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QUANTUM EQUATION OF MOTION AND TWO-LOOP
CUTOFF RENORMALIZATION FOR ¢*> MODEL

ABsTRACT. We present two-loop renormalization of ¢3 model ef-
fective action by using the background field method and cutoff mo-
mentum regularization. In this paper we also study a derivation of
the quantum equation of motion and its application to the renor-
malization procedure.

§1. INTRODUCTION

Renormalization theory (see [1]) plays a crucial role in the quantum field
theory and largely depends on the regularization. This work is devoted
to the cutoff momentum one, which has its pros and cons. On the one
hand it breaks invariance and adds the non-logarithmic divergences, but
on the other hand it is more physical and retains the dimension. As a rule,
for studying the properties of regularization and renormalization we often
choose the simplest theory (not necessarily physical one), which clearly
shows the process. We are going to work with a scalar ¢® model, which
was used in the study of dimensional regularization in the four- (see [2])
and six-dimensional (see [3]) cases as well as for more intricate versions of
the theory [4-10].

In the paper we present two-loop renormalization of the scalar ¢3 theory
with cutoff momentum regularization in 3, 4, 5 dimensions (super-renorma-
lizable cases), and in six dimensions (renormalizable case). We are going to
use the background field method (see [11-14]), obtain a quantum equation
of motion, and explain its applications to the renormalization theory.

First of all we need to introduce a Lagrangian density of the euclidian
¢3 model

LI6)(@) = 30u0(0)00(x) + 3 () — L6%(@), we R, (1)
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where m is a mass parameter, g is a coupling constant, and n is a dimen-
sion. Then we can define an action of the theory as S[¢] = [ d"z L[¢](z).
Rn

Next we assume that the scalar field ¢ has a decreasing at infinity so one
can integrate by parts and obtain a crucial property

Slo+ Bl = SIB)+ 01.0) + 5(No.0) - § [ e @)
R
where an operator N and a field M in the point € R™ are defined by the
formulas
N(z) = —0,0" + m* — gB(w),

M(z) = —8,0"B(z) + m*B(z) — g B(x), (3)

and where B is a background field, which will be defined below (see Sec. 5).

§2. GREEN FUNCTION AND HEAT KERNEL

Let us introduce some extra definitions related to the operator N(x).
By G(z,y) and K(x,y;7) we denote a Green function and a heat kernel
respectively which satisfy the problems

(5 + N(@)) K(z,y:7) = 0;

K (2,3;0) = 3(a — y). @

N(2)G(x,y) = d(x,y), {

for all z,y € R™ and 7 € R,. Under the conditions described above, we
have

G =gG G
B0 (,y) = gG(z,2)G(2,y),
5 . (5)
K@) =g [ K@z = 9K (),
0
To prove the last formulas we need to apply the functional derivative,
which satisfies the equality

dB(y)
5B (x) =d(z —y), (6)

to the problems (4) for the Green function and the heat kernel. Then we
introduce a logarithm of determinant of the oparetor N as the following
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integral (see [15])

rd
Indet (N/N|p=o) = — /d"x/ il [K(x,x;7) — e_m2T]. (7)
T
R 0
Therefore, using the equality for the heat kernel
[ R K i) = K(gir+5), (8)
Rn

one can find the first variation

)
Indet(N) =—¢gG . 9
B ™ et(N) = —g G(z, ) (9)
This equality makes sense for the regularized objects. Additional properties
one can find in the Appendix A.

§3. DIAGRAM TECHNIQUE

For clarity it is convenient to introduce a diagram technique. We will
denote the Green function G(z,y) by a line with two indices z and y,
and the integration — by a dot. Let us give some examples of using the
technique.

1) Let a functional p(g, B) equals to one-particle irreducible (1PI) dia-
grams and their products from

n s )3
e%nx[l ) e2(Gnm) . (10)
n=0

It is just a sum of 1PI vacuum diagrams (and their products). On the
Figure 1 one can see the first two terms of the expansion in powers of the
coupling constant g. The next correction is multiplied by g*.

plg.B) = 1+ {5 ¢ + 0(g").

Figure 1. The main terms of the p(g, B).
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2) Let us define an extended Green function G(z,y) as a sum of all 1PI
contributions to the functional

§ 0 Lfda(5ty)

1
e En ez (Gnim) , (11)
on(x) on(y) _
n=0
then it takes the following view
Gr,y) =z y+ida y + O(gh).

Figure 2. The extended Green function with the first correction.

