
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 466, 2017 Ç.é. á. éÂÒÁÇÉÍÏ×, î. ÷. óÍÏÒÏÄÉÎÁ, í. í. æÁÄÄÅÅ×÷åòïñ�îïó�îáñ áððòïëóéíáãéñïðåòá�ïòá ü÷ïìàãéé exp (t(S∇;∇)) óëïíðìåëóîïê íá�òéãåê S.
§1. ÷×ÅÄÅÎÉÅ.÷ ÓÔÁÔØÑÈ Á×ÔÏÒÏ× [1, 2℄ ÂÙÌÉ �ÏÌÕÞÅÎÙ ÒÅÚÕÌØÔÁÔÙ Ï ×ÅÒÏÑÔÎÏÓÔ-ÎÏÍ �ÒÅÄÓÔÁ×ÌÅÎÉÉ É ×ÅÒÏÑÔÎÏÓÔÎÏÊ Á��ÒÏËÓÉÍÁ�ÉÉ ÒÅÛÅÎÉÑ ÚÁÄÁÞÉëÏÛÉ u(0; x) = '(x) (1)ÄÌÑ ÕÒÁ×ÎÅÎÉÑ �u�t = �22 �2u�x2 ; (2)ÇÄÅ t > 0, Á � Ñ×ÌÑÅÔÓÑ ËÏÍ�ÌÅËÓÎÙÍ ÞÉÓÌÏÍ, ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÉÍ ÕÓÌÏ-×ÉÑÍ Re� > 0 É Re�2 > 0.ðÒÉ � ∈ R ÕÒÁ×ÎÅÎÉÅ (2) Ñ×ÌÑÅÔÓÑ ÕÒÁ×ÎÅÎÉÅÍ ÔÅ�ÌÏ�ÒÏ×ÏÄÎÏÓÔÉ, Á�ÒÉ Re�2 = 0 { ÕÒÁ×ÎÅÎÉÅÍ ûÒ£ÄÉÎÇÅÒÁ.÷ ÞÁÓÔÎÏÓÔÉ, × ÒÁÂÏÔÅ [1℄ ÂÙÌÏ �ÏËÁÚÁÎÏ, ÞÔÏ ÄÌÑ ×ÓÑËÏÊ ÆÕÎË�ÉÉ' ∈ L2(R), ÎÏÓÉÔÅÌØ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ æÕÒØÅ ËÏÔÏÒÏÊ ÓÏÄÅÒÖÉÔÓÑ × ÉÎ-ÔÅÒ×ÁÌÅ [−M;M ℄ ÄÌÑ ÎÅËÏÔÏÒÏÇÏ M > 0 (É, ÔÅÍ ÓÁÍÙÍ, ÄÏ�ÕÓËÁÀÝÅÊÁÎÁÌÉÔÉÞÅÓËÏÅ �ÒÏÄÏÌÖÅÎÉÅ, Ñ×ÌÑÀÝÅÅÓÑ �ÅÌÏÊ ÆÕÎË�ÉÅÊ ÜËÓ�ÏÎÅÎ�É-ÁÌØÎÏÇÏ ÔÉ�ÁM), ÄÌÑ ÒÅÛÅÎÉÑ u(t; x) ÚÁÄÁÞÉ ëÏÛÉ (1), (2) Ó�ÒÁ×ÅÄÌÉ×Ï�ÒÅÄÓÔÁ×ÌÅÎÉÅ u(t; x) = E'(x+ �w(t)); (3)ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÜÏÌÀ�ÉÏÎÎÙÅ ÕÒÁ×ÎÅÎÉÑ, �ÒÅÄÅÌØÎÙÅ ÔÅÏÒÅÍÙ, ÕÒÁ×ÎÅÎÉÅûÒ£ÄÉÎÇÅÒÁ, �ÏÌÕÇÒÕ��Ù Ï�ÅÒÁÔÏÒÏ×.òÁÂÏÔÁ �ÅÒ×ÏÇÏ Á×ÔÏÒÁ ×Ù�ÏÌÎÅÎÁ �ÒÉ �ÏÄÄÅÒÖËÅ òææé (ÇÒÁÎÔ No. 16-01-00258). òÁÂÏÔÁ ×ÔÏÒÏÇÏ É ÔÒÅÔØÅÇÏ Á×ÔÏÒÁ ×Ù�ÏÌÎÅÎÁ �ÒÉ �ÏÄÄÅÒÖËÅ òîæ (ÇÒÁÎÔNo. 17-11-01136). 134



÷åòïñ�îïó�îáñ áððòïëóéíáãéñ... 135ÇÄÅ w(t) { ÓÔÁÎÄÁÒÔÎÙÊ ×ÉÎÅÒÏ×ÓËÉÊ �ÒÏ�ÅÓÓ, Á �ÏÄÓÔÁÎÏ×ËÁ ËÏÍ�ÌÅËÓ-ÎÏÊ ×ÅÌÉÞÉÎÙ x+�w(t) × ÆÕÎË�ÉÀ ×ÅÝÅÓÔ×ÅÎÎÏÊ �ÅÒÅÍÅÎÎÏÊ ' �ÏÎÉ-ÍÁÅÔÓÑ ËÁË �ÏÄÓÔÁÎÏ×ËÁ × ÁÎÁÌÉÔÉÞÅÓËÏÅ �ÒÏÄÏÌÖÅÎÉÅ '. ðÒÏÉÚ×ÏÌØ-ÎÕÀ ÆÕÎË�ÉÀ ' ∈ L2(R) ÍÏÖÎÏ Á��ÒÏËÓÉÍÉÒÏ×ÁÔØ ÆÕÎË�ÉÑÍÉ ÕËÁ-ÚÁÎÎÏÇÏ ×ÉÄÁ. éÍÅÎÎÏ, �ÏÌÏÖÉÍ'M (x) = 12� M∫
−M '̂(p)e−ipx dp;uM (t; x) = E'M(x+ �w(t)); (4)ÔÏÇÄÁ

