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Abstract. We perform the canonical analysis of an action l =
0, . . . , N , n = −N, . . . ,−l, l, . . . , N , in which 2+1-dimensional grav-
ity with a negative cosmological constant is coupled to a cylindrically
symmetric dust shell. The resulting phase space is finite dimensional
having geometry of SO(2, 2) group manifold. Representing the Pois-
son brackets by commutators results in the algebra of observables
which is a quantum double D(SL(2)q). Deformation parameter q is
real when the total energy of the system is below the threshold of
a black hole formation, and a root of unity when it is above. Inside
the black hole the spectra of the shell radius and time operator are
discrete and take on a finite set of values. The Hilbert space of the
black hole is thus finite-dimensional.

§1. Introduction

One of the key questions about black hole evolution is whether the pro-
cess of its formation and subsequent evaporation is unitary or not. Classical
results predict loss of unitarity, on the other hand in [1] it was shown that
with certain assumptions about the wavefunction unitarity could be re-
stored. The analysis of the above work was done at the semiclassical level,
where quantum fields evolve at a classical spacetime background.

This is not the only way to proceed in the absence of the full theory
of gravity. One can consider symmetry reduced models, which contain
only finite number of degrees of freedom, but can nevertheless describe
the full process of black hole formation and subsequent evaporation. For
such models full quantum theory can be constructed. This was done for
spherically symmetric dust shell, coupled to gravity [2]. However, because
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of the complexity of the model, some approximations had to be used. This
model becomes simpler in 2+1 spacetime dimensions [3].

In our previous paper [5], the dynamics of a dust shell near the Bañados–
Teitelboim–Zanelli black hole [4] horizon was considered. In that region,
one can use approximation of small translations, and the momenta non-
commutativity could be neglected. This allowed us to study dynamics using
representations of classical groups. Transition amplitudes between different
regions of the Penrose diagram near horizon were found. Nevertheless the
conclusion was made that this information is not sufficient to describe
the evolution of a black hole in full. Classically, for a large black hole, a
collapsing shell continue to move towards the central singularity. To get
the full picture, one needs to know what happens in the depth of a black
hole where quasi-classical approximation is not valid.

If we want to explore the interior of the black hole in depth, in particular
to study what happens near singularity, the approximation used in [5] is
no longer valid. The momentum space becomes non-commutative, and in
that regime we have the full-fledged quantum group structure.

In Sec. 2, we sketch the derivation of Poisson–Lie structure from gravity
action. The momentum space is given by SL(2) group manifold, coordinate
space by translations in ADS3, and Poisson brackets by canonical Drinfeld
r-matrix.

In Sec. 3, we describe the result of quantization of Poisson–Lie structure
of the previous section - quantum double D(SL(2)q) and its real forms.
It turns out that both real forms D(SU(1, 1)q), q∗ = q and D(SL(2)q),
q∗ = q−1 are realized in this model, depending on the overall energy of the
shell.

In Sec. 4, we find the spectra of the time operator and the shell radius
inside the black hole. The spectra of both operators turn out to be both
discrete and bounded, and the Hilbert space of a black hole is thus finite-
dimensional.

Few open problems like calculation of transition amplitudes between
the states found and application of this model to black hole entropy exp-
lanation are discussed.

§2. Symplectic form and classical r-matrix

We start with describing 2+1-dimensional gravity action with negative
cosmological constant, Λ < 0, coupled to circular dust shell. The basic
variable is SO(2,2)-connection AABµ , where A,B = 0..3. This connection
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contains both: the triad A3a
µ = eaµ/l, where l = 1/

√
|Λ|, and the Lorentzian

connectionAabµ = ωabµ , where a, b = 0..2. The total action consists of gravity
action in the Chern-Simons form and the shell action

S =
l

8π

∫
M

d3xεµνρ
〈
Aµ,

(
∂νAρ +

2

3
AνAρ

)〉
+ Sshell, (1)

where Aµ = ΓABA
AB
µ is so(2, 2) connection, ΓAB are generators of so(2, 2),

and 〈 , 〉 is a antidiagonal bilinear form on so(2, 2) algebra, such that
〈ΓAB ,ΓCD〉 = εABCD, the Newton constant G is taken to be 1. The shell is
discretized (represented as an ensemble of N circularly arranged particles)

Sshell =

N∑
i

∫
li

Tr (KiAµ)dxµ, (2)

where li is i-th particle worldline and Ki = miΓ03 – a fixed element of
so(2,2)-algebra, corresponding to time translations, mi is the mass of ith
particle.

