0)}
(v,w)ErXED,,
where X, ,; = {el(-v) |e€st(v),w(e) >i} and Y, = {ez(-ﬂ |1<i<
w(e)}. Moreover, F' is docile. For any (v,v) € T x El, let A7 be the
matrix w(v) X n(v)-matrix whose entry at position (4, j) is
()i w(evd) >,

X . m Y v, =
¥,0,0 ~,evsd {O, otherwise.

Then each A”"¥ has the upper triangular block form

YU AT g v,v
Al Ay Ay A
VU AT 7,8
0 Ay Ay ... A
v,v v,U
ATV — 0 0 Az ... Ayl
v,0
0 0 ... 0 A
where each AJ;" is a matrix having w, (v) —w,—1(v) rows, ny (v) —ny—1(v)

columns and no zero entry. It follows from [23, Theorem 6.1 and preceding
paragraph| that V(L(F)) is presented by the generating set

{v('Y),If’"’,...,I;j;Zl |ve E%~eT}
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and the relations

wy (v) ny(v)

Lo+ Z $P(Xqw,i) =17 + Z rE(Yye0)
i:wl_l(v)Jrl j:nl_l(v)+1

(e %y eTl,1<1<k,).
It follows from the definition of s and rg that V(L(F)) = M& (E,w). O

10.6. The graded Grothendieck group K§ (L(E,w)).

Theorem 10.6.1. Let (E,w) be a weighted graph and W an admissible
weight map for (E,w). Then the abelian group K& (L(E,w)) is presented
by the generating set {v() | v € E° v € T'} and the relations

w(v)
Z oW (EDW(e)) ™) _ Z r(e) W™ (y e BO yeT).
i=1 e€s—1(v)

Proof. The theorem follows from Theorem 10.5.2 and the fact that
K§"(L(E,w)) is the group completion of the abelian monoid V&' (L(E, w)
(cf. the proof of Theorem 9.4.2). O

Example 10.6.2. Consider again the weighted graphs

1 2
(B,w): u < v—2 x

and

(E,2w'): u LY LR
from Example 9.4.3. Let W and W’ be the admissible weight maps for
(E,w) and (E,w’) that induce the standard Z2-gradings on L(E,w) and
L(E,w'"), respectively (see Example 10.2.4). By Theorem 10.5.2,
V(L(E,w)) is presented by the generating set

{u(m,n)7v(m,n),x(m,n)7l(m,n) | (m,n) e ZQ}

and the relations
U(m’n) :I(nL,n)+u(m—1,n)’ I(m,n)+v(m—1,n+1) :m(m—l,n) ((m’ n) EZQ).

Hence V(L(E,w)) is the free abelian monoid generated by a countably
infinite set. On the other hand, Theorem 10.5.2 implies that V(L(E,w'))
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is presented by the generating set {u(™™) v(™m) g(mn) | (m n) e 72}
and the relations

,U(m,n) + U(m—l,n+1) — u(m—l,n) + x(m—l,n) ((m7n) c Z2)-
Theorem 10.6.1 implies that both graded Grothendieck groups
K& (L(E,w)) and K§"(L(E,w")) are presented by presented by the gener-
ating set

{ulmm) 0 3 | (1, m) € 72}
and the relations
U(m,n) + ,U(mfl,n+1) — u(mfl,n) + x(mfl,n) ((m7n) e ZQ).

Hence K§'(L(E,w)) = K§'(L(E,w")) is the free abelian group generated
by a countably infinite set.

§11. REPRESENTATIONS

In this section (E,w) denotes a fixed weighted graph. Recall that E
denotes the unweighted graph associated to (E,w). If ¢; € E*, then we
call tg(e;) := i the tag of e; and st(e;) := e is the structure edge of e;. If F
is a graph, then we denote by Path(F') the set of all paths in F'. Moreover,
if u,v € F°, then we denote by ,Path(F) the set of all paths starting in
u, by Path,(F) the set of all paths ending in v and by ,Path,(F) the
intersection of ,Path(F') and Path, (F).

11.1. Representation graphs for weighted graphs.

11.1.1. Representation graphs.

Definition 11.1.1. A representation graph for (E,w) is a pair (F,¢)
where F' = (F°, F!, sp,7r) is a graph and ¢ = (¢°,¢') : F — E a graph
homomorphism such that (i) and (ii) below are satisfied.
(i) Foranyv € F°and 1 < i < w(¢°(v)) there is precisely one f € s5'(v)
such that tg(¢!(f)) = 1.
(ii) For any v € F and e € r~!(¢°(v)) there is precisely one f € 7" (v)
such that st(¢!(f)) = e.