Lemma 1. Under the conditions described above p(g, B)G(x,y) equals
to 1PI diagrams and their products from the functional (11).

This statement can be proved using combinatorial methods and bino-
mial coeflicients.

§4. BACKGROUND FIELD METHOD

Primarily we need to enter an effective action W as the path integral

e W = /'D¢675[¢], (12)
H

where H is a functional set, which is determined by using physical reasons.
Actually the effective action is a function of the set H. Then, according
to the background field method, we do a shift ¢ — ¢ + B. So, using the
formula (2), we get

—(M,$)—3(N¢,¢)+2 [ d"x ¢°(x)
e WIB] = ¢—51B] /DqSe : GR[‘ , (13)
Hy

where Hy = {¢p— B : ¢ € H} is a new set of integration after the shift H —
Hjy. We suppose that the dependence of W = W[B] on H is dictated by
the background field B, which will be defined below by using the quantum
equation of motion. Then we do one more shift ¢ — ¢+ Gn, where G is an
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integration operator with the kernel G(z,y) and 7 is a smooth auxiliary
field. In this case we have

—(M,$)—%(N¢p,p)+% [ d"z¢®(x)
/D¢e 2 6]Rn
Hy

(M, )48 [ dre(=5—)?
=det(N) "% e Ere *(wtw) ez (@nm) , (14)
n=0
where we fixed the normalization property of the measure from the formula

(12) by using the following condition

/me*%(W@ = [det(N)]71/2. (15)

Ho

§85. QUANTUM EQUATION OF MOTION

Let us obtain the equation of motion. For this purpose we need to find
two kinds of contributions to the effective action W[B].

Lemma 2. The coefficient for (GM, M) in W[B], consisting of 1PI dia-
grams and their products, equals to %p(g, B).

Lemma 3. The effective action W[B] contains terms, which have one M -
vertex and can be represented as a product of 1PI diagrams. The sum of
all such contributions equals to —4p(g,B) [ d"x GM (z)G(x, ).

]Rn

Proof. To find the contribution we need to consider the chain of equalities.
The first one is

6\ b ()

— (M, =) e3(Gn.m)

g f an (L)Q 77:0 (16)
_ 66 o 51 (z) (Gy]\47 n)e%(Gn,n)

n=0

Then we need to use properties of the functional derivative in the form

8 [ d"e (50)" § [ de (50) 2
o En (5ate7) ,(GM,?])] :ge n (sater) (GM,;?). (17)

Finally, the statement follows from Lemma 1. O
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Therefore we can give a definition of the quantum equation of motion.
Using the results of Lemmas 2 and 3, one can write down the equation in
the following form

M(z) = gg(m), (18)

where x € R™. Of course, it contains the divergencies, so we should under-
stand it in the regularization sence. It is very easy to see that the equation
is nonlinear with respect to the background field. In particular case, after
regularization we can express a trace part of the Green function

Gla,z) = SM(Q;) +0(g?). (19)

Now we can define the background field B as a solution of the problem
which consists of the quantum equation of motion (18) and asymptotic
behaviour at infinity. The last condition is taken from the definition of H.

Theorem 1. Under the conditions described above for all x from R™ we
have in the reqularization sence

)

g
55 VBl = M) - §6(a.) (20)

The last expression follows from the formulas (3) and (9), and definition
of the function G(x,y). From the equalities (13) and (14) one can express
the effective action, which after using Theorem 1 has the following form

W|[B] = S[B] + %lnd(tt(f\“') — %gz + O(}ﬁ)‘

Figure 3. The effective action with the 1PI corrections.
In particular, it means that diagrams such as “glasses” are cancelled.

§6. REGULARIZATION

There are a lot of ways to do regularization (dimensional one, Pauli
Villars one, and other). We are going to use the cutoff momentum reg-
ularization in a special form. It should be noted that we are going to
find infrared divergencies in the coordinate representation. It means one



QUANTUM EQUATION OF MOTION AND TWO-LOOP 157

should regularize the Green function expansion when x ~ y. The rules are
following:

(1) The factor »—* with k € N goes to x,as17"";

(2) The factor Inr goes to xyras1Inr — xragi InA,
where () is a characteristic function of (a,b), and A is a parameter of
regularization. It means that G* — G in the sence of generalized functions
when A — 4o00. In this case one can write down the trace parts of Green
function for n = 3,4, 5,6 dimensional cases:

G4 (y,y) = PSs(y,y); (21)
o) = 5oy () + PSily,) (22)
G5 (y,y) = PSs(y,v); (23)
G o) = 53 502(0,9) + PSs(y.v). (21)

where the bottom index corresponds to the dimension of the space and L =
In(A/p). The last equalities do not violate the limit transition for Green
function G*(z,y), they just redefine the value on the diagonal 2 = y. Of
course, the Green function after the cutoff regularization has logarithmic L
and powers A singularities. The second kind of ones has a different nature
(see for example [16,17]).