The symplectic form for particles composing the shell was derived in [5],
the derivation closely followed [6], and the result was:

Ωi = 〈δhih−1
i ,∧u−1

i δui〉, (3)

where hi is an SO(2,2) transport from the reference point to the i-th par-
ticle and ui is a holonomy around i-th particle originated at the same
reference point, ui = h−1

i exp(πlmiH)hi, where H = Γ12 is the spatial
rotation generator, and mi is the mass of i-th particle. In terms of hi it
could be rewritten as

Ωi = 〈exp(−πlmiH)h−1
i δhi exp(πlmiH),∧h−1

i δhi〉. (4)

The symplectic form of the full shell was obtained by composition of
holonomies of the constituents, u =

∏
i ui

Ωshell =
∑
i

Ωi = 〈δhh−1,∧u−1δu〉. (5)

Here h = h0 and u = h−1 exp(πlMH)h, M is the total energy of the shell
and H = Γ12 when M < 1, i.e., the shell collapses to a point particle, and
H = Γ01 when M > 1, i.e., the shell collapses to Bañados–Teitelboim–
Zanelli black hole. In other words H is a Lorentz generator which leaves
the singularity worldline stable.
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One can show that so(2, 2)-algebra is a classical Drinfeld double D((2))
[7–9]. It consists of Lorentz transformations generated by Ja = εabcΓab and
translations generated by Pa = 1/lΓa3. Commutation relations between
them are [Ja, Jb] = εabcJc, [P a, Jb] = εabcPc [P a, P b] = ΛεabcJc. One can
see that translations do not form a subalgebra. One can choose a different
basis in which Lorentz transformations and (modified) translations both
form subalgebras:

x0 = 2iJ1, x1 = −J0 + iJ2, x2 = J0 + iJ2.

X0 =
1

2
iP1, X1 =

1

2
(P0 + iP2) +

Λ

2
x2, X1 =

1

2
(−P0 + iP2)− Λ

2
x1,

with possible exchange J1, P1 � J0, P0. As before, Lorentz transformations
form (2) subalgebra :

[x0, x1] = 2x1, [x0, x2] = −2x2, [x1, x2] = x0.

Modified translations now also form a subalgebra

[X0, X1] =
Λ

2
X1, [X0, X2] = −Λ

2
X2, [X1, X2] = 0,

which is a sum of two Borel subalgebras of (2), B+ ⊕ B− with diagonal
elements identified. Cross commutation relations between new translations
and Lorentz transformations

[x0, X0] = 0, [x0, X1] = x2 +
Λ

2
X1, [x0, X2] = −x1 +

Λ

2
X2,

[x1, X0] = 2x1, [x1, X1] = −2x0 − Λ

2
X0, [x1, X2] = 0,

[x2, X0] = −2x2, [x2, X1] = 0, [x2, X2] = 2x0 − Λ

2
X0.

It leaves Ad-invariant the following bilinear form:

〈xa, Xb〉 = δba, 〈xa, xb〉 = 0, 〈Xa, X
b〉 = 0. (6)

This algebra is the classical Drinfeld double D((2)).
This can be promoted to a Lie bialgebra with cocommutator given by

δD(Y ) = [Y ⊗ 1 + 1⊗ Y, r], ∀Y ∈ {xa, Xa}, (7)

where
r =

∑
a

Xa ⊗ xa (8)
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is the classical r-matrix. It automatiacally satisfies the classical Yang–
Baxter equation. Cocommutator depends on its skew symmetric part,

r′ =
∑
a

Xa ∧ xa. (9)

In terms of the initial generators, Ja, P a it can be rewritten as

r′ = (Λ)J0 ∧ J2 +−P0 ∧ J0 + P1 ∧ J1 + P2 ∧ J2. (10)

Here the first term is the skew symmetric part of sl(2) r-matrix and the
second term is what survives Λ→ 0 limit.

