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ON TYPE I BLOWUPS OF SUITABLE WEAK
SOLUTIONS TO NAVIER-STOKES EQUATIONS NEAR
BOUNDARY

ABsTRACT. In this note, boundary Type I blowups of suitable weak
solutions to the Navier—Stokes equations are discussed. In particular,
it has been shown that, under certain assumptions, the existence of
non-trivial mild bounded ancient solutions in half space leads to
the existence of suitable weak solutions with Type I blowup on the
boundary.

§1. INTRODUCTION

The aim of the note is to study conditions under which solutions to the
Navier—Stokes equations undergo Type I blowups on the boundary.
Consider the classical Navier—Stokes equations

Opw+v-Vu— Av =—Vg, dive =0 (1.1)

in the space time domain Q* = BT x| — 1,0[, where BT = BT (1) and
B (r) = {z € R® : |z| < r, 73 > 0} is a half ball of radius r centred at
the origin = 0. It is supposed that v satisfies the homogeneous Dirichlet
boundary condition
v(z,0,¢) =0 (1.2)

for all |2'| < 1 and —1 < ¢t < 0. Here, 2’ = (x1,22) so that z = (2/,x3)
and z = (z, t).

Our goal is to understand how to determine whether or not the origin
z = 0 is a singular point of the velocity field v. We say that z = 0 is a
regular point of v if there exists 7 > 0 such that v € Loo(Q*1(r)) where
QT (r) = B*(r)x] —r2,0]. It is known, see [4] and [5], that the velocity v is
Hoélder continuous in a parabolic vicinity of z = 0 if z = 0 is a regular point.
However, further smoothness even in spatial variables does not follow in
the regular case, see [3] and [7] for counter-examples.

Key words and phrases: Navier-Stokes equations, suitable weak solutions, ancient
solutions, Type I blowups.
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The class of solutions to be studied is as follows.

Definition 1.1. A pair of functions v and q is called a suitable weak
solution to the Navier-Stokes equations in QT near the boundary if and
only if the following conditions hold:

V€ L2oo(QF) N Lo(=1,0:W5(QF)), g€ Lz(@F);  (1.3)
v and q satisfy equations (1.1) and boundary condition (1.2);

t
/go(x,t)|v(x,t)|2d:v+2//<p|Vv|2dxdt

B+ —1 B+ (14)

t
< / /(|v|2(8tcp + Ap) 4+ v - Vo(jv]? 4 2q))dzdt
1 g+

for all non-negative functions ¢ € C§°(Bx] —1,1]) such that ¢|g,—0 = 0.

In what follows, some statements will be expressed in terms of scale
invariant quantities (invariant with respect to the Navier—Stokes scaling:
Av(Az, A%t) and A2q(Ax, A?t)). Here, they are:

1 1
A(v,r) = sup - / |v(z, t)|*dz, E(U,?‘)Z; / |Vv|2dz,

—r2<t<0 T
Bt(r) Q*(r)
1 X 1 s
C@Jﬁiﬁ [v|”dz, Dd%ﬂijg lg — gl B+ 2 dz,
QF(r) QF(r)
1 / 12 5
Ds(q,7) = =3 ( [Vg|T dm) dt,
re
—r2  B*(r)
where )
o= [ 1o
12
Q

We also introduce the following values:

g(v) ;== min{ sup A(v,R), sup C(v,R), sup E(v,R)}
0<R<1 0<R<1 0<R<1

and, given r > 0,
Gr(v.q) ==
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max{ sup A(v,R), sup C(v,R), sup E(v,R), sup Dy(q,R)}.
O<R<T O<R<T O<R<T O<R<r

Relationships between g(v) and Gi(v,q) is described in the following
proposition.

Proposition 1.2. Let v and q be a suitable weak solution to the Navier—
Stokes equations in QT near the boundary. Then, G1 is bounded if and
only if g is bounded.

If z = 0 is a singular point of v and g(v) < oo, then z = 0 is called a
Type I singular point or a Type I blowup point.
Now, we are ready to state the main results of the paper.

Definition 1.3. A function u: QT := R3 x| — 00, 0[— R? is called a local
energy ancient solution if there exists a function p : QT — R such that the

pair u and p is a suitable weak solution in QT (R) for any R > 0. Here,
R :={z e R®: 23 > 0}.

Theorem 1.4. There exists a suitable weak solution v and q with Type 1
blowup at the origin z = 0 if and only if there exists a non-trivial local
energy ancient solution u such that u and the corresponding pressure p
have the following prosperities:

Goo(u,p) :=max{ sup A(u,R), sup E(u,R),

0<R<o0 0<R<o0
sup C(u,R), sup Dy(p,R)} < 0 (1.5)
0<R<o0 0<R<o0
and
i = . .
0<11;1;10(u,a)/51>0 (1.6)

Remark 1.5. According to (1.5) and (1.6), the origin z = 0 is Type 1
blowup of the velocity u.

There is another way to construct a suitable weak solution with Type I
blowup. It is motivated by the recent result in [1] for the interior case. Now,
the main object is related to the so-called mild bounded ancient solutions
in a half space, for details see [8] and [2].

Definition 1.6. A bounded function u is a mild bounded ancient solution
if and only if there exists a pressure p = p' + p?, where the even extension
of p* in x3 to the whole space R3 is a Lo (—00,0; BMO(R?))-function,

Ap! = divdivu ® u
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in QT with p’l3(x',0,t) = 0, and p*(-,t) is a harmonic function in R3,
whose gradient satisfies the estimate

|Vp? (2, t)| < In(2 + 1/x3)
for all (z,t) € QT and has the property

sup |Vp2(:c,t)| —0
x’ €R2

as r3 — 00; functions u and p satisfy:

/u~quz:0

Qr
for all ¢ € C§°(Q_ = R3x] — 00,0[) and, for any t <0,

/(u-(é?t(p—i—A(p)+u®u:V<p+pdivg0>dz=0
Qt
for and p € C§°(Q-) with p(x',0,t) = for all ' € R?.

As it has been shown in [2], any mild bounded ancient solution u in a
half space is infinitely smooth up to the boundary and u|,, = 0.

Theorem 1.7. Let u be a mild bounded ancient solution such that |u| < 1
and |u(0,a,0)| = 1 for a positive number a and such that (1.5) holds. Then
there exists a suitable weak solution in QT having Type 1 blowup at the
origin z = 0.

§2. BAsIiC ESTIMATES

In this section, we are going to state and prove certain basic estimates
for arbitrary suitable weak solutions near the boundary.

For our purposes, the main estimate of the convective term can be
derived as follows. First, we apply Holder inequality in spatial variables:

0
3 12 12\
|||U||VU|H%7%7Q+(7) = ( |’U|11|V'U|11dI) dt
“rz BE(r)

</O( / |V’u|2d:c)%( / |v|%d:c)§dt.

—r2  B+(r) B+(r)
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Then, by interpolation, since 15—222-%—1—3-%,\7%3 find
12\ 8 $ i
(/|v|?dm) g( / |v|2d$) ( / |v|3dx).
Bt(r) Bt (r) Bt(r)
So,
%
(EZT -
0
i 3 i
< /( / |Vv|2d:c> ( / |v|2d:c> ( |v|3d:£) dt
—r2  Bt(r) Bt(r) Bt (r)
$ i 1
< sup (/|U|2dx> ( / |Vv|2dxdt) ( / |’U|3dIdt>
—r2<t<0
Bt(r) Qt(r) Qt(r)
<rErird A3 (o, r) ¥ (0,r)C (v,7)

=rs As (v, T)E% (v, 7“)6'i (v, 7).
(2.1)

Two other estimates are well known and valid for any 0 < r < 1:

]

C(v,r) < cA% (v,7)E% (v,7) (2.2)

and
DO(QaT) < CDQ((LT)' (23)

Next, one more estimate immediately follows from the energy inequality
(2.4) for a suitable choice of cut-off function ¢:

A(v, 7TR)+E(v,7R) < c(r) [c%(v,R)+c%(u,R)D§ (¢, R)+C(v, R)| (2.4)

forany 0 <7< 1landforall 0 < R < 1.
The last two estimates are coming out from the linear theory. Here, they
are:

Dafgr) < (%) [Data o)+ B w0

N (2.5)
("

o0jeo
N

(v,0)E1 (v, 0)C% (v, 0)
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forany 0 <7 < p <1 and

10:v]l 12,3 @+ (rry + V0]l 22,

11°2°

()R D (. R) + c%(v,R) + EE(U,R) (2.6)
(v,

-
‘[\J
w\w
3
=3
+
<
2
“\m
w\w
:
=

+ (AR (v, R)EF

forany0<7<landforall0 < R<1

Estimate (2.6) follows from bound (2.1), from the local regularity theory
for the Stokes equations (linear theory), see paper [5], and from scaling.
Estimate (2.5) will be proven in the next section.

§3. PROOF OF (2.5)

Here, we follows paper [4]. We let fz —v - Vv and observe that

—|\vu|\ 123 o4y STEET(0,7) (3.1)

11020

and, see (2.1),

1122 8 o+ () < eri2 (AR (0,7) EF (v,7)C (v,7)) 5. (3.2)

115>
Next, we select a convex domain with smooth boundary so that
B*(1/2) c Bc B*
and, for 0 < o < 1, we let
Blo)={r€R’:z/o€ B},  Q(o) = Ble)x] - ¢*,0[:
Now, consider the following initial boundary value problem:
o' — Av' + Vgt = J, dive! =0 (3.3)
in Q(o) and
vt =0 (3.4)

on parabolic boundary 8'@(9) of @(g) It is also supposed that [ql]g(g) (t) =
0 for all —p? < t < 0.
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Due to estimate (3.2) and due to the Navier—Stokes scaling, a unique
solution to problem (3.3) and (3.4) satisfies the estimate

Lo 1 1 2,1
— v 2,3,~(g)+5||vv ||%§ ?) )JFHV ||%% Q(

2| %71 2 25 0)
—||q ||% 2.0(0) +[IVq ||% 3.Q(0) (3.5)

12 3 1 2

< elflliz.3.500 < cott (A (v, 0B (v, )CF (v, 0)F,

where a generic constant c is independent of p.
Regarding v?> = v —v' and ¢° = ¢ — [9]B. (0/2) — g', one can notice the
following:

ov? — Av? +Vg* =0, dive? =0 (3.6)
in Q(o) and
0| ps=0 = 0. (3.7)
As it was indicated in [5], functions v? and ¢? obey the estimate
c
V20?9, 3,0+ (e/ay + IV@*ll9,3,0+ (o) < EL, (3.8)
where

1
L:= QQHU 12,30+ (or2) + ||V“ 12 3 @+ (o/2) + EHCI 112 3 o+ (o/2)-

As to an evaluation of L, we have

L[5l 8 00wn+ 51 V0l 3 vt 2la— o 1B+<g/>||g,g,g+<g/2>
+ é”vlﬂ%g,m(gm) + —||VU l12,3,0+ (/1) + ||q 112 5 @+ (o/2)
< EHV’UH%;QHQ/Q) +- ||V¢I||}§ 2.Q+(0/2)
+ é”vvlll%g,m(g/z) + EHQ ||%,%,Q+(g/2)]

So, by (3.1), by (2.6) with R = g and 7 = 3, and by (3.5), one can find
the following bound

2
IV@©llo,5,0+(o/a) <
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Now, assuming 0 < r < g/4, we can derive from (3.5) and from (3.9) the
estimate

0 0
11 11
C 1,12 8 212 8
< - 1 i1
Dz(r)\r%[/( / V| dx) dt+/( / V| dm) dt}
—r2  BT(r) —r2  Bt(r)
9 11 0 1
i [ (] o) aee [ (] woraa
T B*(r) —r2  Bt(r)
2 2
O\® ,3 3 1 T 3
< = —
<e(2) At oB 0,00t w0 + o) [Fiw.0) + Datao)
+A%(v,g)E%(v,g)Ci(v,g)}
and thus
13
8

Da(ar) < (%) [EH 0.0+ Data,0)] +e(£) * 4} 0.0 (0,00 (0,0

for 0 < r < p/4. The latter implies estimate (2.5).

§4. PROOF OF PROPOSITION 1.2

Proof. We let g = g(v) and G = G1(v,q).

Let us assume that g < co. Our aim is to show that G < oo. There are
three cases:

CASE 1. Suppose that

Co:= sup C(v,R) < 0. (4.1)
0<R<1

Then, from (2.4), one can deduce that

A(v,R/2) + E(v, R/2) < e1(1 + D (¢, R)).

Here and in what follows in this case, ¢; is a generic constant depending
on Cy only.

Now, let us use (2.3), (2.5) with ¢ = R/2, and the above estimate. As
a result, we find

N

Do) < o) Dala R/2) + er () * [BH (0, R/2) +1+ D (g, R)

< c(%)QDg(q, R)+ o (g) "1+ Da(q, R)3)
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for all 0 < r < R/2. So, by Young’s inequality,

7\2 R\%
<cl—= — .
Da(q.r) < o) Da(a. R) +er () (4.2)
forall 0 < r < R/2.If R/2 <r < R, then
0
1 12 % 13 2r 2
Dg(q,r)gﬁ /( / |Vq|ﬁdx> dthssDQ(q7R)(E> .
(R/2)8
_R* BT(R)

So, estimate (4.2) holds for all 0 < r < R < 1.
Now, for p and R in 0, 1], we let r = R in (4.2) and find

a
Ds(g, uR) < cp®Da(q, R) + 1™ %

Picking p up so small that 2cu < 1, we show that

Da(q, uR) < pDa(g, R) + ¢1
for any 0 < R < 1. One can iterate the last inequality and get the following;:

Do(q, " R) < " Da(q, R) +er(L+ p 4 oo+ )

for all natural numbers k. The latter implies that

Da(q,7) < 01%D2(q, R)+ 1 (4.3)

for all 0 < r < R < 1. And we can deduce from (2.3) and from the above
estimate that

max{ sup Do(q,R), sup Ds(q,7TR)} < o0
0<R<1 0<R<1

for any 0 < 7 < 1. Uniform boundedness of A(R) and E(R) follows from
the energy estimate (2.4) and from the assumption (4.1).
CASE 2. Assume now that

Ap:= sup A(v,R) < oc. (4.4)
0<R<1

Then, from (2.2), it follows that
C(v,r) < CAO%E%(U,T)
for any 0 < r < 1 and thus
A(v,10) + E(v,70) < ¢3(Ao, T) [E%(’U, o)+ Ei(v7 Q)DO% (q,0) + E%(v, 0)].

forany0<7<land 0< p< 1.
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Our next step is an estimate for the pressure quantity:

‘U!

1

Ds(q,7) < c(g)Q[Dg(q, 0) + E%(v,g)} +c2(g) ok

<e(2)'Paa ()

for any 0 < r < ¢ < 1. Here, a generic constant, depending on Ag only, is
denoted by cs.

Letting r = 7R and &(r) := A(v,r) + D2(g,r), one can deduce from
latter inequalities, see also (2.3), the following estimates:

o

(v, 0)
13
8

(BT (v, 0) +1)

13
1 8 15

E(re) <er’Dalg o) + (=) " (BR (v,0) +1)
+es(A0, ) [ B3 (v.0) + BE (v,0)D5 (o) + B (v, 0)|

1
<er'Da(g.0)+eo(2) " (EF (w0 +1)

3

+ 63(A0,T)(%>4E1(U, 0) + c3(Ap, ) [E%(v, o)+ E%(’U, g)}
< er?E() + e3(Ap, 7).

The rest of the proof is similar to what has been done in Case 1, see
derivation of (4.3).
CASE 3. Assume now that

Ey:= sup E(v,R) < cc. (4.5)
0<R<1

Indeed,
C(v,r) < CEO%A%(U,T)
for all 0 < r < 1. As to the pressure, we can find
Dy(70) < er*Da(0) + ca(E, T) AT (o)

for any 0 < 7 < 1 and for any 0 < ¢ < 1. In turn, the energy inequality
gives:
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for any 0 < 7 < 1 and for any 0 < ¢ < 1. Similar to Case 2, one can
introduce the quantity £(r) = A(v,r) + Da(q,r) and find the following
inequality for it:

£(ro) < er2Da(q, 0) + ca(Eo, 7)ATS (v, 0)
+ ¢5(Eo, 7)| A% (v, 0) + AT (v, 0) D3 (¢, 0) + A (v, 0)
< et?E(0) + c5(Eo, T)

for any 0 < 7 < 1 and for any 0 < ¢ < 1. The rest of the proof is the same
as in Case 2.

(|
§5. PROOF OF THEOREM 1.4

Assume that v and ¢ is a suitable weak solution in QT with Type I blow
up at the origin so that

g=g(v) =min{ sup A(v,R), sup E(v,R) sup C(v,R)} < oo.

0<R<1 0<R<1 0<R<1
(5.1)
By Theorem 1.2,
G1 = G1(v,q) :==max{ sup A(v,R), sup E(v,R),
0<R<1 0<R<1
sup C(v,R), sup Do(v,R)} < oc. (5.2)

0<R<1 0<R<1
We know, see Theorem 2.2 in [6], that there exists a positive number
g1 = €1(G1) such that

inf C(v,R)>e, > 0. (5.3)
0<R<1

Otherwise, the origin z = 0 is a regular point of v.
Let Ry — 0 and a > 0 and let

uM(y,s) = Rpo(z,t),  p*(y,s) = Rig(x,1),
where x = Rpy, t = Ris. Then, we have
A(v,aRy) = A(u™,a) < G, E(v,aRy) = E(u™™ a) < G,
C(v,aRy) = C(u®,a) < Gy, Do(q,u™) = Do(p™, a) < Gy.
Thus, by (2.6),
105u™ | 12 5 Qt() t+ IV2u™ 12 5 Qt(a) T VP12 5 Q+(a) < cla,Gy)

11020 11227 11020
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Moreover, the well known multiplicative inequality implies the following
bound:

sup/ |u(k)|%dz < ¢(a, Gy).
k Ea

Using known arguments, one can select a subsequence (still denoted in
the same way as the whole sequence) such that, for any a > 0,

u®) =
in L3(Q"(a)),
vVult) — vy
in Ls(Q*(a)),
p(k) —~p

in L3 (Q™(a)). The first two statements are well known and we shall com-
ment on the last one only.

Without loss of generality, we may assume that

Vp(k) — w
in L%(Q"‘(a)) for all positive a.
We let p(lk) (z,t) = p®) (z,t) — [p®)] g+ (1)(t). Then, there exists a subse-
quence {kj}52, such that
CHEN
P1 P
inLs (QT(1)) as j — oo. Indeed, it follows from Poincaré-Sobolev inequal-
ity
k) < el V) 1 - <l.C
Py ||g,Q+(1) <cf|Vp H%,%,Q‘*‘(l) <c(1,Gh).
Moreover, one has Vp; = w in Q1 (1).

Our next step is to define pékj)(x,t) = p®)(z,t) — [p(k;)]3+(2) (t). For
the same reason as above, there is a subsequence {kJQ 52, of the sequence
{k}}32, such that

CONN
P2 p2
in L%(Q+(2)) as j — oo. Moreover, we claim that Vpy = w in Q*(2) and
p2(z,t) — p1(z,t) = [p2] g+ (1) (t) — [PalB+ (1) (B) = [p2lB+ (1) (%)
for z € BY(1) and —1 <t <0, i.e., in QT (1).
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After s steps, we arrive at the following: there exists a subsequence
X k3 s
{k3}52, of the sequence {k;._l 22, such that pg J)(:c,t) = pF)(a,t) —

[p*)] g+ (5)(t) in QT (s) and

(k5)
Ps Ds

in L%(Q*‘(s)) as j — oo. Moreover, Vp, = w in Q*(s) and

ps(x,t) = ps—1(z,t) + [ps] B+ (s—1)(t)

in Q" (s —1). And so on.
The following function p is going to be well defined: p = p; in QT (1)

and
S

p(z,t) = psy1(z,t) — Z [Pm+1] B+ (m) () X]—m2,0[(t)

m=1
in Q1 (s+1), where x,,(t) is the indicator function of the set w € R. Indeed,
to this end, we need to verify that

S

Pet1(@,t) = D [Pmt1] 5+ (m) () X)—m2 0 (1)

m=1
s—1
= ps(x,t) — Z [Prt1] B+ (m) () X]—m2,0((t)
m=1

in QT (s). The latter is an easy exercise.
Now, let us fix s and consider the sequence

s—1
s (k3) (K3)
P (@) = a7 (2, t) = Y [Pl B o) (DX) -2, 01 (1)
m=1
in Q*(s). Then, since the sequence {k$}32, is a subsequence of all se-
quences {k;ﬁﬂ};?‘;l with m < s — 1, one can easily check that
p) < p

inL 3 (Q"(s)). It remains to apply the diagonal procedure of Cantor.
Having in hands the above convergences, we can conclude that the pair

u and p is a local energy ancient solution in @t and (1.5) and (1.6) hold.
The inverse statement is obvious.
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§6. PROOF OF THEOREM 1.7
The proof is similar to the proof of Theorem 1.4. We start with scaling
uM(y, s) = \u(x,t) and p*(y, s) = \2p(x,t) where x = \y and t = A\?s and
A — oo. We know
[u2(0, y3x, 0)] = Au(0, a, 0)] = A

and so that ysy — 0 as A — oo.
For any R > 0, by the invariance with respect to the scaling, we have

A(u*, R) = A(u, \R) < G(u,p) =: Gy, E(u*, R) = E(u, A\R) < Gy,
C(u*, R) = C(u, AR) < Gy, Do(p*, R) = Do(p, AR) < Gy.
Now, one can apply estimate (1.5) and get the following:
10kl 12.3 .o+ (ry + V20 12,3 g (ry + VDM 12,3 0+ (ar < (R, Go).

11027
Without loss of generality, we can deduce from the above estimates that,

for any R > 0,

u®) = o
in L3(Q*(R)),
Vut) —~ vy
in Lo(Q*(R)),
pM —q

in L%(QJF(R)). Passing to the limit as A — oo, we conclude that v and ¢

are a local energy ancient solution in QT for which G(v,q) < co.

Now, our goal is to prove that z = 0 is a singular point of v. We argue
ad absurdum. Assume that the origin is a regular point, i.e., there exist
numbers Ry > 0 and Ag > 0 such that

[v(2)] < Ao
for all z € QT (Ry). Hence,
1 .
C(v,R) = Vo2 / lv*dz < cA3R? (6.1)
QT (R)

for all 0 < R < Ry. Moreover,
C(u*,R) — C(v, R) (6.2)
as A — oo. By weak convergence,

Do(q, R) < Go
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for all R > 0. Now, we can calculate positive numbers £(Gp) and ¢(Gg)
of Theorem 2.2 in [6]. Then, let us fix 0 < Ry < Ry, see (6.1), so that
C(v,R1) < €(Gp)/2. According to (6.2), one can find a number Ao > 0
such that

G(ur, Ry) < &(Go)
for all A > A\g. By Theorem 2.2 of [6],

G
sup |u’\(z)| < c(Go)
2€Q+(R1/2) s

for all A > Ag. It remains to select A\; > Ag such that ysy = a/\ < R1/2
and Ay > C(GO)/Rl. Then

G
W0, 0 = M € sup uti()] < LG
2€Q+ (R1/2) Ry

This is a contradiction.
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