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ESTIMATES OF THE DISTANCE TO THE SOLUTION
OF AN EVOLUTIONARY PROBLEM OBTAINED BY
LINEARIZATION OF THE NAVIER-STOKES EQUATION

ABsTRACT. The paper is concerned with a linearization of the Navi-
er—Stokes equation in the space-time cylinder Q7. The main goal is
to deduce computable estimates of the distance between the exact
solution and a function in the energy admissible class of vector val-
ued functions. First, the estimates are derived for the case, where
this class contains only divergence free (solenoidal) functions. In
the next section, estimates of the distance to sets of divergence free
functions depending on the space and time variables are considered.
These results are used to extend earlier derived estimates to non—
solenoidal approximations. The corresponding estimates contain an
additional term, which can be viewed as a penalty for the violation
of the divergence free condition.

§1. INTRODUCTION

We consider a linearization of the classical Navier—Stokes equations in
a bounded Lipschitz domain €2, which is to find a vector valued function
u(z,t) (velocity) and a scalar valued function p(x,t) (pressure) such that

ug —Divoe+(a-V)u=f inQr:=Qx(0,7), T >0, (1.1)
divu =0 in Qr, (1.2)

o=ve(u) —pl inQr, (1.3)

u(z,0) =¢(x) nQ, u=0 onSpr:=090x(0,T). (1.4)

Here ¢ € Ly(Q,R?) is a given divergence free vector valued function,
x € Q is the Cartesian coordinate, v is a positive constant (viscosity),
f € Ly(Qr,R?), div and Div denote the spatial divergence operators for
the vector and tensor valued functions, respectively, V denotes the spatial
gradient operator, and e(u) is the symmetric part of Vu.

Key words and phrases: Divergence free functions, incompressible viscous fluids,
LBB condition, estimates of the distance to the exact solution.
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Below we use standard notation for the Bochner spaces, namely, for
a separable Banach space X endowed with the norm | - || x, L2(0,7T; X)
denotes the space of functions with the norm

T
2
loll2,0.7x) = / IVl dt < oc.
0

For the scalar and vector valued functions in {2, we use Lebesgue and
Sobolev spaces L,(€2) and W}(Q) (where I,p > 1) and mark them above
by o if the respective functions vanish on S7. Ls norms of the functions in
Q2 and Qr are denoted by || - ||o and || - ||@,, respectively. In what follows,
we use the spaces

Wy *(Qr,RY) = La(0, T, W3 (2, R))
and

[e] [e] 1

Wy (Qr,RY) := La(0, T, W, (2, RY))
supplied with the norm
1/2

T
lwll10,Qr = /(IIVwII?z + [|wll$) dt
0

o
For the functions in W%’O (Qr,R?), we also use the norm

le 1,0,Qr ‘= vaHQTv

which is equivalent to ||w||1,0,0,- Next, let

V?/é’l(QT,Rd) ={we ng(QT), w=0on St}

and
) , \1/2
lwliaqr = (IVwl, + b, )
The subspaces of divergence free functions in I/;/%(Q), V?/%’O(QT), and

I/f/’%’l(QT) are denoted by él(Q), §1’0(QT), and §1’1(QT), respectively.
For a bounded Lipschitz domain w, Cr(w) denotes a constant in the
Friedrichs inequality ||w]l, < Cp(w)||Vw||, that holds for the functions
in H'(w) vanishing on dw and Cp(w) denotes a constant in the Poincare
inequality for the functions having zero mean in w.
Mean value of a function g in the set w is denoted by {|g[}, and tilde
is used to mark spaces containing functions having zero mean values with
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respect to spatial variables, i.e., ZQ(O; T; X) is the subspace of functions in
L5(0;T; X) with zero mean values on Q for a.e. t € (0,7T).

Henceforth, it is assumed that the vector valued function a in (1.1) is di-
vergence free and sufficiently regular (e.g., a € L*°(Q2)) and that the prob-

lem is uniquely solvable with the generalized solution u €§ LL(Qr,R?))
satisfying the integral relation (see, e.g., [3,4,12,13])

/(Vs(u) ce(w) + (a- V)u - w)dzdt +/ ug - wdxdt
Qr Qr

:/f-wdxdt Vw €§M°(Qr).  (L5)
Qr

Instead of (1.5), we can also use the identity

/(Va(u) re(w) + (a- V)u-w)dedt + [u-w], — /u~wt dxdt
Qr Qr

z/f-wdacdt, (1.6)

Qr

where

(¢ = (6t T) - ¢l e
Q

and the test functions belong to S%(Qr) (notice that for these functions
we can define their traces on the faces of Qp related to ¢t =0 and t =T).
Our goal is to deduce estimates, able to verify that a given function

v(z,t) EIX/;’I(QT, R?)) belongs to a certain neighbourhood of u. For this
purpose, we introduce a suitable measure of the distance (natural for the
problem in question) and deduce majorants of the difference e(x,t) :=
u(x,t)—v(x,t) expressed in terms of v (numerical approximation), problem
data, and other quantities that are defined once a numerical approximation
has been constructed. If the value of such a majorant is computed, then
we obtain a guaranteed bound for the radius of the ball centred at the
approximate solution that contains the exact one.