This Lie bialgebra structure can be related to Poisson–Lie structure on
the phase space obtained from symplectic form (5).

Decompose h = hLhT , where hL = exp(αax
a) – Lorentz transform and

hT = exp(βaX
a) – modified translation which is a subgroup. Substituting

this into (5) one obtains:

Ωshell = 〈δhTh−1
T ,∧u−1

L δuL〉 = 〈δhTh−1
T ,∧h−1

L e−KδhLh
−1
L eKhL〉.

From this one derives the following Poisson brackets

{hT ,⊗UL} = (1⊗ UL)r(hT ⊗ 1), (11)

with r-matrix given by (8). The infinitesimal version of this Poisson–Lie
group is D(sl(2)) Lie bialgebra, and its quantization results in quantum
double D(SLq(2)) with q = exp(−π

√
|Λ|~) or q = exp(iπ

√
|Λ|~).

§3. Quantum double and *-relations.

Quantum double D(SLq(2)) is a unity of quantum universal enveloping
algebra, Uq(sl(2)), and its dual, quantized algebra of functions on a group,
Fun(SLq(2)), with cross commutation relations between the two.

Coordinate space is the algebra of deformed translations in ADS3 space:
Uq(sl(2)): X±, qH ,

qH/2X±q
−H/2 = q±1X±, [X+, X−] =

qH − q−H

q − q−1
. (12)

It contains a central element, quadratic Casimir:

C2 = X+X− +

(
q

1
2 (H−1) − q− 1

2 (H−1)

q − q−1

)2

.

Geometrically, it has a meaning of invariant distance in ADS3 and can be
identified with the shell radius.
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Momentum space is an SLq(2) holonomy around the shell:

u =

(
a b
c d

)
.

It is represented by non-commutative algebra Fun (SLq(2)): a, b, c, d, ad−
qbc = 1,

ab = qba, ac = qca, bd = qdb, cd = qdc, (13)

bc = cb, ad− da = (q − q−1)bc.

Cross commutation relations between Uq(sl(2)) and Fun(SLq(2)) in the
case when Uq(sl(2)) acts on Fun(SLq(2)) as left-invariant derivative are

qH
L

a = q−1aqH
L

, qH
L

b = qbqH
L

, XL
−a = q1/2aXL

−,

XL
+b = q−1/2bXL

+, XL
+a = q1/2aXL

+ + q−1/2bqH
L/2,

XL
−b = q−1/2bXL

− + q1/2aqH
L/2,

plus relations obtained by replacement a↔ c,b↔ d.
When Uq(sl(2)) acts on Fun(SLq(2)) as right-invariant derivative the

cross commutation relations are

qH
R

a = q−1aqH
R

, qH
R

b = q−1cqH
R

,

XR
−a = q1/2aXR

− , XR
+c = q−1/2cXR

+

XR
+a = q1/2aXR

+ + q−1/2cqH
R/2, XR

−c = q−1/2cXR
− + q1/2aqH

R/2,

plus relations obtained by replacement a↔ b,c↔ d.
The above commutation relations hold both for SL(2) and for SU(1, 1)

case. The difference between the two is in *-relations (real forms).
Depending on the total energy the shell collapses either to point particle

with trajectory along P0, or to BTZ black hole with trajectory along P1. In
the case of point particle the singularity is timelike. The symplectic form
looks like:

Ωshell = 〈eiJ0δhh−1eiπ
√
|Λ|J0 ,∧δhh−1〉. (14)

the role of H in (12) is played by iP0. This is D(SUq(1, 1))-case with the
following *-relations: D(SUq(1, 1))-case, H = iP0, q-real

a∗ = d, b∗ = qc, H∗ = H, X∗± = X∓, q∗ = q.

Here q is real.
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In the case of BTZ black hole the singularity is spacelike. The symplectic
form looks like:

Ωshell = 〈eiJ1δhh−1eiπ
√
|Λ|J1 ,∧δhh−1〉. (15)

he role of H in (12) is played by iP1. This is D(SLq(2))-case with the
following *-relations:

a∗ = a, b∗ = b, H∗ = −H, X∗± = −X±, q∗ = q−1.

Here q is a root of unity.

§4. Representations and spectra

Following the previous work [3, 5] we shall try to construct momentum
representation of the above algebra.

The momentum variables are now non-commutative. So the states are
no longer wave functions, but ordered polynomials acting on 1:

Ψ =
∑

αklmna
kblcmdn1. (16)

If k, l,m, n > 0 these states are not normalizible (as it could be seen
in q → 1 limit). These states correspond to finite dimensional non-unitary
representations of sl(2). In our case, the states of interest are those which in
the limit q → 1 correspond to infinite-dimensional unitary representations
[15]. These states are normalizible and need to contain negative degrees of
combinations of a, b, c, d which are invertible.

In SUq(1, 1) case aa∗ = ad = 1 + bb∗ > 1, so a is invertible and the
same is true for d. The lowest weight states (those which are annihilated
by X+ or X−) are

Ψn,n = a−n1, Ψn,−n = d−n1. (17)

The rest of states is obtained by applying X± to them. The time opera-
tor T = H has discrete, but unbounded spectrum, TΨn,n = nΨn,n. The
structure of representations is the same as in q = 1 limit. But this is a no
black hole case.

Black hole case corresponds to SLq(2), which for q 6= 1 is not isomorphic
to SUq(1, 1) (see [8]), but in the limit q = 1 the isomorphism has to be
restored.

Introduce new variables which resembles SL(2) → SU(1, 1) transfor-
mation

ã = q−1/2a+ ib− ic+ q1/2d,

b̃ = −q−1/2a+ ib+ ic+ q1/2d,
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c̃ = qb̃∗,

d̃ = ã∗.

Of cause, commutation relations of the type (13) will not hold for ã, b̃, c̃, d̃.
Notice that ã is an invertible combination of SLq(2) elements, because

ã∗ã = q + q−1 + a2 + b2 + c2 + d2 > 1.

The same is true for d̃. Combinations of the type

q(−αLHL−αRHR)ãq(αLHL+αRHR)

= q1/2+αL+αR

a− iq−α
L+αR

b+ iqα
L−αR

c+ q−1/2−αL−αR

d,

where αL and αR are arbitrary real numbers, are also invertible because
q(−αLHL−αRHR) is invertible.

Introduce

H̃L = i(q−1/2XL
+q
−HL/2 − q+1/2XL

−q
−HL/2)

and
H̃R = i(q−1/2XR

+q
−HR/2 − q+1/2XR

−q
−HR/2).

These resembles su(1, 1) Cartan operator in q → 1 limit. The specific form
chosen is motivated by the fact that ã−11 appears to be an eigenstate of
both H̃L and H̃R with the same eigenvalue, H̃Lã−11 = ã−11, H̃Rã−11 =
ã−11. By q → 1-correspondence one can identify them with time operator
T = H̃L, and angular momentum operator J = H̃L−H̃R, (see for example
[13]). They are both hermitian T ∗ = T , J∗ = J . Cylindrically symmetric
states correspond to J = 0, i.e., H̃L = H̃R.

The eigenstates of time operator T = H̃L can be obtained by recursion
formula:

Ψn+1 = (αn(q−1/2a− ic) + ib+ q1/2d)Ψn,

where αn are unknown coefficients to be found. Applying H̃L to it leads
to the following equations:

λn+1 − qλn = α−1
n , λn+1 − q−1λn = αn.

They have two solutions αn = qn and αn = −q−n and the eigenvalues are
found to be λn = qn−q−n

q−q−1 . Of the two solutions the first by q → 1 corre-
spondence can be identified with lowest weight states. To obtain cylindri-
cally symmetric states they have to be symmetrized with respect to left
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and right action of Uq(sl(2)). As a result, the lowest weight cylindrically
symmetric normalizible states are:

Ψl,l =

l∏
k=1

q−
k
2 (HL+HR)ãq

k
2 (HL+HR)1

=

l∏
k=1

(
qk(q−1/2+ka− ic) + (iqkb+ q1/2d)

)−1

1,

Ψl,−l =

l∏
k=1

q−
k
2 (HL+HR)d̃q

k
2 (HL+HR)1

=

l∏
k=1

(
qk(q1/2+ka+ ic) + (−iqkb+ q−1/2d)

)−1

1.

The eigenvalues of time operator

TΨl,±l =
q±l − q∓l

q − q−1
Ψl,±l = [±l]qΨl,±l.

Unlike SUq(1, 1), the eigenvalues of time operator are now q-integers. One
can show that these states are also eigenstates of the quadratic Casimir
operator:

C2Ψl,n = ((q
1
2 (l−1) − q− 1

2 (l−1))/(q − q−1))2Ψl,n.

To obtain the rest of states it would be convenient to find rising and
lowering operators. Because the spectrum of the Cartan operator (time
operator in our case) is not equidistant, commutation relations are sought
for in most general form:

TX̃±,n −X ′±,nT = λn±2X±,n − λnX ′±,n,
where X± is rising (lowering) operator and X ′± some other operator. One
can show that this equation has solution only if λn = qn−q−n

q−q−1 , as before,
and the solution is

X̃±,n = i(q∓n+1/2X+ + q±n−1/2X−)qH/2 ± q + q−1

q − q−1
(qH − 1),

X̃ ′±,n = i(q∓n+1/2∓2X++q±n−1/2±2X−)qH/2± q + q−1

q − q−1
(qH−1) = X̃±,n±2.

These operators were derived for left invariant action of Uq(sl(2)) on
Funq(SL(2)). For right invariant action the equations are fully analogous.
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Notice that operators X̃±,n depend on the level n, there is no universal
rising and lowering operators for every level.

The remaining states can be constructed using the above operators. For
cylindrical symmetry they have to be symmetrized with respect to left
invariant and right invariant action:

Ψl,l+2n =

n∏
k=1

(X̃L
+,l+2(k−1)X̃

R
+,l+2(k−1))Ψl,l,

and

Ψl,−l−2n =

n∏
k=1

(X̃L
−,l−2(k−1)X̃

R
,l−2(k−1))Ψl,−l.

Obviously they remain eigenstates of the Casimir operator with the same
eigenvalue,

C2Ψl,n = ((q
1
2 (l−1) − q− 1

2 (l−1))/(q − q−1))2Ψl,n.

The eigenvalues of time operator are then

Tψl,n = [n]qΨl,n.

Because q is a root of unity the eigenvalues of time operator and the
Casimir operator change periodically with n. Half of a period of the eigen-
values of the Casimir operator corresponds to the full period of the eigen-
values of the time operator. Negative eigenvalues of the time operator
correspond to the white hole part of the Penrose diagram.

Notice that unlike SUq(1, 1) case with real deformation parameter, the
eigenvalues of time operator are now quantum integers. Given that [N ]q =

0, where N = 1/(
√
|Λ|~)the representation becomes finite-dimensional,

with dimension equal N − l. The number of representations themselves is
also finite N

l=0, . . . , N, n=−N,. . .,−l, l, . . . , N, N=1/(
√
|Λ|~), qN =−1. (18)

Inside the black hole n and l vary within a finite range, so the Hilbert
space is finite-dimensional.

§5. Discussion

When the spectrum of states inside the black hole is found, one can
ask about transition amplitudes between these states. This will require
calculation of matrix elements of the evolution operator. This, in turn,
needs the development of integral calculus on quantum groups.
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Although, to our knowledge, the integral calculus on non-compact quan-
tum groups at a root of unity in general form is lacking, there may be
recursion relation between matrix elements of interest. This work is now
in progress.

Already at this stage one can argue that all the above matrix elements
will be finite. This will follow from the boundeness of the evolution operator
and normalizibility of the states found.

As to what happens to the shell at the central singularity: the subspace
of the Hilbert space corresponding to R = 0 is one dimensional, there is
only one possible eigenvalues of time operator. This means that the shell
cannot rest at the singularity and in the next moment of time will be out
of there. This can be interpreted as a quantum bounce at the singularity.
The shell will enter the white hole region of the Penrose diagram, and then
cross the horizon in the opposite direction.

Given the main result of this paper, that the Hilbert space of a black
hole is finite dimensional, one can ask if its dimensionality could be related
to the black hole entropy. The answer is no: the spherically symmetric
states considered here are not enough to form the black hole entropy, their
number is exponentially small compared to what is needed for recovering
the Bekenstein–Hawking formula. For calculating entropy one has to give
up spherical symmetry.
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