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CONVEX HULLS OF SEVERAL MULTIDIMENSIONAL
GAUSSIAN RANDOM WALKS

ABsTrACT. We derive explicit formulae for the expected volume
and the expected number of facets of the convex hull of several
multidimensional Gaussian random walks in terms of the Gaussian
persistence probabilities. Special cases include the already known
results about the convex hull of a single Gaussian random walk and
the d-dimensional Gaussian polytope with or without the origin.

§1. INTRODUCTION
1.1. Random walk in R!. Consider a one-dimensional random walk
Si:Xl—f—---—i-Xi, i:l,...,n, (1)

where X1, ..., X, areii.d. random variables. The classical result of Sparre
Andersen [20] states that if the steps are symmetrically and absolutely
continuously distributed, then the probability for the random walk to stay
positive (the persistence probability) is distribution-free and given by

(2n — )N
— (2)

(2n)!!

Another very well-known result, also due to Sparre Andersen [22], under
the same assumptions calculates the distribution of the random walk’s
maximum position (the discrete arcsine law): for i =0,...,n,

(2i — 1)!! (2n — 2i — 1)!! @)
(2! (2n —2))1

P[S; > 0,...5, >0] =

Plmax(So, ..., S,) = 5] =
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Summing up over i gives the following version of the Chu—Vandermonde
identity:

n

2i — 1)1l (2n — 2 — 1!
i;( (22‘)!!) ( @n_2zn " (4)

1.2. Random walk in R?. Because of the symmetry, Equations (2)
and (3) are equivalent to

(2n — 1N

P[0 ¢ conv(Sy,...5,)] =2 2n)ll

(5)

and
(20 — D! (2n — 2 — )N

PIS. i f L9 =2 )
[S; is an edge of conv(Sy, ..., S,)] 2 2n — 201 (6)

where in the one-dimensional case
conv(Sy,...S,) = {min(S1, ..., Sy), max(S1,...,5)},

and an “edge” reduces to a point (either min or max). In this form, the
formulae can be naturally generalized to higher dimensions. Again let
So,51,...,S5, be a random walk defined as in (1), where now the steps
are d-dimensional i.i.d. random vectors:

X1,...,X, e R%

As in the one-dimensional case, we assume that they are symmetrically and
absolutely continuously distributed. Generalizing (5) it was shown in [12]
that

P[0 ¢ conv(Sy, Sa,...,5,)] =2 ——= (2n)?! - (7)

where Pj(n) are the coefficients of the polynomial
(t+1)(E+3).. (t+2m—1) = P,
j=0
The left-hand side of (7) is often referred to as the non-absorption proba-
bility.
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Equation (6) was generalized in [23] as follows: let 0 < i1 < -+ < ig < n
be any indices. Then,

Plconv(S;,,...,S:,) is a facet of conv(Sy, ..., S,)]
d-1

(20— DI (2n = 2ig — D! 1
=2 (21" (2n — 2ig)!! H

oy G =iy
This expression is naturally called the facet probability. Later, in [11] this
result was extended to faces of any dimension as follows. For £k = 0,1, ...,
d — 1, denote by Fi(-) the set of k-dimensional faces of a polytope. Then
for any indices

0<ii < <igp1<n (8)
we have

Plconv(S;,, ... ,S,

ins1) € Fr(conv(So, ..., Sn))]
chziiinaikﬂ) + Péﬁ}igéwikﬂ) +...

=2
(2i1)11(2i — 2i)!! . .. (2igg1 — 2i6)1(20 — i)

where Pj(n’il’”"i"“) are the coefficients of the polynomial

E+1)E+3)...(t+2i1—1)x E+1)(E+3)...(t+2n — 2ig4q — 1)

k n
< [T+ DE+2) . (i — i — 1)) =Y Py,
=1 =0

Summing this up over all (k+ 1)-tuples from (8) gives the average number
of k-faces of the convex hull:

E | Fi(conv(So, ..., Sn))|
P 4 B

2. (2i1)1(2i5 — 20\ .. (2ips1 — 2ip)1(20 — 2ips1)!!

0<i1 < <ipy1<n

Surprisingly, as was shown in [11], this formula remains true even with-
out symmetry assumption for the step distribution.

If £ = d—1, then the formula reduces to the formula of Barndorfl-Nielsen
and Baxter [3] (see also [23]):

1
E|Fa-1(conv(So,...,Su)) =2 Y =~ ——. (9)
Jittja—1<n Ji---Jd-1

Jise-dd—121
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1.3. Several random walks. Now let us turn to the case of several
random walks which is our main interest in this paper.
Fix m,n1,...,nm € N, and let

XM xW XM X

ny
be independent d-dimensional random vectors. As above, we assume that
they are symmetrically and absolutely continuously distributed and for
any [ =1,...,m, the vectors

Xfl), . ,X(l) are identically distributed.

ny

Consider the collection of m random walks (Si(l))?:ll, cee (Si(m))?:m1 de-
fined as

SO =xP 4. 1 xP 1<i<n,1<i<m.
We aim to study the properties of their convex hull

Cq := conv (S%l)v._.’g(l) o S£m)""’S’($>)

mny

and also the convex hull with the origin

CY := conv (O,SF),...,S(I) . S§m),...,S,(fZ)) i

ny 2
Under these quite general assumptions, it was shown in [12] that

where Pénl"”’n’") are the coefficients of the polynomial

ni+-+nm,

ﬁ ((t+1)(t+3)(t+2nl — ]_)) — Z P]Enhm’nm)tk.
=1 k=0

Taking ny = -+ = n,, = 1 recovers the classical Wendel formula [24]
d—1
1 m—1
om—1 Z ( j )’
j=0

where X := Xl(l), XM = Xfm). Again, let us stress that this non-
absorption probability is distribution-free.

Yet, the average number of facets of conv(X(l),X(Q) ., X)) does
depend on the step distribution, see [1,4,5,7,10], where the asymptotic
formulae for the different distribution classes were obtained.

P[0 ¢ conv(XD), X@ . x (M) =
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Thus the average number of facets of C4 and CJ is no longer distribution
free. In this paper, we study the case when the steps are the standard
Gaussian vectors.

1.4. Paper structure. In the next section, we fix basic notation and
formulate our main theorem which gives the expected value of some general
geometrical functional of Cg, Cg.

In Section 3, from this main theorem we derive the formulae for the
expected number of facets, volume and surface area of Cg4, Cdo.

As examples, several known results are derived in Section 4.

In our proofs, we will be faced with having to calculate the first and sec-
ond moments of some random determinant of Gaussian type. To this end,
in Section 6 we formulate a general result that gives all positive moments
of the volume of a random simplex from some class of Gaussian simplices.

The proofs are located in Section 5.