§7. RENORMALIZATION

The process of renormalization is based on redefining of model param-
eters m?, ¢, and g. We are going to consider renormalizable case, when
n = 6, and then super-renormalizable cases, when n = 3,4, 5. For the con-

venience one introduces some extra types of sign “=". The letters IR (IB )
mean that both sides of an equality contain the same infrared singular
contributions without consideration of parts which are proportional to the
zero or the first degree of the background field B. Let us also note that we
will use the logic and notations proposed in the work [18].

7.1. n=6 dimensional case. In the renormalizable case we have an infi-
nite number of divergencies, and thus we need to find the renormalization
constants Z, Zy, and Z,,. Using the fact that the process of renormaliza-
tion is equivalent to the transitions

6> VZo, g— ZoZ g, m:— ZnZ 'm?, (25)
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which cancel the singularities, we plan to consider two-loop renormaliza-
tion. Using the Lagrangian density (1) one can conclude that ounly finite
number of the coefficients should be found:

Zo(g)=1-— a129°L — a149*L — a2qg*L* + 0(94); (26)
Zm(g) = 1 —b12g°L — brag*L — baag*L* + o(g*); (27)
Z(9) =1 —c126*L — c149* L — coag*L* + o(g*). (28)

Firstly we find the coefficients proportional to ¢g?L. For this purpose we
need to consider a singularity from the one-loop correction. It follows from
the formulas (9) and (54), that the singilar logarithmic part has the fol-
lowing from

Indet(N) 15—3;3 /dea3(:v,:C). (29)
T
R6

Thereby the contribution to the effective action has a view
IR ¢°L (9.B.9,B) m>¢’L(B,B) g°L (B> B)

1
gidetN) = es 2 T 2w 6 O

and the coefficients are
1 1 1

e L &

C12 =
Let us find the coefficients proportional to g*L. They appear from the
two-loop correction. Summig up all terms from the formulas (71)—(72) and
(74)—(75), and using the equalities (58), (13), and (14), one can obtain the
contribution to the effective action as

11¢*L (8,B,0,B) = m?¢*L (B, B) g¢°L (B2 B)

- - . 32
36(4m)6 2 6(4m)6 2 6(4m)6 6 (32)
It means that the coefficients are
11 1 1
_ - - = 33
UTT36ams M T s MM T dm)s (33)

In the same way, using the formulas (77)—(79), a contribution proportional
to g*L? is the following
5g*L? (0,B,0,B) 5m?¢*L? (B,B) 5¢°L? (B?,B)

36(4m)° 2 A4S 2 4(dms 6 (34)
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so we have
Coy = 75 boy = —5 Qo4 = —5
T36(Am)E T Adms YT 4(4n)s

The coefficients, obtained above, are in full agreement with the results
obtained earlier (see [3]) in the case of dimensional regularization. We
deliberately did not take into account the contributions of the type (73).

A sum of all such terms equals to —%2(942—:)3 [ dSzv(x)PSe(x,x) and will
be considered in the Remark 1 in the Section 7.3. Also it should be noted
that the two-loop correction contains a term of view (see formulas (69)

and (76))

(35)

gA? 6, 0 g\’ / 6

d Indet(N d . 36

2(4m)7 / 5B Mt + 5 g | dwaeln ). (36)
RS RS

It seems that the first term contains a high degree of the field B, but it is

not so. One can use the expansion of the quantum equation of motion in

the form (19). Therefore

5
Indet(N) ~ —gB? O(g* 37
S5 et (V) ~ ~g1(2) + O(g"). (37)
where the terms proportional to B! and B° are not taken into account.
Further using the formula (56), we can rewrite the contribution as

92A2 92 (BvB)
RTE (1 - 2<4w>3) 7 (38)

Actually the singularity A2 has a different nature and can be eliminated by
redefining a regularized trace part of Green function, or by renormalization
of the mass parameter.