‖u(t; · )− uM (t; · )‖22 6 ‖'− 'M‖22 = 12� ∫

|p|>M |'̂(p)|2 dp −→M→∞
0:ëÒÏÍÅ ÔÏÇÏ, × [1℄ ÂÙÌÏ �ÏËÁÚÁÎÏ, ÞÔÏ ÓÈÏÄÉÍÏÓÔØ Ë ÒÅÛÅÎÉÀ ÚÁ-ÄÁÞÉ ëÏÛÉ ÄÌÑ ÕÒÁ×ÎÅÎÉÑ (2) ÓÏÈÒÁÎÉÔÓÑ ÅÓÌÉ × �ÒÅÄÓÔÁ×ÌÅÎÉÉ (4)ÍÙ ÎÅ ÔÏÌØËÏ ÂÕÄÅÍ Á��ÒÏËÓÉÍÉÒÏ×ÁÔØ ÎÁÞÁÌØÎÕÀ ÆÕÎË�ÉÀ ' �ÅÌÏÊÆÕÎË�ÉÅÊ ÜËÓ�ÏÎÅÎ�ÉÁÌØÎÏÇÏ ÔÉ�Á, ÎÏ É ÏÄÎÏ×ÒÅÍÅÎÎÏ Á��ÒÏËÓÉÍÉÒÏ-×ÁÔØ ×ÉÎÅÒÏ×ÓËÉÊ �ÒÏ�ÅÓÓ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØÀ ÓÔÕ�ÅÎÞÁÔÙÈ �ÒÏ�ÅÓ-ÓÏ×, �ÏÓÔÒÏÅÎÎÙÈ �Ï ÎÏÒÍÉÒÏ×ÁÎÎÙÍ ÓÕÍÍÁÍ ÎÅÚÁ×ÉÓÉÍÙÈ ÓÌÕÞÁÊÎÙÈ×ÅÌÉÞÉÎ. óÏÏÔ×ÅÔÓÔ×ÕÀÝÅÅ ÕÔ×ÅÒÖÄÅÎÉÅ ÅÓÔÅÓÔ×ÅÎÎÏ ÔÒÁËÔÏ×ÁÔØ ËÁËÎÅËÏÔÏÒÕÀ �ÒÅÄÅÌØÎÕÀ ÔÅÏÒÅÍÕ.÷ ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÅ ÍÙ �ÏÌÕÞÉÍ ÍÎÏÇÏÍÅÒÎÏÅ ÏÂÏÂÝÅÎÉÅ ÒÅÚÕÌØÔÁ-ÔÏ× [1℄. ÷ÍÅÓÔÏ ÏÄÎÏÇÏ ËÏÍ�ÌÅËÓÎÏÇÏ ÞÉÓÌÁ �2 Õ ÎÁÓ ÂÕÄÅÔ ÓÉÍÍÅÔÒÉÞ-ÎÁÑ (×ÏÏÂÝÅ ÇÏ×ÏÒÑ, ÎÅ ÜÒÍÉÔÏ×Á) Ë×ÁÄÒÁÔÎÁÑ ËÏÍ�ÌÅËÓÎÁÑ ÍÁÔÒÉ�Á SÓ ÎÅÏÔÒÉ�ÁÔÅÌØÎÏ Ï�ÒÅÄÅÌÅÎÎÏÊ ×ÅÝÅÓÔ×ÅÎÎÏÊ ÞÁÓÔØÀ. äÁÎÎÁÑ �ÏÓÔÁ-ÎÏ×ËÁ ÚÁÄÁÞÉ ÂÙÌÁ �ÒÅÄÌÏÖÅÎÁ ÎÁÍ �ÒÏÆÅÓÓÏÒÏÍ ë. ðÁÒÔÁÓÁÒÁÔÉ ÎÁËÏÎÆÅÒÅÎ�ÉÉ × îØÀ-äÅÌÉ × 2015 ÇÏÄÕ.òÁÓÓÍÏÔÒÉÍ Ï�ÅÒÁÔÏÒ12 (S∇;∇) = 12 d∑j;k=1Sjk �2�xj�xk ;ÚÁÄÁÎÎÙÊ ÎÁ ÏÂÌÁÓÔÉ Ï�ÒÅÄÅÌÅÎÉÑW 22 (Rd). íÁÔÒÉ�Á S { ÓÉÍÍÅÔÒÉÞÎÁÑ(ÔÏ ÅÓÔØ, ST = S ) ËÏÍ�ÌÅËÓÎÁÑ ÍÁÔÒÉ�Á, ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÁÑ ÕÓÌÏ×ÉÀReS > 0. ðÏÓÌÅÄÎÅÅ ÏÚÎÁÞÁÅÔ, ÞÔÏ Ë×ÁÄÒÁÔÉÞÎÁÑ ÆÏÒÍÁ (Sp; p) ÕÄÏ-×ÌÅÔ×ÏÒÑÅÔ ÕÓÌÏ×ÉÀ Re (Sp; p) > 0 (5)ÄÌÑ ×ÓÅÈ p ∈ Rd.