§2. SETTING AND MAIN RESULTS
In the remainder of the paper we assume that the steps

XM xW XM X e RY

ny

are independent standard Gaussian random vectors.
With probability 1, C4; and Cg are convex polytopes with boundaries of
the form

9Ca= |J F and 0Cij= |J F
FeF(Ca) FeF(cy)
where F(-) := Fgq_1(-) stands for the set of facets ((d—1)-dimensional faces)

of a polytope. Each facet is a (d—1)-dimensional simplex almost surely.
Fix some non-negative integers

m
ki,....km suchthat k <n and Y ki =d, (10)
=1

then fix d indices

1 <i§l) < ---<i,(€ll) <ng for 1=1,...,m suchthat k >0, (11)
and denote by S, a d-tuple defined as
1 1
Sy = <s;§3),...,s;g>),...,s;gg,...,m) (12)
1

3
km
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with the convention that

We also write

— 1) 1) (m) (m)
convSy :=conv | Sy, ..y S0 s Sy Sy | -
i iy i U

In the same way fix some non-negative integers
m
ki,...,k, suchthat k <mn; and Zkl:d—l, (13)
=1

and fix d — 1 indices
1<i§l) <---<i,(€ll) <ny for I=1,...,m suchthat k >0, (14)

and similarly let

1 1
S = <o,s;u>),...,s;<g,...,s;gg,...,s;g) (15)
1 kq 1 km

and

1 1
convstyi= conv (0.5) oo S0 SG 5 ).
Note that convSy; may or may not be a facet of Cy. Moreover, every
facet F' € F(Cq) can be represented as convSg with Sy defined in (12) with
some integers (10) and indices (11). Therefore, we arrive at the following

elementary albeit crucial relation: with probability one,

> g(F) = > > 9(8a)ls,er(cays (16)

FeF(Ca) kit Akn=d <iD i ¢
o<k <ne, I=1,...,m 17’11< <Z;§L \O’“
=l,...m:m>

where g: (R?)? — R! is an arbitrary symmetric, non-negative, measurable
function. Here, we write

g(F) :=g(x¥', ... )xF),  where xI",... xT are the vertices of F.
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For the convex hull with the origin, the analogous relation is a little bit
more complicated: with probability one,

> ogF) = > > 9(Sa)ls,ereoyy (17)

FeF(Cy Btk =d D < orcilD
e 0y <y, 1=, TSTST Sy S
=1l,...m:k;>

+ > > 9(8a) Lisyereo)y-

Og}:;g;;f@lv;??ilm 1<i(11)<"'<i§cll)<m
1=1,....m: k; >0

We aim to calculate the expectations in the right-hand sides in (16)
and (17), which by taking g = 1 will readily give us the expected number
of facets of Cq and C;°. Moreover, by making a more subtle choice of g, we
will be able to find the expected volumes and surface areas of Cq and C3.

Our results will be expressed in terms of the unconditional and condi-
tional Gaussian persistence probabilities: for » € R! let

k
Pn(T) ::P[ZNigr,kzl,...,n], (18)
i=1

k n
G(r) =P[Y> N;<rk=1,...,n| > Ni=r],
i=1 i=1

where Ny, ..., N, are independent standard Gaussian random variables.
Due to the symmetry of the distribution, for any r > 0 the definition of
gn (1) is equivalent to

k n
qn(r)::IP[ZNi20,k:1,...,n—1|ZNi:r]. (19)
Note that ) .
pi(r) =®(r), q(r)=1, (20)
and
pn(o) = %7 Qn(o) = %7 (21)

T
where ®(r) = [ ¢(s)ds is the cumulative distribution of the standard
— 00
Gaussian density ¢(r), and (21) was established by Sparre Andersen [20,21]
(who proved it in a setting much more general than the Gaussian one
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considered here; the first part of (21) was mentioned in the introduction,
see (2)).

For a linear hyperplane L C R? denote by Pp the operator of the or-
thogonal projection onto L. In particular, denote by P; the operator of the
orthogonal projection onto the first d—1 coordinates:

Py:x=(x1,...,24-1,24) = (x1,...,24-1,0).

The d-dimensional volume is denoted by |-|. Some of the sets we consider
have dimension d—1, for them |-| stands for the (d—1)-dimensional volume.
For finite sets, | - | denotes cardinality.

Let S9=1 ¢ R? denote the unit (d—1)-dimensional sphere centered at
the origin and equipped with the Lebesgue measure p normalized to be
probabilistic. For v € S~! denote by u* the linear hyperplane orthogonal
to u.

Now we are in position to formulate our main result.

Theorem 2.1. Let g: (R*)? — R! be some bounded measurable function
invariant with respect to translations and rotations.! Consider some Sy
defined in (12) with some integers from (10) and indices from (11). Then,

9d/2 (d41)
E[9(Sa)Liconvs,er(ca)y) = TQ E [g(P4Sa) [convP;S,]]
_1)2 —3/2 (2(m—iP)—1)N
(1) (1) (D) RO O] K
x H 2] (iy —i1") - (i, =i 1) EPPVEEEORTE
l:kl;éo[( ) ( l l ) (2(n _Zl(cll)))”
7 r? 1
x [ exp| — o Z o) H Pn, (1) H qigl)(r) dr (22)
e 1k 20 1 7 [ k=0 1: k0
and
2 (452)
E [9(Sa) Lconvs,eF(co)y] = ——=—E [9(PuSa) |convPyS|]

N
(1)

O\ Y2 . NORG =3/2 (2(ng — iy )— D!
X H l(lg)) ((Zé)*lg)) R (Z](ﬂ)izgﬂ)—l)) ‘ .l(l) N
Lk #0 (2(ng—ip,) )M

1By this we mean that g(a + Qxi1,...,a + Qxgq) = g(x1,...,%q) for any
a,x1,...,Xq € R and any orhtogonal matrix Q € R4x¢,
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7p(5 > ) [T put) T1 s (23)

) 1:k;#0 Z1 l: k= 1:k;#0

Also consider some SY defined in (15) with some integers from (13) and
indices from (14). Then,
d+1
%) E [g(P4Sy) [convP4SY|]

10)]

-3/2 (2(ng —1 ni
’ H k O =) (6 =) E2ém kz<)z>)) | e
ki

with the convention that for ki = 0, the factor in the product equals
(27” - 1)”/(27”)”

d+1
E[9(SD)Lconvsgeriepy] = 25T (

The proof is based on an idea from [17] and given in Section 5. Now let us
derive some applications.

§3. APPLICATIONS

3.1. Moments of Gaussian simplex volume. In the right-hand sides
of (22), (23), and (24), the terms

E [g(P4Sa) [convPySal], E [g(P4SY) |convPySy|]

are difficult to deal with. To get rid of them in the forthcoming applica-
tions, we will need formulae for the moments of [convP;S,/, [convP;SY|. In
Sectlon 6, we will obtain a much more general result of this type: we will
find all positive moments of a Gaussian simplex generated by several inde-
pendent Gaussian walks with arbitrarily weighted steps. Now we formulate
only the statement which is necessary for us.