Usually we visualise a representation graph (F, ¢) by drawing the graph
F and labelling each vertex v € F? with ¢°(v) and each edge f € F'* with
' (f), see the four examples below.
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Example 11.1.2. Suppose that (E,w) is the weighted graph
el v £1. Then a representation graph (F,¢) for (E,w) is given
by

€1 €1 €1 €1

fi fi 1

SL——c
SL——c
S

(F,¢) :

A% A% A

Example 11.1.3. Suppose again that (F,w) is the weighted graph
el v £,1. Then a representation graph (F, ¢) for (E,w) is given by

€1

)
v
f1
v
AN

(F,9):

er & fi

Example 11.1.4. Suppose that (E,w) is the weighted graph
e2( W 3 £.2. Then a representation graph (F,¢) for (E,w) is given

by
B9 oo,

Example 11.1.5. Suppose that (E,w) is the weighted graph
e3( v ) 3. Then arepresentation graph (F, ¢) for (E,w) is given by

o e
(F, 9) : v —=v v v 'i A
O
f1 fs

Let (F, ¢) be a representation graph for (F,w). Let Eq and Fy be the
double graphs of E and F', respectively. Clearly the homomorphism ¢ :
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F — F induces a map Path(F,;) — Path(Ey), which we also denote by ¢.
The lemma below is easy to check.

Lemma 11.1.6 ([16, Lemma 3]). Let (F, ¢) be a representation graph for
(E,w). Let q,q" € Path(Fy) such that ¢(q) = ¢(¢'). If s(q) = s(¢') or
r(q) =7r(¢), theng=¢'.

In Subsection 11.2 we will associate to any representation graph for
(E,w) amodule for L(E, w). The irreducible representation graphs defined
below are precisely those representation graphs that yield a simple module.

Definition 11.1.7. A representation graph (F, ¢) for (E,w) is called ir-
reducible if ¢(,Path(F,)) # ¢(,Path(F,)) for any u # v € F°.

We leave it to the reader to check that the representation graph in
Example 11.1.2 is not irreducible, while the representation graphs in Ex-
amples 11.1.3, 11.1.4 and 11.1.5 are irreducible.

11.1.2. The category of representation graphs. We denote by RG(E, w)
the category whose objects are the representation graphs for (E,w). A
morphism « : (F,¢) — (G,v) in RG(E,w) is a graph homomorphism
a : F' — G such that 9o = ¢. One checks easily that a morphism « :
(F,¢) — (G, 1) is an isomorphism if and only if a® and a! are bijective.

The lemma below and the two propositions thereafter are straightfor-
ward to check.

Lemma 11.1.8 ([16, Lemma 8|). Let (F,¢) and (G,¢) be objects in
RG(E,w). Let u € F° and v € G°. If ¢(,Path(Fy)) C ¥ (,Path(Gy)),
then ¢(,Path(Fy)) = ¢ (,Path(Gq)).

Proposition 11.1.9 ([16, Proposition 9]). Let a : (F,¢) — (G,v) be a
morphism in RG(E,w). If u€ F°, then ¢(,Path(Fy)) =1 (a0(w)Path(Ga)).

Recall that a graph homomorphism a = (% al) : F — G is called
a covering if a® and o' are surjective, and for any v € F° the maps
a1y 7 (w) = rH(a%(v)) and a1y 2 sTH(w) = 57 (aP(v)) are
bijective (i.e. « is surjective and “locally” bijective).

Proposition 11.1.10 ([16, Proposition 10]). Let o : (F,¢) — (G,v) be a
morphism in RG(E,w). Then « is a covering.
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11.1.3. Quotients of representation graphs. For any object (F,¢) in

RG(E,w) we define an equivalence relation ~ on F° by u ~ v if

¢(yPath(Fy)) = ¢(,Path(Fy)). Recall that if ~ and ~ are equivalence
relations on a set X, then one writes &~ < ~ and calls & finer than ~ (and
~ coarser than =) if x ~ y implies that x ~ y, for any z,y € X.

Definition 11.1.11. Let (F, ¢) be an object in RG(F, w). An equivalence
relation ~ on FU is called admissible if the following hold:
(i) =~ < ~.
(ii) If w = v, p € ,Path,(Fy), ¢ € ,Path,(Fy) and ¢(p) = ¢(g), then
TR Y.

The admissible equivalence relations on F° (with partial order <) form
a bounded lattice whose maximal element is ~ and whose minimal element
is the equality relation =.

Let (F,¢) be an object in RG(E,w) and ~ an admissible equivalence
relation on FO. If f, g € F! we write f =~ g if s(f) ~ s(g) and ¢(f) = ¢(g).
This defines an equivalence relation on F!. Define an object (Fx, ¢~) in
RG(E,w) by

F2=F°/=~,
FL=F'/~,
s(lf1) = [s()],
r(lf) = [r(H)],
$2([v]) = ¢°(v),
o ([f]) = ¢' ().
We call (Fx, ¢~) a quotient of (F, ¢).