136 é. á. éâòáçéíï÷, î. ÷. óíïòïäéîá, í. í. æáääåå÷äÌÑ t > 0 ÞÅÒÅÚ P t ÏÂÏÚÎÁÞÉÍ Ï�ÅÒÁÔÏÒ Ü×ÏÌÀ�ÉÉ e t2 (S∇;∇), Ñ×ÌÑ-ÀÝÉÊÓÑ �ÓÅ×ÄÏÄÉÆÆÅÒÅÎ�ÉÁÌØÎÙÍ Ï�ÅÒÁÔÏÒÏÍ Ó ÓÉÍ×ÏÌÏÍ e− t2 (Sp;p).óÅÍÅÊÓÔ×Ï Ï�ÅÒÁÔÏÒÏ× P t; t > 0, ÏÂÒÁÚÕÅÔ �ÏÌÕÇÒÕ��Õ, ÔÏ ÅÓÔØ P t+s =P tP s ÄÌÑ ×ÓÅÈ t; s > 0. éÚ ÕÓÌÏ×ÉÑ (5) ÓÌÅÄÕÅÔ ÎÅÒÁ×ÅÎÓÔ×Ï ÄÌÑ Ï�ÅÒÁ-ÔÏÒÎÙÈ ÎÏÒÍ Ï�ÅÒÁÔÏÒÁ Ü×ÏÌÀ�ÉÉ
∥∥e t2 (S∇;∇)∥∥W l2(Rd)→W l2(Rd) 6 1; (6)ÞÔÏ ÏÚÎÁÞÁÅÔ, ÞÔÏ ÓÅÍÅÊÓÔ×Ï Ï�ÅÒÁÔÏÒÏ× e t2 (S∇;∇); t > 0 ÏÂÒÁÚÕÅÔ �Ï-ÌÕÇÒÕ��Õ ÓÖÉÍÁÀÝÉÈ Ï�ÅÒÁÔÏÒÏ× × �ÒÏÓÔÒÁÎÓÔ×ÁÈ W l2(Rd); l > 0 (×ÞÁÓÔÎÏÓÔÉ, × L2(Rd)).äÌÑ ËÁÖÄÏÇÏ t > 0 Ï�ÅÒÁÔÏÒ P t �ÅÒÅ×ÏÄÉÔ ÆÕÎË�ÉÀ ' ∈ W 22 (Rd) ×ÒÅÛÅÎÉÅ u(t; · ) ÚÁÄÁÞÉ ëÏÛÉu(0; x) = '(x) (7)ÄÌÑ Ü×ÏÌÀ�ÉÏÎÎÏÇÏ ÕÒÁ×ÎÅÎÉÑ�u�t = 12 (S∇;∇)u = 12 d∑j;k=1Sjk �2u�xj�xk ; (8)ÇÄÅ u = u(t; x); t > 0; x ∈ Rd.

§2. ïÓÎÏ×ÎÙÅ ÏÂÏÚÎÁÞÅÎÉÑ.þÅÒÅÚ ‖ · ‖ ÍÙ ÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØ Å×ËÌÉÄÏ×Õ ÎÏÒÍÕ × �ÒÏÓÔÒÁÎ-ÓÔ×Å Rd.ïÔÍÅÔÉÍ ÏÂÏÚÎÁÞÅÎÉÅ, ÎÅ ×�ÏÌÎÅ ÓÏ×�ÁÄÁÀÝÅÅ Ó ÏÂÝÅ�ÒÉÎÑÔÙÍ.äÌÑ y; z ∈ Cd ÓÉÍ×ÏÌÏÍ (y; z) ÍÙ ÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØ ÎÅ ÓËÁÌÑÒÎÏÅ �ÒÏ-ÉÚ×ÅÄÅÎÉÅ × Cd, Á ËÏÍ�ÌÅËÓÎÕÀ ×ÅÌÉÞÉÎÕ(y; z) = d∑j=1 yjzj ;ÔÏ ÅÓÔØ ÁÎÁÌÉÔÉÞÅÓËÏÅ �ÒÏÄÏÌÖÅÎÉÅ ÓËÁÌÑÒÎÏÇÏ �ÒÏÉÚ×ÅÄÅÎÉÑ × R
d.þÅÒÅÚW k2 (Rd) ÍÙ ÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØ ÓÏÂÏÌÅ×ÓËÏÅ �ÒÏÓÔÒÁÎÓÔ×Ï ÆÕÎ-Ë�ÉÊ, Ï�ÒÅÄÅÌÅÎÎÙÈ ÎÁ Rd É ÉÍÅÀÝÉÈ Ë×ÁÄÒÁÔÉÞÎÏ ÓÕÍÍÉÒÕÅÍÙÅÏÂÏÂÝÅÎÎÙÅ �ÒÏÉÚ×ÏÄÎÙÅ ÄÏ �ÏÒÑÄËÁ k ×ËÌÀÞÉÔÅÌØÎÏ. ÷ �ÒÏÓÔÒÁÎ-ÓÔ×Å W k2 (Rd) ÍÙ ×ÙÂÅÒÅÍ ÎÏÒÍÕ (ÜË×É×ÁÌÅÎÔÎÕÀ ÓÔÁÎÄÁÒÔÎÏÊ, ÓÍ.,ÎÁ�ÒÉÍÅÒ, [6, 3.I.8℄)
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‖ ‖2Wk2 (Rd) = ∫

Rd (1 + ‖p‖2k)| ̂(p)|2 dp;ÇÄÅ ÞÅÒÅÚ  ̂ ÏÂÏÚÎÁÞÅÎÏ �ÒÑÍÏÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÅ æÕÒØÅ ÆÕÎË�ÉÉ  , ËÏ-ÔÏÒÏÅ × ÄÁÎÎÏÊ ÒÁÂÏÔÅ Ï�ÒÅÄÅÌÑÅÔÓÑ ËÁË ̂(p) = ∫

Rd ei(p;x) (x) dx:óÏÏÔ×ÅÔÓÔ×ÅÎÎÏ, × ÏÂÒÁÔÎÏÍ �ÒÅÏÂÒÁÚÏ×ÁÎÉÉ æÕÒØÅ �ÏÑ×ÌÑÅÔÓÑÍÎÏÖÉÔÅÌØ 1=(2�)d, ÉÍÅÎÎÏ (x) = 1(2�)d ∫

Rd e−i(p;x) ̂(p) dp:åÓÌÉ H1; H2 { Ä×Á ÇÉÌØÂÅÒÔÏ×ÙÈ �ÒÏÓÔÒÁÎÓÔ×Á, Á ÌÉÎÅÊÎÏÅ ÏÔÏÂÒÁ-ÖÅÎÉÅ A : H1 → H2 ÏÇÒÁÎÉÞÅÎÏ, ÔÏ �ÏÄ ‖A‖H1→H2 ÍÙ ÂÕÄÅÍ �ÏÎÉÍÁÔØÏ�ÅÒÁÔÏÒÎÕÀ ÎÏÒÍÕ: ‖A‖H1→H2 = sup
{u:‖u‖H1=1} ‖Au‖H2 .äÁÌÅÅ ÍÙ ÂÕÄÅÍ ÎÅÏÄÎÏËÒÁÔÎÏ ÒÁÓÓÍÁÔÒÉ×ÁÔØ Ï�ÅÒÁÔÏÒÙ A, ÄÅÊ-ÓÔ×ÕÀÝÉÅ �Ï �ÒÁ×ÉÌÕ(Au)(x) = 12� ∫