70 S. REPIN

§2. THE ERROR IDENTITY AND A COMPUTABLE ERROR
MAJORANT

First we assume that a function v compared with u belongs to the space
S1(Qr). In this case, from (1.5) it follows that

/(Va(e) ce(w) + (a- Ve - w) dedt + / er - wdzrdt = L,(w),
Qr Qr (2.1)

w eSM(Qr),

Ly(w) := / (f-w—ve):e(w)—(a-V)v - w—uv - w) dedt
Qr

is a linear functional defined on w €§ LO(Qr). The quantity
Lo (w)]

|L,] = sup =1t
: IVwllor

weSHO(Qr)

(2.2)

defines a norm of this functional. The functional £, (residual functional)
does not contain the exact solution w. It is computable for any test func-
tion w.

Consider the left hand side of (2.1). It is another linear functional M.,

which is defined for any w Eé LO(Qr) and depends on the error e := u —v.
The corresponding norm

m(e) ;== sup M ()]
wed1.0 ||vw||QT

generates an error measure. Using in the above definition the norm

le(w)]|qr instead of |Vwl||g, yields an equivalent measure, for which the

estimates are quite analogous and differ only by the Korn’s constant.

From (2.1) and (2.2), it follows the basic error identity *
m(e) = | L,]. (2.3)
It is clear that m(e) > 0 and m(e) = 0 if v = w. On the other hand,
if m(e) = 0, then (2.3) implies |£,] = 0, so that £,(w) = 0 for any

ISimilar error identities arise in many other problems (e.g., see [8-11]). They form
the basis for the derivation of computable bounds of the distance between a given
function and the exact solution.
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o
w €S (Qr). In view of (1.5), this means that in such a case the function
v coincides with w. Thus, m(e) is a natural characteristic of the error e.
Notice that

M(e) = /(VE(G) ce(e) + (a-V)e-e)dedt + / ey - e dxdt.
Qr Qr
Since a is a divergence free function the second term of M.(e) vanishes
and the last term is equal to 3 [|le HQ] so that

2
1 T
Me(e) = vlle()g, + 5 [leld ], - (2.4)
If v(x,0) = ¢, then [ |le HQ] is reduced to H (T)||3. Thus,
Me(e) J1/2 1/2
m(e) > HveHQT Crt (QML2(e), (2.5)

where Ck (€2) is a constant in the Korn’s inequality and we see that m(e)
really controls the distance between v and wu.

In view of (2.3), getting an estimate of the error measure requires com-
putation of the norm |£,| . However, in general, the quantity |L£,]| is
not computable (because it contains supremum over an infinite amount
of functions). Below we bypass this principal difficulty and deduce a com-
putable majorants of | £,]. For this purpose, we reform the functional £,
using a suitable integral identity that follows from an integration by parts
relation.

Theorem 1. Let v Eél’l(QT), q € L2(Qr), and

T E HDiv(QT) = {T S LQ(QT,M;;T? ’ Divr € LQ(QT,Rd)}.
Then

T

1 1
V@, + 3l < 31O + D[R, ma0)at, 20
0

where
Ri(t) := [l[T—ve(v) +dlllo,  Ra(t) := Cr(Q)[|¥]|e,
and ¥ := f— v+ Divr — (a- V)v.
Let Q be decomposed into a collection of disconnected open Lipschitz
sets such that Q = UN_,Q; and in addition for almost all t € [0,T) it holds

{|19j|}gi:07 Vi=1+d, +=1-+N. (2.7)
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Then the estimate (2.6) holds with Ra(t) replaced by

v 1/2
= (Z C%(Qi)R%i(t)> ’
i=1
where Ro;(t) := ||19H?zl

The right hand sides of (2.6) vanishes if and only if

v=wu, T=0:=ve(u)—pl, and g¢g=p.

Proof. Notice that for any 7 € Hpiy(Qr), ¢ € L2(Qr) (without a loss
of generality we may assume that {|¢[}, = 0 for a.a. t € [0,77]), and any

w Eél’O(QT), it holds

/ (Divr-w + (7 + qI) : (w))dadt = 0. (2.8)
Qr
By means of (2.8) we reform the functional £, as follows:

Ly(w) = /(7’ —ve(v) + ql) : e(w) dedt + / 9 - wdzdt

Qr

Qr
T
< / (Ra(O)w)l + [9allwlo) di

T
< [ Ra®)+ Celloo) |Vuladi

0
< (IR (&) + Re®ll 0,7 ) IVl
Hence
[£,] < [R1(t) +Ra(t)ll0,1)-
In view of (2.3)—(2.5),
VC}QMe(e) <|Lo)?
and we arrive at (2.6).
If the right hand side of (2.6) vanishes, then for any w €§1’0(QT)

0= [ Y -wdzdt= | (f - w—7:e(w)—(a-V)v -w—uv - w)dxdt. (2.10)
A
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Since R4 (t) = 0, we have 7 = ve(v) — ¢, so that

/(f-w—ys(v):s(w)—(a~V)v-w—vt-w)d:1:dt:O.
Qr

This identity shows (cf. (1.5)) that v is the exact solution.
Now we reform the second term of (2.9) with the help of (2.7):

/19 wdz < 22/19 cwjdr < ZCP ZW o IVw;||a,

1=1 j= IQ

Ry () Vwle.

Hence
[ Lel < IR1(8) + RY ()l 0.1y

and by similar arguments we deduce the majorant with the term R (¢)
instead of Ro(t). It is clear that if we set v = u, 7 = 0, and g = p, then the
majorant vanishes. On the other hand, if Ry () = RY (t) = 0, then again
(2.10) holds together with the constitutive relation, and we conclude that
U =v. (]

Remark 1. The right hand side of (2.6) contains the tensor valued func-
tion 7 (which can be viewed as an approximation of the exact stress
o = ve(u) — ¢l) and the scalar valued function ¢ (which is an approxi-
mation of the exact pressure p). It is defined by integral type norms which
easily computable. If the function 7 is balanced and the integral relations
(2.7) hold, then the term Ry(t) can be replaced by R () containing con-
stants in the Poincare inequalities for subdomains. These constants are
proportional to the diameter of €; (moreover for convex domains there
exists a simple estimate for such a constant, see [6]) and usually are es-
sentially smaller than the global constant Cr(2). Therefore, such a form
is advantageous for computations.

Also, it is worth noting that the term Ra(t) can be represented in
a somewhat different form Ra(t) := Cp(Q)||DivT — v¢ + f|@, where
T=7—a®uv and ® denotes the tensor product of vectors.

Remark 2. If the flow is stationary, then all the functions do not depend
on t so that u(z,t) = u(x,T) = u(x,0) and Ry and Ry do not depend
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on t. We formally integrate in time and arrive at the estimate

C
le(e)lle < TK (I7 = ve(®) + dllla + Cr(Q)[Div — (a- V)v + fllo) .

1,0 1,1
§3. DISTANCE TO THE SETS StY AND S

Very often numerical approximations of problems related to incompress-
ible viscous fluids do not exactly satisfy the divergence free condition.
Therefore, our next goal is to extend (2.6) to a wider class of functions,
which may not satisfy this condition. From now on, we assume that a func-

tion ¥ compared with u belongs to I/f/%l (Qr,R?) (notice that approxima-
tions constructed by the majority of methods possess such a regularity).
However, the function ¥ may not satisfy the condition divo = 0.

We need easily computable majorants for the quantities

d(aa SI)O(QTa Rd)) = R inf Ia — Vo I 1,0,Qr>
v, €SH0(Qr,RY)
d(ausl)l(QTuRd)) = inf Ia_’UOllJ;QT?

Vo €§1’1(QT,]R'1)

which define distances between the function ¥ and the spaces S 1°(Q7)

and S 11(Qr), respectively. Also, we estimate the distance generated by
the special norm

1 1/2
o lgri= (VIVul, + 5le@i3)
i.e., the quantity
T~ d11 d : ~
d@, s> (Qr,R%)) = inf I =vo llQr -
v, €S (Qr,RY)
The corresponding estimates follow from properties of the orthogonal

projector Pq that maps IX/%(Q,RCI) to the subspace S L(Q) containing
the divergence free fields. We use the following well known result (e.g.,

see [7,8]): for any @ 6[/?/% (€2) the projector satisfies the estimate
(IV(w — Paw)|lo < Colldiva||q, (3.1)
where Cq is a constant in the inf-sup (LBB) condition (see [1,2,4,5]).
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In fact, this projection estimate is a form of the well known stability
lemma established in the above cited publications, which says that for any

f € L2(9) with zero mean, there exists a vector field vy EV([J/%(Q, R?) such
that
divoy = f and  [|[Vus|la < Callflla-

[e]
Moreover, the function w, = Pqow €S '(Q) defined by the orthogonal
projection operator Pg exists and is unique. Below we use this fact to
deduce the desired estimates.

Lemma 1. For any v EV(E/;’I(QTaRd)

d(@,8"(Qr,RY) < Caldivillo,, (3.2)

If U is more regular, i.e.,

5 eV 3t (Qr.RY) = {5 €Wy (Qr,RY) | diviy € La(Qr)},
then
d(@,811(Qr,RY) < Ca (|divi]3, + CR@)|diva]3,)",  (33)

~ _ o R 1 L 1/2
108" (Qn ) < Ca (vadlly, + SRR ) - (30

Proof. First, we consider v of a special class. Functions in this class can
be called incremental approximations because they are associated with a
finite amount of time intervals (tg,tg4+1), tht1 > tr, to = 0, and ¢, = T.
Let the function ¥ be defined by the relation

3w, t) =AO)08(2) + (L-AE))Opsr  for ¢ € [totraa],  (3.5)

where U, €W () are some functions depending on the spatial variables

only and
/\(t) = thrgi_t, 5k = tk+1 - tk.
k
Functions of this class form the set VO(W)(QT, R?). We do not assume that
the functions vy, are divergence free, so that V ™) (Qr,R%) CVC[)/;"1 (Qr,RY),

but in general a function v € Vo(m) (Qr,R?) does not satisfy the condition
divo = 0.
Let vo 1, = Py, so that (see (3.1))
||V(i)\k —’UOJC)”Q < CQHdiV@\kHQ k=0,1,2,...,m. (3.6)



76 S. REPIN

Then the function v, defined by
Vo (2, 1) =A()vo,k () + (1=A(t))vokt+1(x), T E [ty tht1] (3.7)

belongs to él’l(QT, R9)) and the relation v, = Pg,0 defines the operator

Py, : W5 (Qr,RY) — $*(Qr,RY).
Notice that P, is a linear mapping, so that v (x,t) defined by (3.7) satisfies

IV = v)lla®) < Calldivila(t) Vi€t tonl.  (38)
We have
m Ukt
170012 0.0, =3 / IV (3 — vo) |3t

k=0 {,

m PRl
<3y / | dival3dt=C3 divall3,

k=0,

Hence for any © € Vo(m) (Qr,RY)

d(3,5(Qr, RY)) < Cal|divd]|o, .

Let ¥ be a smooth function vanishing on St. For any € > 0, we can find
sufficiently large m and the corresponding v € Vo(m)(QT,Rd) such that
|V(© =) 1,00 < e Therefore,
17— vol10,0r <1V = vol10,0r + e<Colldivi|q, + e<Cqlldiv|q, + 2e,
and the doistance estimate also holds for v. Since smooth functions are
dense in Wé’l(QT, R?), we extend the estimate to this class of functions.
[e]
Consider the norm |7 — vo|1.1.Q,, Where 7 €V 5 (Qr, R%). We have
5 1 I

(U —vo) = 3 (Uk+1 — Uk — Vo k1 + Vo) for € [t,trs1]. (3.9)

Notice that
V41 = Uk = vo,ks1 + Voklla < CR)V(Vrs1 = Uk = Vokt1 + voi) |0

and P(Vk41 — Uk) = Vo k+1 — Vo, We conclude that

[Vk+1 = Uk = Vo,kt1 + Doklle < Cr(Q)Calldiv(Upr —oe)[.  (3.10)
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On each interval [tg, txi1]
divi)\kJrl - divﬁk == 5k (dlva)t == 5kdiviz\t.

Using (3.9) and (3.10), we obtain

trt1
m
1@ = volild, < C2CEY / |divey |2dt = CECA|diva |3, (3.11)
k=0 {,
Since
Ii)\_ Vo | %,1,QT = Ii)\_ Vo | %,O,QT + ||(U - ’Uo)t”é'p?

we obtain (3.3) for any v €€ Vo(m) (Qr,R?). By analogous arguments based

on density of smooth functions in Vé’l(QT, R?), this estimate is extended
to this class of functions.
Finally, consider the quantity

_ _ 1,
15— vo 1= V(@ = o)y + 511(@ = wo)(T)lg

for € I/?/%’l(QT,]Rd). Here the first term is estimated by (3.8) and for the
second one we have

[0 =vo)(T)llo = [1tm = vo,mllo < Cr(QIV(Om — vom)lle
< (CQCF(Q)HdiVi)\mHQ = CQC’F(Q)Hdwﬁ(T)HQ

Using density of smooth fields in 1; ;’1(QT,Rd) and properties of their
traces on the faces of Qr related to t = 0 and t = T, this estimate is
extended to the whole class of functions. O

Remark 3. From (3.2), it follows that for any f(x,t) € L2(Qr) such that
f = divo for some vector valued function v EI/?/ 51 (Qr,RY), there exists
w GV?/;I(QT, R?) satisfying the conditions

divo=f  fora.e.t € (0,T),

[@]1.0.0r < Callfllor-

Analogous estimates for the norms |w]1,1,¢, and || @ || follow from (3.3)
and (3.4).
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§4. ESTIMATES FOR NON—SOLENOIDAL APPROXIMATIONS

Now we extend the estimates derived in Sect. 2 to functions, which may
not satisfy the divergence free condition. In the vast majority of cases, the
function v is obtained by an incremental type computational method and,

therefore, belongs to VO(W)(QT,RCI) C‘; ;’1(QT,Rd), so that we can use
Lemma 1.
Let us estimate the quantity

T
1
I el = V/ le(e)lddt + 5 lle(T)I5,
0

where e = v — ¥ and for simplicity, we assume that v(z,0) = ¢(z).

Using (3.7) we define v, €§1’1(QT, R?). Then, the estimates (3.3)— (3.4)
hold. Hence

Fellg,=llu-715, < allu—ve g, +o/ 0-vo g,  (41)

where o and o’ are arbitrary positive numbers satisfying é + é = 1. The
first norm is estimated as follows (see Theorem 1):

!

C? .
Il w=vo 15, < =5 [(lIm = ve(vo) +qllla +[|f = vor + Divy = (a- V)uo | 0) *dt.

(=)

In view of (3.8), we have for ¢ € [0, T]
|7 — ve(us) + qlllo < Ri(t) + v]|e(@ — vo)|lo < Ri(t) + vCql|divil|q
and (cf. (3.11))
1f = vor + Divr — (a- V)vollo < Ra(t)+ (2 V) (@ — o)l + [Tt — vet [l
< Ra(t) + Ca (Jlalloo|divdllo + Cr ()| diviy|o) ,
where

Ri(t) == |7 — ve(®) + gll|o,
Ra(t) = || f — T + Divr — (a- V)0|o.
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Hence we find that

T
_ 3 N Y
150 < = [ 5(Ra0) + Rat) et
0

; (4.2)

LBy / (v + alloo) | divBlo + Cr(Q)[divei o) dt,
0

where 3 and ' are positive conjugate numbers.
The second term in (4.1) is estimated with the help of Lemma 1:

~ DS 1 P
I3 = vo g, < Caldivalg, + SCHQAVIT)E).  (43)

Using (4.1)—(4.2) and making simple calculations, we obtain the following
generalization of Theorem 1.

Theorem 2. For any v € Vo(m)(QT, R%), 7 € Hpiy (Q7), and q € Lo(Q71),
it holds
Ck

T

~ —~ 2

Lelt, < <5 [ (Ralt) + Relt)) di+ Ch2(), (40
0

where
(D) = c1||dive]|3), + cal|diviy ||, + eslldiva(T) |3,

a/
cr = af'y ((u + |la]loo)? + 0/1/) cco = af'y CH(Q),c3 = EC%(Q)’

and o, B, and ~y are arbitrary numbers greater than 1, o', B, and ~' are
the corresponding conjugate numbers. The right hand side of (4.4) vanishes
if and only if v = u, and 7 = vVu — pl, and q = p.

Remark 4. The term ®(v) vanishes if v is a solenoidal function. Therefore,
this term can be viewed as a penalty for the violation of the divergence—
free condition. In general, the estimate has the same structure as analogous
estimates derived in [7,8,11] for the stationary Stokes and generalized Os-
een problems. However, the penalty term in (4.4) has a more complicated
structure and together with norm of ||divd]|g, includes two other terms
generated by the evolutionary nature of the problem (1.1)—(1.4).

The constants «, 3, and -y are in our disposal. They should be selected to
minimize the right hand side of (4.4) with 7, 7, and ¢ found in a numerical
experiment.
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of

Also, it is worth noting that the functionals forming right hand sides
the estimates (2.6) and (4.4) generate variational functionals associated

with the problem (1.1)—(1.4), minimization of which with respect to v, 7,
and ¢ results in the exact velocity, stress, and pressure, which therefore
can be found by direct minimization. The corresponding values of the

fu

1

10.

11.

12.

13.

St.

of

nctionals serve as reliable measures of the distance to the exact solution.
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