7.2. n=>5 dimensional case. In the five-dimensional case we have only
finite number of divergencies. From the formula (23) it follows that the
one-loop correction does not have singularities. Thereby from the equali-
ties (62)—(66) we obtain a contribution to the effective action:

4
- d°z —— Indet(IV 39
a2 tounz ) YT spg maet®), (39)
R5
where the formulas S* = §7T2 and (9) were used. The second term in

the last formula also can be considered by using the quantum equation of
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motion in the form (37). Therefore to do the renormalization we need to
shift only the mass parameter in the following way

g4

12(47r)4L'

m? — m? + (40)
7.3. n=4 dimensional case. The divergencies in the effective action in
the four-dimensional case follow from the equalities (52) and (22), and
formulas (59) and (60). So the contributions from first two loops have a

form
9°L (B,B) ¢°L

S (@dm)? 2 _2(4@2/6143;1334(“). (41)

R4
In this case we have only logarithmic divergencies. To renormalize the
effective action only the mass parameter should be shifted as follows
2
g
L. 42
The four-dimensional case is the super-renormalizable one, therefore let us
see how the second singularity in the formula (41) is cancelled. Let ¢ be a
finite part of the Indet(NN) such that
oo oo
= _— _gPS 43
where v(z) = —m? + gB(). Hence using the shift (42) the effective action
W [B] after one-loop renormalization contains the term

1 g>L oo
5o+ ()2 / d*x 5o() . (44)

R* m2—sm2+

m2—>m2—|—

(49:)2 L
However all objects are constructed by using the Green function. It means
that they are functionals of the field v(z) = —m? + gB(z). At the same

time the operator

2
g*L 4 0
d 45
P\ (42 / *5u(x) (45)
R4
does a shift in the following form
9°L

v(z) — v(z) +

(4m)*
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So one can obtain that formula (44) equals to 1o plus term which is
cancelled by the next high loop corrections. It is supposed that the same
calculations can be done for a finite part of the two-loop correction, using
the high loop contributions.

Remark 1. Let us get back to the case n = 6, where we noted that the
term

5 gL 6
63 /d zv(x)PSs(z,x) (47)
exists. By o we denote such part of the lndet(N) that 63&) = —PSg(z, z).

Drawing an analogy with the n = 4 case we see that the term (47) is a part
of exponential operator which transforms the potential in the o from the

2
value v to the v+ %%v. At the same time after one-loop renormalization

we have the shift
v(x) = —m? +gB(x) = —ZnZ 'm? + ZoZ ' gB(x)
5 ¢2L N (48)
=v—= vt
6 (4m)3

It means that the shifts cancel each other. A similar procedure should work
in the high loops.

§8. APPENDIX A

It is very well known (see [19]) that we can represent the heat kernel
K (x,y;7) as a series in powers of a proper time 7. The coefficients ax(x, y),
k € N, of the expansion satisfy the problem

ao(z,y) =1;
{(k + (z — y)HOu)ar(z,y) = (0,0" + v(x))ar—1(x,y), k>0, (49)

and are called Seeley-DeWitt coefficients. They play an important role
in physics. In particular case, they give an asymptotic expansion for the
Green function G, (x,y) when x ~ y. Let us introduce some notations:

(x—y)rte =(x—y)" o (—y)", Ouypp =Ouy - Opy,  (50)
where k € N and u; € {1,...,n}. So we can write down the expansions for
n=3,4,5,6:

1 r
Ga(2,y) = — — g-a1(,y) + PSs(z,y) + o(r); (51)

4rr
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1 In(ru)?
Ga(z,y) = A2 Wm(z,y)
r? ln(ru)Q 2 2 52)
WCQ(I,?J) + PSa(z,y) + o(r®Inr?);
1 1
Gs(z,y) = W*’mal(%y)—WG2(I,ZJ)+PS5(%?J)+O(T); (53)
1 1 In(rpu)?
Ge(z,y) = AT Wal(x,y) Ry az(w,y)

r2In(rp)? (54)
25673
where r = |z — y|, PSk(z,y) for k = 3,4, 5,6 are regular parts and depend
on i, although G(xz,y) does not (see [20]). The first three coefficients have
the forms (from [21-23]):

0,3(17, y) =+ PSG(xvy) + O(TQ 1117"2),

a1(e,) = 0(9) + 50~ 1) Duely) + (&~ ) Dur(y)

1 1 (55)
+ 57 (@ = 9" Oupv(y) + 155 (@ = y)" " Do v(y) + o(r");
w2(2,9) = GOmvW) + 57°0) + 15 — 1) Dut(y)
+ 500) @ = 9" Buvly) + 15— 1) Do (y)
1 (56)
+ 5@ = 9)"9u0(y))?
+ 00— )" Duly) +o(r);