R

e−ipxa(p)û(p) dp:üÔÉ Ï�ÅÒÁÔÏÒÙ Ñ×ÌÑÀÔÓÑ �ÓÅ×ÄÏÄÉÆÆÅÒÅÎ�ÉÁÌØÎÙÍÉ Ï�ÅÒÁÔÏÒÁÍÉÓ ÓÉÍ×ÏÌÏÍ a(p). ÷Ï�ÒÏÓ ÏÂ ÏÂÌÁÓÔÉ Ï�ÒÅÄÅÌÅÎÉÑ A ÂÕÄÅÔ ÎÁÍÉ ÒÁÓÓÍÁ-ÔÒÉ×ÁÔØÓÑ × ÚÁ×ÉÓÉÍÏÓÔÉ ÏÔ Ó×ÏÊÓÔ× ÓÉÍ×ÏÌÁ a(p).
§3. á��ÒÏËÓÉÍÁ�ÉÑ ÓÒÅÄÎÉÍÉ ÚÎÁÞÅÎÉÑÍÉÆÕÎË�ÉÏÎÁÌÏ× ÏÔ ×ÉÎÅÒÏ×ÓËÏÇÏ �ÒÏ�ÅÓÓÁ.ðÒÅÄÓÔÁ×ÉÍ ÍÁÔÒÉ�Õ S × ×ÉÄÅ �ÒÏÉÚ×ÅÄÅÎÉÑ ÍÁÔÒÉ�S = KKT ; (9)ÇÄÅ K { ËÏÍ�ÌÅËÓÎÁÑ Ë×ÁÄÒÁÔÎÁÑ ÍÁÔÒÉ�Á. �ÁËÏÅ �ÒÅÄÓÔÁ×ÌÅÎÉÅ ×ÓÅ-ÇÄÁ ×ÏÚÍÏÖÎÏ, ÞÔÏ ÓÌÅÄÕÅÔ ÉÚ ÔÏÇÏ ÆÁËÔÁ, ÞÔÏ ×ÓÑËÁÑ ÓÉÍÍÅÔÒÉÞÎÁÑË×ÁÄÒÁÔÉÞÎÁÑ ÆÏÒÍÁ × �ÒÏÓÔÒÁÎÓÔ×Å Cd ÍÏÖÅÔ ÂÙÔØ �ÒÉ×ÅÄÅÎÁ Ë ÄÉÁ-ÇÏÎÁÌØÎÏÍÕ ×ÉÄÕ, �ÒÉÞÅÍ ÍÁÔÒÉ�Á ÆÏÒÍÙ × ÎÏ×ÏÍ ÂÁÚÉÓÅ ÂÕÄÅÔ ÓÏÓÔÁ-×ÌÅÎÁ ÔÏÌØËÏ ÉÚ ÎÕÌÅÊ É ÅÄÉÎÉ�.



138 é. á. éâòáçéíï÷, î. ÷. óíïòïäéîá, í. í. æáääåå÷�ÅÏÒÅÍÁ 1. ðÕÓÔØ ÆÕÎË�ÉÑ ' ∈ L2(Rd) ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕÓÌÏ×ÉÀsupp '̂ ⊂ [−M;M ℄dÄÌÑ ÎÅËÏÔÏÒÏÇÏ M > 0. �ÏÇÄÁ ÆÕÎË�ÉÑu(t; x) = E'(x+Kw(t)); (10)ÇÄÅ w(t) { ÓÔÁÎÄÁÒÔÎÙÊ d-ÍÅÒÎÙÊ ×ÉÎÅÒÏ×ÓËÉÊ �ÒÏ�ÅÓÓ, ÅÓÔØ ÒÅÛÅÎÉÅÚÁÄÁÞÉ ëÏÛÉ (8),(7).äÏËÁÚÁÔÅÌØÓÔ×Ï. éÍÅÅÍu(t; x) = 1(2�)dE ∫[−M;M ℄d dp '̂(p)e−i(p;x)e−i(p;Kw(t))= 1(2�)d ∫[−M;M ℄d dp '̂(p)e−i(p;x)Ee−i(p;Kw(t)): (11)óÏÓÞÉÔÁÅÍ ÍÁÔÅÍÁÔÉÞÅÓËÏÅ ÏÖÉÄÁÎÉÅ × �ÒÁ×ÏÊ ÞÁÓÔÉ (11). éÍÅÅÍEe−i(p;Kw(t)) = Ee−i(KTp;w(t)) = d∏j=1Ee−ibjwj(t); (12)ÇÄÅ bj = (KT p)j , Á w(t) = (w1(t); : : : ; wd(t)).úÁÍÅÔÉÍ, ÞÔÏ ÄÌÑ ÌÀÂÏÇÏ j = 1; : : : ; d Ó�ÒÁ×ÅÄÌÉ×ÏEe−ibjwj(t) = e− t2 b2j :�ÁËÉÍ ÏÂÒÁÚÏÍ,Ee−i(p;Kw(t)) = e− t2 d∑j=1 b2j = e− t2 (KT p;KT p) = e− t2 (Sp;p): (13)éÚ (11) É (13) ÎÅÍÅÄÌÅÎÎÏ ÓÌÅÄÕÅÔ ÕÔ×ÅÒÖÄÅÎÉÅ ÔÅÏÒÅÍÙ. �ðÕÓÔØ ÔÅ�ÅÒØ ÎÁÞÁÌØÎÁÑ ÆÕÎË�ÉÑ ' ∈ L2(Rd) ÎÅ ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕÓÌÏ-×ÉÀ ÔÅÏÒÅÍÙ 1 (× ÞÁÓÔÎÏÓÔÉ, ÎÅ �ÒÏÄÏÌÖÁÅÔÓÑ ÄÏ �ÅÌÏÊ ÆÕÎË�ÉÉ), ÔÁËÞÔÏ ×ÙÒÁÖÅÎÉÅ E'(x +Kw(t)) ÆÏÒÍÁÌØÎÏ ÎÅ Ï�ÒÅÄÅÌÅÎÏ. ÷ ÜÔÏÍ ÓÌÕ-ÞÁÅ ÒÅÛÅÎÉÅ ÚÁÄÁÞÉ ëÏÛÉ ÍÏÖÎÏ �ÒÅÄÓÔÁ×ÉÔØ × ×ÉÄÅ �ÒÅÄÅÌÁ ×ÅÒÏÑÔ-ÎÏÓÔÎÙÈ ÒÅÛÅÎÉÊ, Á��ÒÏËÓÉÍÉÒÕÑ ' �ÅÌÙÍÉ ÆÕÎË�ÉÑÍÉ. éÍÅÎÎÏ, ÄÌÑM > 0 Ï�ÒÅÄÅÌÉÍ �ÒÏÅËÔÏÒ PM , �ÏÌÁÇÁÑ ÄÌÑ ' ∈ L2(Rd)PM'(x) = 1(2�)d ∫[−M;M ℄d e−i(p;x) '̂(p) dp: (14)