Proposition 3.1. For any p > 0,

()
E |convPySqlP =
Ig)

d—1 p/2
[ ( 2, p) I (i)

]

O™

M
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and
d—1 (it
r(%*)
E |convP;SY|P = 2
‘ H r'(z)
/2
9d—1 ' ' ) P
X[((d—nw 11 (’y)(zg)_lgl)) LU 1))1 '
l:;%éo

Proof. The first equation follows from Corollary 6.3, while the second one
follows from Corollary 6.4, see Section 6. O

3.2. Facets probabilities. The first direct application of Theorem 2.1
is a formula for the probability that convSy is a facet of Cq.

Theorem 3.2. Consider any Sy defined in (12) with some integers from
(10) and indices from (11). Then,

1/2
PlconvS, € F(Cq)] = \/% ’ ( Z (11))

ki #£0 iy

1 2(n — i) — 1)
XH[ —iP D BT ]

ki#0 Zkl — i (2(r

x 7exp( => (Z)) H po(r) ] g, (r) dr

e kﬂéo k170
and
PlconvS, € F(CY)] = 2 (Z ! >1/2
V2 kl;é()zgl)
<11 l @ 1<z> (2(mz§j>()l) 1)”]
k140 *Z Yy T U1 (2(n —i kz))”

kzsﬁO ki1 #0

xfexp( oy )Hpm n) T g0 () dr
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Also consider any S defined in (15) with some integers from (13) and
indices from (14). Then,

PlconvSY € F(CI)]

_2ﬁ 11 1 @ -y -
- RO ORI (1 (1
o L iy =) ) =i @ =)

, (29)

with the convention that the factor in the product equals (2n; — 1)!1/(2n)!!
for k; = 0.

Proof. The theorem readily follows from Theorem 2.1 by taking ¢ = 1
and applying Proposition 3.1 with p = 1. (I

3.3. Average number of facets. The next direct application gives the
average number of facets of Cq and CJ).

Theorem 3.3. We have

E|F(Ca)| = > > PlconvSy € F(Ca)l,

kit kp,=d 1<iP <oci® ¢
0k <ng, I=1,...m  + S <SSty ST
1=1,....m: k; >0

and

E|F(CY)| = > > PlconvSy € F(C9)]

k14 +km=d 1<i®W i ¢
o<k <ny, l=1,....m St <SS
1=1,....m: k; >0

+ Z Z PlconvSY € F(CY)],

k14 tkpm=d—1 <iDo O
o<k <ny, l=1,....m 1<y 7 <<y, Sy
I=1,....m: k;>0

where the facets probabilities in the right-hand sides are calculated in The-
orem 3.2.

Proof. The theorem readily follows from (16) and (17) with ¢ = 1 by
taking the expectation. O

3.4. Facets containing the origin: distribution-free formula. It fol-
lows from the proof of Theorem 2.1 (see (40)) that (25) holds not only for
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the normally distributed steps, but for any symmetric continuously dis-
tributed ones. Thus we have the following distribution-free formula:

E|F(C)l =2 > >

Kyt ot hom =d—1 <D ¢
0<ki<ny, et m IS << S

I=1,....m:k;>0
ﬁ 11 1 @iy -1
RO (1 1 1 l ’
o L i) =0 =) 20— i) )

where FO(-) stands for the set of facets containing the origin as a vertex
(empty if 0 is not a vertex).

3.5. Expected surface area. In this subsection we derive formulae for
the expected surface areas (i.e. (d—1)-dimensional content) of the bound-
aries of the convex hulls, bdC;4 and bd . To this end, let us first apply
Theorem 2.1 with

g(X1,...,%q) = |conv(xy,...,xq)|

and then Proposition 3.1 with p = 2 together with the Legendre duplica-

tion formula
(d—1)! =T(d) = i\/;r (g) r (%) . (26)

We obtain that for any Sy defined in (12) with some integers from (10)
and indices from (11),

1 1
B lleonvSult conssezean] = gy 2 T
L

0 1 1 (Q(nlfz](f)) 1)!1]
ngol\ﬁ Y T U R E

oo

X /exp< o) > (l)> Hpm )Hqign(r)dr (27)

e ki#0 k170
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and

1 1
E [|C0nvsd|]]-{condeG}'(Cg)}} - m Z NO)
k

i <2<m—z§?> 1>]
Xk];l[o [\/T \/ \/ zg) nl—lk !

X /exp( Z ) H p () T g, (r)dr,  (28)

0 kﬂéo ki #0

and also for any SY defined in (15) with some integers from (13) and indices
from (14),

Vor

[lconvsdl]l{conVSOE]:(CO)}} m
2

1 (2(n — i) — 1)1

Xﬁ[ 1 1
o U] ’
S LYV @

with the convention that the factor in the product equals (2n; — 1)!1/(2n)!!
for k; = 0.
Now we are ready to derive the desired formula.

Theorem 3.4. We have

(29)

E|bd Cyl = Z Z E [|convSa|Liconvs,er(ca)})»
T L .
and
E|bd (0| = Z Z E [JconvSall {convs,eF(co)}]
ot 1 < il
n Z Z E [|convsg|l{convsgef(cg)}]’

ki+--+km=d—1 1<i®D i ¢
0<ki<ny, I=1,..,m TS0 <SS
I=1,....m:k; >0

where the summands in the right-hand sides are calculated in (27), (28),
and (29).

Proof. The theorem is a direct corollary of (16) and (17). O
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3.6. Expected volume and other intrinsic volumes. Here, using the
result of the previous section we calculate the expected volumes of Cy4
and CJ.

Theorem 3.5. We have

L)
ElC/)| = — 2/
RENCYEY

% Z Z E [|COHVSd+1|]]-{conde+1E-7:(Cd+1)}}’

DR 1 <
and
()

E|CY| = 2

= 2

o < Z Z E [|COHVSd+1|]]-{conVSd+1€f(C3+1)}]

kytoothm=dtl ey D
O<hi<ny, l=1,.om  1ST << s
I=1,....m: k>0

+ Z Z E [|CODV82+1|]l{conv53+16f(cg+1)}]>’

kit thm=d W
o<ki<ng, 1=1,...,m lf“l Sl fo’”
=1,...m:k

where the summands in the right-hand sides are calculated in (27), (28),
and (29) with d replaced by d + 1.

Proof. It is well known that the orthogonal projection of the standard
Gaussian distribution onto a linear subspace is again the standard Gauss-
ian distribution of corresponding dimension. Thus for any fixed u € S,

(P S (Pyr STy,

i=1
can be considered as a collection of independent Gaussian random walks
in R4~!. In particular, we may think that

P CaZCys.

Recalling the Cauchy surface area formula (see, e.g., [19, Eq. (6.12)]) leads
here to

E|bd Cg| =E
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E|Cq 1|=7F(%) E|bd Cq4
VOGS ’
and applying Theorem 3.4 concludes the proof. O

Similarly, by means of the Kubota formula, it is possible to calculate
all expected intrinsic volumes of C4 and CJ. We skip the details here.