Theorem 11.1.12 ([16, Theorem 12]). Let (F,¢) and (G,v) be objects
in RG(E,w). Then there is a morphism « : (F,¢) — (G, ) if and only if
(G, ) is isomorphic to a quotient of (F, ).

Proof. (=) Suppose there is a morphism « : (F, ¢) — (G,v). If u,v € FY,

we write u &~ v if a®(u) = a®(v). Clearly ~ defines an equivalence relation
on F°. Below we check that ~ is admissible.

(i) Suppose u =~ v. Then

q{)(uPath(Fd)) = ¢(a0(u)Path(Gd)) = w(QO(U)Path(Gd)) = ¢(yPath(Fd))
by Proposition 11.1.9. Hence u ~ v.
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(ii) Suppose u =~ v, p € ,Path,(Fy), ¢ € ,Path,(Fy) and ¢(p) = ¢(q).
Clearly a(p) € qow)Pathqo) (Gg) and aq) € 4o )Patha(u(y)(G ).
Moreover, ¥(a(p)) = ¢(p) = ¢(q) = ¥(alq)). Since a O(u) = a®(v),
it follows from Lemma 11.1.6 that a(p) = a(gq). Hence o®(z) =
r(a(p)) = r(a(q)) = a®(y) and therefore x ~ y.

Note that by Lemma 11.1.6 we have f =~ g if and only if a!(f) =
al(g), for any f,g € F!'. Define a graph homomorphism g : Fx — G
by B([v]) = a®(v) and BY([f]) = al(f). Clearly ¥ = ¢~ and therefore
B : (Fx, ¢x) — (G,)) is a morphism. In view of Proposition 11.1.10, 8°
and B! are bijective and hence 8 is an isomorphism.

(<) Suppose now that (G,9) = (Fx, ¢~) for some admissible equiv-
alence relation ~ on F°. In order to show that there is a morphism
a: (F,¢) — (G,) it suffices to show that there is a morphism g : (F, ¢) —
(Fx~, ¢~). But this is obvious (define 5°(v) = [v] and B(f) = [f]). O

11.1.4. The subcategories RG(E,w)c. Let (F,¢) and (G,v¢) be objects
in RG(E,w). We write (F,¢) = (G,v) if there is a u € F* and a v €
G° such that ¢(,Path(F,;)) = ¥(,Path(Gy)). One checks easily that =
defines an equivalence relation on Ob(RG(FE,w)). If C is a =-equivalence
class, then we denote by RG(E,w)c the full subcategory of RG(E,w)
such that Ob(RG(E,w)¢) = C. If a : (F,¢) — (G, 1) is a morphism in
RG(E,w), then (F, ¢) = (G, 1) by Proposition 11.1.9. Thus RG(E, w) is
the disjoint union of the subcategories RG(FE, w)c, where C ranges over
all =-equivalence classes.

Let F' be a graph and F, its double graph. A path p = z;...2, €
Path(Fy) is called backtracking if there is a 1 < j < n — 1 such that
zjxj1 = ff* or xjxjy1 = f*f for some f € F'. We say that p is reduced
if it is not backtracking.

Fix a =-equivalence class C, a representation graph (F,¢) € C and
a vertex u € F°. We denote by ¢(,Path(Fj))req the set of all paths in
¢(,Path(Fy)) that are reduced. Define a representation graph (7,¢) =
(Tc,fc) for (E7’LU) by

T° = {v, | p € ¢(uPath(Fy))rea},
T1 = {ep | pE ¢(uPath(Fd))rcdap 7é ¢(u)}v

{Um...mn_m if x,, € B,
xn) =

s(e = ~
(€21 Vpyoany  if 2y € (BY)Y,
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) _ Vgy..xps if Ty € El,
e Vaq.owp_19 if Tn € (EA’I)*7
o(u), if n=1and x; = ¢(u),
(Vay.) = Tp(x0),  if x, € B,
SE‘(J?;), if ,, € (El)*,
) = Tn, ifz, € EY,
Tn) CL'* lf Tn c (El)*

no

gl(emm

Here we use the convention that if z ...z, € ¢(,Path(Fy))req, where
n =1, then z1...z,-1 = ¢(u).

Example 11.1.13. Suppose (F, w) is the weighted graph e,2 C v :’) .2
and (F, ¢) is the representation graph for (E,w) given by

F:g C U 3 h
and ¢°(u) = v, ¢*(g) = e1, ¢*(h) = fo. Then ¢(,Path(Fy))req consists
of all reduced paths in Path(E,;) whose letters come from the alphabet

{v,e1,¢€}, fa, f5}. Let C be the =-equivalence class of (F,¢). Then T¢ is
the graph

v

v
ey
e prx 2
/ \\
Ve vy Veq vy,
et fo €f3er Cey f: efaf
J272
Cefei 1T cage : Ce1f3 Y2 Chet
113 4515 €eq e efge
Veter Verfy Veifa Ufyer Vfsfy Vfier Veify Verer Veifs Vfaef Vfzer Vfafo-

Proposition 11.1.14 ([16, Proposition 14]). If (G,v) € C, then there is
a morphism o : (T, éc) — (G, ).

Proof. Since (G,1) = (F,¢), there is a v € GY such that ¢(,Path(Fy)) =
P(,Path(Gy)). Define a homomorphism « : T — G as follows. Let
x1 ... Ty € ¢(,Path(Fy))red- Since ¢(,Path(Fy)) = ¥ (,Path(Gy)), there is
a (uniquely determined) path ...y, € ,Path(G4) such that
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YY1 Yn) = T1... 2. Define a®(vy, 2.) = 7(yn), at(ewy. z,) = yn if
yn € G' and respectively ol (ez,. 2. ) =y if y, € (G')*. We leave it to the
reader to check that « is a graph homomorphism and that Ya = &-. O

Corollary 11.1.15 ([16, Corollary 15]). Up to isomorphism the represen-
tation graphs in C are precisely the quotients of (Tc,&c), and consequently

(Sc,Ce) = ((Te)~ (§c)~)

is the unique irreducible representation graph in C.

Proof. The first statement follows from Theorem 11.1.12 and Proposition
11.1.14. The second statement now follows since a quotient ((T¢)~, (§¢)~)
satisfies the condition in Definition 11.1.7 if and only if =~ equals ~. O

Recall that an object X in a category C' is called repelling (resp. attract-
ing) if for any object Y in C there is a morphism X — Y (resp. ¥ — X).
By Proposition 11.1.14, (T¢,&¢) is a repelling object in C. On the other
hand, if (G,v) is an object in C, then clearly (S, (¢c) is isomorphic to
a quotient of (G,). It follows from Theorem 11.1.12 that (S¢, () is an
attracting object in C.

Example 11.1.16. Suppose (E, w) is the weighted graph e,2 v :’) f2.
Consider the representation graphs (Fi,¢1),..., (Fr, ¢7) for (E,w) given
below.

A
> >
fZT
/\ €1 €1 /\
> — U —> U >
A A
A A
> > fa > >
A elfQT €1 €1 fZT €1 A
(F1,01): »v—>wv v v—>v>.
A A
f2 f2
> > f2 > U >
A A
A €1 €1 A
>V —> U —> U >
A A
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(Fo,2) 1 >v>

f2 f2 f2 e1 e ex

(F3, 03) : >U>=0V>0 >, (Fy,04) : US>V >0 >,
fa

o s G VD0 e Cf 5D

€1 fa
(F7, ¢7) K31 C v :’) f2

All the representation graphs (Fj,¢;) (1 < ¢ < 7) lie in the same =-
equivalence class C. One checks easily that (Fi,¢1) = (Te,&c) and
(F7,&7) = (Sc, ¢e) (cf. Example 11.1.13). Moreover, we have

(F1,&1)
|
(£, &2)

/ \
(F3,&3) (Fy,&4)
! |
(Fs,&5) (Fé,&6)

where an arrow (Fj, ¢;) — (F}, ¢;) means that (F}, ¢;) is a quotient of
(Fiy ¢i)-

11.2. Representations of weighted Leavitt path algebras via rep-
resentation graphs.

11.2.1. The functor V. For an object (F,¢) in RG(E,w), let V(5 4) be the
K-vector space with basis F°. For any u € E°, e € E! and 1 <i < w(e),
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define endomorphisms 0, 0¢,,0cr € Endg (V(F,4)) by

v if °(v) = u
au@)—{’ o) =

0, otherwise

)

o (0) = {T“Fm, it3f € 5 ()1 () = e

0, otherwise

)

7.1 (0) = {8F<f>, it3f € () () = e

0, otherwise

where v € FO. Then there is an K-algebra homomorphism 7 : L(E,w) —
Endg (V(Fr,¢))°P such that 7(u) = oy, 7(e;) = 0., and 7(e]) = o+ We call
this representation the representation of L(E,w) defined by (F, ¢). Clearly
V(r,¢) becomes a right L(E, w)-module by defining x-a := m(a)(z) for any
a € L(E,w) and x € V(g 4). A morphism « : (F,¢) — (G,v) in RG(E,w)
induces a surjective L(E, w)-module homomorphism V, : Vg 4) = Vi,
such that V,,(u) = a®(u) for any u € FY. We obtain a functor

V:RG(E,w) - MOD-L(E,w)

where MOD-L(E, w) denotes the category of unital right L(F,w)-modu-
les.

The lemma below is easy to check. It describes the action of monomial
elements of the weighted Leavitt path algebra L(E,w) on the K-vector
space V(p ¢). Note that by Lemma 11.1.6, for any p € Path(Ey) and u € FO
there is at most one v € F such that p € ¢(,Path, (Fy)).

Lemma 11.2.1 ([16, Lemma 21]). Let (F,¢) be an object in RG(E, w).
If p € Path(E,) and u € F°, then

B KX if p € ¢(,Path,(Fy)), for some v € F°,
P= 0, otherwise.

Corollary 11.2.2 ([16, Corollary 22]). Let (F, ¢) be an object of RG(E, w).
If a =3 cpamn(iy, kvp € L(E,w) and u € FO, then

u~a:Z< Z kp)v.

vEFY  ped(,Pathy, (Fy))

The example below shows that the functor V' is not full, namely, there
can be L(E,w)-module homomorphisms V(g 4) — V(a,y) that are not in-
duced by a morphism (F,¢) = (G, ).
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Example 11.2.3. Suppose (E,w) is the weighted graph v 3 e,1 . Let
(F,¢) and (G, 1) be the representation graphs for (E,w) given by

f(l)
/7N
F: ujf , G uy U2

~_ S
f(2)

and ¢°(u) = v, ¢'(f) = e1, ¥°(w1) = ¥O(uz) = v, Y (fV) = ' (f?) =
e1. Since G has more vertices than F', (G, 1) cannot be isomorphic to a quo-
tient of (F, ¢). Hence, by Theorem 11.1.12, there is no morphism (F, ¢) —
(G, 7). But there is a L(E, w)-module homomorphism o : Vg 4y — Vi y)
such that o(u) = uy + us.

Let (F,¢) and (G, ) be objects in RG(E,w). If (F,¢) = (G,1), then
clearly V(g ¢) = V(@) It is not known if the converse implication is also
true. But we will see that Vg ) = V(g ) implies at least that (F,¢) =
(G,v) (i-e. that (F,¢) and (G, ) lie in the same subcategory RG(E, w)c
of RG(E,w)).

Lemma 11.2.4 ([16, Lemma 31]). Let (F,¢) and (G,) be objects in
RG(E,w) and let o : Vipg) — Vigy) be an L(E,w)-module homomor-
phism. Let u € F° and o(u) = ZZ=1 ksvs, wheren > 1, k1,...,k, € K*
and vy, ..., v, are pairwise distinct vertices from G°. Then ¢(,Path(Fy)) =
P(y, Path(Gq)) for any 1 < s < n.

Proof. Let p € Path(Ey) such that p & ¢(,Path(F,)). Then

OZU(O):U(UP):U(U)p:stUsP:st(Usp)

by Lemma 11.2.1. One more application of Lemma 11.2.1 gives that vs-p =
0, for any 1 < s < n, whence p & ¥(, Path(Gy)) for any 1 < s < n. Hence
we have shown that ¢(,Path(Fy)) 2 ¥(,, Path(Gy)) for any 1 < s < n.
It follows from Lemma 11.1.8 that ¢(,Path(F,)) = ¢ (,,Path(Gg4)) for any
1<s<n. O

Proposition 11.2.5 ([16, Proposition 32|). Let (F,¢) and (G,) be ob-
jects in RG(E,w). If there is a nonzero L(E,w)-module homomorphism
0 : Virg) = Vigy), then (F.¢) = (G, ).
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Proof. The proposition follows from Lemma 11.2.4 and the definition of
=. O

Proposition 11.2.6 ([16, Proposition 33|). Let (F,¢) and (G, ) be irre-
ducible representation graphs for (E,w). Then Vip ¢ = Vig ) as L(E, w)-
modules if and only if (F,¢) = (G, ).

Proof. Clearly isomorphic objects in RG(E, w) yield isomorphic L(E, w)-
modules. Hence we only have to show that V(g 4) = V(g ) implies (F, ¢) =
(G,%). Suppose that V(g ) = V(g Then (F,¢) = (G,) by Proposi-
tion 11.2.5, i.e. (F,¢) and (G,%) are in the same =-equivalence class C.
Since they are irreducible, it follows from Corollary 11.1.15 that (F, ¢) =

(Sc,¢c) = (G, ). O

11.2.2. Gradedness of the modules V(r 4). Recall that the standard grading
on L(E,w) is a Z*-grading where A = sup{w(e) | e € E'} if this supremum
is finite and otherwise A = w where w is the smallest infinite ordinal.

Lemma 11.2.7 ([16, Lemma 24|). Let R be a I'-graded ring and M a
right R-module, where I' is a totally ordered abelian group. If there is a
homogeneous element r € R with deg(r) # 0 and 0 # m € M such that
m-r =m, then M cannot be I'-graded.

Theorem 11.2.8 ([16, Theorem 25]). Let (F, ¢) be an object in RG(E, w).
Then the L(E,w)-module V(r,4) is graded with respect to the standard grad-
ing of L(E,w) if and only if deg(¢(p)) = deg(4(q)) for any u,v € F° and
p,q € Path, (Fy).

Proof. Set L := L(E,w) and V := V(5 4. First suppose that deg(¢(p)) =
deg(¢(q)) for any u,v € F° and p,q € ,Path,(Fy). Choose a u € F°.
Define a map deg : F* — Z* by deg(v) = deg(¢(p)) where p € ,Path, (Fy).
For a € Z* set V,, := D cro deg(v)=a Kv- Then clearly V = @75 Va.
Next we check that V,Lg C V15 for any a, 8 € Z*. It suffices to show
that v -p € Voyp for any v € Vo, N F? and p € Path(F,) such that
deg(p) = S. Assume that v - p # 0. Then, by Lemma 11.2.1 there is an
x € FO and a q € ,Path,(Fy) such that ¢(q) = p. Since deg(v) = «, there
is a t € ,Path,(Fy) such that deg(4(t)) = «. Since tq € ,Path,(Fy), we
have deg(z) = deg(¢(tq)) = deg(¢(t)) +deg(¢(q)) = a+5. Thus x € Voqp.

Suppose now that V is a graded L-module. Assume there are u,v € F
and p, q € ,Path,(Fy) such that deg(¢p(p)) # deg(é(q)). Set t := ¢(pg*).
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Then clearly deg(t) # 0 and u - t = w. It follows from Lemma 11.2.7 that
V' is not graded, which is a contradiction. O

Corollary 11.2.9 ([16, Corollary 27]). Let C' be a =-equivalence class.
Then the module Vit ¢y is graded.

Example 11.2.10. Consider the weighted graph e,2 Cv 3 £2 from
Example 11.1.16. By Theorem 11.2.8, the L(E,w)-modules V(f, 4,) and
Viry,,) are graded whereas Vip, ga), Viru.64)) Vs 6s)) ViFe,0) and the sim-
ple module Vg, 4,) are not graded.

11.2.3. Simplicity of the modules Vp 4). The lemma below is easy to check.

Lemma 11.2.11 (|16, Lemma 63]). Let W be a K-vector space and B
a linearly independent subset of W. Let k; € K and u;,v; € B, where
1<i<n. Then Y. | ks(us —vs) & B.

Theorem 11.2.12 (|16, Theorem 28]). Let (F, ¢) be an object in RG(E, w).
Then the following are equivalent.
(i) Vipg) is simple.
(ii) For any x € V(gg) \ {0} there is an a € L(E,w) such that
r-a€FO,
(iii) For anyx € V(p,g)\{0} thereisak € K and ap € Path(Ey) such that

x-kpe FO.
(iv) (F,¢) is irreducible.

Proof. (i) = (iv). Assume that there are u # v € F° such that
(. Path(Fy)) = ¢(,Path(Fy)). Consider the submodule (u—v)-L(E,w) C
ViF,¢)- Since V(g 4 is simple by assumption, we have (u —v) - L(E,w) =
V(F.4)- Hence there is an a € L(E, w) such that (u—v)-a = v. Clearly there
isann > 1, ki,...,k, € K* and pairwise distinct py,...,p, € Path(Ed)
such that a = >, ksps. We may assume that (u — v) - p; # 0 for any
1 < s < n. It follows from Lemma 11.2.1 that ps; € ¢(,Path(Fy)) =
¢(,Path(Fy)) for any s and moreover, that (u —v) - ps = us — vs for some
distinct us, v, € FO. Hence
v=(u—v)-a=(u—v)- (stps) = X:k:g(uq — vg)
s=1 s=1

which contradicts Lemma 11.2.11.
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(iv) = (iii). Let © € V(g4) \ {0}. Then there is an n > 1, pairwise
disjoint vy, ...,v, € F® and k1, ..., k, € K* such that z = ZZ=1 ksvg. If
n =1, then z - k7 *¢°(v1) = v1. Suppose now that n > 1. By assumption,
we can choose a p1 € ¢(,, Path(Fy)) such that p; & ¢(,,Path(Fy)). Clearly
x-p1 # 0 is a linear combination of at most n — 1 vertices from F©.
Proceeding this way, we obtain paths p1, ..., pm, such that z-py ...p, = kv
for some k € K* and v € FO. Hence - k™ 'p1 ... pm = v.

(iii) = (ii). Trivial.

(ii) = (i). Let U C V(g be a nonzero L(E,w)-submodule and z €
U \ {0}. By assumption, there is an a € L(E,w) and a v € F° such
that v = x-a € U. Let now v’ be an arbitrary vertex in F°. Since F is

connected, there is a p € ,Path, (Fy). It follows from Lemma 11.2.1 that
v' =v-¢(p) € U. Hence U contains F? and thus U = Vir,e)- O

11.2.4. Indecomposability of the modules V(r 4). Recall that for a ring R,
an R-module is called indecomposable if it is non-zero and cannot be writ-
ten as a direct sum of two non-zero submodules. It is easy to see that an
R-module M is indecomposable if and only if the only idempotent elements
of the endomorphism ring Endr (M) are 0 and 1.

Let C' be a =-equivalence class and define the representation graphs
(Sc,Cc) and (T, &c) as in §11.1.4. Then V(g,, ¢ is indecomposable since
it is simple. One can show that V(7. ¢.) is also indecomposable, see the
theorem below. In general the indecomposibility of V(g 4), for a represen-
tation graph (F, ¢), depends on the ground field K, see [16, Example 34].

Theorem 11.2.13 ( [16, Theorem 43]). Let C be a =-equivalence class.
Then the L(E,w)-module Vi, ¢ is indecomposable.

Sketch of Proof. Recall from §11.1.4 that
TG = {vp | p € (uPath(Fy))rea}

where (F), ¢) is some fixed representation graph in C' and w is a vertex in
F. Define the set

G = {p € ¢(uPath(Fy))rea | vp ~ ”ab(U)}

(~ is defined in §11.1.3). For p,p’ € G we define a reduced path p *x p’ €
Path(E,) as follows. If p,p’ € G\ {¢(u)} let p * p’ be the element of
Path(Ed) one gets by removing all subwords of the form e;e} and efe;
from the juxtaposition pp’ (if p’ = p*, then p x p’ := ¢(u)). Moreover,
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define ¢(u) * p :=p, px ¢(u) := p and ¢(u) * ¢(u) := ¢(u). One can show
that (G, *) is a free group, see [16, Proposition 39].

Let A be the subalgebra of L(E, w) generated by the image of the group
G in L(E,w), and set W := @,c5 Kvp C V(1o ¢0). Then W is a right A-
module where the action of A on W is induced by the action of L(E, w) on
W. Set A := A/ann(W) where ann(W) denotes the annihilator of the A-
module W. Then W is also a right A-module where the action of A on W
is induced by the action of A on W. One can show that the K-algebra A is
isomorphic to the group algebra K[G], see [16, Proposition 41]. Moreover,
the A-module W is free of rank 1 as an A-module, see [16, Proposition 42].

Let € be an idempotent endomorphism of the L(E, w)-module Vir, ¢.)-
It follows from Lemma 11.2.4 that e(W) = W and hence €|y € Endg (W).
Clearly we have also ¢|y € End 5(W). By the previous paragraph we have
Endz(W) =2 A = KIG]. Since G is free, the group ring K|[G] has no
zero divisors by [17, Theorem 12]. It follows that 0 and 1 are the only
idempotents of K[G] whence €|y = 0 or ¢l = idw. Clearly e(v,) =
€(Vpu) - P) = €(vg(y)) - p for any basis element v, € T°. Hence € = 0 if
elw =0 and € = id if €|y = idw. Thus V{7, ¢) is indecomposable. O

11.3. Representations for weighted Leavitt path algebras via
branching systems.

11.3.1. Branching systems for weighted graphs.

Definition 11.3.1. Let X be a set, {R,, | ¢; € E'} and {D, | v € E°}
families of subsets of X and {ge,: Re, = Dy () | €; € E'} a family of
injections such that conditions (i)-(iii) below are satisfied.
(i) {D, | v € E'} is a partition of X (i.e. D, N D, = 0 whenever v # u
and U’UEEO Dq; = X).
(ii) Forany v € E° and 1 < i < w(v) the family {R,, | e € s71(v),w(e) >
i} forms a partition of D,,.

(iii) Set D,, := ge,(R.,) for any e; € E'. Then for any e € E' the family
{D, | 1 <i < w(e)} forms a partition of D).

We call the quadruple X = (X,{Re,},{Dv},{9e;}) an (E,w)-branching

system.

Example 11.3.2. Suppose that (F,w) is an at most countable weighted
graph, i.e. E® and E' are both finite or countably infinite. By fixing some
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linear order on E° we may write E° = {v!,v?,...}. For each i set D,: =
[i —1,4). Clearly, such sets are disjoint. Put X = J; D,:.

Now fix a vertex v' € E and 1 < j < w(v?). The set S;» ={e € s (v') |
w(e) > j} is finite (as F is row-finite). By ordering this set we can rewrite
it as S7 = {71!, €72, .. }. For each 1 <k < |S}] set

k-1 k
Ri,j,k:[i*].‘i’i,i*l‘i’ -
St s
It is clear that the set {R., | e € S}} forms a partition of D,;:.

In a similar fashion fix some e € E' and let v* = r(e). For each 1 < j <

w(e) set

).

Jj—1. J

w@ T

Clearly, the family of sets {D.; | 1 < j < w(e)} forms a partition of D,:.
Finally, the bijections g.,: Re; — D., may be chosen arbitrary, for ex-

ample, a composition of a translation, scaling and another translation. One

checks easily that (X, {Rc,},{Dv},{ge,}) is an (E,w)-branching system.

Let X = (X, {Re,},{Dv},{ge;}) be an (E,w)-branching system. Let
Mx be the K-module of all functions X — K with finite support. We are
going to define a structure of a right L(F,w)-module on Mx. In order to
simplify notations, we will abuse the notation as follows. Let Z CY C X
and ¢ : Y — K. By xz - ¥ we denote the function X — K

wH{zp(x) if v € Z

D, =[i—1+

0 otherwise .

Using this convention, set for any ¢ € My, any ¢; € E* and any v € E°
¢.ei = xp,, - ($og.),
¢.e; = Xr., - (¢ 0 ge,),
¢.v=Xp, - ¢
By linearly extending the scalar multiplication defined above, Mx be-

comes a right L(E, w)-module, see [16, Theorem 53].

11.3.2. Branching systems versus representation graphs. The (E,w)-bran-
ching sytems and the representations graphs for (F,w) yield precisely the
same modules for the weighted Leavitt path algebra L(E,w) (up to iso-
morphism). This can be shown as follows.
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Let (F,¢) a representation graph for (F,w). Put X = FY and D, =
(¢°)~1(v) for each v € E°. Clearly, {D, | v € E°} is a partition of X. Fix
v € E® and a tag 1 <4 < w(v). For each e € s71(v) such that i < w(e) set

Re, = {u € D, | there exists f € s (u) : ' (f) = e; }.

Condition (i) of Definition 11.1.1 of a representation graph translates in
this setting as follows: each vertex u in D, is contained in one and only
one R.,, where e ranges over all edges of weight at least ¢ emitted by v. In
other words, the family {R,, | e € s7(v),w(e) > i} forms a partition for
D,. Now fix a vertex v € F” and an edge e € r~*(v). For each 1 < i < w(v)
set

D., = {u € D, | there exists f € 7' (u): ¢*(f) = e;}.
Condition (ii) of Definition 11.1.1 of a representation graph guarantees
that the family of sets {D,, | 1 < i < w(FE)} forms a partition for D,,.
Finally, fix some e; € El. We need to define a bijection ge,: Re, = De,.
For each u € R., there exists precisely one edge f € s7(u) N (¢*)~L(e;).
Set ge; (u) = r(f).

Theorem 11.3.3 ([16, Theorem 55|). The quadruple
X = (X7 {Rei}7 {Dci}a {g@i})

defined above is an (E,w)-branching system. Moreover, the L(E,w)-mo-
dules Mx and V(F,4) are isomorphic.

Conversely, to any (F,w)-branching system X one can associate a rep-
resentation graph (F, ¢) for (F,w) such that the L(E, w)-modules Mx and
V(F,¢) are isomorphic, see [16, Theorem 56 and Corollary 57].

§12. OPEN PROBLEMS

Below we mention some open problems regarding weighted Leavitt path
algebras.

e The Reduction Theorem and the Uniqueness Theorems belong
to the most important results for unweighted Leavitt path alge-
bras (see e.g. [2, Chapter 2|). Can one find analogous results for
weighted Leavitt path algebras?

e While the (graded) ideal structure of unweighted Leavitt path al-
gebras is well understood (see [2, Chapter 2]), not much is known
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about the (graded) ideal structure of weighted Leavitt path alge-
bras. Can one find a “nice” classification of the ideals and graded
ideals of a weighted Leavitt path algebra?

e [t is known that an unweighted Leavitt path algebra is semiprim-
itive, i.e. its Jacobson radical is zero. Moreover, the socle of an
unweighted Leavitt path algebra has been computed (see again [2,
Chapter 2]). For weighted Leavitt path algebras it is only known
in some cases that the Jacobson radical is zero (cf. Section 8). Can
one find a weighted Leavitt path algebras that is not semiprimi-
tive? Can one determine the left or right socle of a weighted Leavitt
path algebra?

e As mentioned in Section 7, the zero component of an unweighted
Leavitt path algebra (with respect to its standard grading) is an
ultramatricial algebra, i.e. a union of an increasing chain of finite
products of matrix algebras over a field. Can one find a “good”
description of the zero component of a weighted Leavitt path al-
gebra?

e It is known which weighted graphs (E,w) have the property that
L(E,w) is isomorphic to an unweighted Leavitt path algebra, see
Section 5. Leavitt path algebras of separated graphs and Kumjian-
Pask algebras are graph algebras generalising the unweighted Leav-
itt path algebras, see [6] respectively [9]. Which weighted Leavitt
path algebras are isomorphic to a Leavitt path algebra of a sepa-
rated graph, or to a Kumjian-Pask algebra?
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