÷åòïñ�îïó�îáñ áððòïëóéíáãéñ... 139æÕÎË�ÉÑ 'M = PM' ÕÖÅ ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕÓÌÏ×ÉÀ ÔÅÏÒÅÍÙ 1 É Ó�ÒÁ-×ÅÄÌÉ×Ï
‖P t'− P t'M‖2 6 ‖'− 'M‖2 −→M→∞

0:
§4. á��ÒÏËÓÉÍÁ�ÉÑ ÓÒÅÄÎÉÍÉ ÚÎÁÞÅÎÉÑÍÉÆÕÎË�ÉÏÎÁÌÏ× ÏÔ ÓÕÍÍ ÎÅÚÁ×ÉÓÉÍÙÈ ÓÌÕÞÁÊÎÙÈ×ÅÌÉÞÉÎ.÷ ÜÔÏÍ �ÁÒÁÇÒÁÆÅ ÍÙ �ÏËÁÖÅÍ, ÞÔÏ ÓÈÏÄÉÍÏÓÔØ Ë ÒÅÛÅÎÉÀ ÚÁÄÁÞÉëÏÛÉ (7), (8) ÓÏÈÒÁÎÉÔÓÑ, ÅÓÌÉ ÍÙ ÂÕÄÅÍ ÎÅ ÔÏÌØËÏ Á��ÒÏËÓÉÍÉÒÏ×ÁÔØÎÁÞÁÌØÎÏÅ ÄÁÎÎÏÅ �ÅÌÏÊ ÆÕÎË�ÉÅÊ, ÎÏ É ÏÄÎÏ×ÒÅÍÅÎÎÏ ÚÁÍÅÎÑÔØ ×ÉÎÅ-ÒÏ×ÓËÉÊ �ÒÏ�ÅÓÓ ÅÇÏ Á��ÒÏËÓÉÍÁ�ÉÅÊ, �ÏÓÔÒÏÅÎÎÏÊ �Ï ÎÏÒÍÉÒÏ×ÁÎÎÙÍÓÕÍÍÁÍ ÎÅÚÁ×ÉÓÉÍÙÈ ÏÄÉÎÁËÏ×Ï ÒÁÓ�ÒÅÄÅÌÅÎÎÙÈ ÓÌÕÞÁÊÎÙÈ ×ÅÌÉÞÉÎ.ðÕÓÔØ {�j}∞j=1 { �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÎÅÚÁ×ÉÓÉÍÙÈ ÏÄÉÎÁËÏ×Ï ÒÁÓ-�ÒÅÄÅÌÅÎÎÙÈ Rd-ÚÎÁÞÎÙÈ ÓÌÕÞÁÊÎÙÈ ×ÅÌÉÞÉÎ Ó ÓÉÍÍÅÔÒÉÞÎÙÍ ÒÁÓ�ÒÅ-ÄÅÌÅÎÉÅÍ P ËÁÖÄÁÑ. íÙ ÂÕÄÅÍ �ÒÅÄ�ÏÌÁÇÁÔØ, ÞÔÏ ÓÌÕÞÁÊÎÙÅ ×ÅÌÉÞÉÎÙÉÍÅÀÔ ÅÄÉÎÉÞÎÕÀ ÍÁÔÒÉ�Õ ËÏ×ÁÒÉÁ�ÉÊ É ËÏÎÅÞÎÙÊ ÜËÓ�ÏÎÅÎ�ÉÁÌØÎÙÊÍÏÍÅÎÔ, ÔÏ ÅÓÔØ ÄÌÑ ÎÅËÏÔÏÒÏÇÏ 
 > 0E e
‖�‖ <∞: (15)äÁÌÅÅ, �ÕÓÔØ �(t); t ∈ [0;∞), { ÎÅ ÚÁ×ÉÓÑÝÉÊ ÏÔ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ

{�j} �ÕÁÓÓÏÎÏ×ÓËÉÊ �ÒÏ�ÅÓÓ Ó �ÁÒÁÍÅÔÒÏÍ ÅÄÉÎÉ�Á.äÌÑ ËÁÖÄÏÇÏ ÎÁÔÕÒÁÌØÎÏÇÏ n Ï�ÒÅÄÅÌÉÍ ÓÌÕÞÁÊÎÙÊ �ÒÏ�ÅÓÓ�n(t); t ∈ [0; T ℄;�ÏÌÁÇÁÑ �n(t) = 1√n �(nt)∑j=1 �j : (16)ïÔÍÅÔÉÍ, ÞÔÏ ×ÙÂÏÒ ÓÈÅÍÙ ÓÏ ÓÌÕÞÁÊÎÙÍ ÞÉÓÌÏÍ ÓÌÁÇÁÅÍÙÈ (×ÍÅ-ÓÔÏ ÂÏÌÅÅ ÒÁÓ�ÒÏÓÔÒÁÎÅÎÎÏÇÏ Ó�ÏÓÏÂÁ ÓÕÍÍÉÒÏ×ÁÎÉÑ ÄÏ [nt℄) Ñ×ÌÑÅÔÓÑ×�ÏÌÎÅ ÅÓÔÅÓÔ×ÅÎÎÙÍ, ÔÁË ËÁË �n(t) Ñ×ÌÑÅÔÓÑ �ÒÏ�ÅÓÓÏÍ ìÅ×É É, ÓÏ-ÏÔ×ÅÔÓÔ×ÅÎÎÏ, �ÏÒÏÖÄÁÅÔ �ÏÌÕÇÒÕ��Õ Ï�ÅÒÁÔÏÒÏ×, ÇÅÎÅÒÁÔÏÒ ËÏÔÏÒÏÊÌÅÇËÏ ×Ù�ÉÓÙ×ÁÅÔÓÑ.óÌÅÄÕÀÝÉÍ ÛÁÇÏÍ Ó �ÏÍÏÝØÀ �ÒÏ�ÅÓÓÁ �n(t) ÍÙ �ÏÓÔÒÏÉÍ �ÏÓÌÅÄÏ-×ÁÔÅÌØÎÏÓÔØ �ÏÌÕÇÒÕ�� Ï�ÅÒÁÔÏÒÏ×, Á��ÒÏËÓÉÍÉÒÕÀÝÕÀ �ÏÌÕÇÒÕ��ÕP t = e t2 (S∇;∇). ëÁË É ×ÙÛÅ, ÄÌÑ ËÁÖÄÏÊ (ËÏÍ�ÌÅËÓÎÏÚÎÁÞÎÏÊ) ÆÕÎË-�ÉÉ ' ∈ L2(Rd) É ÞÉÓÌÁ M > 0 Ï�ÒÅÄÅÌÉÍ ÆÕÎË�ÉÀ 'M , �ÏÌÁÇÁÑ'M = PM'.



140 é. á. éâòáçéíï÷, î. ÷. óíïòïäéîá, í. í. æáääåå÷ïÔÍÅÔÉÍ, ÞÔÏ �ÒÉ ×ÓÅÈ M > 0 ÆÕÎË�ÉÑ 'M (ËÁË ÆÕÎË�ÉÑ x ∈ Cd)Ñ×ÌÑÅÔÓÑ �ÅÌÏÊ ÁÎÁÌÉÔÉÞÅÓËÏÊ ÆÕÎË�ÉÅÊ ÜËÓ�ÏÎÅÎ�ÉÁÌØÎÏÇÏ ÔÉ�Á M .äÁÌÅÅ ÞÉÓÌÏ M ÍÙ ÂÕÄÅÍ ×ÙÂÉÒÁÔØ × ÚÁ×ÉÓÉÍÏÓÔÉ ÏÔ n, M =M(n).äÌÑ ÎÁÔÕÒÁÌØÎÙÈ n Ï�ÒÅÄÅÌÉÍ ÓÅÍÅÊÓÔ×Ï Ï�ÅÒÁÔÏÒÏ× P tn, �ÏÌÁÇÁÑÄÌÑ ' ∈ L2(Rd) É x ∈ R
dP tn'(x) = E'M(x+K�n(t)): (17)ïÔÍÅÔÉÍ, ÞÔÏ ÓÕÖÅÎÉÅ ÓÅÍÅÊÓÔ×Á P tn ÎÁ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï PML2(Rd)ÏÂÒÁÚÕÅÔ �ÏÌÕÇÒÕ��Õ. îÅÔÒÕÄÎÏ �ÏËÁÚÁÔØ, ÞÔÏ ÆÕÎË�ÉÑun(t; x) = P tn '(x)ÒÅÛÁÅÔ ÚÁÄÁÞÕ ëÏÛÉ un(0; x) = 'M (x) ÄÌÑ Ü×ÏÌÀ�ÉÏÎÎÏÇÏ ÕÒÁ×ÎÅÎÉÑ�un�t = PMAnPMun;ÇÄÅ Ï�ÅÒÁÔÏÒ An ÄÅÊÓÔ×ÕÅÔ ÎÁ ÆÕÎË�ÉÀ  ∈ PML2(Rd) ËÁË

An (x) = n ∫

Rd ( (x+ Ky√n)
−  (x)) dP(y): (18)ñÓÎÏ, ÞÔÏ ÄÌÑ ÂÏÌØÛÉÈ ÚÎÁÞÅÎÉÊ n Ï�ÅÒÁÔÏÒ An × Ï�ÒÅÄÅÌÅÎÎÏÍÓÍÙÓÌÅ ÂÌÉÚÏË Ë Ï�ÅÒÁÔÏÒÕ 12 (S∇;∇). ÷ ÓÌÅÄÕÀÝÅÍ ÕÔ×ÅÒÖÄÅÎÉÉ ÍÙ�ÏËÁÖÅÍ, ÞÔÏ �ÒÉ ÎÁÄÌÅÖÁÝÅÍ ×ÙÂÏÒÅ M = M(n) ÒÅÛÅÎÉÑ ÓÏÏÔ×ÅÔ-ÓÔ×ÕÀÝÉÈ Ü×ÏÌÀ�ÉÏÎÎÙÈ ÕÒÁ×ÎÅÎÉÊ ÔÁËÖÅ ÂÌÉÚËÉ ÍÅÖÄÕ ÓÏÂÏÊ.ó�ÒÁ×ÅÄÌÉ×Ï ÓÌÅÄÕÀÝÅÅ ÕÔ×ÅÒÖÄÅÎÉÅ.�ÅÏÒÅÍÁ 2. ðÕÓÔØ ' ∈ W l+42 (Rd); l > 0, M(n) = (nt )1=4. �ÏÇÄÁ ÓÕ-ÝÅÓÔ×ÕÅÔ ÔÁËÁÑ ËÏÎÓÔÁÎÔÁ C > 0, ÞÔÏ �ÒÉ ×ÓÅÈ n > 
−4‖K‖4t×Ù�ÏÌÎÅÎÏ ÎÅÒÁ×ÅÎÓÔ×Ï

