3anucku Hay THBIX
cemunapos [IOMU
Towm 476, 2018 r.

A. A. Akopyan, A. V. Levichev

ON SO(3,3) AS THE PROJECTIVE GROUP OF THE
SPACE SO(3)

ABsTrACT. The fractional linear action of SO(3,3) on the projec-
tive space SO(3) is proven to be a (globally defined) projective ac-
tion.

§1. INTRODUCTION

Originally, the choice of topics for the present article was motivated
by Segal’s Chronometry and Levichev’s DLF theory: see [3, Section 7] for
details on a (both general as well as DLF specific) notion of parallelization
of a vector bundle.

However, it is our opinion that the main statements (Theorems 1
through 4 below) are of general mathematical interest. We believe that
the most interesting is our finding that SO(3,3) can be viewed as the
projective group of the (projective) space SO(3).

We notice that there is a 2-cover P of S* x SO(3) (we denote this group
by D'/?) by the group U(2): P sends a matrix z into the pair (det z, p(u)),
where p is the standard covering map from SU(2) onto SO(3), see (3.4)
below, and u is a matrix in SU(2) such that z = du with d? = det z (u is
determined up to a sign). Both P and p are group homomorphisms.

From the theoretical physics viewpoint, the fundamental role of p is
well known. In regard to P, its mere existence allows one to present Se-
gal’s chronometric theory (see [3] and references therein) starting with the
“lowest level” possible (since the center of the group SO(3) is trivial). It is
well known that the Lie group U(2) (with a bi-invariant Lorentzian metric
on it) can be viewed as a conformal compactification of the Minkowski
spacetime. This provides an approach to how to study physics of Segal’s
compact cosmos D = U(2). The Lie group D2 inherits a bi-invariant
metric through the above-introduced homomorphism P. With this metric,
we call D'/? the projective world. Thus, D'/? underlies Segal’s compact

Key words and phrases: 2-cover of SO(3,3) by SL(4), fractional linear action of
SO(3,3) on SO(3), bi-invariant metrics, geodesics, 2-cover of ST x SO(3) by Segal’s
compact cosmos U(2).
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cosmos D = U(2). This gives another option of how to build physics in D:
to start with that of D'/2.

This last topic is to be explored elsewhere while the current presen-
tation takes a turn towards geometry. We introduce the fractional linear
action of SO(3, 3) on the projective space SO(3) and prove that this action
is a (globally defined) projective action. (Throughout the article, SO(3, 3)
stands for the component of the identity matrix.) One would probably an-
ticipate such an observation: it is known (since long ago) that a projective
transformation between two projective lines is a fractional linear one (see
[4, p. 22]). The key ingredient of the proof is the commutative diagram,
which intertwines the linear action of SL(4) in R* with the SO(3,3) frac-
tional linear action on SO(3). In that diagram, the element § of SO(3,3)
corresponds to an element g of the real Lie group SL(4).

§2. FRACTIONAL LINEAR ACTION OF SO(3,3) oN SO(3)

In this section, our main goal is to introduce a fractional linear action of
SO(3, 3) on SO(3) and show that this action is globally defined. We denote
by Mgxe the set of all 6 x 6 real matrices and let S € Mgy be the matrix

S = diag{1,1,1,-1,-1,—1}.
We consider the set W of all 6 x 6 real matrices g such that
g'Sg=1=5 (2.1)

This set consists of two components. Following [1], we define the group
SO(3, 3) to be the identity-containing component of W. In particular, the
negative identity matrix is not an element of thus defined SO(3, 3).

We remark that the authors of [1] use a different matrix S in their
analogue of (2.1).

The next step will be to represent the generic element g of SO(3,3) as
a matrix consisting of 3 x 3 blocks

5= {é f@} (2.2)

and find out which conditions are imposed on these blocks by defini-
tion (2.1).
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Lemma 1. A matriz § of the form (2.2) belongs to SO(3,3) if and only
if the following conditions hold

ATA-CTC =1, (2.2.1)
ATB-CTD =0, (2.2.2)
D'D-B"B=1. (2.2.3)
Proof. It is a straightforward calculation based on (2.1). O

Now, let us present the fractional linear action of SO(3,3) on SO(3):
gz = (A2 + B)(Cz+ D)%, (2.3)

Theorem 1. Formula (2.3) is globally defined, i.e., it is defined for all
elements z in SO(3).

Proof. We see from (2.3) that, in order to prove the theorem, it suffices

to show that the matrix Cz + D in (2.3) is never singular. Let us assume

that there exists 2z’ € SO(3) with det(Cz’ + D) = 0. Then there exists a

non-zero vector v € R? such that (Cz’ + D)v = 0. Now, we show that
(Az+ B)T'(A2+ B) — (Cz+ D)T(C2+ D) =0 (2.4)

for all z € SO(3). We cross-multiply the terms and reduce (2.4) to

(AT A-CTC)2+-(BTA-DTC)2+27 (AT B-CTD)+(B"B-D*D) = 0.

Using (2.2.1)-(2.2.3), we reduces it to 27z = 1, which proves that (2.4)
holds for all z € SO(3). If (for 2’ with det(Cz’ 4+ D) = 0) we then multiply
both sides of (2.4) by v from the right and by vI from the left, we find
that

vI'(Az' + B)T (A2 + B)v =0
and (A2’ + B)v = 0. Now,
BT (C? + D)v — DT (A2 + B)v=0
simplifies to (BTB — DTD)v = 0 and v = 0, which contradicts the as-

sumption. Therefore, Cz + D in (2.3) is never singular. O

Theorem 2. Equation (2.3) defines a left action of SO(3,3) on SO(3). In
particular, gz € SO(3).
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Proof. Assume that gz is defined. In order to show that gz € SO(3), we
start with (§z)7§z = 1 and reduce it to an obvious identity.

(92)"gz=1

[(Az+ B)(Cz+ D) '|"(Az + B)(Cz+ D) ' =1

[(Cz+ D) (A2 + BT (A2 + B)(Cz+ D)™ ' =1

(zTCT + D)1 (2T AT + BT)(Az + B) = (Cz+ D)

2TAT + BT)(Az 4+ B) = (Cz + D)(:TC™ + DT)
(ATA-CcTC)z = (DD - BT B)

—(BTA-DTC)z - 2" (A"B - C"D)

2Tz =1. (2.5)

In the last step, we use equations (2.2.1) through (2.2.3). Since z is in
SO(3), it follows that (2.5) is true. Therefore, gz is in SO(3). We omit the
(straightforward) proof that (2.3) is a left action. Since it is a continuous
action of a connected Lie group (and the inputs are in a connected set),
gz belongs to SO(3). O

Remark 1. Both Theorems 1 and 2 hold for the case of fractional linear
action (2.3) of SO(n,n) on SO(n).

§3. DOUBLE COVER OF SO(3,3) BY SL(4) AND THE RESULTING
COMMUTATIVE DIAGRAM

It is known (see [1, pp. 4, 5]) that there is a homomorphism F' (actually,
a 2-cover) from SL(4) to SO(3,3). We will use the notation ¢ for our
homomorphism between SL(4) and SO(3,3) (see Theorem 3 below). Our ¢
will be the following 3-step composition: an element g from SL(4) goes to
Q(g~HTQ™1, then F is applied, then the resulting g goes to g = QgQ 1.
The 4 by 4 matrix @) and the 6 by 6 matrix 2 will be specified below.

Now that we are equipped with the SO(3,3) action on SO(3), we can
introduce the commutative diagram. In Section 1, we have recalled a ho-
momorphism p from SU(2) to SO(3): this p is specified as (3.4) below.
Before we introduce the commutative diagram, we agree on the following
notation: let u be an element of (viewed as the unit sphere in R*) SU(2),
@ = gu is its image under the SL(4) projective action on SU(2), z is an
element of SO(3), Z is its image under g that implements the SO(3,3)
fractional action (in other words, § = ¢(g)).
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Remark 2. The SL(4) projective action on SU(2) originates from the
SL(4) linear action in R* together with SU(2) identification with the space
of rays emanating from the origin in R?*, [2, p. 1368].

Theorem 3. The (described above and specified below) homomorphism q
of SL(4) onto SO(3,3) makes the following diagram

u
/|
z

g ~
— U

p
— z

g
commutative.

Proof. It is helpful to consider a standard basis {L;;} (with L;; = —L;;)
in s0(3, 3). Here is the commutation table:

[Lim; Lmk] = 7emLik; (32)

(e_2,e_1,€9,€1,e9,e3) stands for (1,1,1,—1,—-1,—1).

These fifteen 6 by 6 matrices L;; will be specified below. We choose a
6D mazimal compact subalgebra k spanned by the matrices Logs, Ljg, Lis,
L_5_1, L_29, L_qp. Clearly, k is a direct sum of two copies of so(3). This
k acts in the 9D subspace spanned by the remaining nine (non-compact)
generators L;;. To each matrix L;; from so(3,3), we will assign a matrix
from sl(4). In other words, one can think of (3.2) as of the commutation
table for the matrix Lie algebra sl(4). Such an assignment originates from
the (described above) homomorphism ¢, which is specified by the following
choice of ) and :

1 0 0 0 01

0 0 0 1 0 0 1 1 00

-1 0 0 O 0 1 0 010

@= 0 0 -1 0|’ = -1 0 0 0 0 1
0 1 0 0 0 0 -1 1 0 0

0o -1 0 010

Observe that Q7! = Q7 and Q' = Q7.
In the remaining part of the proof, we denote cos(t) by ¢ and sin(t) by s.

Compact generators. We will prove (3.1) for one-parameter subgroups
generated by compact elements Las, L1, L_3_1, L_10, in that order (to
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avoid fractions, we will use vectors proportional to these four). Clearly,
these four vectors generate k.

Let
U1
u= "
us
Uq
be in SU(2), which means that
u? +ud +udud=1. (3.3)

The matrix z = p(u) in SO(3) is defined as follows ([6, p. 161]):

ud—ud—ud+ui  —2(uius+uzuy) 2(uruz—ugty)
2=|2(—urug+ uzuy) —udtud—ui+ui —2(uiustuguz) | . (3.4)
2(urug+ugty) 2(ugug—uguz)  —ud—ud+ud+ul

1. Generator 2L35:

1 0

_ |1 o 0

=10 0 cos(2t) —sin(2t)]’

| 0 sin(2t)  cos(2t)

[cos(t) 0 0 — sin(t)
_ 0 cos(t)  sin(t) 0

g1 = 0 —sin(t) cos(t) 0

| sin(?) 0 0 cos(t)

We compute z = ¢y 2:

91210 = ui —uj — uf + uj;

[G12]1,2 = —2(uqru2 + usua) cos(2t) — 2(urug — uszuag) sin(2t);
[912]1,3 = 2(uru3 — wgua) cos(2t) — 2(uiug + usua) sin(2t);

[G12]21 = 2(—urug + usua);

[G12]2.2 = (—u? + u3 — uZ + u3) cos(2t) + 2(urug + ugusz) sin(2t);
[012]2.3 = —2(utug + ugug) cos(2t) + (—u? + u3 — u3 + u?) sin(2t);
[912]31 = 2(urus + ugua);

[012]3,2 = 2(urug — ugusz) cos(2t) + (u? + uj — u — u?)sin(2t);
[012]3,3 = (—u? — u3 + ud + uF) cos(2t) + 2(urug — ugus) sin(2t).
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Uy = g1u =

uy cos(t) — ug sin(t
ug cos(t) + ug sin(t
—ug sin(t) + ug cos(
uq sin(t) + ug cos(t

)
)
t)
)

We compute p(giu):

2

Bl =i —u3 — a3 + uf

(21,2

(21,3

(]2,

[Z]2,2

u2c® — 2upngsc + uis® — uic® — 2uoussc — u%sQ
— u2s? + 2uougse — uic® + u?s? + 2upngsc + uic?
2 2 2 2
Uy — Uy — U3+ Uy;
—2(&1&2 + a3a4)
2 2
72(11,111,20 — ULULSC + UTUZSC — U3ULS
— u1u252 + uiuszsc — usu4Sc + u3U4c2)

—2(ujus + usug) cos(2t) — 2(urus — usug) sin(2t);

2(wyus — Ustiy)
2 2
2(_U1U250 + UoUgS” 4+ UTUZCT — UIU4SC
— UrU28C — U1U382 — UQ’U,4C2 — U3U4SC)

2(ugug — uguy) cos(2t) — 2(urus + uguy) sin(2t);

2(7&1&2 —+ ﬂ3ﬂ4)
2(—urugs® + UstsST — UgtiaST + Uzuac?
— U u2C? + Ul ST — Uy usST + uzuys?)

2(—urug + uzug);

~2 | ~2 ~2 | ~2
—ujy +uy; —uz+ uy

—ulc? + 2uyugse — uls® + uic? + 2upussc + uis®
— u%s2 + 2ususzsc — u%c2 + u%sQ + 2uqugsc + uic2

(—u? +u3 — u? + u?) cos(2t) + 2(uyuyg + ugus) sin(2t);
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[Z]2,3 = —2(u1ty + uguiz)
= —Z(U%sc — U ugse + uguac® — uisc
- u%sc — usus3s® + uguzc® + u%sc)

—2(uyug + ugus3) cos(2t) + (—u? + ui — ul + u?) sin(2t);

[Z]3,1 = 2(u1us + Uatia)
= 2(—uyussT + Uy 8% + ugugc? — UglgST
+ UruasT + U u3S® + ustyc? + U3AST)

= 2(urus + uguy);

[Z]s.2 = (urtiy — ugus3)
2 —uisc

2 2 2 2
+ u3SC + ugu3zs” — uguzC” — uzSc)

= 2(u%sc — U ugS® + uugc

= 2(uyuyg — ugusz) cos(2t) + (u? +uj — ui — u?)sin(2t);

~2 _ ~2  ~2  ~2
[2]s,3 = —ui — 4 + uz + uj
= —u3c® 4 2ugugsc — uis? — uic? — 2uouzsc — uis®

+ ugs2 — 2uougsc + ugc2 + ufsQ + 2uqugsc + uic2

= (—u? — ul + uZ 4+ u?) cos(2t) + 2(uuy — upus) sin(2t).

Thus, we proved (3.1) for the first compact generator g;. For the remain-
ing three compact generators, we only give corresponding group elements
(both in SO(3,3) and SL(4)) as matrices:

2. Generator 2Lo:

1 0
~ cos(2t) —sin(2t) 0
927 1o sin(2t)  cos(2t) 0]’
0 0 1
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cos(t)  sin(t) 0 0
| —sin(¢) cos(?) 0 0 )
g1 = 0 0  cos(t) —sin(t)|’
0 0 sin(t)  cos(t)

3. Generator 2L_1_s:

[cos(2t) —sin(2t) 0
~  |sin(2t) cos(2t) 0 O
92 - O 0 1 )
i 0 1
[ cos(t) sin(t) 0 0
| —sin(®) cos(¢) 0 0 |.
g1 = 0 0 cos(t) sin(t) |’
| 0 0 —sin(t) cos(t)
4. Generator 2Lg_1:
1 0 0

~ |0 cos(2t) —sin(2t) O
927 1o sin(2t)  cos(2t) ’

L @ ]]-
- cos(?) 0 0 sin(t)
B 0 cos(t)  sin(t) 0 )
g1 = 0 —sin(t) cos(t) 0 |’
| —sin(t) 0 0 cos(t)

Non-compact generators. Under the linear action of g € SL(4) corre-
sponding to a non-compact generator of SO(3,3), the resulting image @
would no longer be in SU(2). Therefore, @ needs to be normalized. So, for
(3.1) to hold, we take

S
I

We take

I
u =

from SU(2), z = p(u) is defined by (3.4).
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Let us show that (3.1) holds for the generator 2L_g3:

[ cosh(t) 0 — sinh(t) 0
_ 0 cosh(t) 0 sinh(t)
9= — sinh() 0 cosh(t) 0 ’
| 0 sinh(?) 0 cosh(t)
[ cosh(2t) 0 0 0 0 —sinh(2t)
0 10 0 0 0
_ 0 0100 0
9= 0 0010 0
0 00 01 0
| —sinh(2t) 0 0 0 O cosh(2t)

First of all, we have
uy cosh(t) — ug sinh(t)
~ | ugcosh(t) + u4sinh(t)
U=9U= sinh(¢) + uz cosh(t) |’
ug sinh(t) + ug cosh(t)
so that
p(@) = p(at) = a*p(q).
Therefore, in order to prove (3.1), it suffices to show that
Az + B =a*z(Cz + D). (3.5)

Here, we have Z = p(u): we apply (3.4) even though @ is not in SU(2).
We denote cosh(t) by ¢ and sinh(¢) by s. Then we have

a® = ulc? — 2uiuzsc + uis® + uic? + 2ugugcs + uis®

+ ufsQ — 2uqugsc + u%c2 + ugs2 + 2uougsc + uﬁc2
= (u? + u3 + uZ + u?) cosh(2t) + 2(—uyus + uzuy) sinh(2t)
= cosh(2t) — z13 sinh(2¢).

Now, Eq. (3.5) becomes

CzZ11 CZ12 CzZ13 — S

Zo1 222 Z93 = (cosh(2t) — z3sinh(2t)) ™!
231 232 233
Z11 — SZ11Z13  Z12 — SZ12Z13  Z13(c — s213)
X |Z21 — 8211223 Z22 — S8Z12%223 523(0 — 8213) . (36)

Z31 — S2Z11Z33 232 — SZ12Z33  Z33(c — s713)
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We compute Z = p(u):

(i1

[Z]1,2

[Z]1,3

[Zl2,1

[Z]2,2

.9 2 92 -9
=Uy — Uy — U3z + Uy

= u?c? — 2usazse + uis® — uic® — 2uasugsC — uls?
— u?s® + 2uprgsc — uic? 4+ uds® + 2usugsc + uic?
T T S T—
= 72(ﬂ1ﬂ2 +ﬂ3ﬂ4)
= _2(U1U202 — UolsST + Ui g ST — Uz SZ—
— uquss® + uzugc? + UoUsST — UL UAST)

= —2(uruz + uzug) = z12;

= 2(ﬂ1ﬂ3 — ﬂ2ﬂ4)
= 2(—ulsc + uyuzs® + ujusc? — uisc
— u%sc — Uguys® — usugac® — uisc)
= 2(uyuz — uguy) cosh(2t) — (u? + u3 4+ u2 + u?) sinh(2t)
= 213 cosh(2t) — sinh(2t);

= 2(—Tu1us + UsUy)
= 2(—u1u252 + ugu3zsCc — uiuU4SC + u3u4c2
— U1U262 “+ uguszsc — ujugS8C + U3U452)
= 2(—ujus + uguyg) cosh(2t) + 2(—uiug + ugus)
291 cosh(2t) — z32 sinh(2t);

2 =2 =2 | o2
=-utu; —uztug
= —u2c® 4 2uyugsc — uls® 4+ uic® + 2uguysc + uls®

— u%s2 + 2ujuzsc — u%c2 + u%sQ + 2uougsc + uic2
= (—u? +u3 — uZ +u?) cosh(2t) + 2(uyus + uguy) sinh(2t)

= 299 cosh(2t) — z31 sinh(2¢);
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[Zlo.3 = —2(T1T4 + TaT3)
= —2(uyuasT — uu3s? + U ULC? — UULST
— UUsST — U U8 + Uz + UsUAST)

—2(urus + ugug) = 223;

[Z]3.1 = 2(W1 T3 + UaTis)
= 2(—u%sc + uquss® + ugusc® — ugsc
+ u%sc + UguaS® + usuac® + uisc)
2(urusz + uguy) cosh(2t) + (—u? 4 u3 — u 4 u?) sinh(2t)
= 231 cosh(2t) + z99 sinh(2t);

[Z]3,2 = (W1Ty — U2T3)
= 2(urugsc — uguzs® + ugusc® — uzugsc
“+ uqugsc + U1U482 — uQU302 — U3U4SC)
= 2(urug — ugus) cosh(2t) + 2(ujus — usuy) sinh(2t)
= z39 cosh(2t) — 22 sinh(2¢);
233 = —uf — W3 + 703 + 4
= —ulc® 4 2upmzsc — uis® — uic® — 2uomgsc — uls®
+ uis® — 2uyugse + ujc® + u3s® + 2usugsc + ujc’

= (—ui — uj +uj +uj) = z33.

Now, we need to verify (3.6) for each entry.
(3.6)1,1 : 211 cosh(2t) = (cosh(2t) — 213 sinh(2t)) ™' x (Z11 — 211 Z13 sinh(2t))

cosh(2t) = (cosh(2t) — z13 sinh(2t)) ™! (1 — sinh(2t) x cosh(2t) 4 sinh?(2t))
= cosh(2t)

(3.6)1.2 : 212 cosh(2t) = (cosh(2t)—z13 sinh(2t)) ™! x (Z12—212Z13 sinh(2t))
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cosh(2t) = (cosh(2t) — z13sinh(2t)) 71 (1 — sinh(2t) x cosh(2t) + sinh?(2t))
= cosh(2t)

(3.6)1.3 : 213 cosh(2t) —sinh(2t) = (cosh(2t) — 213 sinh(2t)) "' Z13(cosh(2t)
— z13sinh(2t))
1 = (cosh(2t) — z13sinh(2t)) ! (cosh(2t) — z3sinh(2t)) = 1
(3.6)2.1 :z21 = (cosh(2t) — z13sinh(2t)) ™! x (Z21 — 211Z23 sinh(2t))
213221 = 232 t 211223

2 2 2 2
Uty — ugug = (uug — ugug)(uy + ui + us + uy) = uiug — ugugz

(3.6)2.2 220 = (cosh(2t) — z13sinh(2t)) ™! x (Zag — 212Z23 sinh(2t))
213222 = 231 + 212223

2 2 2 2
urug + ugug = (urus + usug)(uy + uj + us + uj) = urus + usuy

(3.6)2.3 :223 = (cosh(2t) — z13sinh(2t)) " x Za3(cosh(2t) — 213 sinh(2t))
1 = (cosh(2t) — 213 sinh(2t))~*(cosh(2t) — z13sinh(2t)) = 1

(3.6)3.1 :231 = (cosh(2t) — z13sinh(2t)) ™" x (Z31 — 211 %33 sinh(2t))
211233 = 222 + 213231 — U] + U3 — u3 + uj
= (—uf +uj — uf +uf)(uf + uf + uf + uf)

2, 2 2 2
=-uituz —uztug

(3.6)3.2 1232 = (cosh(2t) — z13sinh(2t)) ™" x (Z32 — 212733 sinh(2t))
213232 = 221 + 212233
— ugug + uguy = (—uiug + uzug)(ut +ui + ui +ui)

= —U1U2 + U3U4

(3.6)3,3 1233 = (cosh(2t) — z13 sinh(2t)) ™! x Z33(cosh(2t) — z13 sinh(2t))
1 = (cosh(2t) — z13sinh(2t)) ! (cosh(2t) — z13sinh(2t)) = 1

This finishes our verification of (3.6).
Let us use the expression “(3.1) holds for ¢” if
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p(9(2)) = (49)(p2) (3.19)
holds for that element g of SL(4) (whereas z goes through all of SU(2));
here, ¢ is the described above homomorphism. At this point in time, we
know that (3.1) holds for any element g of the five 1-parameter subgroups
in SL(4). Four of these subgroups correspond to compact generators and
one subgroup corresponds to the non-compact generator. Similarly, “(3.1h)
is satisfied” means that (3.1) holds for an element h of SL(4).

Lemma 2. If (3.1) holds for both g and h, then it holds for their prod-
uct gh.

Proof. We use f to denote gh. Then, for the left-hand side of (3.1f), we
have

p(f(2)) = p(g(h(2)) = (g9)(p(h(2))-
In the above, we use that SL(4) acts on SU(2) and that (3.1g) holds. For
the right-hand side of (3.1f), we have

(af)(pz) = {(ga9)(qh) H{(p2)} = (¢9){(qh)(pz)} = (g9){p(h(2))}.

Here, we use that ¢ is a homomorphism, that SO(3, 3) acts on SO(3), and
that (3.1h) holds. O

Lemma 2 guarantees that the diagram (3.1) is commutative: it is well
known that any element of SL(4) can be represented as the product of
a finite number of elements from the above-mentioned five 1-parameter
subgroups. The same holds for any element of SO(3,3). Theorem 3 is
proved. Il

Theorem 4. The SO(3,3) action (2.3) is projective.

Proof. We recall that the 2-cover p can be viewed as an isometry from
SU(2) onto SO(3) when both spaces are equipped with bi-invariant Rie-
mannian metrics. Let [ be a (one-dimensional) coset in SO(3) and § be an
element of SO(3,3). We need to prove that §(I) is a coset. To do so, we
cover g by ¢ from SL(4). Also, we cover l~by a coset [ from SU(2). Since
SL(4) action on SU(2) is projective, it follows that g(I) is a coset. Due to
the diagram (3.1), g(I) covers 5(7) Since p is an isometry, this last curve
has to be a geodesic, hence a coset. Theorem 4 is proved. (I
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