§4. EXAMPLES

In general, the factor in the right-hand sides of (22) and (23)

I = 7exp<—§ Z %) H P, (1) H g, (r) dr,

7;0 Liky#0 Y1 7 1: k=0 1: k10 (30)
I — r? 1
2:= [exp| — Z o) H Pn, (1) H qiy)(r)dr

) 1iky20 Y17 1: k=0 1: k0

cannot be simplified. However, there are several cases when they can.

4.1. Single random walk. Suppose that m = 1. Using the notation of
Subsection 1.3 we have

Cq = conv(Sy,...,S,), CY=conv(Sy,Si,...,S).
Up to translations, C4y with n steps has the same distribution as Cg with
n — 1 steps, so we can consider Cy4 only.
As in (10), fix d indices

1< <~ <ig<n

and let

Sq = (Sil,...,5¢d>, convSy = conv {S;,,...,Si,}-
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In this case, I1, Iz defined in (30) reduce to

I = 7ex _ g () dr = VB 1 (0) = v Ca =D
1= Pl =5 ) = 1P -1 = Y(2i — 2)I
oo 9 — 1\
I = /exp - iy (1) dr = v/ 2miapi; (0) = v QMIM’
211 (221)”

0

where we used (19) and (18), the law of total probability, and (21). Thus,
it follows from Theorem 3.3 and Theorem 3.2 that

1 1 2(n —iq) — 1) (20 — 3)!!
ElFCol=2 > iQ—il"'id—id_l( EQ(n—did))” E2i1—2§”'

1<i1 < <ig<n
After a change of variables
J=i1, j1=1%2—11, ..y Jd—1 = id — ld-1,

we obtain

BElFC) =2 S L.

Jitetja—1<n—1 1 Ja=1
J1yefd—121
X n_jl_i.:_jdil (2(n —g1— - —ja—1 —J) — DI (25 = 3)!!
D TR

1
=2 E —
Jitetja-1<n—1 Ji.--Ja-t
J1seja—121

where in the last step we used (4), and thus we recover (9) with n replaced
by n — 1.

In the same way, it is not difficult to show that in the case of a single
random walk Theorem 3.5 turns to the formula

1 1
IE|Cd| =7 )
T E - -
d terggsn—1 VI Jd
Jis--Ja>l

see [23, Section 4.1].
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4.2. Gaussian polytopes. Suppose that ny =--- =n,, = 1. Using the
notation of Subsection 1.3 we have

Cq = conv(XWM x@  xm) ¢l = conv(0, XM, x@ xm)y

which are known as the Gaussian polytope and the Gaussian polytope
with O resp.
In this case, due to (20), I; and I (defined in (30)) turn to

I = (2m)4/? / ")l (r)dr, I = (2m)%? / ™ 4(r) pe(r) dr.
NS 0

Applying Theorem 3.3 readily gives the number of the averages facets for
Cq and CY:

—+oo

E|F(Cq)| 2\/8(2@%1(?) / O™ 4(r) 4 (r) dr
and
(") 7
EIF(CH| = grmimy +2Vd (2m)= (7:;) / o™ (r) % (r) dr.
0

The first formula has been obtained in [18] and later generalized in [9] to
faces of all dimensions. The second formula seems to be new.
Similarly, from Theorem 3.5 we readily obtain the formulae

ple = (7)) ST del(r) ) dr

d+1) T(4+1)
and
m d+1)7rd/2 st L
]E CO _ (d) +< m > ( /q)m d—1 d+1 d ’

which have been recently obtained in [13].
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§5. PROOF OF THEOREM 2.1

5.1. Stochastic form of Blaschke—Petkantschin formula. We need
to integrate a non-negative measurable function of (d — 1)-tuples of points
in R%. For some reasons, it is more convenient to integrate this function
first over the (d — 1)-tuples of points in a fixed linear hyperplane and then
integrate over the set of all hyperplanes. The corresponding transformation
formula is known as the linear Blaschke-Petkantschin formula (see [19,
Theorem 7.2.1]):

h(Xl, . ;del) dX1 e dXd,1
(Rd)d—1
d\k
= Td h(x1,...,%X4—1)|conv(0,x1,...,Xq-1)|

Sd*l (uL)dfl
X Age(dxy) ... Age (dxg—1) dp(du), (31)
where we write kg = 72 /T'(£ 4 1) for the volume of the d-dimensional
unit ball.

A similar affine version (see [19, Theorem 7.2.7] combined with [19,
Theorem 13.2.12.]) may be stated as follows:

h(x1,...,%xq)dxy ... dxq

(ReH)4

:d!/@d// / h(x1,...,Xq)|conv(xy, ..., Xq)]

§d=1 0 (ut+ru)d

X Age (dx1) ... Ay (dxg) A(dr) du(du)

(o)
= dlkq / / / h(x1 +ru,...,xq + ru)|conv(xy,. .., Xq)|
Sd-1 0 (ul)d

X Agt (dxq) ... Age (dxg) A(dr) dp(du).  (32)
Using the Legendre duplication formula (see (26) with d — 1 replaced by d)

it is convenient to modify the factor in the right-hand side as follows:

d+1

dlkg = 2972 T (T) . (33)
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We will also use the following version of the law of total expectation: for any
random vectors X1,...,X, € R? having a joint distribution density, any
k € {1,...,n} and any non-negative measurable functions h;: (R%)* — R
and hy: (R?)" — R we have

E[hi(X1,. .., Xp)he(X1,. .., Xn)]

= / Elha(X1, ..., Xn) | (X1, ., Xg) = (X1, -+, Xp)]
(Rd)k
X hi(x1, .o Xe) fro(X1, .00y xg) dxg ..o dXp,

where fj is the joint distribution density of Xy, ..., Xk.
Combining this with (31) for £ = d — 1 and with (32) for k = d (we
assume that n>d) and using Fubini’s theorem together with (33) leads to

—1 d+1
E[hi(X1, ..., Xa—1)ha(X1, ..., X,)] =20 25T (%) (34)

X / / Eho(X1, ..., Xn) | (X1, ., Xgo1) = (X1, -+, Xg—1)]
§d-1 (ul)a-1
X hy(X1, .-y Xd—1) fa—1(X1, ..., Xg—1)|conv(0, X1, ..., X4—1)|
X Agt (dx1) ... Age (dxg—1) du(du)

and

d—1 d+1
Blm(Xr. . Xaha(Xa, . X)) = 2557 (15 (35)

0o
X / / / Eho(X1, ..., Xn) | (X1,...,Xq) = (x1 +1ru,...,Xq4 + ru)]
§d-1 0 (ut)d
X hi(x1+ru,...,xq+71u)fi—1(x1 +714,...,%X4 +70)
X |conv(xy, ..., Xq)|Agt (dx1) ... Age (dxg) A(dr) dp(du).

Now we are ready to prove the theorem. It is convenient to start with
the proof of the last relation.
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5.2. Proof of (24). It follows from (34) and the translation invariance
of g that

d+1
B8 eomsy e rcpn] = 21775 T (5 (36)

y / / Pleonvs) € F(CY) |84 = (0,x1, ..., xa_1)]
Sd*l (uL)d—
x g(0,x1,. .. ,xd,l)fsg (X1,...,Xq-1)|conv(0,x1,...,X4-1)|
X Age (dx1) ... Age (dxg—1) dr du(du),

where fgd is the joint density of S (without its zero component), that is,

—d/2
Fso (1, xa) = (2m) D2 T (18068 ). 6P =)

L: k1 #0
1 V)2 —x P2 fe) =12 12
xexp| =5 D | Tt —m et i —a|) 6D
2z:kl¢o g [ IG Yy T 1
>0

Here, to make the expression more compact, we used the notation

xl(-l) ‘= Xk, 4 +k,_,+i for { > 0 such that k; # 0.

Let us calculate the probability under the integral in the right-hand side
of (36). Assuming that convSY has non-zero (d—1)-dimensional content
(and thus, span 8% = u'), which holds with probability 1, we obtain that
convSY € F(CY) if and only if CYJ lies in the closed half-space with boundary
ut. Equivalently, the values of the projections of all random walks onto
span u are simultaneously either non-negative or non-positive. Because of
the symmetry, the latter two events have the same probability. Thus,

PlconvSy € F(CI)|SY = (0,x1,...,%a-1)]

= 2P [Pus§1>, PSS 0| PSY) = =P8 =0for l : k> o}
’Ll 7’k
m l
=2[TP[Ps”,... RS 2 0| RS = - = Pusif) = 0)].
ky

=1
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Here, we imply that if k; = 0, then the corresponding probability is un-
conditional, and therefore due to (2) equals

} @2 —-1)!

) ) m = 1"
P[Pusl v PSSO >0 = S

Let us evaluate the conditional one. Since the increments of the random
walks are independent, for [ such that k; # 0,

P[P, PS> 0| P, S =+ =P, Sﬂl)) 0|
ki—1
I p|p,sY psY  >olpsY =p,sh —q
H PONEE A S vt | i = O
=0 J+1 Yit1

x P[PUSXZ))H,...,PUS,(L” 0| P, S((l) o),
l

where we write iél) := 0. It was proved by Sparre Andersen [21] that the
probability for a random walk bridge of length ¢ to stay non-negative (or
equivalently non-positive) equals 1/¢g. Thus,

1
B[RSl misl) | > 01Rs0 =Pust) =0 = s @)
iy +17 PRSIl Uit G115

After time changing, the last part turns to the persistence probability of
the symmetric random walk, so due to (2),

P[Pusfigﬂ, PS>0 PuSi(é)) - 0} (39)
l l

Oy 1y
_ ( 0 O o) (20 —dy)) - )N
B { (Szﬁffﬂ S@'SX>""’P“(S"1 Si%))?()}_ @@ —i))n

Combining the above we arrive at

PlconvSY € f(Cg) | Sy =(0,x1,...,%q-1)] (40)

_, (2~ )N 11 1 @m—i))-1nn
- H Qm u ]._.[ (l) (l) (l) z‘ff) i®
l

!
iy b0 i 20— i)
;e
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Applying this to (36) and using Fubini’s theorem gives

d +1 (2711 - 1)”
0 d
E[9(Sa)Liconvs? e F(ca)y] = 297 ) < 5 > l 11:I<) {W (41)
L

10

(1)
1 (2(n; — 1, )— 1!
X H [ Z.(z)"' OEEO) =
1

0]
I kﬂeo by — g1 (2(n — !

X / / g(O,xl,...,xd_l)fsg(xl,...,xd_1)|conv(0,x1,...,xd_1)|
Sd*l (uL)d—l

X Ape(dx1) ... Age(dxg—1) dr du(du).

Now, fix some u € S~ 1. Let e1,...,eq—1 be an orthonormal basis in ut.
Let @ be an orthogonal matrix with the columns eq,...,eq_1,u
Q:=le1,...,ed-1,ul.
Since QTu = (0,...,0,1), changing the coordinates
X1,...,Xg > Qx1,...,0Qxq
leads to
g(oaxla'"7Xd*1)fsd(xla"'vxd*1) (42)
(uL)dfl
X Jeonv(0,X1, ..., Xg—1)[Agr (dx1) ... Ags (dxq)
= 9(0,x1, ... xq_1) s, (X1, - - X))
(Rd—1)d—1
x Jeonv(0,x1,...,Xg-1)]dxy ... dxgq_1,

where we used the rotational invariance of the volume, ¢ and fs,, and
for x=(x1,...,24-1) we write x :=(x1,...,24-1,0).

It is well known that the orthogonal projection of the standard Gaussian
distribution onto a linear subspace is again the standard Gaussian distri-
bution of corresponding dimension. Thus it follows from (37) (applied to
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dimension d — 1 as well) that the function

d—1 (D)1 (1 (1 (1 1/2
(2m) H [zg)(zé)715))...(221)722371)] fea(¥1s- - ¥a1)

1: ky £0
140
coincides with the probability density function of P;SY, where
(PdSi(l))?:lh S (PdSi(m))izml

is considered as a collection of m random walks in R¢~!. Therefore,

da—1 . . . . . 1/2
E [g(PaSY)lconvPy8Y] = (2m) " [ [iGS —it)... a0 il )Y

Lk #0
1£0
X g(valla"'aX:ifl)de(valla"'7X/dfl)
(Rd—1)d—1
X |conv(0,x1,...,X4-1)|dx1 ... dx4_1,

which together with (42) leads to

g(O,xl,...,xd_l)fsg(xl,...,xd_l) (43)
(uL)d—l

X Jconv(0,X1, ..., Xg—1)|Agr (dx1) ... Age (dxg—1)

_d1 NOYRONI () () \1-1/2
=(2m) 2 H [z(l)(zé)—z(l))...(zgﬂ)—zgﬂll)} PE [9(P4SY)|convP4SY]].
Lk #0
10

Integrating over S?~! and combining with (41) gives (24).

5.3. Proof of (23). It follows from (35) and the translation invariance
of g that

d—1 d+1
E [g(sd)]l{convsd 6.7:((38)}] =2/n2 T (T) (44)
X / / / PlconvSy € F(CY) |Sa = (x1 +7u,. .., x4 + ru)]
§d=1 0 (ul)d
X g(X1,...,%4) fs,(x1 +71u,...,xq +710)
X Jconv(Xy, ..., Xq)| Agr (dx1) ... Aye (dxg) dr dp(du),



CONVEX HULLS OF SEVERAL RANDOM WALKS 267

where fg, is the joint density of Sy, that is,

a2 NOYROINC NORG —d/2
de(Xla"'aXd):(Qﬂ-) /2 H [Zg)(lg)_Zg))"'(lgcz)_lgcz)fl)}

1: k0
O 2
1 2 1 =2 I3, =,

X exp <_§ > [ N IO () LR B () Rt () - (45)
k20l 1 3 3] [ |

As above,

xl(-l) ‘= Xk, 4+ +k,_,+i for { > 0 such that k; # 0.

Let us calculate the probability under the integral in the right-hand side
of (44). Assuming that convS, has non-zero (d—1)-dimensional content
(and thus, aff S; = u’ + ru), which holds with probability 1, we obtain
that convSy € F(C9) if and only if CY lies in the closed half-space with
boundary ut + ru containing the origin. Equivalently, the values of the
projections of all random walks onto spanu do not exceed r. Thus,

PlconvSy € F(CY) | Sy = (x1 +7u,...,x4 + 7u)]
P[P, P,s", ... P.S<r|P,SY) =0,..., P,SY) =0, 1: ki >0]
1 Uk,

m
=[IPP.5", PSP, ..., PSY<r | PSY =, P.S" =r]. (46)
1
1=1
Here, we imply that if k; = 0, then the corresponding probability is un-
conditional, and therefore equals
P[P.SY", ... PuS) <] = pn, (1)

Let us evaluate the conditional one. Since the increments of the random
walks are independent, for [ such that k; # 0,

P [PUSY), o PSS < Pusi‘(f)) =r..., PuSi(é)) = r}
l

=P [Pusﬁ”, o PSS < | PSS = 7’]

ki—1
(1) (1) O _ o _
X Hl P {PuSiy)H, .. "P“Sé’il—l <7 PuSiy) = P“Si;.zl = r}
j:
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x P {Pusjigﬂ,...,Pus,(}) r| P, S(l) = r] .
l ky

Let us consider each of the three parts in the right-hand side separately.
First, by definition,

P [PuSy), ce PuSi(gll))_1 <r| P”Sz'(;)) = r] =g, (1).
Second, as in (38),

0] @) @) o _

P[Pusi(z)Jr PS(L) 71<7’|P5<L> PS(!) T]
j 41 Yjt+1
1
P[Pusffl))+ s Pu S% L, SO[Py S(m = Py S(u)) = 0]

j i1 Yit1

1

(l) (1)
tit1 Y

Finally, as in (39),

P[Pusj(ll))_i_la"'apus'r(zlz) < 7n|‘P S((ll)) - T:|
ky

Ky
(g ) s
(2 (nl — z,(fl)) — 1)
(2(n — i)

Inserting all the above equalities into (44), through (46), leads to

aza (d+1
E [Q(Sd)ﬂ{convsde}‘(cg)}] = 2d7T 2 I (T)

1 @m—il) -
< 11 0 ill NONIO) D)

Zkl Zkl 1 (2(7” Zkl

1k #0
140
// / { II »u(r ]{ 1T qi<11>(7’)]g(x1,-~-,xd)
Sit1 0 (ulye "l k =0 l:ll;L(:,)éO
X de(Xl +ru,...,xq+ru) - |conv(xy,...,Xq)]|

X Apt (dx1) ... Age (dxg) dr du(du).
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Since ru is orthogonal to x1,...,xy, it follows from (45) that

r? 1
fs,(x1+7u,...,x4+ ru) = exp 3 Z 0] fog(X1,...,xq). (47)

1:k#£0 L1
Therefore,
d—1 d+1
E[9(Sa)L{convser(coyy] =247 T | —— (48)
d 2
I [ 1 1 @i - 1)!!]
OO RO (
l:lg;ﬁo zé) — zg) z,(q) — z,(w)_l (2(n; — z,(ﬂ)))!!
0
r
X / [ H Dn, (7“)} [ H qiy)(r)] exp |~ Z -5 | dr
o “lik=0 L: ki #0 Lik#0 1

1#£0

x / 901, -+ Xa) fa (X1, -y %)

Sd-1 (ul)d

X |conv(xy, ..., Xq)| Ags (dx1) ... Aye (dxg) dp(du).

Similarly to (43) we obtain

(X1, oy Xa) fou (X1, - -, Xa) (49)
(uL)d—l
X Jeonv(0, X1, ..., Xq)|[Aur (dx1) ... Ags (dxq)
— (D). (1 (1 (1 —1/2
=@n) 2 [T [0 i) .. =il )] E [g(PaSa)|convPaSyl].
l:k}l;ﬁo
10

Integrating over SY~! and combining with (48) gives (23).

5.4. Proof of (22). As above, it follows from (35) and the translation
invariance of g that

az1 (d+1
E [9(Sa)1{convs, e Fcayy] =277 T (T)
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o0

X / / / PlconvS, € F(Cq)|Sa = (x1 +ru, ..., x4 + ru)]
§d=1 0 (ul)d
X g(X1,...,%4) fs,(x1 +71u,...,xq +710)
X Jconv(Xy, ..., Xq)| Agr(dx1) ... Ay (dxg) dr du(du),

where fg, is the joint density of S4 defined in (45).

Let us calculate the probability under the integral. Assuming that
convS, has non-zero (d—1)-dimensional content (and thus, aff S; = ut +
ru), which holds with probability 1, we obtain that convS,; € F(Cq4) if
and only if Cy lies in one of the two closed half-spaces whose boundary
coincides with u* + ru. Equivalently, the values of the projections of all
random walks forming C4 onto spanu either do not exceed r or larger
than r simultaneously. Thus,

PlconvSy € F(Cq) |Sa = (x1 +7ru,...,xq + 1)) (50)
=PP,S{, . RS < PSS =7 RS = 1]
1 km

+PPSY, . PSS > | RS = PLSTY =]
iy i

km

—:

PP.SY, ... P.SH < 7| Pusi‘f)) =r,... ,Pusi(é’) =]
1 i

~

1

ek

+[IPPst, . PuS) 2 r| PSS =7, PuSS) = 1),
i 1 Ky

Il
N

It is enough to consider the first summand, for the second one, due to
the symmetry, can be obtained from it by replacing r by —r. As before,
we imply here that if k; = 0, then the corresponding probabilities are
unconditional, and thus equal by definition to

PP,S", ..., PuSY < 1] = pp,(r).

Let us evaluate the conditional probabilities. Exactly as before, since the
increments of the random walks are independent, for any [ such that k; # 0,

P [Pus§”, o PSY < Pusfff) — Pusfig = r}
1 !

=P [PUS@, PSS < | RS = r]



CONVEX HULLS OF SEVERAL RANDOM WALKS 271

k}L 1
<P [Rsf), o RS, <rIRSG =Ry, =
Jj=1 ’ '

x P {PuSEI{B)Ha---aPuS?(J r| Py S(m 7’] '
1 l

Let us again consider each of the three parts in the right-hand side sepa-
rately.
For the first parts, by definition,

P {PuSY), PSS < Py S((U - 7’] = g, (r).
1
Then for the second part, as in (38),
l ) l O _ . _
P {Pusz%_gﬂ, S(ﬁl_l <r| Pus%)) = PuSiy = 7“:| -
Finally, for the third part, as in (39),
P[Pus((ll)) a'~'aPuS'r(zl T|PS((1)T:|
Yk, +1 Ky
(27” - Zl(c)) - 1)”
YA
(2(n i, !