‖P tn'− P t'‖W l2(Rd) 6 C(1 + t) ‖'‖W l+42 (Rd)n :äÏËÁÚÁÔÅÌØÓÔ×Ï. îÅ�ÏÓÒÅÄÓÔ×ÅÎÎÙÍ ×ÙÞÉÓÌÅÎÉÅÍ �ÏÌÕÞÁÅÍ, ÞÔÏÄÌÑ ËÁÖÄÏÇÏ p, ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÅÇÏ ÕÓÌÏ×ÉÀ ‖p‖ 6 M(n),hn(p) = E e−i(p;K�n(t)) = exp(nt ∫
Rd ( e−i(p;Ky√n ) − 1)dP(y)): (19)éÚ (15) ×ÙÔÅËÁÅÔ, ÞÔÏ ÉÎÔÅÇÒÁÌ × �ÒÁ×ÏÊ ÞÁÓÔÉ (19) ËÏÎÅÞÅÎ �Ï ËÒÁÊ-ÎÅÊ ÍÅÒÅ �ÒÉ ×ÓÅÈ ÄÏÓÔÁÔÏÞÎÏ ÂÏÌØÛÉÈ n.



÷åòïñ�îïó�îáñ áððòïëóéíáãéñ... 141éÚ (17) É (19) ÓÌÅÄÕÅÔ, ÞÔÏP tn'(x) = 1(2�)d ∫

‖p‖6M e−i(p;x)'̂(p)hn(p) dp:äÁÌÅÅ, ÉÍÅÅÍ
∥∥e t2 (S∇;∇)'− etPMAnPMPM'∥∥W l2

6
∥∥e t2 (S∇;∇)'− e t2 (S∇;∇)PM'∥∥W l2+ ∥∥e t2 (S∇;∇)PM'− etPMAnPMPM'∥∥W l2 : (20)ðÅÒ×ÏÅ ÓÌÁÇÁÅÍÏÅ × �ÒÁ×ÏÊ ÞÁÓÔÉ (20) ÌÅÇËÏ Ï�ÅÎÉ×ÁÅÔÓÑ

∥∥e t2 (S∇;∇)'− e t2 (S∇;∇)PM'∥∥W l2 6 ‖'− PM'‖W l2
6

1M4 ‖'‖W l+42 = tn ‖'‖W l+42 : (21)äÌÑ Ï�ÅÎËÉ ×ÔÏÒÏÇÏ ÓÌÁÇÁÅÍÏÇÏ × (20) ×ÏÓ�ÏÌØÚÕÅÍÓÑ ÆÏÒÍÕÌÏÊ äÀÁ-ÍÅÌÑ (ÓÍ., ÎÁ�ÒÉÍÅÒ, [4, ÇÌ. IX, §2, �. 1℄):etPMAnPMPM'− e t2 (S∇;∇)PM'= etPMAnPM'M − e t2PM (S∇;∇)PM'M= t∫0 e(t−�)PMAnPMB e �2PM (S∇;∇)PM'M d�; (22)ÇÄÅ B = PMAnPM − 12PM (S∇;∇)PM : (23)ëÁË ÕÖÅ ÂÙÌÏ ÏÔÍÅÞÅÎÏ ×Ï ××ÅÄÅÎÉÉ (ÆÏÒÍÕÌÁ (6)), ÄÌÑ ÌÀÂÏÇÏ � > 0Ó�ÒÁ×ÅÄÌÉ×Ï ÎÅÒÁ×ÅÎÓÔ×Ï
∥∥e �2 (S∇;∇)∥∥W l+42 →W l+42 6 1: (24)ï�ÅÎÉÍ ÔÅ�ÅÒØ Ï�ÅÒÁÔÏÒÎÕÀ ÎÏÒÍÕ ∥∥B∥∥W l+42 →W l2 . ÷ ÓÉÌÕ (18) ÉÍÅÅÍ

∥∥B ∥∥2W l2 = ∫[−M;M ℄d | ̂(p)|2(1 + ‖p‖2l)
×

∣∣∣∣n ∫

Rd ( e−i(p;Ky√n ) − 1)dP(y) + 12(Sp; p)∣∣∣∣2 dp: (25)



142 é. á. éâòáçéíï÷, î. ÷. óíïòïäéîá, í. í. æáääåå÷îÁ�ÏÍÎÉÍ, ÞÔÏ �Ï ÕÓÌÏ×ÉÀ ÒÁÓ�ÒÅÄÅÌÅÎÉÅ P ÓÉÍÍÅÔÒÉÞÎÏ É ÉÍÅÅÔÅÄÉÎÉÞÎÕÀ ÍÁÔÒÉ�Õ ËÏ×ÁÒÉÁ�ÉÊ. üÔÏ ×ÌÅÞÅÔ Ó�ÒÁ×ÅÄÌÉ×ÏÓÔØ ÓÏÏÔÎÏ-ÛÅÎÉÊ ∫