05(99) = 5Ot ()+ 50" () + 500(0)2,0(0) + 5o(0)O ). (57)

At the same time after applying the operator N(z) to the equality (54)
and using the Green function definition we have the following equality for
n==~6

ag (y7 y)

BT v(y)PSs(y,y) — 0,0"PSe(z,y) = 0. (58)
o=y

§9. APPENDIX B

9.1. n=4: In the four-dimensional case the two-loop diagram contains
only two singularities, which can be obtained by using formulas (52)
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and (55):
3 / d4xd4y< : )2<_ln(m)2“(y)) R3S [ atyepi®; (59)

42p2 1672 2876

1 \? IR 353
3/d4xd4y (W) PSi(,y) = 57 d*'y PSs(y,y)L.  (60)

9.2. n=5: In the five-dimensional case we have five terms with singular-
ities, among which there are not only logarithmic. So, to obtain them, we
need to use the expressions (53), (55), (56), and the equality of view

/d":c (z; —yj)zf(r) = %/d":mjf(r), je{l,...,n}. (61)

So we have the contributions, which are proportional to A2, A, and L:

s [ d5xd5y( ! ) uy) R 357 [Evewnz @)

823 1672r = 21176

1 \? 4
3/d5xd5y (—) PSs(z,y) T 35 &y PSs(y,y)A;  (63)

8m2y3 T 9644
1 (v \’IR 35 /
d5 d5 : = d5 2 L: 4
3/ Y S (167r2r) 9116 yvi(y)L; (64)
1\’ (= y)"™0uv(y) IR S*
5. 35 { o R . '
3/d Id Y <87T2,r.3> 6 - 167T2’l° - 21157T6 /d yaﬂﬂv(y)L, (65)
1\ r
5 5
[ty () (mmten)
R 35

B [ (30u00) 42w 2 (6

9.3. n=6: In the six-dimensional case we have 13 contributions with sin-
gularities, among which there are not only logarithmic. To calculate the
divergencies, we are going to use the expressions (54), (55), (56), (57), and
(61). Then we have:

3/d6:z:d6y< ! >2 o) IR 357 /dﬁyv(y)A4; (67)

4m3rd ) 167312 21079

1\ (@=9)"0uv(y) IR S
6 6 v LI 6 2.
3/d zd’y (47r3r4> 6 1652~ i1z /d YOunv(y)A%; (68)




164 A. V. IVANOV, N. V. KHARUK

12 IR 35°
3/d6xd6y <W> PSo(y:y) = 555 /dePSa(y,y)AQ; (69)

6,76 1 : (l’ - y)uypaauupav(y)
3 | d’xd’y

4dpd 120 - 167372
IR 1 202
:215_57T6/ <Zaa ) (70)
n,r=1
3 5
v(y) \"IR S
/dedﬁy (16#37’2> = 5129 /dev3(y)L; (71)

G/dﬁxdﬁ 1 v(y) (2 —y)"Ouwv(y)

Y1 16732 6. 167512

IR S°
= 21137T9/d6yv(y)(9wv(y)L; (72)

1w IR 35°
6/d6:cd6y4 T 16(3)2PS@=( V) = 555 [ Cyo)PSs(y,y)L; (73)

1 \*1
3/d6:vd6y (W) §($ - y)uyauupsﬁ(xuy)

IR S°

B s [ Evoursiey| L ()
a=y
1 ((@—y9"9w)\ IR S°
6. 16 i R 6 .
3/d xd Yy < 5 1673,2 = 159 /d yOuv(y)0v(y)L; (75)
oS 1 \?/ In(rp)?
3 Y\ g - 64nd a2(y,y)
IR 35°

1 1
~ 5.5 d®yas(y,y) <ZA2 - EAQL) ; (76)

1 2 In(rp)? 1 y
3/ dad'y <47r37°4> <_ 615 2@~ Y) pa”paz(x’y)>
IR S° 1
s [ (30manteailny ) 1% (70
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10.

11.

12.

13.

14.

15.

1 \?/r2In(rp)?
6. 76
3/d zd y<47r37°4> ( 25673 ag(y’y))

IR 35°
T 91249

6/d%d6y ) (—ln(rmzaz(y,y))

43rd 167372 6473

IR 35°
= 911,49 /deU(y)a2(y,y)L2. (79)

/dﬁy as(y,y)L* (78)
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