—efru(st),, ~ 500, RS - 50) 2] -
zkl+1 zkl zkl

Combining all these equalities gives an expression for the first summand in
the right-hand side of (50), and then changing r to —r gives an expression
for the second one. Summing up,

d+1
[ (Sd)]l{condeG}'(Cd)}] = 2d F( 5 )

1 @m—id) -
< 11 D ill NONIO) O

Zkl Zkl 1 (2(7” Zkl

1: k0
120
x // / {[ H Py (1 M ]._.[ qig”(?")b{ ]___[ Dy (7")“ H qigw(r)ﬂ
§4-1 0 (ut)d lk ~ l:lkgéo l:gSO l:gzgo
X g(xl, ooy Xq) Jeonv(xy, ..., Xa)| fs, (X140, .. xg 1)

X Apt (dx1) ... Age (dxg) dr du(du).
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Using (47), Fubini’s theorem, and the formula

o0 o0
/(h(r) + h(—r))dr = / h(r)dr, where h is even,
0 —00
leads to
d+1
E[ (Sd)]]-{convsdef(cd)}] = 2% Ea F< 5 >
I [ ]
1 1 1 I 1
150 5 =iy ) i (20— )N

T LI ][ T ag]on (2 5 &)

liky= 1:k;#0 1:k;#0 iy
- z;eo

X / 9(x1,.. . Xa)fs, (X1, ..., Xq)

Sd—1 (uL)d

X |conv(Xy, ..., Xq)| Agr (dx1) ... Aye (dxg) dp(du).

Finally, applying (49) and integrating over S~! gives (22).

§6. VOLUMES OF WEIGHTED GAUSSIAN SIMPLICES.

6.1. Formulation of result. Let

X17X27"'7Xd€R1

be independent random variables and suppose that forany k = 1,...,d, the
random variable x has the chi distribution with & degrees of freedom (that
is, the distribution of the norm of the k-dimensional standard Gaussian
vector).

The main result of this section is the following formula for the volume
moments of the weighted Gaussian simplex.

Theorem 6.1. Fiz somel =1,...,d and let X9, X1,...,X; € R be d-
dimensional independent standard Gaussian vectors. Then for any
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00,...,04 >0 and for any p > 0,

E |COHV(0’0X0, ceey O'le)|p

o 21/20'0...0‘l i_’_ +i ? ﬁ F(%) (51)
I o3 ol | it TG)
The proof is given in the next subsection.
Remark 6.2. It is well-known that
L((k+p)/2)
Exb = 2¢/2 52

Therefore one might suggest that by the method of moments it follows
from (51) that

|COI1V(O’0X0, ey O'IXl)|

a 212 1 1\'?
:Tdoal(a—g++0_—l2) Xd—14+1---Xd- (53)
In our paper, we do not need this distributional identity, so we skip the de-
tailed proof. Moreover, we believe that it is possible to derive (53) directly,
without calculating the moments.?

Although Theorem 6.1 might be of independent interest, the main rea-
son why we need it is the following application to the convex hull of several
weighted random walks with a total number of steps equal to d + 1.

Corollary 6.3. Let Xo, X1,..., X4 € R? be d-dimensional independent
standard Gaussian vectors. Fiz somel = 1,...,d and indices 0 = ip <
i1 < --- <14 < d and consider the following | + 1 weighted random walks
defined as

Yi, :=00Xo, Y1 =Y, +t o1 X1,..., Yy, 1 =Yy o+ 0y, 1 X1,

}/i = O-’LllXi17YtL'1+1 = Yttll +Ui1+1Xi1+1) R )}/i2—1 = Y;'2_2 +0-'L'2_1X'L'2_17

ey

Ytil = O—iLX’izﬂYtinrl = Ytil + O—il+1Xil+1, N ,Yd = Yd,1 —+ O—idXd~

2Indeed, after we prepared the first version of this paper, it has been done in [14].
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Then the pth moment of the volume of a random simplex with vertices at
Yo,...,Yq is given by

pdl"(i'i‘_p

E |conv(Yp, ..., Yq)|P = I‘(i)) (54)
2

1
e —
d! ol A

l2d/20()...0d 1

The proof is given in Subsection 6.3. Letting o9 — 0 in (54) produces
the following formula.

Corollary 6.4. Under the assumptions of Corollary 6.3 with g = 0 we
have

2d/201...0d}p 1T H—p)

o ey

6.2. Proof of Theorem 6.1. Let us consider the case | = d first, so the
task is to show that

E|conv(0,Y,...,Yy)|P = [

E |conv(coXo,...,04Xa)|?
P 4 ;
29264, .04 |1 1 r(&e
— |2 ¢%---% S+t = H (2) (55)
d! o2 oq | I(%)
Let eg, e1,...,eq be the standard orthonormal basis in R%+!. Consider a

d-dimensional simplex 7' C Rt defined as
T := conv(opeg, 01€1, .. .,04€4)-

Denote by A € R¥(4+1) 5 Gaussian matrix whose columns are Xo,
Xl, ce 7Xd:
A= [X()Xl N Xd]

It follows from [16, Proposition 4.1] that

E|AT[P = Edet?/?(AAT) / |Pyr TP p(du). (56)

Sd
Note that AT = conv(c9Xp,01X71,...,04X4) so the left-hand side of (56)
coincides with the left-hand side of (55). On the other hand, det? /2 (AAT)

coincides with the volume of the parallelepiped spanned by the indepen-
dent standard Gaussian vectors Y7, ..., Yy € R4 (corresponding to the
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rows of A). The moments of its volume are known (see, e.g., [6, Theo-
rem 2.2] or Corollary 6.7 below):

d+1 z+p)

EdetP/2(AAT) = 29v/2 H (57)

There remains to calculate the integral in the rlght—hand side of (56).
Since T is contained in an affine hyperplane orthogonal to

we have
[ 1PaPutw) = [ [ [0, w)Patw). (58)
sd §d
It is known [8, page 737] that
0-.-.--04d 1 1
T = — —- 59
7] d! 08 Tt ad (59)

To calculate the integral in the right-hand side of (58), consider the stan-
dard Gaussian vector Y € R4+1. Tt is well-known that it can be decomposed
as

d
V= VLU xan,
where U is uniformly distributed over S? independently of x4 1. Therefore,

B|(Y,w)P =By [ Ifuw)Pa(du)
sd

On the other hand, we know the moments of the standard Gaussian vari-

able (Y, w):
p/2
E (Y, w)[? = 2ﬁr <7i1) .
b

Thus the latter two relations together wit

(
/|uw|p (ddu) = (di) ()
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which together with (58) and (59) leads to
L) () 1
|Por T|Ppu(du) = 2 2 ap...ap(——i—---
/ Va(dr (s) T g

Now combining this with (56) and (57) and using I'(1/2) =
the proof of (55).
Now suppose that I < d. With probability one,

W, = aff (09 Xo,...,00X))

1 p/2
+g—§) |

/7 concludes

is an affine I-plane (which we will always assume). Denote by Ow, the or-
thogonal projection of the origin onto W;. The rotational symmetry prop-
erty of the standard Gaussian distribution implies that the linear [-plane

Wl = WL — OWl

is uniformly distributed over the I-dimensional Grassmannian with re-

spect to the Haar measure independently of |conv(ooXo, ...,

O'le)|. Let

P: R — R! denote the linear operator of the orthogonal projection

from R? onto the first [ coordinates:
P oix=(x1,...,24-1,24) = (x1,...,27),
and denote by PlWL : Wl — R! its restriction to Wl.
We have
|conv(o1 P X4, ...,00PX))]

= |COI1V(]DIWL (0’0X1 — OWL); c. ,PlWl (U[Xl — OWL))l

= |conv(00 X1 — Ow,, ..., 1 X — Ow,)| - | det PV1|

= |conv(coX1,...,00X;)| - | det PIWL |

With probability one, det lel = 0. Therefore,

[det P71
=E|conv(o1 P X1,...,00PX)|P - E|det PWL|_”

225, .01 [ 1 ] 11 r(4e)

=1

Elconv(o1 X1,...,00X))|P = E l(

| 2
l! 01

2
z
2

|conv(o1 P X, ... ,alPle)|>p1 (60)

"E|det PVt| 7,
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where in the second step we used the independence of Wl and
|conv(o1X1,...,0:X;)| and in the last step we applied (55) with d re-
placed by [. The latter was possible because, as was mentioned above, the
orthogonal projection of the standard Gaussian distribution onto a lin-
ear subspace is again the standard Gaussian distribution of corresponding
dimension. .

There remains to compute E|det PlWl|*p. It is known (see, e.g., [6,
Theorem 2.3]) that

(14 1)p/22r1/2 r(4e
E|conv(X0,...7Xl)|p:T H ( 2 )

Comparing this and (60) with og = --- = g, = 1 we obtain
d

~ itp l i+p
Eldet P77 =[] FF( )) HFF( ),

L5

2
i=d—141 (%

and inserting it into (60) finishes the proof.

6.3. Proof of Corollary 6.3. The following lemma must be known, how-
ever, we could not find a reference with the exact formulation, so for the
reader’s convenience we present a detailed proof.

Lemma 6.5. Fix some integers k,l > 0 such that k +1 < d and let

X1,..., X € R? be independent standard Gaussian vectors, while Y7, .. .,
Y; € R? be some arbitrary random vectors independent of X1, ..., Xp.
Then,

|conv(0, X1, ..., Xk, Y1,...,Y1)|

d—1
d 1!
£ m|conV(O,Y1,...,Yl)| H Xi
' i=d—1—k+1
where the chi-distributed random variables are independent of (Y1,...,Y)).

Proof. The idea of the proof is well-known, see, e.g., [2, Chapter 7] or [15].
For ¢ = 1,...,k, denote by Wx_;4; the linear span of X;;1,..., X and
Yl, ey Yz:

Wk—i+l = Span(Xi+17 s 7Xk7Y1; s 7Y2)a



278 J. RANDON-FURLING, D. ZAPOROZHETS

and denote by dist(X;, Wi_;4;) the distance between X; and Wy_;4;. By
the “base times height” formula applied several times,

|conv(0, X1, ..., Xk, Y1,...,Y1)|
_ diSt(Xl, Wk*lJrl)

- leonv(0, Xo, ..., Xg, Y1,...,Y))

k+1
dist(X1, Wi_141)  dist(Xa, We_241)
= : . 0,X3,..., X, Y1,...,Y
k+l k71+l |CODV( y 423, sy ky L1, 3 l)|

k .
dlSt(Xl, Wk—i+l)
= . 0,Y7,...,Y
i=H1 k*l‘i’l*l‘l |COnV( ) 17 b) l)|

k
I .
RCESI HdlSt(Xi,Wk—m) “|eonv(0, Y1, ..., V)|
Ti=1

Now fix some i € {1,...,k}. Since the distribution of X; is independent of
(Xit1, -+, Xk, Y1,...,Y)) and spherically invariant, we have
dist (X, Wi—i) < dist(X;, E) = | Ppo Xi|

for any fized (k — i + [)-dimensional subspace E. Since X; € R? is the
standard Gaussian vector, Pg1 X; has the standard Gaussian distribution
in £ = R¥%+i~  which means that |Pg. X;| is chi-distributed with d —
k + i — [ degrees of freedom, and the lemma follows. O

Integrating and applying (52) readily gives the following relation.
Corollary 6.6. Under assumptions of Lemma 6.5, for any p > 0 we have
E|conv(0, X1,..., Xk, Y1,..., )P
2k/2])

{ r ”ﬁ r(5)
N ==K |conv(0,Y7,...,Y))[P.
(k+0)! i=d—l—k+1 r'(3)

Taking | = 0 gives the expression for the moments of the volume of the
Gaussian simplex.

Corollary 6.7. Under assumptions of Lemma 6.5, for any p > 0 we have
ok/2 ] p d F(”_P)

| 1 =7

imikn T(3)

E |conv(0, X1, ..., Xk)|P = [
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Now we are ready to prove Corollary 6.3.
By the simplex volume formula,

|COI1V(}/0,}/17 .. .,Yd)l = |COI’1V(0,Y1 — Yb,Yé — Yo, .. .,Yd — Y0)|
1
= E|det[Y1 7YO,}/2 7YO,...,Yd7YO].

Substracting the (i — 1)-th column from the i-th one subsequently for all
i=d,...,2, except for i =1;,...,i1, we obtain

1
|conv(Yo, ..., Yy)| = E' det A|,
where A € R**? is a matrix whose columns with the indices o, . . ., %; equal

0iy Xiy, — 00Xo, . ..,04,X;, —00Xo, and for the remaining indices, the i-th
column equals o; X;:

A=lo1Xy, ., 00,-1 X021, 00, X, — 00X0, 0ip+1 X051,
o 1 X 11,04, Xiy, — 04, X0, 0411 X541, -+, 04, Xa]
Thus,
|COHV(Y0, ey Yd)| = |COI1V(O, 0'1X1, ey 0'1'2,1Xi2,1, O'iinz
—00X0, Oipt1Xizt1, -5 Ot 1 Xipp1, 04, Xiy — 03 Xo, 0341 X1 - -+, 03, Xa) |-

Applying Corollary 6.6 gives

d—l (d—l41—it

" L)
d—l+1—i

im0 T(=5)

X H g; 'E|CODV(O,O'IL'2X1‘2 _UOXO7---7UilXiL —0‘0X0)|p.
1#0,42,...,0

iy (U= 1)!
E |conv(Yy, ..., Yg)|P = {Q(d 1+1)/2 o

Now Corollary 6.7 gives
E |COI’1V(O, 0'1'2Xi2 — 0'0)(07 ey Oy X’L'L — 0‘0X0)|p
= E |CODV(O'0X0, 0‘1'2)(1‘27 ceey Uil Xil)|p

_ pl—1 d—Il+1+i+ 2
_ [2@ 1)/2 [ (4=l p)agaf (L1, 1 v/
(l*].)' F(d*l;rlJri) '

Combining the latter two inequalities finishes the proof.

i=1
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