Rd (p;Ky)dP(y) = ∫

Rd (p;Ky)3dP(y) = 0 (26)É ∫

Rd (p;Ky)2dP(y) = (Sp; p): (27)ðÏÌØÚÕÑÓØ (26) É (27), �ÒÉ ‖p‖ 6 M = t−1=4n1=4 �ÏÌÕÞÁÅÍ
∣∣n ∫

Rd ( e−i(p;Ky√n ) − 1)dP(y) + 12(Sp; p)∣∣= ∣∣∣n ∫

Rd ( e−i(p;Ky√n ) − 1 + i(p; Ky√n)+ 12(p; Ky√n)2 + i6(p; Ky√n)3) dP(y)∣∣∣
6

n24 ∫

Rd e|(p;Ky√n )|∣∣∣∣(p; Ky√n )∣∣∣∣4 dP(y)
6

‖p‖4‖K‖424n ∫

Rd e 1
√n‖K‖ · ‖y‖ · ‖p‖‖y‖4 dP(y)

6
‖p‖4‖K‖424n ∫

Rd e‖K‖ · ‖y‖t1=4n−1=4‖y‖4 dP(y): (28)ðÏ ÕÓÌÏ×ÉÀ ÔÅÏÒÅÍÙ ÞÉÓÌÏ n × (28) ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÎÅÒÁ×ÅÎÓÔ×Õ
‖K‖t1=4n−1=4 < 
:÷ ÜÔÏÍ ÓÌÕÞÁÅ ÉÚ (25) É (28) ÓÌÅÄÕÅÔ ÎÅÒÁ×ÅÎÓÔ×Ï
∥∥B∥∥W l+42 →W l2 6

Cn ; (29)ÇÄÅ ËÏÎÓÔÁÎÔÁ C ÚÁ×ÉÓÉÔ ÔÏÌØËÏ ÏÔ ÒÁÓ�ÒÅÄÅÌÅÎÉÑ P É ‖K‖.îÁËÏÎÅ�, Ï�ÅÎÉÍ Ï�ÅÒÁÔÏÒÎÕÀ ÎÏÒÍÕ
‖e(t−�)PMAnPM ‖W l2→W l2 : (30)



÷åòïñ�îïó�îáñ áððòïëóéíáãéñ... 143ðÒÅÖÄÅ ×ÓÅÇÏ ÚÁÍÅÔÉÍ, ÞÔÏ Ï�ÅÒÁÔÏÒ e(t−�)PMAnPM { �ÓÅ×ÄÏÄÉÆÆÅ-ÒÅÎ�ÉÁÌØÎÙÊ Ï�ÅÒÁÔÏÒ Ó ÓÉÍ×ÏÌÏÍexp(n(t− �) ∫
Rd ( e−i(p;Ky√n ) − 1)dP(y)) · 1[−M;M ℄d(p): (31)éÓ�ÏÌØÚÕÑ (28), �ÏÌÕÞÉÍ

∣∣∣∣ exp(n(t− �) ∫
Rd ( e−i(p;Ky√n ) − 1)dP(y))∣∣∣∣= ∣∣∣∣ exp(− (t− �)2 (Sp; p))∣∣∣∣

×
∣∣∣∣ exp(n(t− �) ∫

Rd ( e−i(p;Ky√n ) − 1)dP(y) + (t− �)2 (Sp; p))∣∣∣∣

6

∣∣∣∣ exp(n(t− �) ∫
Rd ( e−i(p;Ky√n ) − 1)dP(y) + (t− �)2 (Sp; p))∣∣∣∣

6 exp( t‖p‖4‖K‖424n ∫

Rd e‖K‖ · ‖y‖t1=4n−1=4‖y‖4 dP(y)) 6 C:
(32)

õÔ×ÅÒÖÄÅÎÉÅ ÔÅÏÒÅÍÙ ÓÌÅÄÕÅÔ ÉÚ (22), (24), (29), (32). �óÌÅÄÓÔ×ÉÅ. äÌÑ ÌÀÂÏÊ ÆÕÎË�ÉÉ ' ∈ L2(Rd) ÉÍÅÅÔ ÍÅÓÔÏ ÓÈÏÄÉ-ÍÏÓÔØ
‖P tn'− P t'‖L2 −→n→∞

0:äÏËÁÚÁÔÅÌØÓÔ×Ï. ÷ ÓÉÌÕ ÔÏÇÏ, ÞÔÏ ÎÏÒÍÙ Ï�ÅÒÁÔÏÒÏ× ‖P t‖L2→L2 É
‖P tn‖L2→L2 ÒÁ×ÎÏÍÅÒÎÏ ÏÇÒÁÎÉÞÅÎÙ, Á ËÌÁÓÓ óÏÂÏÌÅ×Á W 42 (Rd) �ÌÏÔÅÎ× �ÒÏÓÔÒÁÎÓÔ×Å L2(Rd), ÕÔ×ÅÒÖÄÅÎÉÅ ÓÌÅÄÓÔ×ÉÑ ÎÅÍÅÄÌÅÎÎÏ ×ÙÔÅËÁÅÔÉÚ ÕÔ×ÅÒÖÄÅÎÉÑ ÔÅÏÒÅÍÙ 2 É ÔÅÏÒÅÍÙ âÁÎÁÈÁ{ûÔÅÊÎÇÁÕÚÁ (ÓÍ., ÎÁ-�ÒÉÍÅÒ, [5, II.1.18℄). �ìÉÔÅÒÁÔÕÒÁ1. é. á. éÂÒÁÇÉÍÏ×, î. ÷. óÍÏÒÏÄÉÎÁ, í. í. æÁÄÄÅÅ×, ðÒÅÄÅÌØÎÙÅ ÔÅÏÒÅÍÙ ÏÓÈÏÄÉÍÏÓÔÉ ÆÕÎË�ÉÏÎÁÌÏ× ÏÔ ÓÌÕÞÁÊÎÙÈ ÂÌÕÖÄÁÎÉÊ Ë ÒÅÛÅÎÉÀ ÚÁÄÁÞÉ ëÏÛÉÄÌÑ ÕÒÁ×ÎