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Abstract. In these notes we review the technique of Baxter Q-
operators in the Ruijsenaars-Sutherland hyperbolic systems in the
cases of one and two particles. Using these operators we show in par-
ticular that eigenfunctions of these systems admit two dual integral
representations and prove their orthogonality and completeness.

1. Introduction

1. In recent years, there has been a significant progress in the study of hy-
perbolic Ruijsenaars–Sutherland quantum integrable models. The study
of these hyperbolic systems has gone along a path different from that
used in the compact trigonometric versions of the corresponding models,
where the main role is played by the theory of Macdonald polynomials
and of the double affine Hecke algebras by I. Cherednick. Instead, the
cornerstone of constructions in hyperbolic systems is the so-called kernel
function by S. Ruijsenaars, first introduced and studied in [17]. The ker-
nel function is factorized into a product of two-point functions and can
be regarded as a counterpart of the reproducing kernel in the theory of
Macdonald polynomials [13, 14]. With its use M. Hallnäs and S. Ruijse-
naars constructed integral representations for the wave functions of the
hyperbolic Ruijsenaars–Sutherland models [8, 9].
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In our recent papers [2, 3] we considered the Ruijsenaars system and
used the kernel function to construct the commuting family of integral
operators called Baxter Q-operators. With these operators at hand we ob-
tained another (dual) integral representation of the wave function, given by
integrals over spectral parameters. We also proved that the wave function
is symmetric with respect to both space and spectral variables and solves
a bispectral problem, that is it is also an eigenfunction of difference opera-
tors acting on spectral variables. As it is shown in [3], all these properties
stem from the commutativity of Q-operators, which was proven in [2]. In a
certain limit the Ruijsenaars model degenerates to the Sutherland model,
and the whole construction can be repeated for it, as we will show in our
future work.

The goal of these notes is to demonstrate basic ideas of Q-operator’s
technique in hyperbolic Ruijsenaars–Sutherland models in the cases of one
and two particles, where many subtle points can be already visualized.

2. Let us first demonstrate how Q-operators appear in these models. Con-
sider the hyperbolic Sutherland model with two particles. The Hamiltonian
is given by

HS = −∂2
x1
− ∂2

x2
+

2g(g − 1)

sinh2(x1 − x2)
.

Performing the similarity transformation

H = sinhg |x1 − x2| ·HS ·
1

sinhg |x1 − x2|

we arrive at the operator

H = −∂2
x1
− ∂2

x2
− 2g coth(x1 − x2)(∂x1

− ∂x2
)− 2g2. (1.1)

It commutes with the “full momentum” operator

P = −i∂x1 − i∂x2 .

With its use one can reduce the spectral problem for the operator (1.1) to
the solution of ordinary differential equation, which coincides with classi-
cal hypergeometric equation over independent variable t = e2(x1−x2). Its
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solution can be represented by means of the Barnes type integral

Ψλ1,λ2(x1, x2) =
22g−3

πΓ2(g)

∫
R

dγ Γ
( iλ1 − iγ + g

2

)
Γ
( iγ − iλ1 + g

2

)

× Γ
( iλ2 − iγ + g

2

)
Γ
( iγ − iλ2 + g

2

)
ei(λ1+λ2−γ)x2 eiγx1

(1.2)
so that

P Ψλ1,λ2(x1, x2) = (λ1 + λ2) Ψλ1,λ2(x1, x2),

H Ψλ1,λ2(x1, x2) = (λ2
1 + λ2

2) Ψλ1,λ2(x1, x2).

The normalization constant behind the integral is chosen for the latter
convenience. The solution of hypergeometric equation also admits Euler
beta integral representation. To find it apply the Mellin transform to the
integral (1.2) (see Section 3.3.1), then (1.2) takes the following form

Ψλ1,λ2(x1, x2) =

∫
R

dy ch−g(x1−y) ch−g(x2−y) eiλ2(x1+x2−y) eiλ1y. (1.3)

Clearly, this integral representation is symmetric with respect to xj , and
the first one (1.2) is symmetric with respect to λj

Ψλ1,λ2(x1, x2) = Ψλ1,λ2(x2, x1) = Ψλ2,λ1(x1, x2).

Besides, one can check using the first representation (1.2) that
Ψλ1,λ2(x1, x2) as a function of λ1, λ2 solves another (dual) spectral prob-
lem

P Ψλ1,λ2
(x1, x2) = e2x1+2x2 Ψλ1,λ2

(x1, x2),

HΨλ1,λ2(x1, x2) =
(
e2x1 + e2x2

)
Ψλ1,λ2(x1, x2)

with operators

P = e−2i∂λ1−2i∂λ2 ,

H =
λ1 − λ2 + 2i(g − 1)

λ2 − λ1
e−2i∂λ1 +

λ2 − λ1 + 2i(g − 1)

λ1 − λ2
e−2i∂λ2 .

(1.4)

Now consider the asymptotic behavior of the function Ψλ1,λ2(x1, x2) as
x2 − x1 →∞. Due to the structure of the Hamiltonian (1.1) it should be
given by a combination of plane waves. Its precise form can be obtained
from the integral representation (1.2) by residue evaluation in the lower
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half-plane. The leading behavior of the residue series in the limit x2−x1 →
∞ is given by the closest to integration contour poles

Ψλ1,λ2
(x1, x2) = 22g−1Γ−1(g) e−g(x2−x1)

×

[
Γ
( iλ2 − iλ1

2

)
Γ
( iλ1 − iλ2

2
+ g
)
eiλ1x1+iλ2x2

+Γ
( iλ1−iλ2

2

)
Γ
( iλ2−iλ1

2
+g
)
eiλ2x1+iλ1x2

]
+O

(
e−(g+2)(x2−x1)

)
.

(1.5)

In order to separate the single plane wave in the asymptotics we add
an imaginary part −iε with ε > 0 to the variable λ2 and consider the
asymptotic behavior as x2 →∞

Ψλ1,λ2−iε(x1, x2) = 22g−1Γ−1(g) Γ
( iλ2 − iλ1 + ε

2

)
Γ
( iλ1 − iλ2 − ε

2
+g
)

× ei(λ1−ig)x1+i(λ2−iε+ig)x2 +O
(
e−gx2

)
. (1.6)

On the other hand, the same asymptotic of the integral (1.3) is given by

2g egx1+i(λ2−iε+ig)x2

∫
R

dy ch−g(x1 − y) ei(λ2−iε+ig)(x1−y) eiλ1y (1.7)

since
ch−g(x2 − y) ∼ 2g e−g(x2−y), x2 →∞.

The comparison of (1.6) and (1.7) yields the integral identity∫
R

dy ch−g(x1 − y) eiλ
′
2(x1−y)eiλ1y

= 2g−1Γ−1(g) Γ
( iλ′2 − iλ1 + g

2

)
Γ
( iλ1 − iλ′2 + g

2

)
eiλ1x1 (1.8)

with λ′2 = λ2 + ig − iε. It is equivalent to the classical beta integral.
The integrals (1.3) and (1.8) have similar structure. We can interpret

both of them in terms of integral operators. The relation (1.3) says that
the two-particle wave function Ψλ1,λ2(x1, x2) is obtained from one-particle
function Ψλ1(x1) = eiλ1x1 by means of the integral operator[

Λ(λ)f
]
(x1, x2) =

∫
R

dy ch−g(x1 − y) ch−g(x2 − y) eiλ(x1+x2−y) f(y),
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which we call raising operator. The relation (1.8) says that the one-particle
wave function Ψλ1

(x1) = eiλ1x1 is an eigenfunction of the integral operator[
Q(λ)f

]
(x1) =

∫
R

dy ch−g(x1 − y) eiλ(x1−y) f(y),

with the eigenvalue

q(λ, λ1) = 2g−1Γ−1(g) Γ
( iλ− iλ1 + g

2

)
Γ
( iλ1 − iλ+ g

2

)
, (1.9)

which we call Baxter Q-operator.
Analogously, the integral (1.2) says that the two-particle wave function

Ψλ1,λ2(x1, x2) is obtained from one-particle function Ψλ1(x1) = eiλ1x1 by
means of the dual raising integral operator[

Λ̂(x)f
]
(λ1, λ2) =

22g−3

πΓ2(g)

∫
R

dγ Γ
( iλ1 − iγ + g

2

)
Γ
( iγ − iλ1 + g

2

)

× Γ
( iλ2 − iγ + g

2

)
Γ
( iγ − iλ2 + g

2

)
ei(λ1+λ2−γ)x2 f(γ).

(1.10)
Due to the structure of the dual Hamiltonian (1.4) we can similarly con-
sider the asymptotic behavior of the wave function as λ2 → ∞ (with the
help of Stirling formula for the gamma function). Then it gives the dual
Q-operator[
Q̂(x)f

]
(λ1)=

2g−2

πΓ(g)

∫
R

dγΓ
( iλ1−iγ+g

2

)
Γ
( iγ−iλ1+g

2

)
ei(λ1−γ)x2f(γ).

(1.11)
Again its eigenfunctions are one-particle wave functions Ψλ1

(x1) = eiλ1x1

with the eigenvalue
q̂(x, x1) = ch−g(x− x1). (1.12)

The last statement amounts to the Fourier transform of the identity (1.8).
Remarkably, these observations generalize to the n-particle case. In the

work [9] Hallnäs and Ruijsenaars showed that the n-particle eigenfunction
of the Hamiltonian

Hn = −
n∑
j=1

∂2
xj − 2g

n∑
j,k=1
j<k

coth(xj − xk)(∂xj − ∂xk) (1.13)
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can be obtained from the (n− 1)-particle function

Ψλ1,...,λn(x1, . . . , xn) = Λn(λn) Ψλ1,...,λn−1(x1, . . . , xn−1)

using the integral operator

[
Λn(λ)f

]
(x1, . . . , xn) =

∫
Rn−1

dy1 . . . dyn−1

n−1∏
j,k=1
j<k

sh2g |yj − yk|

× e
iλ
( n∑
j=1

xj−
n−1∑
j=1

yj

)
n∏
j=1

n−1∏
k=1

ch−g(xj − yk) f(y1, . . . , yn−1).

As before, considering its asymptotic behavior as xn →∞ we arrive at the
integral operator

[
Qn−1(λ)f

]
(x1, . . . , xn−1) =

∫
Rn−1

dy1 . . . dyn−1

n−1∏
j,k=1
j<k

sh2g |yj − yk|

× e
iλ
(n−1∑
j=1

xj−
n−1∑
j=1

yj

)
n−1∏
j,k=1

ch−g(xj − yk) f(y1, . . . , yn−1).

Due to the structure of the Hamiltonian (1.13) the (n − 1)-particle wave
functions should be its eigenfunctions

Qn−1(λ) Ψλ1,...,λn−1(x1, . . . , xn−1)

= q(λ, λ1, . . . , λn−1) Ψλ1,...,λn−1
(x1, . . . , xn−1). (1.14)

The same holds for the dual integral representation [11] and dual opera-
tors Λ̂n, Q̂n−1 generalizing (1.10), (1.11). The equivalence of two integral
representations in the case of n particles is a nontrivial fact, but assuming
it and comparing their asymptotics we notice that Q-operator’s eigenvalue
should be factorized into functions (1.9)

q(λ, λ1, . . . , λn−1) = (n− 1)!
n−1∏
j=1

q(λ, λj). (1.15)

This can be also guessed from the general principle of S-matrix factoriza-
tion in the theory of integrable models.

The proof of the Q-operator diagonalization (1.14) in the case of n-
particles Sutherland model will be given in our future work. In these notes
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we trace the path for the first nontrivial case — the operator Q2(λ). The
key ingredient of the proof is the commutativity of Q-operators

Qn(λ)Qn(ρ) = Qn(ρ)Qn(λ).

In the certain limit this identity degenerates to exchange relation between
Q and Λ operators, which in turn implies the statement (1.14) together
with factorization (1.15).

One more remarkable feature of the above calculation is the form of
the eigenvalues (1.9) and (1.12) of operators Q(λ) and Q̂(x): the eigen-
value (1.9) is the constituent of the kernel of dual Q-operator Q̂(x), and
the eigenvalue (1.12) is the constituent of the kernel of Q(λ). Using this
property one can write down one more integral representation for the wave
function

Ψλ1,...,λn(x1, . . . , xn)=eiλnxnQn−1(λn)Q̂n−1(xn)Ψλ1,...,λn−1
(x1, . . . , xn−1)

and prove the equality of two mentioned integral representations found
in [9, 11].

3. The described program is implemented for the Ruijsenaars hyperbolic
system in [3]. This system is governed by commuting difference operators

Mk =
∑

A⊂{1,...,n}
|A|=k

∏
a∈A
b/∈A

sh π
ω1

(xa − xb − ig)

sh π
ω1

(xa − xb)
∏
a∈A

e−iω2∂xa , k = 1, . . . , n.

(1.16)
Here and in what follows we assume that g, ω1, ω2 are positive constants,
such that

0 < g < ω1 + ω2.

In [3] a more general case of complex constants is considered. The Suther-
land system can be obtained after scaling g → gω2 in the limit ω2 → 0.

Here is a short list of some results from [2, 3, 8]. The building blocks of
the construction are the measure function µg(xn) and the kernel function
Kg(xn,ym), which are defined for tuples

xn = (x1, . . . , xn), ym = (y1, . . . , ym)

via products

µg(xn) =

n∏
i,j=1
i 6=j

µg(xi − xj), Kg(xn,ym) =

n∏
i=1

m∏
j=1

Kg(xi − yj)
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where
µg(x) = S2(ix|ω)S2(g − ix|ω),

Kg(x) = S−1
2

(g
2

+ ix
∣∣∣ω)S−1

2

(g
2
− ix

∣∣∣ω). (1.17)

Here S2(z|ω) is the double sine function, see Appendix A. Denote also

g∗ = ω1 + ω2 − g.

In these notations the Baxter operator is the integral operator[
Qn(λ|ω)f

]
(xn) = dn(g)

∫
Rn

dynQ(xn,yn;λ)f(yn)

with the kernel

Q(xn,yn;λ) = e
2πi
ω1ω2

λ(xn−yn)Kg∗(xn,yn)µg∗(yn)

and normalizing constant

dn(g) =
1

n!
[
√
ω1ω2S2(g|ω)]

−n
.

Here and below for a tuple xn = (x1, . . . , xn) we use the notation xn for
the sum of components

xn = x1 + . . .+ xn.

The raising operator Λn(λ) is a similar integral operator[
Λn(λ|ω)f

]
(xn) = dn−1(g)

∫
Rn−1

dyn−1 Λ(xn,yn−1;λ)f(yn−1)

with the kernel

Λ(xn,yn−1;λ) = e
2πi
ω1ω2

λ(xn−yn−1
)
Kg∗(xn,yn−1)µg∗(yn−1).

It was proved in [8] that the function

Ψλn(xn|ω) = Λn(λn|ω) Λn−1(λn−1|ω) · · ·Λ2(λ2|ω) e
2πi
ω1ω2

λ1x1 (1.18)

is a joint eigenfunction of the operators (1.16)

Mk Ψλn(xn|ω) = ek
(
e

2πλ1
ω1 , . . . , e

2πλn
ω1

)
Ψλn(xn|ω), k = 1, . . . , n
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under the condition g < ω1. Here ek are the elementary symmetric func-
tions. Furthermore, in [3] we showed that it is also an eigenfunction of the
Baxter operators Qn(λ|ω)

Qn(λ|ω) Ψλn(xn|ω) =

n∏
j=1

Kg(λ− λj) Ψλn(xn|ω).

In a similar manner dual Baxter and raising operators are integral opera-
tors [

Q̂n(x|ω)f
]
(λn) = dn(g∗)

∫
Rn

dγn Q̂(λn,γn;x)f(γn),

[
Λ̂n(x|ω)f

]
(λn) = dn−1(g∗)

∫
Rn−1

dγn−1 Λ̂(λn,γn−1;x)f(γn−1)

with the kernels

Q̂(λn,γn;x) = e
2πi
ω1ω2

x(λn−γn)Kg(λn,γn)µg(γn),

Λ̂(λn,γn−1;x) = e
2πi
ω1ω2

x(λn−γn−1
)
Kg(λn,γn−1)µg(γn−1).

The duality property established in [3] implies that the wave function
admits along with (1.18) another integral representation

Ψλn(xn|ω) = Λ̂n(xn|ω) Λ̂n−1(xn−1|ω) · · · Λ̂2(x2|ω) e
2πi
ω1ω2

λ1x1 ,

so that it solves the spectral problem for dual Macdonald operators as well,
and it is also an eigenfunction of dual Baxter operators

Q̂n(x|ω) Ψλn(xn|ω) =

n∏
j=1

Kg∗(x− xj) Ψλn(xn|ω).

We remark that operators defined here are different from the ones in [2,3]
by rescaling of spectral parameters λj → λj/ω1ω2. Such rescaling simpli-
fies formulas in the case of real constants ωi, and oppositely complicates
matters in the case of complex ωi considered in [2, 3].
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After rescaling g → gω2 in the limit ω2 → 0 the Ruijsenaars system
degenerates to the Sutherland system so that the measure and kernel func-
tions (1.17) turn into

µ(x) = shg |x|, µ̂(λ) = 21−gΓ(g) Γ−1
( iλ

2
+ g
)

Γ−1
(
− iλ

2

)
,

K(x) = ch−g(x), K̂(λ) = 2g−1Γ−1(g) Γ
(g + iλ

2

)
Γ
(g − iλ

2

)
,

see Sec. 2.3. With these functions Baxter and raising operators and their
duals are defined by the same formulas. In the future work we will show
that all statements listed above remain valid for Sutherland system as well.

4. The plan of the paper is as follows. In Sec. 2 we collect all required
calculations for n = 1 case. Basic integral identities for n = 1 are Euler
beta integral and its hyperbolic generalization. There exist two possible
points of view on non-relativistic model. If one has all needed relativistic
formulas, one can try to obtain non-relativistic analogs by the appropriate
reduction. On the other hand one can try to work out all needed non-
relativistic formulas independently. We test both points of view, that is we
reduce the appearing operator identities to the classical integrals indepen-
dently and also trace the degeneration procedure of these identities from
Ruijsenaars to Sutherland model. Although one-particle wave functions are
just plane waves and their completeness and orthogonality is well-known,
in this section we present a proof suitable to generalization for n > 1.

Section 3 is devoted to more nontrivial n = 2 case. Here the basic oper-
ator relations are given by the integral identities which implicitly appeared
in [10]. The presentation in the case n = 2 is close to the one given for
n = 1. We prove the equivalence of two integral representations for the
eigenfunction in non-relativistic case by different methods, one of them
admits natural generalization to arbitrary n. The calculation of the scalar
product between eigenfunctions of the operator Q2(λ) is also performed by
two methods. The first one is a standard method from textbooks, yet we
do not know its generalization to the case of arbitrary n. Due to this rea-
son we present calculation of the scalar product using Q-operator, which
works for all constructed eigenfunctions and admits natural generalization
to arbitrary n. In the last subsection we discuss the completeness of eigen-
functions. Due to the remarkable property of self-duality in relativistic case
the completeness relation is in fact equivalent to the orthogonality relation
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up to the change g � g∗. In non-relativistic case the completeness rela-
tion for the eigenfunctions of Q-operator is equivalent to the orthogonality
relation for eigenfunctions of the dual Q̂-operator.

2. Case n = 1

In this section we demonstrate the main relations using the simplest
example n = 1. The plan step by step by subsections is the following:

(1) Description of all Q-operators as integral operators and proof of
their commutativity.

(2) Diagonalization of Q-operators in a straightforward way. Calcula-
tion of the eigenvalues is based on the beta integral and its gener-
alization.

(3) Reductions that relate different Q-operators. Derivation of com-
mutation relations between Q-operators and Λ-operators from the
commutation relations between Q-operators.

(4) Calculation of the scalar product for Q-operator eigenfunctions.
For n = 1 it is reduced to the proof of the standard formula for
the plane waves. For illustration we prove this formula using two
nonstandard regularizations which are very useful in the general
case.

2.1. Definitions of Q-operators and commutativity. We have three
one-parametric families of commuting operators

Q(λ)Q(µ) = Q(µ)Q(λ),

Q̂(x)Q̂(y) = Q̂(y)Q̂(x),

Q̂(x|ω)Q̂(y|ω) = Q̂(y|ω)Q̂(x|ω).

(2.19)

The Q-operator Q(λ) depends on the spectral parameter λ and acts on
the functions of variable x: it is the integral operator

[Q(λ)Ψ](x) =

+∞∫
−∞

dy eiλ(x−y)K(x− y) Ψ(y)

with the kernel eiλ(x−y)K(x− y). For the dual Q̂-operator Q̂(x) the roles
of variable x and spectral parameter λ interchange: the variable x plays
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the role of the spectral parameter and Q̂-operator acts on the functions of
variable λ. It is the integral operator

[Q̂(x)Ψ](λ) =

+∞∫
−∞

dγ

2π
eix(λ−γ)K̂(λ− γ) Ψ(γ)

with the kernel eix(λ−γ)K̂(λ − γ). The explicit expressions for K(x) and
K̂(λ) are given by the formulas

K(x) =
1

chg(x)
, K̂(λ) =

Γ
(
g+iλ

2

)
Γ
(
g−iλ

2

)
21−gΓ(g)

and in explicit form we have

[Q(λ)Ψ](x) =

+∞∫
−∞

dy
eiλ(x−y)

chg(x− y)
Ψ(y) ,

[Q̂(x)Ψ](λ) =

+∞∫
−∞

dγ

2π
eix(λ−γ)

Γ
(
g+i(λ−γ)

2

)
Γ
(
g−i(λ−γ)

2

)
21−gΓ(g)

Ψ(γ) .

On the higher relativistic level we have the integral operator which we
supply in this section by index ω to recall its dependence on periods ω =
(ω1, ω2).

[Q̂(x|ω)Ψ](λ) =

+∞∫
−∞

dγ e
2πi
ω1ω2

x(λ−γ)Kg(λ− γ) Ψ(γ)

with the kernel e
2πi
ω1ω2

x(λ−γ)Kg(λ− γ) where

Kg(λ) =
S
(
ω1 + ω2 + iλ− g

2

)
S
(
iλ+ g

2

) =
1

S
(
g
2 + iλ

)
S
(
g
2 − iλ

) .
Here S(z) := S2(z|ω) is the double sine function, see its properties in
Appendix A. In explicit form we have

[Q̂(x|ω)Ψ](λ) =

+∞∫
−∞

dγ e
2πi
ω1ω2

x(λ−γ) S
(
ω1 + ω2 + i(λ− γ)− g

2

)
S
(
i(λ− γ) + g

2

) Ψ(γ).

Relations (2.19) are proved in all cases uniformly. Let us consider for
definiteness the first relation Q(λ)Q(µ) = Q(µ)Q(λ). We have to prove
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that integral kernels of operators in both sides of equality coincide or,
equivalently, that integral kernel of the operator Q(λ)Q(µ) is symmetric
under exchange λ� µ. The corresponding kernel is given by the convolu-
tion of the kernels of operators Q(λ) and Q(µ). The needed symmetry is
proved by the change of integration variable s = z + x− t

+∞∫
−∞

ds eiλ(x−s)K(x− s) eiµ(s−z)K(s− z)

=

+∞∫
−∞

dt eiλ(t−z)K(t− z) eiµ(x−t)K(x− t).

2.2. Eigenfunctions and beta integrals. All Q-operators commute
with operator of translation T af(x) = f(x + a) or, equivalently, integral
kernels of Q-operators depend only on difference of coordinates. Eigen-
functions of the operator T a are usual plane waves so that we expect the
same for all Q-operators. It is indeed the fact

Q(λ) eiλ1x = q(λ, λ1) eiλ1x,

Q̂(x) eix1λ = q̂(x, x1) eix1λ,

Q̂(x|ω) e
2πi
ω1ω2

x1λ = q̂(x, x1|ω) e
2πi
ω1ω2

x1λ.

and eigenvalues coincide with the Fourier transformation of the integral
kernel

q(λ, λ1) = K̂(λ− λ1),

q̂(x, x1) = K(x− x1),

q̂(x, x1|ω) =
√
ω1ω2 S(g∗)Kg∗(x− x1).

The proof is straightforward. Let us start from the operator Q(λ)

Q(λ) eiλ1x =

+∞∫
−∞

dy eiλ(x−y)K(x− y) eiλ1y = eiλ1x

+∞∫
−∞

dz ei(λ−λ1)zK(z).

After change of variables y = x− z in initial integral the x-dependence is
factorized out in the form eiλ1x. The remaining integral does not depend
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on x and gives the explicit expression for the corresponding eigenvalue.
Functions K(z) and K̂(λ) are connected by Fourier transformation

+∞∫
−∞

dz eiλzK(z) = K̂(λ),

+∞∫
−∞

dλ

2π
e−iλz K̂(λ) = K(z) (2.20)

so that one obtains

Q(λ) eiλ1x = K̂(λ− λ1) eiλ1x .

The first relation in (2.20) in explicit form looks as follows

+∞∫
−∞

dz
eiλz

chg(z)
=

Γ
(
g+iλ

2

)
Γ
(
g−iλ

2

)
21−gΓ(g)

. (2.21)

It is equivalent to the Euler beta integral in the form

∞∫
0

xa

(1 + x)a+b

dx

x
=

Γ(a)Γ(b)

Γ(a+ b)
.

Indeed, changing the variable x = e2z in (2.21) we have

+∞∫
−∞

dz
eiλz

chg(z)
= 2g

+∞∫
−∞

dz
ei(λ−ig)z

(1 + e2z)
g

= 2g−1

+∞∫
0

dx

x

x
g+iλ

2

(1 + x)
g =

Γ
(
g+iλ

2

)
Γ
(
g−iλ

2

)
21−gΓ(g)

.

The second relation in (2.20) explicitly looks as follows

+∞∫
−∞

dλ

2π
e−iλz

Γ
(
g+iλ

2

)
Γ
(
g−iλ

2

)
21−gΓ(g)

=
1

chg(z)
. (2.22)

It is simply the formula of the inverse Fourier transformation.
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Previous calculations can be almost literally repeated for the dual Q̂-
operator

Q̂(x) eix1λ =

+∞∫
−∞

dγ

2π
eix(λ−γ)K̂(λ− γ) eix1γ

= eix1λ

+∞∫
−∞

dγ

2π
ei(x−x1)γK̂(γ) = K(x− x1) eix1λ ,

and for the remaining higher level Q̂(x|ω)-operator

Q̂(x|ω)e
2πi
ω1ω2

x1λ =

+∞∫
−∞

dγ e
2πi
ω1ω2

x(λ−γ)Kg(λ− γ) e
2πi
ω1ω2

x1γ

=e
2πi
ω1ω2

x1λ

+∞∫
−∞

dγe
2πi
ω1ω2

γ(x−x1)Kg(γ)=e
2πi
ω1ω2

x1λ√ω1ω2S(g∗)Kg∗(x−x1)

where g∗ = ω1 + ω2 − g and on the last step we used the generalization of
the beta integral in the form

+∞∫
−∞

dz e
2πi
ω1ω2

xzKg(z) =
√
ω1ω2 S(g∗)Kg∗(x), (2.23)

or explicitly (see [5, 15])

+∞∫
−∞

dz
e

2πi
ω1ω2

xz

S
(
g
2 + iz

)
S
(
g
2 − iz

) =

√
ω1ω2 S(g∗)

S
(
g∗

2 + ix
)
S
(
g∗

2 − ix
) .

2.3. Reductions. Now we demonstrate that formulas from the higher
level are in some sense universal and all formulas for operators Q(λ) and
Q̂(x) can be obtained by simple reductions from the corresponding formu-
las for the operator Q̂(x|ω).
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The needed reduction is based on the leading asymptotics as ω2 → 0

Kgω2(λω2)→ 21−gΓ(g)

2π

(
2πω2

ω1

)g−1

K̂(2λ),

Kω1+ω2−gω2
(λω2)→ 2gK

(
πλ

ω1

)
.

In Appendix A we derive these formulas and demonstrate that beta inte-
gral (2.23) reduces in the corresponding asymptotic regimes to the rela-
tions (2.20).

2.3.1. Commutation relations between Q-operators. We start from the
commutation relation for Q-operators in relativistic model

Q̂(x|ω)Q̂(y|ω) = Q̂(y|ω)Q̂(x|ω) (2.24)

and derive the commutation relations

Q(λ)Q(µ) = Q(µ)Q(λ), Q̂(x)Q̂(y) = Q̂(y)Q̂(x)

by appropriate reductions. In integral form the relation (2.24) looks as
follows

+∞∫
−∞

dγ e
2πix(λ−γ)
ω1ω2 Kg(λ− γ) e

2πiy(γ−µ)
ω1ω2 Kg(γ − µ)

=

+∞∫
−∞

dγ e
2πiy(λ−γ)
ω1ω2 Kg(λ− γ) e

2πix(γ−µ)
ω1ω2 Kg(γ − µ). (2.25)

In this identity we rescale

g → gω2, λ→ λω2

2
, γ → γω2

2
, µ→ µω2

2
, x→ ω1x

π
, y → ω1y

π

and then using the leading asymptotic as ω2 → 0

Kgω2(λω2)→ 21−gΓ(g)

2π

(
2πω2

ω1

)g−1

K̂(2λ),

K̂(λ) =
Γ
(
g+iλ

2

)
Γ
(
g−iλ

2

)
21−gΓ(g)
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we obtain
+∞∫
−∞

dγ eix(λ−γ)K̂(λ− γ) eiy(γ−µ)K̂(γ − µ)

=

+∞∫
−∞

dγ eiy(λ−γ)K̂(λ− γ) eix(γ−µ)K̂(γ − µ) .

It is precisely the integral form of the relation Q̂(x)Q̂(y) = Q̂(y)Q̂(x).
For the second reduction we start from the relation (2.25) for the dual

coupling constant, that is g → ω1 + ω2 − g. Again rescale

g → gω2, λ→
λω1ω2

π
, γ → γ ω1ω2

π
, µ→ µω1ω2

π
, x→ x

2
, y → y

2

and using the leading asymptotic as ω2 → 0

Kω1+ω2−gω2
(λω2)→ 2gK

(
πλ

ω1

)
, K(x) =

1

chg(x)

we arrive at
+∞∫
−∞

dγ eix(λ−γ)K(λ− γ) eiy(γ−µ)K(γ − µ)

=

+∞∫
−∞

dγ eiy(λ−γ)K(λ− γ) eix(γ−µ)K(γ − µ) ,

which is the integral form of the relation Q(x)Q(y) = Q(y)Q(x) (modulo
simple renaming of the spectral and function variables x , y � λ , µ).

2.3.2. QΛ-commutation relations. In the general caseQΛ-commutation re-
lations are used to diagonalize Q-operators and can be derived from the
QQ-commutation relations. Now we are going to demonstrate how it works
in the simplest example n = 1 for all kinds of operators. Reduction consid-
ered in this section can be viewed as a preparation for similar calculations
in the case n = 2.

The n = 1 example is in some sense degenerate because Λ-operators
are operators of multiplication by plane waves. In fact QΛ-commutation
relations in this case are equivalent to the statement that plane waves are
eigenfunctions of the Q-operators, which has been already checked.
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First of all we perform all calculations in relativistic case and on the
next stage repeate the same procedure at lower level, i.e., in non-relativistic
situation. We start from the commutation relation

Q̂(x|ω)Q̂(y|ω) = Q̂(y|ω)Q̂(x|ω) (2.26)

and derive the relation

Q̂(x|ω) Λ̂
(
y − ig∗

2 |ω
)

= Λ̂
(
y − ig∗

2 |ω
)
q̂
(
x , y − ig∗

2 |ω
)

(2.27)

All operators act on the functions of the variable λ and operator Λ̂(y|ω)

is the operator of multiplication by e
2πiλ
ω1ω2

y. Note that starting from QQ-
commutation relations one obtains Λ-operators in QΛ-commutation rela-
tions with shifted spectral parameters y → y− ig∗/2. The shift is universal
for all n so that it is instructive to fix it in the simplest case n = 1.

In integral form the commutation relation (2.26) looks as follows

+∞∫
−∞

dγ e
2πix(λ−γ)
ω1ω2 Kg(λ− γ) e

2πiy(γ−µ)
ω1ω2 Kg(γ − µ)

=

+∞∫
−∞

dγ e
2πiy(λ−γ)
ω1ω2 Kg(λ− γ) e

2πix(γ−µ)
ω1ω2 Kg(γ − µ) (2.28)

and we consider reduction of this identity as µ → ∞ using the following
leading asymptotic

Kg(λ)→ e
2πi
ω1ω2

λ ig∗
2 , λ→∞

see Appendix A.3. In the left hand side of relation (2.28) we have for
µ→∞

Kg(γ − µ) = Kg(µ− γ)→ e
2πi
ω1ω2

(µ−γ) ig
∗

2 .

To obtain the same asymptotic in the right hand side we have to shift
γ → γ + µ and then send µ→∞ using

Kg(λ− γ − µ)→ e
2πi
ω1ω2

(µ+γ−λ) ig
∗

2 .



68 N. BELOUSOV, S. DERKACHOV, S. KHARCHEV, S. KHOROSHKIN

So, the leading asymptotics of both sides give

+∞∫
−∞

dγ e
2πix(λ−γ)
ω1ω2 Kg(λ− γ) e

2πiy(γ−µ)
ω1ω2 e

2πi
ω1ω2

(µ−γ) ig
∗

2

=

+∞∫
−∞

dγ e
2πiy(λ−µ−γ)

ω1ω2 e
2πi
ω1ω2

(µ+γ−λ) ig
∗

2 e
2πixγ
ω1ω2 Kg(γ) ,

so that µ-dependent contributions can be canceled and after all we obtain
the identity

+∞∫
−∞

dγ e
2πix(λ−γ)
ω1ω2 K(λ− γ) e

2πiγ
ω1ω2

(
y− ig

∗
2

)

= e
2πiλ
ω1ω2

(
y− ig

∗
2

) +∞∫
−∞

dγ e
2πiγ
ω1ω2

(
x−y+ ig∗

2

)
K(γ) ,

which is exactly the relation (2.27) in explicit form.
Now we repeat similar reduction starting from commutation relation

Q̂(x)Q̂(y) = Q̂(y)Q̂(x) (2.29)

and derive the relation

Q̂(x) Λ̂
(
y − iπ

2

)
= Λ̂

(
y − iπ

2

)
q̂
(
x , y − iπ

2

)
. (2.30)

All operators act on the functions of the variable λ and Λ̂(y) is the operator
of multiplication by eiλy. Note the same rule as in relativistic case: start-
ing from QQ-commutation relations one obtains Λ-operators with shifted
spectral parameters y → y− iπ/2. Again the shift is universal for all n and
it is instructive to fix it in the simplest case n = 1.

The commutation relation (2.29) in integral form looks as follows

+∞∫
−∞

dγ

2π
eix(λ−γ)K̂(λ− γ) eiy(γ−µ)K̂(γ − µ)

=

+∞∫
−∞

dγ

2π
eiy(λ−γ)K̂(λ− γ) eix(γ−µ)K̂(γ − µ) .
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The leading asymptotic of K̂(γ − µ) for µ → ∞ has the following form
(see Appendix A)

K̂(γ − µ) =
Γ
(
g+i(γ−µ)

2

)
Γ
(
g−i(γ−µ)

2

)
21−gΓ(g)

→ 2π

Γ(g)
µg−1 e

π
2 (γ−µ).

The whole reduction is the same as in previous case: in the left hand side
we simply send µ→∞, but in the right hand side we shift γ → γ+µ and
then send µ→∞

+∞∫
−∞

dγ

2π
eix(λ−γ)K̂(λ− γ) eiy(γ−µ) µg−1 e

π
2 (γ−µ)

=

+∞∫
−∞

dγ

2π
eiy(λ−γ−µ) µg−1 e

π
2 (γ−λ−µ) eixγK̂(γ).

Again µ-dependent contributions can be canceled and one obtains

+∞∫
−∞

dγ

2π
eix(λ−γ)K̂(λ− γ) eiγ(y−

iπ
2 ) = eiλ(y−

iπ
2 )

+∞∫
−∞

dγ

2π
eiγ(x−y+ iπ

2 )K̂(γ) ,

which is exactly the relation (2.30) in an explicit form.
The last relation

Q(λ) Λ (µ− ig) = Λ (µ− ig) q(λ , µ− ig) (2.31)

is derived from the commutativity relation

Q(λ)Q(µ) = Q(µ)Q(λ)

in the same way. More general reduction is presented for the case n = 2
below.

2.4. Regularization and the scalar product. The orthogonality re-
lation

〈Ψµ|Ψλ〉 =

+∞∫
−∞

dxΨµ(x) Ψλ(x) = 2π δ(λ− µ)
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and completeness relation
+∞∫
−∞

dλ

2π
Ψλ(x) Ψλ(y) = δ(x− y)

for the Q-operators’ eigenfunctions Ψλ(x) = eiλx are reduced to the stan-
dard integral

+∞∫
−∞

dx eiλx = 2π δ(λ). (2.32)

Below we demonstrate on this simplest example the method of calculation
of the scalar product which we shall use in general case of arbitrary n.

The integral (2.32) is ill-defined and we shall understand this integral
as an appropriate limit of the regularized integral. Regularization should
have two natural properties:

• regularized integrals must be convergent;
• regularized integrals must be calculable in an explicit form.

2.4.1. Q-operator regularization. In this subsection we introduce regular-
ization such that the regularized integral gives precisely the action of the
Q-operator on eigenfunction. It appears that in general case it is possible
to introduce similar regularization preserving the same property: regular-
ized integral contains action of Q-operator on eigenfunction and can be
calculated in explicit form.

Let us regularize integral adding the external point z0 and inserting
additional ε > 0 in exponent

+∞∫
−∞

dx eiλx =
1

2g
lim

z0→+∞
lim
ε→0

+∞∫
−∞

dx
eg(z0−x) eεx eiλx

chg(x− z0)
.

To prove that in the limit z0 → +∞ the initial integral is reproduced we
use the following asymptotic

1

2g
1

chg(x− z0)
=

e−g(z0−x)(
1 + e−2(z0−x)

)g → e−g(z0−x), z0 → +∞.

For x→ +∞ the integrand behaves as e2gz0 e(−2g+iλ+ε)x, so that decreas-
ing factor e−2gx guarantees the convergence. For x → −∞ the integrand
behaves as eiλx+εx and decreasing factor eεx guarantees the convergence
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for ε > 0. The calculation of the integral follows the same line as cal-
culation of Q-operator eigenvalue and everything is reduced to the beta
integral

+∞∫
−∞

dx
eg(z0−x) eεx eiλx

chg(x− z0)
= {x→ x+ z0} = e(ε+iλ)z0

+∞∫
−∞

dx
ei(λ−iε+ig)x

chgx

= e(ε+iλ)z0
Γ
(
g+i(λ−iε+ig)

2

)
Γ
(
g−i(λ−iε+ig)

2

)
21−gΓ(g)

= e(ε+iλ)z0
Γ
(
i(λ−iε)

2

)
Γ
(
g − i(λ−iε)

2

)
21−gΓ(g)

.

This formula shows that order of the limits is fixed. If we shall fix ε > 0
then limz0→+∞ does not exist due to the factor eεz0 . It is possible to argue
that the prescribed order is the right one without explicit calculation. Let
us introduce slightly different regularization

+∞∫
−∞

dx eiλx =
1

2g
lim

z0→+∞
lim
ε→0

+∞∫
−∞

dx
eg(z0−x) e−ε|x| eiλx

chg(x− z0)
.

Due to the factor e−ε|x| integral is convergent at x → ±∞. Hence, z0-
regularization is not needed and the order of the limits is not important.
But in prescribed order it is possible to change e−ε|x| → eεx

+∞∫
−∞

dx eiλx =
1

2g
lim

z0→+∞
lim
ε→0

+∞∫
−∞

dx
eg(z0−x) e−ε|x| eiλx

chg(x− z0)

=
1

2g
lim

z0→+∞
lim
ε→0

+∞∫
−∞

dx
eg(z0−x) eεx eiλx

chg(x− z0)
.

because at x→ +∞ everything is regularized by external z0.
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Using prescribed order of limits we reproduce the standard answer
+∞∫
−∞

dx eiλx = lim
z0→+∞

lim
ε→0

e(ε+iλ)z0
Γ
(
i(λ−iε)

2

)
Γ
(
g − i(λ−iε)

2

)
2g 21−gΓ(g)

=
2

i

Γ
(
1 + iλ

2

)
Γ
(
g − iλ

2

)
2 Γ(g)

lim
z0→+∞

lim
ε→0

eiλz0

λ− iε

=
2

i

Γ
(
1 + iλ

2

)
Γ
(
g − iλ

2

)
2 Γ(g)

2πiδ(λ) = 2πδ(λ)

where we used the formula

lim
z0→+∞

lim
ε→0

eiλz0

λ− iε
= 2πiδ(λ). (2.33)

It is a relative of the formula

lim
z0→+∞

sin(λz0)

λ
= πδ(λ)

and the possible proof is the following. Let us consider the integral with the
test function and divide it on two parts: the first integral can be calculated
by residues and due to cancelation of singularity at λ = 0 it is possible to
put ε→ 0 in the second part∫

R

f(λ)
eiλz0

λ− iε
dλ = f(0)

∫
R

eiλz0

λ− iε
dλ+

∫
R

f(λ)− f(0)

λ− iε
eiλz0 dλ

ε→0−−−→ 2πi f(0) +

∫
R

f(λ)− f(0)

λ
eiλz0 dλ.

Due to the Riemann-Lebesgue lemma the second contribution tends to zero
in the limit z0 →∞, so that we obtain after removing both regularizations∫

R

f(λ)
eiλz0

λ− iε
dλ→ 2πi f(0),

or equivalently

eiλz0

λ− iε
→ 2πi δ(λ).
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2.4.2. Q̂-operator regularization. There exists a second variant of regu-
larization. It is possible to introduce regularization, such that resulting
integral coincides with the action of the Q̂-operator on eigenfunction. In
general case it is possible to introduce a similar regularization preserv-
ing the same property: regularized integral gives action of Q̂-operator on
eigenfunction and can be calculated in explicit form.

To regularize the integral we introduce two external parameters γ0 and
ε > 0

+∞∫
−∞

dλ

2π
eixλ =

Γ(g)

2π
lim

γ0→+∞
lim
ε→0

γ1−g
0

+∞∫
−∞

dλ

2π
e−

π
2 (λ−γ0) eελ eixλ

×
Γ
(
g+i(λ−γ0)

2

)
Γ
(
g−i(λ−γ0)

2

)
21−gΓ(g)

. (2.34)

To prove that in the limit γ0 → +∞ we reproduce the initial integral we
use the following asymptotic as γ0 → +∞

Γ
(
g+i(λ−γ0)

2

)
Γ
(
g−i(λ−γ0)

2

)
21−gΓ(g)

→ 2π

Γ(g)
γg−1

0 e
π
2 (λ−γ0) .

To check convergence we test behaviour in two regions: λ→ +∞ and λ→
−∞. For λ → +∞ the integrand behaves as e(−π+ix+ε)λ, so that integral
converges in this region due to decreasing factor e−πλ. For λ → −∞ we
have e(ix+ε)λ, so that for ε > 0 integral converges in this region too. The λ-
integral can be calculated explicitly (it is easy to recognize in this integral
the action of the Q̂-operator on eigenfunction)

+∞∫
−∞

dλ

2π
e−

π
2 (λ−γ0) eελ eixλ

Γ
(
g+i(λ−γ0)

2

)
Γ
(
g−i(λ−γ0)

2

)
21−gΓ(g)

= eiγ0(x−iε)
+∞∫
−∞

dλ

2π
eiλ(x+ iπ

2 −iε)
Γ
(
g+iλ

2

)
Γ
(
g−iλ

2

)
21−gΓ(g)

=
eiγ0(x−iε)

chg(x+ iπ
2 − iε)

=
eiγ0(x−iε) e−i

π
2 g

shg(x− iε)
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so that we have

+∞∫
−∞

dλ

2π
eixλ =

Γ(g)

2π
e−i

π
2 g lim

γ0→+∞
lim
ε→0

γ1−g
0

eiγ0(x−iε)

shg(x− iε)

=
Γ(g)

2π
e−i

π
2 g lim

ε→0

(x− iε)g

shg(x− iε)
lim

γ0→+∞
lim
ε→0

γ1−g
0 eixγ0

(x− iε)g

= lim
ε→0

(x− iε)g

shg(x− iε)
δ(x) = δ(x).

In the last line we used the formula

lim
γ0→+∞

lim
ε→0

γ1−g
0 eixγ0

(x− iε)g
=

2π

Γ(g)
ei
π
2 g δ(x). (2.35)

Note that this formula is reduced to (2.33) in the case g = 1. The possible
proof of this formula is the following. Let us consider the integral with the
test function and divide this integral into three parts (δ > 0)

γ1−g
0

+∞∫
−∞

dx
eixγ0

(x− iε)g
f(x) = γ1−g

0

+δ∫
−δ

dx
eixγ0

(x− iε)g
f(x)

+ γ1−g
0

−δ∫
−∞

dx
eixγ0

(x− iε)g
f(x) + γ1−g

0

+∞∫
δ

dx
eixγ0

(x− iε)g
f(x).

The last two terms do not contain singularity in integration domains, so
that it is possible to put ε = 0 and due to the Riemann-Lebesgue lemma
both contributions tend to zero in the limit γ0 → +∞. In the first integral
we perform the change of variables y = γ0x and then use the standard
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formula for the Fourier transformation of the generalised function (y−i0)−g

lim
γ0→+∞

lim
ε→0

γ1−g
0

+δ∫
−δ

dx
eixγ0

(x− iε)g
f(x)

= lim
γ0→+∞

lim
ε→0

+δγ0∫
−δγ0

dy
eiy

(y − iε)g
f

(
y

γ0

)

= f(0)

+∞∫
−∞

dy
eiy

(y − i0)g
= f(0)

2π

Γ(g)
ei
π
2 g.

The used Fourier transformation formula has the following form [7]
+∞∫
−∞

dy (y − i0)−g eiyp =
2π

Γ(g)
ei
π
2 g pg−1

+ .

3. Case n = 2

The plan step by step by subsections is the following:
(1) Description of all Q-operators and Λ-operators as integral opera-

tors.
(2) Derivation of the commutation relations between Q-operators and

Λ-operators from commutativity of Q-operators.
(3) Construction of eigenfunctions. Demonstration of the equivalence

of Mellin-Barnes and Hallnas–Ruijsenaars representations.
(4) Calculation of the scalar product between eigenfunctions of all

kinds using Q-operator regularizations.

3.1. Q-operators and Λ-operators as integral operators. Let us
define Q-operators in the case n = 2 as integral operators by the formulas

[Q2(λ)Ψ](x1, x2) =

+∞∫
−∞

dy1dy2 sh2g |y1 − y2| eiλ(x1+x2−y1−y2)

×
∏

i,k=1,2

K(xi − yk) Ψ(y1, y2),
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[Q̂2(x)Ψ](λ1, λ2) =

+∞∫
−∞

dγ1

2π

dγ2

2π
µ(γ1, γ2) eix(λ1+λ2−γ1−γ2)

×
∏

i,k=1,2

K̂(λi − γk) Ψ(γ1, γ2),

[Q̂2(x|ω)Ψ](λ1, λ2) =

+∞∫
−∞

dγ1 dγ2 µg(γ1, γ2) e
2πi
ω1ω2

x(λ1+λ2−γ1−γ2)

×
∏

i,k=1,2

Kg(λi − γk) Ψ(γ1, γ2).

The building blocks are the same as in the case n = 1

K(x) =
1

chg(x)
, K̂(λ) =

Γ
(
g+iλ

2

)
Γ
(
g−iλ

2

)
21−gΓ(g)

,

Kg(λ) =
1

S
(
g
2 + iλ

)
S
(
g
2 − iλ

) ,
except the nontrivial measure: sh2g |y1 − y2| in the simplest case and

µ(γ1, γ2) =
[21−gΓ(g)]2

Γ
(
g ± i(γ1−γ2)

2

)
Γ
(
± i(γ1−γ2)

2

) , (3.36)

µg(γ1, γ2) = S(g ± i(γ1 − γ2))S(±i(γ1 − γ2)). (3.37)

Here and in what follows we use notation for the products of functions

f(a± b) = f(a+ b)f(a− b).

Remark. Note that in relativistic case Fourier transformation of the func-
tion Kg gives the function Kg∗ (2.23). This means that the transition to
the dual Q-operator is reduced to the change g → g∗ and renaming of
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arguments x� λ

[Q2(λ|ω)Ψ](x1, x2) =

+∞∫
−∞

dy1 dy2 µg∗(y1 , y2) e
2πi
ω1ω2

λ(x1+x2−y1−y2)

×
∏

i,k=1,2

Kg∗(xi − yk) Ψ(y1, y2). (3.38)

To avoid the simple duplication of formulas we state all the results only
for the operator Q2(λ|ω) or Q̂2(x|ω).

Commutation relation

Q̂2(x|ω) Q̂2(y|ω) = Q̂2(y|ω) Q̂2(x|ω) (3.39)

is proven by residue calculation method in [2]. The same method (in fact,
in a much simpler form) can be used for the proof of the commutation
relation

Q̂2(x) Q̂2(y) = Q̂2(y) Q̂2(x).

Unfortunately we do not have at the moment any direct proof of the com-
mutation relation

Q2(λ)Q2(ρ) = Q2(ρ)Q2(λ),

except the case g = 1, see Appendix B. However, the last two commuta-
tion relations can be deduced from the first one (3.39) by the appropriate
reduction in full analogy with n = 1 case, see Section 2.3.1.

The closest relatives of Q-operators are integral Λ-operators defined as

[Λ2(λ)Ψ](x1, x2) =

+∞∫
−∞

dy eiλ(x1+x2−y)K(x1 − y)K(x2 − y) Ψ(y),

[Λ̂2(x)Ψ](λ1, λ2) =

+∞∫
−∞

dγ

2π
eix(λ1+λ2−γ) K̂(λ1 − γ) K̂(λ2 − γ) Ψ(γ),

[Λ̂2(x|ω)Ψ](λ1, λ2) =

+∞∫
−∞

dγ e
2πi
ω1ω2

x(λ1+λ2−γ)Kg(λ1 − γ)Kg(λ2 − γ) Ψ(γ).
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3.2. QΛ-commutation relations. In this section we explain how com-
mutation relations between Q-operators

Q2(λ)Q2(ρ) = Q2(ρ)Q2(λ),

Q̂2(x) Q̂2(y) = Q̂2(y) Q̂2(x),

Q̂2(x|ω) Q̂2(y|ω) = Q̂2(y|ω) Q̂2(x|ω)

degenerate to the relations between Q and Λ-operators

Q2(λ) Λ2(ρ) = 2 q(λ, ρ) Λ2(ρ)Q1(λ), (3.40)

Q̂2(x) Λ̂2(y) = 2 q̂(x, y) Λ̂2(y) Q̂1(x),

Q̂2(x|ω) Λ̂2(y|ω) = 2 q̂(x, y|ω) Λ̂2(y|ω)Q1(x|ω).

where

q(λ, ρ) = K̂(λ− ρ), q̂(x, y) = K(x− y),

q̂(x, y|ω) =
√
ω1ω2 S(g∗)Kg∗(x− y).

For simplicity we consider the case of operators with hyperbolic functions
Q2(λ) and Λ2(λ). The derivation for the rest two cases follows the same
steps.

Baxter and raising operators of all kinds have similar kernels. Fur-
thermore, their building blocks K(x) and µ(x) have nice asymptotics as
|x| → ∞ and the corresponding bounds for x ∈ R. In the simplest case of
hyperbolic functions

K(x) = ch−g(x), µ(x) = shg |x|

we have exponential asymptotics and bounds

K(x) ∼ 2g e−g|x|,µ(x) ∼ 2−g eg|x|, |x| → ∞,

|K(x)| 6 e−g|x|,|µ(x)| 6 2−g eg|x|, x ∈ R. (3.41)

The case of double sines differs only by constants, and the case of gamma
functions differs by constants and subleading polynomial growth. Never-
theless, in all three cases these asymptotics and bounds allow to degenerate
the kernel of Q-operator to the kernel of Λ-operator in some limit.
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For n = 2 in the case of hyperbolic functions the kernels are

Q(x1, x2, y1, y2;λ) = eiλ(x1+x2−y1−y2) ch−g(x1 − y1) ch−g(x2 − y1)

× ch−g(x1 − y2) ch−g(x2 − y2) sh2g |y2 − y1|,

Λ(x1, x2, y1;λ) = eiλ(x1+x2−y1) ch−g(x1 − y1) ch−g(x2 − y1).

They are related in the limit y2 →∞

lim
y2→∞

egy1+iλy2 Q(x1, x2, y1, y2;λ) = Λ(x1, x2, y1;λ− ig). (3.42)

Note the shift by −ig in the variable λ from the right.
The same reduction can be applied to the commutation relation of Q-

operators
Q2(λ)Q2(ρ) = Q2(ρ)Q2(λ).

Denote by Q the kernel of two Q-operators product

Q(x1, x2, z1, z2;λ, ρ) =

∫
R2

dy1dy2Q(x1, x2, y1, y2;λ)Q(y1, y2, z1, z2; ρ).

Then the commutativity is equivalent to the integral identity

Q(x1, x2, z1, z2;λ, ρ) = Q(x1, x2, z1, z2; ρ, λ). (3.43)

In complete analogy with the limit (3.42), we consider the limit of the
left-hand side of identity (3.43)

lim
z2→∞

egz1+iρz2 Q(x1, x2, z1, z2;λ, ρ) = L(x1, x2, z1;λ, ρ− ig) (3.44)

and arrive at the integral L that represents the kernel of the product
Q2(λ) Λ2(ρ− ig)

L(x1, x2, z1;λ, ρ− ig) =

∫
R2

dy1dy2Q(x1, x2, y1, y2;λ) Λ(y1, y2, z1; ρ− ig).

Note again the same shift by −ig. The only subtle point is the interchange
of the limit and the integral. To justify it, use bounds (3.41) and dominated
convergence theorem. We also remark that if the original integral Q is
absolutely convergent for Im(λ−ρ) ∈ (−2g, 2g), the integral L is absolutely
convergent for Im(λ−ρ) ∈ (−2g, 0), so that we assume this condition when
performing the limit.
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The limit of the right-hand side of (3.43) is more involved. After mul-
tiplying by the same function egz1+iρz2 , as in the limit (3.44), we have

egz1+iρz2Q(x1, x2, z1, z2; ρ, λ)

=

∫
R2

dy1dy2 e
iρ(x1+x2+z2−y1−y2)+gz1+iλ(y1+y2−z1−z2)

× ch−g(x1 − y1) ch−g(x2 − y1) ch−g(x1 − y2) ch−g(x2 − y2)

× ch−g(y1 − z1) ch−g(y2 − z1) ch−g(y1 − z2) ch−g(y2 − z2)

× sh2g |y1 − y2| sh2g |z1 − z2|. (3.45)

The integrand contains exponent ei(ρ−λ)z2 and therefore does not have
pointwise limit as z2 → ∞. However, this exponent can be canceled by
the shift of variable y2 → y2 + z2. Besides, to use dominated convergence
theorem we should have the integrand which can be bounded by integrable
function independent of z2 (for big enough z2). To end up with such bound
we notice that the integrand before the shift (3.45), say F (y1, y2), is sym-
metric with respect to y1, y2, and therefore the integration domain can be
reduced to y2 > y1∫

R2

dy1dy2 F (y1, y2) = 2

∫
y2>y1

dy1dy2 F (y1, y2).

Therefore, after the shift the integral can be rewritten as follows

egz1+iρz2Q(x1, x2, z1, z2; ρ, λ)

= 2

∫
y2+z2>y1

dy1dy2 e
iρ(x1+x2−y1−y2)+gz1+iλ(y1+y2−z1)

× ch−g(x1 − y1) ch−g(x2 − y1) ch−g(x1 − y2 − z2) ch−g(x2 − y2 − z2)

× ch−g(y1 − z1) ch−g(y2 + z2 − z1) ch−g(y1 − z2) ch−g(y2)

× sh2g |y1 − y2 − z2| sh2g |z1 − z2|.
Now due to the condition y2 + z2 > y1 we, in particular, have the bound

sh2g |y1 − y2 − z2| 6 2−2g e2g(y2+z2−y1)

for all y1, y2 in the integration domain. It allows to obtain the uniform
in z2 bound for the integrand (using again (3.41)). Note that in the limit
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z2 →∞ the domain of integration becomes the whole R2. Then applying
dominated convergence theorem

lim
z2→∞

egz1+iρz2 Q(x1, x2, z1, z2; ρ, λ) = R(x1, x2, z1; ρ− ig, λ)

in the limit we obtain the function R given by two separated integrals

R(x1, x2, z1; ρ− ig, λ) = 2

∫
R

dy2 e
i(λ−ρ+ig)y2 ch−g(y2)

×
∫
R

dy1 e
i(ρ−ig)(x1+x2−y1)+iλ(y1−z1)

× ch−g(x1 − y1) ch−g(x2 − y1) ch−g(y1 − z1).

The first one is just the beta integral (2.21)∫
R

dy2e
i(λ−ρ+ig)y2 ch−g(y2)=

Γ( g+i(λ−ρ+ig)2 )Γ( g−i(λ−ρ+ig)2 )

21−gΓ(g)
=q(λ, ρ− ig).

The second integral coincides with the kernel of the operator
Λ2(ρ− ig)Q1(λ).

In the limit we have the equivalence of the kernels from the left and
right-hand sides L = R and therefore the equivalence of operators

Q2(λ) Λ2(ρ− ig) = 2 q(λ, ρ− ig) Λ2(ρ− ig)Q1(λ).

Shifting ρ→ ρ+ ig we arrive at the stated identity (3.40).

3.3. Eigenfunctions. The QΛ-commutation relation allows to construct
eigenfunction of the Q-operator using corresponding Λ-operator. Let us
consider the example from the previous section. We have two commutation
relations

Q2(λ) Λ2(λ2) = 2 q(λ, λ2) Λ2(λ2)Q1(λ), (3.46)

Q1(λ) Λ1(λ1) = q(λ, λ1) Λ1(λ1)

where the second one is the relation (2.31) from n = 1 example. Note that
in the section n = 1 for simplicity we omit index n = 1 in notations of all
operators but now we have to restore it.
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Let us consider the following function

Ψλ1,λ2
(x1, x2) = Λ2(λ2) Λ1(λ1)

=

+∞∫
−∞

dt eiλ2(x1+x2−t)K(x1 − t)K(x2 − t) eiλ1t.
(3.47)

It is easy to show using (3.46) that Ψλ1λ2
(x1, x2) is an eigenfunction of

the operator Q2(λ) and calculate the corresponding eigenvalue. Indeed we
have

Q2(λ) Λ2(λ2) Λ1(λ1) = 2 q(λ, λ2) Λ2(λ2)Q1(λ) Λ1(λ1)

= 2 q(λ, λ2) q(λ, λ1) Λ2(λ2) Λ1(λ1),

or in more detailed notation

[Q2(λ) Ψλ1,λ2 ](x1, x2) = 2 q(λ, λ2) q(λ, λ1) Ψλ1,λ2(x1, x2). (3.48)

It is clear that it is possible to repeat everything almost literally and
construct in the same way eigenfunctions of all Q-operators. In this way
we obtain eigenfunctions of the operator Q̂2(x)

Φx1,x2
(λ1, λ2) = Λ̂2(x2) Λ̂1(x1)

=

+∞∫
−∞

dγ

2π
eix2(λ1+λ2−γ) K̂(λ1 − γ) K̂(λ2 − γ) eix1γ ,

[Q̂2(x) Φx1,x2
](λ1, λ2) = 2 q̂(x, x2) q̂(x, x1) Φx1,x2

(λ1, λ2) (3.49)

and eigenfunctions of the operator Q̂2(x|ω)

Φx1,x2
(λ1, λ2|g,ω) = Λ̂2(x2|ω) Λ̂1(x1|ω)

=

+∞∫
−∞

dγ e
2πi
ω1ω2

x2(λ1+λ2−γ)Kg(λ1 − γ)Kg(λ2 − γ) e
2πi
ω1ω2

x1γ ,

[Q̂2(x|ω) Φx1,x2
](λ1, λ2|g,ω) = 2 q̂(x, x2|ω) q̂(x, x1|ω) Φx1,x2

(λ1, λ2|g,ω).
(3.50)
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Using the Fourier transformation it is possible to establish connections
between eigenfunctions of dual operators

Ψλ1,λ2
(x1, x2) = Φx1,x2

(λ1, λ2), (3.51)

Φx1,x2
(λ1, λ2|g,ω) = S2(g∗) Φλ1,λ2

(x1, x2|g∗,ω). (3.52)

Indeed the relation (2.20) between K(z) and K̂(λ) and

+∞∫
−∞

dλ

2π
e−iλz K̂(λ) = K(z)

allows to transform the integral representation (3.47) to the integral rep-
resentation (3.49)

+∞∫
−∞

dt eiλ2(x1+x2−t)K(x1 − t)K(x2 − t) eiλ1t

=

+∞∫
−∞

dγ

2π
eix1(λ1+λ2−γ) K̂(λ1 − γ) K̂(λ2 − γ) eix2γ . (3.53)

In the same way relation (2.23) between Kg(z) and Kg∗(λ)

+∞∫
−∞

dz e
2πixz
ω1ω2 Kg(z) =

√
ω1ω2 S(g∗)Kg∗(x)

allows to prove similar relation

+∞∫
−∞

dt e
2πi
ω1ω2

λ2(x1+x2−t)Kg(x1 − t)Kg(x2 − t) e
2πi
ω1ω2

λ1t

=S2(g∗)

+∞∫
−∞

dγe
2πi
ω1ω2

x1(λ1+λ2−γ)Kg∗(λ1−γ)Kg∗(λ2−γ)e
2πi
ω1ω2

x2γ . (3.54)

Consider the first relation (3.53). In the left hand side of (3.53) sub-
stitute K(xk − t) with their Fourier representations, then t-integral gives
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δ-function, which can be simply integrated; after that change the remain-
ing integration variable γ1 = γ − λ1 and use K̂(λ) = K̂(−λ):

+∞∫
−∞

dteiλ2(x1+x2−t)+iλ1t

+∞∫
−∞

dγ1

2π
e−iγ1(x1−t)K̂(γ1)

+∞∫
−∞

dγ2

2π
e−iγ2(x2−t)K̂(γ2)

=

+∞∫
−∞

dγ1

2π

dγ2

2π
K̂(γ1) K̂(γ2)eix1(λ2−γ1)+ix2(λ2−γ2)2πδ(λ1 − λ2 + γ1 + γ2)

=

+∞∫
−∞

dγ1

2π
K̂(γ1) K̂(λ2 − λ1 − γ1)eix1(λ2−γ1)+ix2(λ1+γ1)

=

+∞∫
−∞

dγ

2π
K̂(λ1 − γ) K̂(λ2 − γ) eix1(λ1+λ2−γ)+ix2γ .

The relation (3.54) can be proved in a similar way.
Let us summarize our results:

• The relation Ψλ1,λ2
(x1, x2) = Φx1,x2

(λ1, λ2) states the equivalence
of the Hallnas–Ruijsenaars and Mellin–Barnes representations for
the eigenfunctions

Ψλ1,λ2
(x1, x2) =

+∞∫
−∞

dt
eiλ1(x1+x2−t) eiλ2t

chg(x1 − t) chg(x2 − t)

=

+∞∫
−∞

dγ

2π

Γ
(
g+i(λ1−γ)

2

)
Γ
(
g+i(γ−λ1)

2

)
21−gΓ(g)

×
Γ
(
g+i(λ2−γ)

2

)
Γ
(
g+i(γ−λ2)

2

)
21−gΓ(g)

eix1(λ1+λ2−γ) eix2γ .

• The Hallnas–Ruijsenaars representation is evidently has symmetry
x1 � x2, and the Mellin–Barnes representation is invariant under
λ1 � λ2

Ψλ1,λ2
(x1, x2) = Ψλ1,λ2

(x2, x1) = Ψλ2,λ1
(x1, x2).
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3.3.1. Mellin transform. In this subsection we demonstrate another proof
of the relation

Ψλ1,λ2
(x1, x2) = Φx1,x2

(λ1, λ2)

using Mellin transform. First, we separate variables in both functions shift-
ing integration variables y → y + (x1 + x2)/2 and γ → γ + (λ1 + λ2)/2 in
the corresponding representations

Ψλ1,λ2
(x1, x2) = ei

λ1+λ2
2 (x1+x2)

∞∫
−∞

dyK
(x1 − x2

2
− y
)

×K
(x2 − x1

2
− y
)
ei(λ1−λ2)y, (3.55)

Φx1,x2
(λ1, λ2) = ei

λ1+λ2
2 (x1+x2)

∞∫
−∞

dγ

2π
K̂
(λ1 − λ2

2
− γ
)

× K̂
(λ2 − λ1

2
− γ
)
eiγ(x1−x2).

The exponents behind the integrals coincide, so it is left to prove the
equivalence of integrals. Let x = x1− x2 and λ = (λ1− λ2)/2. The second
integral in explicit form

φx(λ) =
22g−2

Γ2(g)

∞∫
−∞

dγ

2π
Γ
( iλ− iγ + g

2

)
Γ
(−iλ+ iγ + g

2

)

× Γ
(−iλ− iγ + g

2

)
Γ
( iλ+ iγ + g

2

)
eiγx.

(3.56)

Next denote byM [f ](s) andM ′[F ](z) direct and inverse Mellin transforms
respectively

M [f ](s) =

∞∫
0

dz

z
zs f(z), M ′[F ](z) =

1

2πi

c+i∞∫
c−i∞

ds z−s F (s).

We also write these relations in the form

f(z) :
M
= M [f ](s), F (s) :

M ′
= M ′[F ](z).
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Then the integral (3.56) after change of variable s = iγ/2 can be written
as the following inverse Mellin transform

φx(λ) =
22g−1

Γ2(g)
M ′
[
Γ
( iλ+ g

2
− s
)

Γ
(−iλ+ g

2
+ s
)

× Γ
(−iλ+ g

2
− s
)

Γ
( iλ+ g

2
+ s
)]

(e−2x). (3.57)

The integration contour lies in the strip |Re s| < g/2.
Beta integral, written in a form

∞∫
0

dz

z

za

(1 + z)a+b
=

Γ(a)Γ(b)

Γ(a+ b)

says that the Mellin transform of the function
za

(1 + z)a+b
is

za

(1 + z)a+b
:
M
=

1

Γ(a+ b)
Γ(a− s)Γ(b+ s),

so that the inverse formula reads as
1

Γ(a+ b)
Γ(a− s)Γ(b+ s) :

M ′
=

za

(1 + z)a+b
. (3.58)

The integration contour lies in the strip −Re b < Re s < Re a.
Now we use the property

f ∗ g(z) :
M
= F [s] ·G[s]

where

f ∗ g(z) =

∞∫
0

dt

t
f(t)g(z/t).

Due to (3.57) and (3.58) it says that

φx(λ) = 22g−1 z
iλ+g

2

(1 + z)g
∗ z

−iλ+g
2

(1 + z)g
(e−2x).

Let us write the last formula in explicit form

φx(λ) = 22g−1

∞∫
0

dt

t

t
iλ+g

2

(1 + t)g
(e−2x/t)

−iλ+g
2

(1 + e−2x/t)g
.
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After the change of integration variable t = e2y−x this integral takes the
form

φx(λ) =

∞∫
−∞

dy
e2iλy

chg(x/2− y) chg(x/2 + y)

which coincides with the integral in (3.55) after identifying x = x1 − x2,
λ = (λ1 − λ2)/2.

3.3.2. Equivalence through dual Q-operators. There is yet another way to
establish the equivalence of two integral representations

Ψλ1,λ2(x1, x2) = Λ2(λ2) eiλ1x1 = Λ̂2(x2) eiλ1x1

using both dual Q-operators. This particular way can be generalized to
the case of n particles, this is done for relativistic case in [3]. First, note
that the raising and Baxter operators are connected as

Λ2(λ2) = eiλ2x2 Q1(λ2)K(x2−x1), Λ̂2(x2) = eiλ2x2 Q̂1(x2) K̂(λ2−λ1).

Recall also how one-particle Q-operators act on plane waves

Q̂1(x2) eiλ1x1 = K(x2 − x1) eiλ1x1 , Q1(λ2) eiλ1x1 = K̂(λ2 − λ1) eiλ1x1 .

Hence, the first integral representation can be written as

Λ2(λ2) eiλ1x1 = eiλ2x2 Q1(λ2)K(x2 − x1) eiλ1x1

= eiλ2x2 Q1(λ2) Q̂1(x2) eiλ1x1 .

Since dual Q-operators act on different variables, they can be interchanged
(the corresponding double integral is absolutely convergent). After that a
similar chain of equations leads to the claim

Λ2(λ2) eiλ1x1 = eiλ2x2 Q̂1(x2)Q1(λ2) eiλ1x1

= eiλ2x2 Q̂1(x2) K̂(λ2 − λ1) eiλ1x1 = Λ̂2(x2) eiλ1x1 .

3.4. Scalar product. As it was outlined in introduction, if we trasform
Q-operator’s eigenfunction Ψλ1,λ2

(3.47)

ΨS
λ1,λ2

(x1, x2) = shg |x1 − x2|Ψλ1,λ2
(x1, x2)

it becomes an eigenfunction of the Sutherland Hamiltonian HS

HS ΨS
λ1,λ2

= (λ2
1 + λ2

2) ΨS
λ1,λ2

, HS = −∂2
x1
− ∂2

x2
+

2g(g − 1)

sh2(x1 − x2)
,
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which is symmetric with respect to the measure dx1dx2. Therefore, the
scalar product between Q-operator’s eigenfunctions contains a nontrivial
measure sh2g |x1 − x2|dx1dx2

+∞∫
−∞

dx1dx2 ΨS
λ1,λ2

(x1, x2) ΨS
ρ1,ρ2(x1, x2)

=

+∞∫
−∞

dx1dx2 sh2g|x1 − x2|Ψλ1,λ2
(x1, x2) Ψρ1,ρ2(x1, x2). (3.59)

The goal of this section is to calculate this scalar product by two meth-
ods: the standard method from textbooks and using the Q-operator. Fur-
thermore, using dual operators Q̂(x) and Q̂(x|ω) we calculate the corre-
sponding scalar products between their eigenfunctions Φx1,x2

(λ1, λ2) and
Φx1,x2

(λ1, λ2|g,ω) from the previous section.

3.4.1. Standard quantum mechanical calculation. In this subsection we cal-
culate the scalar product between the transformed functions ΨS

λ1,λ2
follow-

ing the way written in textbooks (for example see [6], §36). It says that
once we have two functions ψ1(x) and ψ2(x), which are the eigenfunctions
of the Hamiltonian on the line with real potential

H = − d2

dx2
+ V (x), Hψ1 = k2

1ψ1, Hψ2 = k2
2ψ2,

then multpying the first equation in the system

−ψ̄′′1 + V ψ̄1 = k2
1ψ̄1,

−ψ′′2 + V ψ2 = k2
1ψ2,

by ψ2, the second by ψ̄1 and subtracting them we get the equality

(k2
1 − k2

2)ψ̄1ψ2 = ψ̄1ψ
′′
2 − ψ̄′′1ψ2 = (ψ̄1ψ

′
2 − ψ̄′1ψ2)′.

Integrating it we arrive at the scalar product of eigenfunctions
∞∫
−∞

dx ψ̄1ψ2 = lim
x→∞

W (ψ̄1, ψ2)
∣∣x
−x

k2
1 − k2

2

(3.60)

where we introduced the Wronskian

W (ψ̄1, ψ2) = ψ̄1ψ
′
2 − ψ̄′1ψ2.
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Calculation of the scalar product therefore reduces to the calculation of
Wronskian asymptotics.

Returning to our case, first, we use Mellin-Barnes representation of the
eigenfunction and factor out the “center of mass” part changing the inte-
gration variable γ → γ + (λ1 + λ2)/2

ΨS
λ1,λ2

(x1, x2)=shg |x1 − x2|
∞∫
−∞

dγ

2π
K̂(λ1 − γ)K̂(λ2 − γ)ei(λ1+λ2−γ)x2+iγx1

= ei
λ1+λ2

2 (x1+x2) shg |x1 − x2|
∞∫
−∞

dγ

2π
K̂
(λ1 − λ2

2
− γ
)

× K̂
(λ2 − λ1

2
− γ
)
eiγ(x1−x2).

Introducing

ψλ(x) = shg |x|
∞∫
−∞

dγ

2π
K̂(λ− γ) K̂(−λ− γ) eiγx

we separate the variables in the eigenfunction

ΨS
λ1,λ2

(x1, x2) = ei
λ1+λ2

2 (x1+x2) ψλ1−λ2
2

(x1 − x2). (3.61)

The scalar product between plane waves is known. Hence, the scalar prod-
uct between ΨS

λ1,λ2
reduces to the product between functions ψλ, which

solve the equation(
−∂2

x +
g(g − 1)

sh2 x

)
ψλ(x) = λ2ψλ(x).

By (3.60) the latter product can be evaluated through the Wronskian
asymptotics. Note that ψλ(x) is an even function of x so that we only
need its asymptotics as x→∞

∞∫
−∞

dxψλ(x)ψρ(x) = 2 lim
x→∞

W (ψλ(x), ψρ(x))

λ2 − ρ2
.

In the last expression we also used the fact that the eigenfunction is real
ψλ = ψλ.
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The asymptotic of ψλ(x) as x→∞ can be deduced from the asymptotic
of two-particle eigenfunction (1.5) calculated in introduction. It is given
by

ψλ(x) =
2g−1

Γ(g)

[
Γ(iλ) Γ(g−iλ) eiλx+Γ(−iλ) Γ(g+iλ) e−iλx

]
(1+O(e−2x)).

Consequently, its derivative has asymptotic

ψ′λ(x)=
2g−1

Γ(g)
iλ
[
Γ(iλ)Γ(g− iλ)eiλx−Γ(−iλ)Γ(g+ iλ)e−iλx

]
(1+O(e−2x)).

Combining them we calculate the asymptotic of the Wronskian

2
W (ψλ(x), ψρ(x))

λ2 − ρ2
=

22g−1

iΓ2(g)
Γ(iλ) Γ(−iλ) Γ(g + iλ) Γ(g − iλ)

×

(
ei(λ−ρ)x − ei(ρ−λ)x

λ− ρ
+
ei(λ+ρ)x − e−i(λ+ρ)x

λ+ ρ
+ o(x)

)
where by o(x) we mean terms which tend to zero in a sense of distributions
of λ, ρ as x→∞. Using the well-known identity

lim
x→∞

sin kx

k
= πδ(k)

we arrive at the expression for the scalar product
∞∫
−∞

dxψλ(x)ψρ(x) =
22gπ

Γ2(g)
Γ(iλ) Γ(−iλ) Γ(g+ iλ) Γ(g− iλ)

(
δ(λ−ρ)+δ(λ+ρ)

)
.

Finally, using it together with the factorization (3.61) we evaluate the
scalar product between the original eigenfunctions

∞∫
−∞

dx1dx2 ΨS
λ1,λ2

(x1, x2)ΨS
ρ1,ρ2(x1, x2)

= C
(
δ(λ1 − ρ1)δ(λ2 − ρ2) + δ(λ1 − ρ2)δ(λ2 − ρ1)

)
(3.62)

where the coefficient is given by

C =
22g+1π2

Γ2(g)
Γ
( iλ1 − iλ2

2

)
Γ
(
g +

iλ1 − iλ2

2

)
Γ
( iλ2 − iλ1

2

)
Γ
(
g +

iλ2 − iλ1

2

)
.
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3.4.2. Eigenfunctions of the operator Q(λ). In this subsection we calcu-
late the same scalar product (3.59) using the fact that Ψλ1,λ2

is an eigen-
function of the operator Q2(λ). This calculation is universal in two ways.
Firstly, translation to the operators Q̂2(x), Q̂2(x|ω) and scalar products
between their eigenfunctions reduces to different expressions for the main
building blocks — the kernel and measure functions K and µ. Secondly,
this calculation can be generalized to the general case of n particles, as we
will show in our future work.

Expressions for the eigenfunction and conjugated eigenfunction have the
form

Ψρ1,ρ2(x1, x2) =

+∞∫
−∞

dt eiρ1(x1+x2−t) eiρ2tK(x1 − t)K(x2 − t),

Ψλ1,λ2
(x1, x2) =

+∞∫
−∞

dt e−iλ1(x1+x2−t) e−iλ2tK(x1 − t)K(x2 − t).

and integral over t absolutely converges for g > 0. Denote x12 = x1 − x2.
The scalar product is

〈Ψλ1,λ2
|Ψρ1,ρ2〉 =

+∞∫
−∞

dx1dx2 sh2g|x12|Ψλ1,λ2(x1, x2) Ψρ1,ρ2(x1, x2)

=

+∞∫
−∞

dx1dx2 sh2g|x12|
+∞∫
−∞

dt1

+∞∫
−∞

dt2 e
−iλ1(x1+x2−t1)

× e−iλ2t1 eiρ1(x1+x2−t2) eiρ2t2
2∏

i,j=1

K(xi − tj).

Note that the ordering of integrals is fixed from the very beginning: at the
first step we integrate over t1 and t2 (absolutely convergent integrals) and
then integrate over x1, x2. The x1, x2-integral separately

+∞∫
−∞

dx1dx2
ei(ρ1−λ1)(x1+x2) sh2g |x1 − x2|

chg(x1 − t1) chg(x2 − t1) chg(x1 − t2) chg(x2 − t2)

doesn’t converge.
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Let us use regularize it adding external point t0 and small ε > 0 in
exponent

+∞∫
−∞

dx1dx2 e
i(ρ1−λ1)(x1+x2) sh2g|x12|

2∏
i,j=1

K(xi − tj)

=
1

22g
lim

t0→+∞
lim
ε→0

+∞∫
−∞

dx1dx2 sh2g|x12| e−g(x1−t0)−g(x2−t0)

× eε(x1+x2) ei(ρ1−λ1)(x1+x2)
2∏
i=1

2∏
j=0

K(xi − tj) .

To prove that in the limit t0 → +∞ we reproduce the initial integrand use
the following asymptotic

1

22g
K(x1 − t0)K(x2 − t0)→ eg(x1−t0)+g(x2−t0), t0 → +∞.

The regularized x1, x2-integral is already convergent. Furthermore, the
chosen regularization completes the Λ2-operator to the corresponding Q2-
operator and this allows to calculate everything in a closed form. To do
this we convert t2-integral back to the eigenfunction Ψρ1,ρ2(x1, x2) and
rearrange exponents

〈Ψλ1λ2
|Ψρ1ρ2〉 =

1

22g
lim

t0→+∞
lim
ε→0

e−i(λ1+ig+iε)t0

+∞∫
−∞

dt1 e
−i(λ2−ig+iε)t1

×
+∞∫
−∞

dx1dx2 e
i(λ1−ig+iε)(t1+t0−x1−x2) sh2g|x12|

×
2∏
i=1

K(xi − t1)K(xi − t0)Ψρ1,ρ2(x1, x2).

Now in the second line it is easy to recognize the action of the Q-operator
on the eigenfunction

[Q2(λ1 − ig + iε)Ψρ1,ρ2 ](t1, t0)
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=

+∞∫
−∞

dx1dx2 e
i(λ1−ig+iε)(t1+t0−x1−x2) sh2g|x12|

×
2∏
i=1

K(xi − t1)K(xi − t0)Ψρ1,ρ2(x1, x2)

= 2 q(λ1 − ig + iε, ρ1) q(λ1 − ig + iε, ρ2) Ψρ1,ρ2(t1, t0).

So, we have managed to calculate x1, x2-integrals in explicit form and it
remains to calculate t1, t2-integrals

e−i(λ1+ig+iε)t0

+∞∫
−∞

dt1 e
−i(λ2−ig+iε)t1 Ψρ1,ρ2(t1, t0)

= e−i(λ1+ig+iε)t0

+∞∫
−∞

dt1 e
−i(λ2−ig+iε)t1

×
+∞∫
−∞

dt2 e
iρ1(t1+t0−t2)K(t1 − t2)K(t0 − t2) eiρ2t2 .

The t1-integral reproduces the action of the Q-operator on the eigenfunc-
tion Ψρ1(t1) = eiρ1t1 and can be calculated explicitly

[Q1(λ2 − ig + iε)Ψρ1 ](t2) =

+∞∫
−∞

dt1 e
i(λ2−ig+iε)(t2−t1)K(t2 − t1) eiρ1t1

= q(λ2 − ig + iε, ρ1) eiρ1t2 .

The last step — calculation of the t2-integral. After simple rearrangements
of the exponents we obtain

e−i(λ1+λ2−ρ1+2iε)t0

+∞∫
−∞

dt2 e
i(λ2−ig+iε)(t0−t2)K(t0 − t2) eiρ2t2 ,
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so that the t2-integral also gives the action of the Q-operator on eigenfunc-
tion Ψρ2(t2) = eiρ2t2

[Q1(λ2 − ig + iε) Ψρ2 ] (t0) =

+∞∫
−∞

dt2 e
i(λ2−ig+iε)(t0−t2)K(t0 − t2) eiρ2t2

= q(λ2 − ig + iε, ρ2) eiρ2t0 .

Collecting everything together we obtain the following expression for the
regularized scalar product

〈Ψλ1,λ2
|Ψρ1,ρ2〉 = 21−2g lim

t0→+∞
lim
ε→0

e−i(λ1+λ2−ρ1−ρ2+2iε)t0

×
2∏

k,j=1

q(λk − ig + iε, ρj).

It is left to show that the function on the right is a delta-sequence. Let us
write it explicitly and factor out a singular part

〈Ψλ1,λ2
|Ψρ1,ρ2〉 = 21−2g lim

t0→+∞
lim
ε→0

ei(ρ1+ρ2−λ1−λ2)t0

×
∏

i,k=1,2

Γ
(
g + i(λi−ρk)−ε

2

)
Γ
(
i(ρk−λi)+ε

2

)
21−gΓ(g)

=
22g−3

Γ4(g)

∏
i,k=1,2

Γ

(
g +

i(λi − ρk)

2

)
lim

t0→+∞
lim
ε→0

ei(ρ1+ρ2−λ1−λ2)t0

×
∏

i,k=1,2

Γ

(
i(ρk − λi) + ε

2

)

=
22g−3

Γ4(g)

∏
i,k=1,2

Γ

(
g +

i(λi − ρk)

2

)
Γ

(
1 +

i(ρk − λi)
2

)

× lim
t0→+∞

lim
ε→0

ei(ρ1+ρ2−λ1−λ2)t0∏
i,k=1,2

i(ρk−λi)+ε
2

.
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Next we transform the last expression to the more simple form

lim
t0→+∞

lim
ε→0

ei(ρ1+ρ2−λ1−λ2)t0∏
i,k=1,2

i(ρk−λi)+ε
2

=

(
2

i

)4

lim
t0→+∞

lim
ε→0

ei(ρ1+ρ2−λ1−λ2)t0∏
i,k=1,2

(ρk − λi − iε)

and use relation proven in Appendix C

lim
t0→+∞

lim
ε→0

ei(ρ1+ρ2−λ1−λ2)t0∏
i,k=1,2

(ρk − λi − iε)

=
(2π)2

(λ1 − λ2)
2

[
δ(λ1 − ρ1) δ(λ2 − ρ2) + δ(λ1 − ρ2) δ(λ2 − ρ1)

]
. (3.63)

Thus, for the scalar product we obtain

〈Ψλ1,λ2
|Ψρ1,ρ2〉 =

22g−3

Γ4(g)
Γ2(g) Γ

(
g ± iλ12

2

)
Γ

(
1± iλ12

2

)
24(2π)2

λ2
12

×
[
δ(λ1 − ρ1) δ(λ2 − ρ2) + δ(λ1 − ρ2) δ(λ2 − ρ1)

]
=

22g+1π2

Γ2(g)
Γ

(
g ± iλ12

2

)
Γ

(
± iλ12

2

)
×
[
δ(λ1 − ρ1)δ(λ2 − ρ2) + δ(λ1 − ρ2) δ(λ2 − ρ1)

]
.

This result coincides with the one obtained by the standard method (3.62).

3.4.3. Eigenfunctions of the operator Q̂(x). Now we perform all calcula-
tions from previous subsection in the case of the dual Q̂-operators. Expres-
sions for the eigenfunction and conjugated eigenfunction have the form

Φx1,x2(λ1, λ2) =

+∞∫
−∞

dγ

2π
eix1(λ1+λ2−γ) eix2γ K̂(λ1 − γ) K̂(λ2 − γ),

Φy1,y2(λ1, λ2) =

+∞∫
−∞

dγ

2π
e−iy1(λ1+λ2−γ) e−iy2γ K̂(λ1 − γ) K̂(λ2 − γ).
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The integral over γ converges for g > 0. The scalar product is

〈Φy1,y2 |Φx1,x2
〉 =

+∞∫
−∞

dλ1

2π

dλ2

2π
µ(λ1, λ2) Φy1,y2(λ1, λ2) Φx1,x2

(λ1, λ2)

=

+∞∫
−∞

dλ1

2π

dλ2

2π
µ(λ1, λ2)

+∞∫
−∞

dγ1

2π

+∞∫
−∞

dγ2

2π
e−iy1(λ1+λ2−γ1) e−iy2γ1

× eix1(λ1+λ2−γ2) eix2γ2

2∏
i,j=1

K̂(λi − γj).

The integration measure (3.36)

µ(λ1, λ2) =
[21−gΓ(g)]2

Γ
(
g ± i(λ1−λ2)

2

)
Γ
(
± i(λ1−λ2)

2

) .
Again γ1, γ2-integral is absolutely convergent, but λ1, λ2-integral diverges

+∞∫
−∞

dλ1

2π

dλ2

2π
ei(x1−y1)(λ1+λ2) µ(λ1 , λ2)

2∏
i,j=1

K̂(λi − γj).

We regularize it adding external point γ0 and small ε > 0 in exponent

+∞∫
−∞

dλ1

2π

dλ2

2π
ei(x1−y1)(λ1+λ2) µ(λ1, λ2)

2∏
i,j=1

K̂(λi − γj)

= lim
γ0→+∞

lim
ε→0

[
2π

Γ(g)
γg−1

0

]−2
+∞∫
−∞

dλ1

2π

dλ2

2π
µ(λ1, λ2) e−

π
2 (λ1−γ0)−π2 (λ2−γ0)

× eε(λ1+λ2) ei(x1−y1)(λ1+λ2)
2∏
i=1

2∏
j=0

K̂(λi − γj).

In the limit γ0 → +∞ we reproduce the initial integrand, because

K̂(λ− γ0)→ 2π

Γ(g)
γg−1

0 e
π
2 (λ−γ0), γ0 → +∞,
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so that

[
2π

Γ(g)
γg−1

0

]−2

K̂(λ1 − γ0) K̂(λ2 − γ0)→ e
π
2 (λ1−γ0)+π

2 (λ2−γ0), γ0 → +∞.

Th regularized integral is absolutely convergent. Next we convert γ2-integ-
ral back to the eigenfunction Φx1,x2

(λ1, λ2) and rearrange some factors

〈Φy1,y2 |Φx1,x2〉 = lim
γ0→+∞

lim
ε→0

[
2π

Γ(g)
γg−1

0

]−2

e−i(y1+ iπ
2 +iε)γ0

×
+∞∫
−∞

dγ1

2π
e−i(y2−

iπ
2 +iε)γ1

+∞∫
−∞

dλ1

2π

dλ2

2π
µ(λ1, λ2) ei(y1−

iπ
2 +iε)(γ1+γ0−λ1−λ2)

×
∏
i=1,2

K̂(λi − γ1)K̂(λi − γ0) Φx1,x2
(λ1, λ2)

In the last line it is easy to recognize the action of the Q̂-operator on
eigenfunction Φx1x2

(λ1 , λ2)

[Q̂2(y1 − iπ
2 + iε)Φx1,x2 ](γ1, γ0)

=

+∞∫
−∞

dλ1

2π

dλ2

2π
ei(y1−

iπ
2 +iε)(γ1+γ0−λ1−λ2) µ(λ1, λ2)

×
∏
i=1,2

K̂(λi − γ1)K̂(λi − γ0)Φx1,x2
(λ1, λ2)

= 2 q̂(y1 − iπ
2 + iε, x1) q̂(y1 − iπ

2 + iε, x2) Φx1,x2
(γ1, γ0) .

Thus, we have managed to calculate λ1, λ2-integrals in explicit form and
it remains to calculate γ1, γ2-integrals



98 N. BELOUSOV, S. DERKACHOV, S. KHARCHEV, S. KHOROSHKIN

e−i(y1+ iπ
2 +iε)γ0

+∞∫
−∞

dγ1

2π
e−i(y2−

iπ
2 +iε)γ1 Φx1,x2

(γ1, γ0)

= e−i(y1+ iπ
2 +iε)γ0

+∞∫
−∞

dγ1

2π
e−i(y2−

iπ
2 +iε)γ1

×
+∞∫
−∞

dγ2

2π
eix1(γ1+γ0−γ2)K̂(γ1 − γ2)K̂(γ0 − γ2) eix2γ2 .

The γ1-integral represents action of the Q̂-operator on the eigenfunction
Φx1

(γ1) = eix1γ1

[Q̂1(y2 − iπ
2 + iε)Φx1 ](γ2) =

+∞∫
−∞

dγ1

2π
ei(y2−

iπ
2 +iε)(γ2−γ1) K̂(γ2 − γ1) eix1γ1

= q̂(y2 − iπ
2 + iε, x1) eix1γ2

The last step is to calculate the γ2-integral. After simple rearrangements
of the exponents we obtain

e−i(y1+y2−x1+2iε)γ0

+∞∫
−∞

dγ2

2π
ei(y2−

iπ
2 +iε)(γ0−γ2) K̂(γ0 − γ2) eix2γ2

and it is again action of the Q̂-operator on eigenfunction Φx2
(γ2) = eix2γ2

[Q̂1(y2 − iπ
2 + iε)Φx2

](γ0) =

+∞∫
−∞

dγ2

2π
ei(y2−

iπ
2 +iε)(γ0−γ2) K̂(γ0 − γ2) eix2γ2

= q̂(y2 − iπ
2 + iε, x2) eix1γ0 .

Collecting everything together we obtain the following expression for the
scalar product
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〈Φy1,y2 |Φx1,x2〉 = lim
γ0→+∞

lim
ε→0

2

[
2π

Γ(g)
γg−1

0

]−2

× e−i(y1+y2−x1−x2+2iε)γ0

2∏
k,j=1

q̂(yk − iπ
2 + iε, xj).

Let us write it in explicit form and factor out a singular part

〈Φy1,y2 |Φx1,x2
〉 = 2

Γ2(g)

(2π)2
e−2πig lim

γ0→+∞
lim
ε→0

γ
2(1−g)
0 ei(x1+x2−y1−y2)γ0

2∏
k,j=1

shg(xj − yk − iε)

= 2
Γ2(g)

(2π)2
e−2πig lim

ε→0

2∏
k,j=1

(xj − yk − iε)g

shg(xj − yk − iε)

× lim
γ0→+∞

lim
ε→0

γ
2(1−g)
0 ei(x1+x2−y1−y2)γ0

2∏
k,j=1

(xj − yk − iε)g

where we used

q̂(y − iπ
2 + iε, x) =

1

chg(y − x− iπ
2 + iε)

=
e−i

π
2 g

shg(x− y − iε)

and the fact that function z−1 sh(z) is regular at the point z = 0.
Now we have to use analog of the formulas (2.35) and (3.63) (we post-

pone the proof to the next paper)

lim
γ0→+∞

lim
ε→0

γ
2(1−g)
0 ei(x1+x2−y1−y2)γ0∏
i,k=1,2

(xi − yk − iε)g

=
(2π)2

Γ2(g)
e2πig 1

|x1 − x2|2g
[
δ(x1− y1) δ(x2− y2) + δ(x1− y2) δ(x2− y1)

]
.
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Then we have

lim
ε→0

2∏
k,j=1

(xk − yj − iε)g

shg(xk − yj − iε)
δ(x1 − y1) δ(x2 − y2)

= lim
ε→0

(x1 − y1 − iε)g

shg(x1 − y1 − iε)
(x1 − y2 − iε)g

shg(x1 − y2 − iε)
(x2 − y1 − iε)g

shg(x2 − y1 − iε)

× (x2 − y2 − iε)g

shg(x2 − y2 − iε)
δ(x1 − y1) δ(x2 − y2)

= lim
ε→0

(−iε)g

shg(−iε)
(x1 − x2 − iε)g

shg(x1 − x2 − iε)
(x2 − x1 − iε)g

shg(x2 − x1 − iε)

× (−iε)g

shg(−iε)
δ(x1 − y1) δ(x2 − y2) =

(
x12

shx12

)2g

δ(x1 − y1) δ(x2 − y2).

The second contribution with δ(x1 − y2) δ(x2 − y1) produces the same
coefficient, so that collecting everything together we obtain

〈Φy1,y2 |Φx1,x2
〉 = 2

Γ2(g)

(2π)2

(
x12

shx12

)2g
(2π)2

Γ2(g)

1

|x12|2g

×
[
δ(x1 − y1)δ(x2 − y2) + δ(x1 − y2)δ(x2 − y1)

]
=

2

sh2g|x12|

[
δ(x1 − y1)δ(x2 − y2) + δ(x1 − y2)δ(x2 − y1)

]
.

3.4.4. Eigenfunctions of the operators Q(λ|ω) and Q̂(x|ω). In this sub-
section we repeat the same calculation in the relativistic case. Due to the
relation (3.52) the transition to the dual Q-operator is reduced to change
g → g∗ and renaming of variables x � λ. In this section we shall work
with the eigenfunctions of the operator Q2(λ|ω) (3.38).

Expressions for the eigenfunction and conjugated eigenfunction have the
form

Φρ1,ρ2(x1, x2) =

+∞∫
−∞

dt e
2πi
ω1ω2

ρ1(x1+x2−t) e
2πi
ω1ω2

ρ2tKg∗(x1 − t)Kg∗(x2 − t),
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Φλ1,λ2
(x1, x2)=

+∞∫
−∞

dte−
2πi
ω1ω2

λ1(x1+x2−t)e−
2πi
ω1ω2

λ2tKg∗(x1 − t)Kg∗(x2 − t).

The scalar product is

〈Φλ1,λ2
|Φρ1,ρ2〉 =

+∞∫
−∞

dx1dx2 µg∗(x1, x2) Φλ1,λ2
(x1, x2) Φρ1,ρ2(x1, x2)

=

+∞∫
−∞

dx1dx2 µg∗(x1, x2)

+∞∫
−∞

dt1

+∞∫
−∞

dt2 e
− 2πi
ω1ω2

λ1(x1+x2−t1) e−
2πi
ω1ω2

λ2t1

× e
2πi
ω1ω2

ρ1(x1+x2−t2) e
2πi
ω1ω2

ρ2t2
2∏

i,j=1

Kg∗(xi − tj)

where

µg∗(x1, x2) = S(±ix12)S(±ix12 + g∗).

The x1 , x2-integrals diverge
+∞∫
−∞

dx1dx2 e
2πi
ω1ω2

(ρ1−λ1)(x1+x2) µg∗(x1 , x2)

2∏
i,j=1

Kg∗(xi − tj) ,

so we regularize them adding external point t0 and small ε > 0 in exponent

+∞∫
−∞

dx1dx2 e
2πi
ω1ω2

(ρ1−λ1)(x1+x2) µg∗(x1, x2)

2∏
i,j=1

Kg∗(xi − tj)

= lim
t0→+∞

lim
ε→0

+∞∫
−∞

dx1dx2 µg∗(x1, x2)e−
πg
ω1ω2

(x1−t0)− πg
ω1ω2

(x2−t0)

× e
2π
ω1ω2

ε(x1+x2) e
2πi
ω1ω2

(ρ1−λ1)(x1+x2)
2∏
i=1

2∏
j=0

Kg∗(xi − tj) .

To prove that in the limit t0 → +∞ we reproduce the initial integrand use
the following asymptotic

Kg∗(x1 − t0)Kg∗(x2 − t0)→ e
πg
ω1ω2

(x1−t0)+ πg
ω1ω2

(x2−t0),

t0 → +∞.
(3.64)
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Next we convert the t2-integral back to the function Φρ1,ρ2(x1, x2) and
rearrange exponents

〈Φλ1,λ2
|Φρ1,ρ2〉 = lim

t0→+∞
lim
ε→0

e−
2πi
ω1ω2

(λ1+ i
2 g+iε)t0

+∞∫
−∞

dt1 e
−i(λ2− i

2 g+iε)t1

+∞∫
−∞

dx1dx2 e
2πi
ω1ω2

(λ1− i
2 g+iε)(t1+t0−x1−x2) µg∗(x1, x2)

×
∏
i=1,2

Kg∗(xi − t1)Kg∗(xi − t0) Φρ1,ρ2(x1, x2).

In the last line the x1, x2-integral represents the action of the Q-operator
on the eigenfunction Φρ1,ρ2(x1, x2)

[Q2(λ1 − i
2g + iε|ω)Φρ1,ρ2 ](t1, t0)

=

+∞∫
−∞

dx1dx2 e
2πi
ω1ω2

(λ1− i
2 g+iε)(t1+t0−x1−x2) µg∗(x1, x2)

×
∏
i=1,2

Kg∗(xi − t1)Kg∗(xi − t0)Ψρ1,ρ2(x1, x2)

= 2 q(λ1 − i
2g + iε, ρ1|ω) q(λ1 − i

2g + iε, ρ2|ω) Φρ1,ρ2(t1, t0).

where
q(λ, ρ|ω) =

√
ω1ω2S(g)Kg(λ− ρ)

=

√
ω1ω2 S(g)

S
(
g
2 + i(λ− ρ)

)
S
(
g
2 − i(λ− ρ)

) . (3.65)

In fact we have managed to calculate x1, x2-integrals in explicit form and
it remains to calculate t1, t2-integrals

e−
2πi
ω1ω2

(λ1+ i
2 g+iε)t0

+∞∫
−∞

dt1 e
− 2πi
ω1ω2

(λ2− i
2 g+iε)t1 Φρ1,ρ2(t1, t0)

= e−
2πi
ω1ω2

(λ1+ i
2 g+iε)t0

+∞∫
−∞

dt1 e
− 2πi
ω1ω2

(λ2− i
2 g+iε)t1
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×
+∞∫
−∞

dt2 e
2πi
ω1ω2

ρ1(t1+t0−t2)Kg∗(t1 − t2)Kg∗(t0 − t2) e
2πi
ω1ω2

ρ2t2 .

The t1-integral represents the action of Q-operator on Φρ1(t1) =

e
2πi
ω1ω2

ρ1t1

[Q1(λ2 − i
2g + iε|ω)Φρ1 ](t2)

=

+∞∫
−∞

dt1 e
2πi
ω1ω2

(λ2− i
2 g+iε)(t2−t1)Kg∗(t2 − t1) e

2πi
ω1ω2

ρ1t1

= q(λ2 − i
2g + iε, ρ1|ω) e

2πi
ω1ω2

ρ1t2

After simple rearrangements of the exponents

e−
2πi
ω1ω2

(λ1+λ2−ρ1+2iε)t0

+∞∫
−∞

dt2e
2πi
ω1ω2

(λ2− i
2 g+iε)(t0−t2)Kg∗(t0 − t2)e

2πi
ω1ω2

ρ2t2

we see that the t2-integral also represents the action of the Q-operator on
eigenfunction Φρ2(t2) = e

2πi
ω1ω2

ρ2t2

[Q1(λ2 − i
2g + iε|ω)Φρ2 ](t0)

=

+∞∫
−∞

dt2 e
2πi
ω1ω2

(λ2− i
2 g+iε)(t0−t2)Kg∗(t0 − t2) e

2πi
ω1ω2

ρ2t2

= q(λ2 − i
2g + iε, ρ2|ω) e

2πi
ω1ω2

ρ2t0 .

Collecting everything together and using exact representation for the eigen-
value (3.65) we obtain the following expression for the regularized scalar
product

〈Φλ1,λ2
|Φρ1,ρ2〉 = 2 lim

t0→+∞
lim
ε→0

e−
2πi
ω1ω2

(λ1+λ2−ρ1−ρ2+2iε)t0

×
2∏

k,j=1

q(λk − i
2g
∗ + iε, ρj |ω),
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or explicitly

〈Φλ1,λ2
|Φρ1,ρ2〉 = lim

t0→+∞
lim
ε→0

2 e
2πi
ω1ω2

(ρ1+ρ2−λ1−λ2)t0

×
∏

k,j=1,2

√
ω1ω2S(g)

S (i(λk − ρj + iε) + g)S (i(ρj − λk − iε))

= 2 lim
ε→0

∏
k,j=1,2

√
ω1ω2S(g) (ρj − λk − iε)

S (i(λk − ρj + iε) + g)S (i(ρj − λk − iε))

× lim
t0→+∞

lim
ε→0

e
2πi
ω1ω2

(ρ1+ρ2−λ1−λ2)t0∏
j,k=1,2

(ρj − λk − iε)
.

In the last line we used the fact that function z−1 S2(z) is regular at the
point z = 0 and extracted the singular part arising at coinciding arguments
ρj = λk. Next we use formula (3.63)

lim
t0→+∞

lim
ε→0

e
2πi
ω1ω2

(ρ1+ρ2−λ1−λ2)t0∏
j,k=1,2

(ρj − λk − iε)

=
(2π)2

λ2
12

[
δ(λ1 − ρ1) δ(λ2 − ρ2) + δ(λ1 − ρ2) δ(λ2 − ρ1)

]
and calculate the contribution arising from the first term

lim
ε→0

∏
k,j=1,2

√
ω1ω2S(g)(ρj − λk − iε)

S (i(λk−ρj+iε)+g)S (i(ρj − λk − iε))
δ(λ1 − ρ1) δ(λ2 − ρ2)

=
(ω1ω2)3S2(g)

(2π)2

λ2
12

S (±iλ12 + g)S (±iλ12)
δ(λ1 − ρ1) δ(λ2 − ρ2)

where we used the formula (see Appendix A)

lim
z→0

z−1 S(z) =
2π
√
ω1ω2

.
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The second contribution with δ(λ1 − ρ2) δ(λ2 − ρ1) enters with the same
coefficient so that finally one obtains

〈Φλ1,λ2
|Φρ1,ρ2〉 =

2 (ω1ω2)
3
S2(g)

S (±iλ12 + g)S (±iλ12)

×
[
δ(λ1 − ρ1) δ(λ2 − ρ2) + δ(λ1 − ρ2) δ(λ2 − ρ1)

]
.

The scalar product for the eigenfunctions Φx1,x2
(λ1, λ2|g,ω) of the oper-

ator Q̂(x|ω) is obtained from the previous formula by change g � g∗ and
renaming variables

〈Φx1,x2
|Φy1,y2〉 =

2 (ω1ω2)
3
S2(g∗)

S (±ix12 + g∗)S (±ix12)

×
[
δ(x1 − y1) δ(x2 − y2) + δ(x1 − y2) δ(x2 − y1)

]
.

3.4.5. Orthogonality and completeness. In previous sections we have es-
tablished orthogonality relations for all sets of eigenfunctions. Due to the
duality properties

Ψλ1,λ2
(x1, x2) = Φx1,x2

(λ1, λ2),

Φx1,x2(λ1, λ2|g,ω) = S2(g∗) Φλ1,λ2(x1, x2|g∗,ω).

the completeness relations of these eigenfunctions coincide with orthogo-
nality relations for the dual ones.

Let us list the corresponding formulas in explicit form using the exact
expressions for the measures. We have orthogonality relation for eigenfunc-
tions Ψλ1,λ2(x1, x2) of the operator Q2(λ)

+∞∫
−∞

dx1dx2 sh2g |x1 − x2|Ψλ1,λ2
(x1, x2) Ψρ1,ρ2(x1, x2)

=
22g+1π2

Γ2(g)
Γ

(
g ± iλ12

2

)
Γ

(
± iλ12

2

)
×
[
δ(λ1 − ρ1) δ(λ2 − ρ2) + δ(λ1 − ρ2) δ(λ2 − ρ1)

]
and due to relation Ψλ1,λ2

(x1, x2) = Φx1,x2
(λ1, λ2) it is possible to rewrite

orthogonality relations for the eigenfunctions Φx1,x2
(λ1, λ2) of the operator
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Q̂(x) in terms of functions Ψλ1,λ2(x1, x2). In this way one obtains the
needed completeness relation

+∞∫
−∞

dλ1

2π

dλ2

2π

[21−gΓ(g)]2

Γ
(
g ± i(λ1−λ2)

2

)
Γ
(
± i(λ1−λ2)

2

) Ψλ1,λ2(y1, y2) Ψλ1,λ2(x1, x2)

=
2

sh2g|x1 − x2|

[
δ(x1 − y1) δ(x2 − y2) + δ(x1 − y2) δ(x2 − y1)

]
.

These relations are compatible with each other. To verify it integrate the
first one over ρ1, ρ2 with the eigenfunction Ψρ1,ρ2(y1, y2) and the measure
µ(ρ1, ρ2) from the second relation. Then using the second relation together
with eigenfunction symmetry with respect to variables ρ1, ρ2 and y1, y2 we
obtain obvious statement 4Ψλ1,λ2

(y1, y2) = 4Ψλ1,λ2
(y1, y2).

In relativistic case we have orthogonality relations for the eigenfunctions
Φλ1,λ2

(x1, x2) = Φλ1,λ2
(x1, x2|g∗ ,ω) of the operator Q(λ|ω)

+∞∫
−∞

dx1dx2 S(±ix12)S(±ix12 + g∗) Φλ1,λ2(x1, x2) Φρ1,ρ2(x1, x2)

=
2 (ω1ω2)

3
S2(g)

S (±iλ12 + g)S (±iλ12)

[
δ(λ1−ρ1)δ(λ2 − ρ2)+δ(λ1−ρ2)δ(λ2−ρ1)

]
.

The scalar product for the eigenfunctions Φx1,x2
(λ1, λ2|g,ω) of the oper-

ator Q̂(x|ω) is obtained from the previous formula by change g � g∗ and
renaming variables

+∞∫
−∞

dλ1dλ2 S(±iλ12)S(±iλ12 + g) Φx1,x2
(λ1, λ2) Φy1,y2(λ1, λ2)

=
2 (ω1ω2)

3
S2(g∗)

S (±ix12 + g∗)S (±ix12)

[
δ(x1−y1)δ(x2−y2)+δ(x1−y2)δ(x2−y1)

]
.
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The relation Φx1,x2(λ1, λ2|g,ω) = S2(g∗) Φλ1,λ2(x1, x2|g∗,ω) allows to
rewrite this formula as completeness relation for functions Φλ1,λ2(x1, x2)

+∞∫
−∞

dλ1dλ2 S(±iλ12)S(±iλ12 + g) Φλ1λ2(x1 , x2) Φλ1λ2(y1 , y2)

=
2 (ω1ω2)

3
S2(g)

S (±ix12 + g∗)S (±ix12)

[
δ(x1−y1)δ(x2−y2)+δ(x1−y2)δ(x2−y1)

]
.

Appendix

Appendix A. The double sine function

The double sine function S(z) := S2(z) := S2(z|ω), see [12] and ref-
erences therein, is a meromorphic function that satisfies two functional
relations

S2(z)

S2(z + ω1)
= 2 sin

πz

ω2
,

S2(z)

S2(z + ω2)
= 2 sin

πz

ω1

and inversion relation

S2(z)S2(−z) = −4 sin
πz

ω1
sin

πz

ω2
,

or equivalently
S2(z)S2(ω1 + ω2 − z) = 1.

The function S2(z) has poles at the points

z = mω1 + kω2, m, k > 1

and zeros at
z = −mω1 − kω2, m, k > 0.

For ω1/ω2 6∈ Q all poles and zeros are simple. In the analytic region
Re z ∈ (0,Re (ω1 + ω2)) we have the following integral representation for
the logarithm of S2(z)

lnS2(z) =

∞∫
0

dt

2t

(
sh [(2z − ω1 − ω2)t]

sh(ω1t) sh(ω2t)
− 2z − ω1 − ω2

ω1ω2t

)
.

It is clear from this representation that the double sine function is homo-
geneous

S2(γz|γω1, γω2) = S2(z|ω1, ω2), γ ∈ (0,∞)
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and invariant under permutation of periods

S2(z|ω1, ω2) = S2(z|ω2, ω1).

The double sine function can be expressed through the Barnes double
Gamma function Γ2(z|ω) [1],

S2(z|ω) = Γ2(ω1 + ω2 − z|ω)Γ−1
2 (z|ω),

and its properties follow from the corresponding properties of the dou-
ble Gamma function. It is also connected to the Ruijsenaars hyperbolic
Gamma function G(z|ω) [16]

G(z|ω) = S2

(
ız +

ω1 + ω2

2

∣∣∣ω)
and to the Faddeev quantum dilogarithm γ(z|ω) [4]

γ(z|ω) = S2

(
−ız +

ω1 + ω2

2

∣∣∣ω) exp
( ıπ

2ω1ω2

[
z2 +

ω2
1 + ω2

2

12

])
.

Both G(z|ω) and γ(z|ω) were investigated independently.

A.1. Asymptotics with respect to periods. The asymptotics of dou-
ble sine function as ω2 →∞ [16, Prop III.6]

S2(u|ω) =
√

2π

(
2πω1

ω2

) 1
2−

u
ω1

Γ−1
( u
ω1

){
1 +O(ω−1

2 )
}
. (A.1)

We also use another limiting formula:

lim
ω2→∞

S2(ω2

π u+ h|ω)

S2(ω2

π u+ g|ω)
= (2 sinu)

g−h
ω1 .

It agrees with [16, Prop III.7]:

lim
ω2→0

S2(u+ hω2|ω)

S2(u+ gω2|ω)
=
(

2 sin
πu

ω1

)g−h
(A.2)

due to automorphy property S2(u|ω1, ω2) = S2(λu|λω1, λω2), for λ ∈
(0,∞) one has

S2

(ω2

π
u+ g

∣∣∣ω) = S2

(
u+

g

ω1
· πω1

ω2

∣∣∣π, πω1

ω2

)
.
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A.2. Beta integrals. Here we show that integrals (2.21) and (2.22) can
be obtained by reduction from the higher level beta integral

+∞∫
−∞

dz e
2πixz
ω1ω2

S
(
ω1+ω2

2 + iz + g
2

)
S
(
ω1+ω2

2 + iz − g
2

) =

√
ω1ω2 S(g)

S
(
g
2 + ix

)
S
(
g
2 − ix

) . (A.3)

The first reduction: we substitute g → ω2g and x→ ω2x and then send
ω2 → 0 using in the left hand side the following formula obtained from
(A.2)

S
(
ω1+ω2

2 + iz + gω2

2

)
S
(
ω1+ω2

2 + iz − gω2

2

) → 1

2g cosg
(
iπz
ω1

) . (A.4)

In the right hand side we need the following asymptotic for ω2 → 0

S (xω2)→

√
2π
(

2πω2

ω1

) 1
2−x

Γ(x)
.

To derive the last formula we use the following relation which can be get
from integral representation of the double sine function(see (A.1))

lim
ω2→∞

√
2π

(
2πω1

ω2

) 1
2−

x
ω1

S−1
2 (x|ω1, ω2) = Γ

(
z

ω1

)
. (A.5)

We use the modular property

S2(xω2|ω1, ω2) = S2 (x|ω1/ω2, 1) = S2 (x|1, ω1/ω2)

and after that we are ready to apply (A.5) but now the role of ω1 in (A.5)
plays ω1 → 1 and the role of ω2 in (A.5) plays ω2 → ω1/ω2.

Performing needed reductions (A.4) in the left hand side and (A.5) in
the right hand side of (A.3) we obtain

+∞∫
−∞

dz e
2πixz
ω1

1

2g cosg
(
iπz
ω1

)

=

√
ω1ω2

√
2π
(

2πω2
ω1

) 1
2
−g

Γ(g)

√
2π
(

2πω2
ω1

) 1
2
− g

2
−ix

Γ( g2 +ix)

√
2π
(

2πω2
ω1

) 1
2
− g

2
+ix

Γ( g2−ix)

=
ω1

2π

Γ( g2 − ix)Γ( g2 + ix)

Γ(g)
.
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Next we rescale z → ω1

π z and x→ x
2 and obtain relation

+∞∫
−∞

dz eixz
1

2gchgz
=

1

2

Γ( g2 −
ix
2 )Γ( g2 + ix

2 )

Γ(g)

which coincides exactly with (2.21).
The second reduction: first of all we switch to the dual coupling constant

g → g∗ = ω1 + ω2 − g in (A.3)

+∞∫
−∞

dze
2πixz
ω1ω2

S
(
ω1 + ω2 + iz − g

2

)
S
(
iz + g

2

) =

√
ω1ω2 S(ω1 + ω2 − g)

S
(
ω1+ω2

2 − g
2 +ix

)
S
(
ω1+ω2

2 − g
2−ix

)
(A.6)

then rescale g → gω2 and z → zω2 and transform integrand in a following
way

S
(
ω1 + ω2(1 + iz − g

2 )
)

S
(
ω2(iz + g

2 )
) =

1

2 sinπ(1 + iz − g
2 )

S
(
ω2(1 + iz − g

2 )
)

S
(
ω2(iz + g

2 )
)

ω2→0−−−−→ 1

2 sinπ(1 + iz − g
2 )

√
2π
(

2πω2
ω1

) 1
2
−(1+iz− g

2
)

Γ(1+iz− g2 )

√
2π
(

2πω2
ω1

) 1
2
−(iz+

g
2
)

Γ(iz+ g
2 )

=
1

2 sinπ(1 + iz − g
2 )

Γ(iz + g
2 )

Γ(1 + iz − g
2 )

(
2πω2

ω1

)g−1

=
1

2π
Γ
(g

2
+ iz

)
Γ
(g

2
− iz

) (2πω2

ω1

)g−1

.
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In the right hand side we have
√
ω1ω2 S(ω1 + ω2(1− g))

S
(
ω1+ω2

2 − gω2

2 + ix
)
S
(
ω1+ω2

2 − gω2

2 − ix
)

=

√
ω1ω2 S(ω2(1− g))

2 sinπ(1− g)

S
(
ω1+ω2

2 + gω2

2 + ix
)

S
(
ω1+ω2

2 − gω2

2 + ix
)

ω2→0−−−−→
√
ω1ω2

√
2π
(

2πω2
ω1

) 1
2
−(1−g)

Γ(1−g)

2 sinπ(1− g)

1

2g cosg( iπxω1
)

=

(
2πω2

ω1

)g−1
ω2Γ(g)

2g cosg( iπxω1
)
.

Factor
(

2πω2

ω1

)g−1

appears in both sides of our relations and the same with
factor ω2 (it appears in integral due to the change of variables z → zω2)
so that both factors can be cancelled and we obtain

+∞∫
−∞

dz e
2πixz
ω1

1

2π
Γ
(g

2
+ iz

)
Γ
(g

2
− iz

)
=

Γ(g)

2g cosg( iπxω1
)
.

This relation is reduced to the (2.22) by z → z
2 and x→ ω1x

π .
Finally, we have checked that integral (A.3) reproduced in appropriate

limits all integral relations (2.21) and (2.22).

A.3. Asymptotics for large argument. Let us consider asymptotic of
needed functions for large arguments. The key formula is

S(z|ω)→ e±
iπ
2 B2,2(z|ω)

for ± Im(z) > 0 and |z| → ∞. The polynomial B2,2(z|ω) is given by the
formula

B2,2(z|ω) =
z2

ω1ω2
− ω1 + ω2

ω1ω2
z +

ω2
1 + 3ω1ω2 + ω2

2

6ω1ω2
.

We have for λ→ ±∞

Kg(λ) =
S
(
ω1 + ω2 + iλ− g

2

)
S
(
iλ+ g

2

)
→ e±

iπ
2 (B2,2(ω1+ω2+iλ− g2 |ω1,ω2)−B2,2(iλ+ g

2 |ω1,ω2)) = e±
2πi
ω1ω2

λ ig∗
2

where g∗ = ω1 + ω2 − g.
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The leading asymptotic of K̂(γ−µ) for µ→ +∞ has the following form

K̂(γ − µ) =
Γ
(
g+i(γ−µ)

2

)
Γ
(
g−i(γ−µ)

2

)
21−gΓ(g)

→ 2πi e−
iπg
2

21−gΓ(g)

(
iµ

2

)g−1

e
π
2 (γ−µ) =

2π

Γ(g)
µg−1 e

π
2 (γ−µ). (A.7)

To derive this asymptotic we start from useful textbook formula

Γ(Λ + a)

Γ(Λ + b)

Λ→∞−−−−→ Λa−b.

To derive needed asymptotic we shall use reflection formula also

Γ

(
iµ

2
+ a

)
Γ

(
− iµ

2
+ b

)
=

Γ( iµ2 + a)

Γ( iµ2 + 1− b)
π

sinπ(b− iµ
2 )

→
(
iµ

2

)a+b−1

2πi e−
µπ
2 e−iπb.

In our case a = g−iλ
2 and b = g−iλ

2 so that we obtain (A.7).

Appendix B. Commutativity of Q-operators

Let us formulate the relation of commutativity of Q-operators as some
integral relation which we have to prove. The Q-operator is the integral
operator

[Q(u)Ψ](x1 . . . xn)

=

+∞∫
−∞

n∏
i=1

dti
∏
i<k

sh2g(ti − tk)
e
iu

n∑
i=1

(xi−ti)

n∏
i,k=1

chg(xi − tk)
Ψ(t1 . . . tn)

We shall rewrite all in new variables and the reason is very simple: it seems
that work with usual rational functions instead of hyperbolic functions is
simpler but of course it is just matter of habit. We have for x = ln z1 and
y = ln z2

ch(x− y)=
ex−y + ey−x

2
=
z2

1 + z2
2

2z1z2
, sh(x− y)=

ex−y − ey−x

2
=
z2

1 − z2
2

2z1z2
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so that for rationalization of our integral we perform the change of variables

xk = ln
√
zk, tk = ln

√
sk, dtk =

dsk
2sk

and switch to new function Ψ(ln
√
s1 . . . ln

√
sn) = Φ(s1 . . . sn)

[Q(u)Φ](z1 . . . zn) =

+∞∫
0

n∏
k=1

dsk
2sk

∏
i<k

(
si − sk
2
√
sisk

)2g

×
n∏
i=1

z
iu
2
i

s
iu
2
i

n∏
i,k=1

(
2
√
zisk

)g
(zi + sk)g

Φ(s1 . . . sn)

=2n(g−1)
n∏
i=1

z
iu+gn

2
i

+∞∫
0

n∏
k=1

dsk s
g−1− iu+ng2

k

∏
i<k

(si − sk)
2g

n∏
i,k=1

(zi + sk)g
Φ(s1 . . . sn).

We are going to consider the commutativity relationQ(u)Q(v) = Q(v)Q(u)
as integral relation for the kernels of Q-operators. We have

[Q(u)Q(v)Φ](z1 . . . zn) = 2n(g−1)
n∏
i=1

z
iu+gn

2
i

+∞∫
0

n∏
k=1

dsk s
g−1− iu+ng2

k

×

∏
i<k

(si − sk)
2g

n∏
i,k=1

(zi + sk)g
2n(g−1)

n∏
i=1

s
iv+gn

2
i

+∞∫
0

n∏
k=1

dtk t
g−1− iv+ng2

k

×

∏
i<k

(ti − tk)
2g

n∏
i,k=1

(si + tk)g
Φ(t1 . . . tn)

= 22n(g−1)
n∏
i=1

z
iu+gn

2
i

+∞∫
0

n∏
k=1

dsk s
g−1−iu−v2

k

∏
i<k

(si − sk)
2g

n∏
i,k=1

(zi + sk)g(ti + sk)g
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×
+∞∫
0

n∏
k=1

dtk t
g−1− iv+ng2

k

∏
i<k

(ti − tk)
2g

Φ(t1 . . . tn)

so that the commutativity relation Q(u)Q(v) = Q(v)Q(u) is equivalent
to the following integral relation

n∏
i=1

z
iu−v2
i

+∞∫
0

n∏
i=1

dsk s
g−1−iu−v2

k

∏
i<k

(si − sk)
2g

n∏
i,k=1

(zi + sk)g(ti + sk)g

=

n∏
k=1

t
i v−u2
k

+∞∫
0

n∏
i=1

dsk s
g−1−i v−u2
k

∏
i<k

(si − sk)
2g

n∏
i,k=1

(zi + sk)g(ti + sk)g
.

Let us use notation λ = u−v
2 for simplicity so that main relation has the

form

(z1 · · · zn)
iλ

+∞∫
0

n∏
i=1

dsk s
g−1−iλ
k

∏
i<k

(si − sk)
2g

n∏
i,k=1

(zi + sk)g(ti + sk)g

= (t1 · · · tn)
−iλ

+∞∫
0

n∏
i=1

dsk s
g−1+iλ
k

∏
i<k

(si − sk)
2g

n∏
i,k=1

(zi + sk)g(ti + sk)g
.

B.1. n = 1 and arbitrary g. Of course it is natural to start from the
simplest case n = 1 and to check everything

ziλ
+∞∫
0

ds sg−1−iλ 1

(z + s)g(t+ s)g
= t−iλ

+∞∫
0

ds sg−1+iλ 1

(z + s)g(t+ s)g
.

(B.1)
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Here main steps are more or less evident – we should use inversion s→ 1
s

and dilatation s→ s
tz

ziλ
+∞∫
0

ds sg−1−iλ 1

(z + s)g(t+ s)g
=ziλ

+∞∫
0

ds

s2
s−g+1+iλ s2g

(sz + 1)g(st+ 1)g

= ziλ
+∞∫
0

ds sg−1+iλ 1

(sz + 1)g(st+ 1)g

= ziλ (zt)−g−iλ
+∞∫
0

ds sg−1+iλ (zt)g

(s+ t)g(s+ z)g

= t−iλ
+∞∫
0

ds sg−1+iλ 1

(z + s)g(t+ s)g
.

B.2. g = 1 and arbitrary n. Now we are going to reformulate everything
in some determinant form. To do that we use Cauchy determinant identity
(zkj = zk − zj and so on )∏

k<j

zkj skj

n∏
k,j=1

(zi + sk)
= det

(
1

zi + sk

)
,

∏
k<j

tkj skj

n∏
k,j=1

(ti + sk)
= det

(
1

ti + sk

)

and rewrite the main relation in a very suggestive form

(z1 · · · zn)
iλ

+∞∫
0

n∏
i=1

dsk s
g−1−iλ
k

(
det

(
1

zi + sk

)
det

(
1

ti + sk

))g

= (t1 · · · tn)
−iλ

+∞∫
0

n∏
i=1

dsk s
g−1+iλ
k

(
det

(
1

zi + sk

)
det

(
1

ti + sk

))g
.

In the case g = 1 this reformulation in fact solves the problem. Now it is
possible to convert each n-fold integral to the determinant of the matrix
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constructed from the one dimensional integrals

+∞∫
0

n∏
i=1

dsk s
−iλ
k det

(
1

zi + sk

)
det

(
1

ti + sk

)

= n! det

 +∞∫
0

ds s−iλ
1

(zi + s)(s+ tk)


and then everything is reduced to the n = 1 case. Indeed we have

(z1 · · · zn)
iλ

+∞∫
0

n∏
i=1

dsk s
−iλ
k det

(
1

zi + sk

)
det

(
1

ti + sk

)

= n! det

 +∞∫
0

ds s−iλ
ziλi

(zi + s)(s+ tk)


= n! det

 +∞∫
0

ds siλ
t−λk

(zi + s)(s+ tk)


= (t1 · · · tn)

−iλ
+∞∫
0

n∏
i=1

dsk s
iλ
k det

(
1

zi + sk

)
det

(
1

ti + sk

)
where we used the identity (B.1) for one-dimensional integrals (for g = 1)

+∞∫
0

ds s−iλ
ziλi

(zi + s)(s+ tk)
=

+∞∫
0

ds siλ
t−iλk

(zi + s)(s+ tk)
.

Appendix C. Delta-sequence

We are going to show that in the sense of distributions the following
identity holds

lim
λ→∞

lim
ε→0+

e
iλ

n∑
a=1

(xa−ya)

n∏
a,b=1

(xa − yb − iε)
=

(−1)
n(n−1)

2 (2πi)nn!
n∏
a<b

(xa − xb)2
δ
(
xn,yn

)
, (C.1)



BAXTER Q-OPERATORS 117

where

δ
(
xn,yn

)
=

1

n!

∑
w∈Sn

n∏
k=1

δ(xk − yw(k)).

This identity is written in a compact formal way and should be understood
in the following sense: for any test function f(x1, . . . , xn) we have

lim
λ→∞

lim
ε→0+

∫
dx1 · · · dxn

n∏
a<b

(xa − xb)2 f(x1, . . . , xn)
e
iλ

n∑
a=1

(xa−ya)

n∏
a,b=1

(xa − yb − iε)

= (−1)
n(n−1)

2 (2πi)n
∑
w∈Sn

f
(
yw(1), . . . , yw(n)

)
. (C.2)

First of all we are going to prove the equivalent identity

lim
λ→∞

lim
ε→0+

e
iλ

n∑
a=1

(xa−ya)

n∏
a<b

(xa − xb) (yb − ya)

n∏
a,b=1

(xa − yb − iε)

= (2πi)n
∑
w∈Sn

(−1)s(w)
n∏
k=1

δ(xk − yw(k)) (C.3)

where s(w) is the sign of the permutation w. Let us start from the simplest
example n = 1. We have to prove that

lim
λ→∞

lim
ε→0+

eiλ(x−y)

(x− y − iε)
= 2πi δ(x− y),

or equivalently

lim
λ→∞

lim
ε→0+

∫
R

f(x)
eiλ(x−y)

x− y − iε
dx = 2πi f(y).

First of all we transform integral with the test function. We divide integral
on two parts: the first integral can be calculated by residues and due to
cancelation of singularity at x = y it is possible to put ε→ 0 in the second
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part∫
R

f(x)
eiλ(x−y)

x− y − iε
dx=f(y)

∫
R

eiλ(x−y)

x− y − iε
dx+

∫
R

f(x)− f(y)

x− y − iε
eiλ(x−y) dx

=2πif(y)e−ελ+

∫
R

f(x)− f(y)

x− y − iε
eiλ(x−y) dx

ε→0−−−→ 2πif(y)+

∫
R

f(x)− f(y)

x− y
Lix−iy dx.

Due to the Riemann–Lebesgue lemma the second contribution tends to
zero in the limit L→∞ so that we obtain after removing ε-regularization
and λ→∞

lim
λ→∞

lim
ε→0+

∫
R

f(x)
eiλ(x−y)

x− y − iε
dx = 2πi f(y).

The whole consideration in the case n = 2 is almost identical to the case
of general n. We have to prove the following relation

lim
λ→∞

lim
ε→0+

eiλ(x1+x2−y1−y2) x12 y21

2∏
a,b=1

(xa − yb − iε)

= (2πi)2
[
δ(x1 − y1) δ(x2 − y2)− δ(x1 − y2) δ(x2 − y1)

]
.

First of all we use Cauchy determinant identity
x12 y21

2∏
a,b=1

(xa − yb − iε)

=
1

(x1 − y1 − iε) (x2 − y2 − iε)
− 1

(x1 − y2 − iε) (x2 − y1 − iε)
. (C.4)

Let us consider the convolution of the first term with the test function∫
dx1 dx2 f(x1, x2)

eiλ(x1+x2−y1−y2)

(x1 − y1 − iε) (x2 − y2 − iε)
and introduce two commuting operators X1 and X2 acting on the test
function

X1f(x1 , x2) = f(y1 , x2), X2f(x1 , x2) = f(x1 , y2).
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As a consequence of evident identity

1 = (1−X1 +X1)(1−X2 +X2)

= (1−X1)(1−X2) +X1(1−X2) +X2(1−X1) +X1X2

and explicit formulas

X1(1−X2)f(x1 , x2) = f(y1 , x2)− f(y1 , y2) ;

X2(1−X1)f(x1 , x2) = f(x1 , y2)− f(y1 , y2) ;

(1−X1)(1−X2)f(x1 , x2) = (1−X1) [f(x1 , x2)− f(x1 , y2)]

= f(x1 , x2)− f(x1 , y2)− f(y1 , x2) + f(y1 , y2)

we obtain the following useful representation for the function f(x1 , x2)

f(x1 , x2) = f(y1 , y2) + [f(y1 , x2)− f(y1 , y2)] + [f(x1 , y2)− f(y1 , y2)]

+ [f(x1 , x2)− f(x1 , y2)− f(y1 , x2) + f(y1 , y2)] .

Note that the first term does not depend on x1 and x2, second term does
not depend on x1 and is equal to zero at the point x2 = y2, third term
does not depend on x2 and is equal to zero at the point x1 = y1. The
Taylor expansion of the last term in vicinity of the point x1 = y1 , x2 = y2

started from the contribution ∼ (x1−y1)(x2−y2) because it turns to zero
at points x1 = y1 and x2 = y2 independently. In the first three terms the
corresponding integrals can be calculated by residues and we obtain∫

dx1 dx2
f(x1 , x2) eiλ(x1+x2−y1−y2)

(x1 − y1 − iε) (x2 − y2 − iε)

= f(y1 , y2) (2πi)2 e−2ελ + 2πi e−ελ
∫
dx2

[f(y1 , x2)− f(y1 , y2)] eiλ(x2−y2)

x2 − y2 − iε

+ 2πi e−ελ
∫
dx1

[f(x1 , y2)− f(y1 , y2)] eiλ(x1−y1)

x1 − y1 − iε

+

∫
dx1 dx2

[f(x1 , x2)− f(x1 , y2)− f(y1 , x2) + f(y1 , y2)] eiλ(x1+x2−y1−y2)

(x1 − y1 − iε) (x2 − y2 − iε)
.

Inside of remaining integrals all singularities of integrand are cancelled
so that it is possible to perform the limit ε → 0. Due to the Riemann–
Lebesgue lemma all contributions with integrals tend to zero in the limit
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λ→∞ and we have after removing ε-regularization and λ→∞

lim
λ→∞

lim
ε→0+

∫
dx1 dx2

f(x1 , x2) eiλ(x1+x2−y1−y2)

(x1 − y1 − iε) (x2 − y2 − iε)
= (2πi)2 f(y1 , y2).

The second term in (C.4) is obtained by y1 � y2 so that finally one obtains
the stated result

lim
λ→∞

lim
ε→0+

∫
dx1 dx2

f(x1 , x2) eiλ(x1+x2−y1−y2)x12y21

(x1 − y1 − iε) (x1 − y2 − iε) (x2 − y1 − iε) (x2 − y2 − iε)

= (2πi)2 [f(y1 , y2)− f(y2 , y1)] .

It is evident that the symmetric part of the function f(x1, x2) does not
contribute so that the nontrivial contribution is due to antisymmetric part
of the function f(x1, x2). Antisymmetric part of the test function f(x1, x2)
should be zero at x1 = x2 and without loss of generality it is possible to
use representation f(x1, x2) = (x1 − x2)φ(x1, x2), where φ(x1, x2) can
be generic because antisymmetric part of the function φ(x1, x2) does not
contribute. Finally one obtains the formula (C.2) in the case n = 2

lim
λ→∞

lim
ε→0+

∫
dx1 dx2

x212 φ(x1 , x2) e
iλ(x1+x2−y1−y2)

(x1 − y1 − iε) (x1 − y2 − iε) (x2 − y1 − iε) (x2 − y2 − iε)

= (2πi)2 [φ(y1 , y2) + φ(y2 , y1)] .

In general case we again use Cauchy determinant identity in the form∏
k<j

xkj yjk

n∏
k,j=1

(xk − yj − iε)
= det

(
1

xk − yj − iε

)

=
∑
σ∈Sn

(−1)s(σ)
n∏
k=1

1

xk − yσ(k) − iε
.

In analogy with n = 2 we shall prove that

lim
λ→∞

lim
ε→0+

∫
dx1 · · · dxn

f(x1, . . . , xn)e
iλ
∑
k

(xk−yk)∏
k

(xk − yk − iε)
=(2πi)n f(y1, . . . , yn)

and then use the same identity with evident permutations. We introduce
the natural generalization of the operators Xk

Xkf(x1, . . . , xk, . . . , xn) = f(x1, . . . , yk, . . . , xn)
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and the main expansion

1 =

N∏
k=1

(1−Xk +Xk) =

N∏
k=1

(1−Xk)

+
∑
k=1

Xk

N∏
i 6=k

(1−Xi) +
∑
k,p=1

XkXp

N∏
i 6=k,p

(1−Xi) + . . .+

N∏
k=1

Xk.

Due to the Riemann–Lebesgue lemma all contributions containing∏
i

(1−Xi) f(x1, . . . , xn) in integrand are regular at corresponding points so

that corresponding integrals tend to zero in the limit L→∞. In the needed

limit only one term
n∏
k=1

Xk survives and produce (2πi)n f(y1, . . . , yn) in the

full anagoly with the case n = 2. Then for the whole sum we obtain

lim
λ→∞

lim
ε→0+

∫
dx1 · · · dxn f(x1, . . . , xn)

∏
k<j

xkj yjk e
iλ

n∑
a=1

(xa−ya)

n∏
a,b=1

(xa − yb − iε)

= (−1)
n(n−1)

2 (2πi)n
∑
w∈Sn

(−1)s(w) f
(
yw(1), . . . , yw(n)

)
(C.5)

and this identity is equivalent to (C.3). Next step is very similar to the
case n = 2. Indeed, only the antisymmetric part of the test function
f(x1, . . . , xn) give nontrivial contribution so that without loss of gener-
ality it is possible to use the following representation for the test func-
tion f(x1, . . . , xn) = ∆(x1, . . . , xn)φ(x1, . . . , xn), where ∆(x1, . . . , xn) =∏
k<j

xkj . We have evident relation

∆
(
xw(1), . . . , xw(n)

)
= (−1)s(w) ∆

(
x1, . . . , xn

)



122 N. BELOUSOV, S. DERKACHOV, S. KHARCHEV, S. KHOROSHKIN

and as consequence one obtains (C.2)

lim
λ→∞

lim
ε→0+

∫
dx1 · · · dxn φ(x1, . . . , xn)

∏
k<j

x2
kj e

iλ
n∑
a=1

(xa−ya)

n∏
a,b=1

(xa − yb − iε)

= (−1)
n(n−1)

2 (2πi)n
∑
w∈Sn

φ
(
yw(1), . . . , yw(n)

)
.
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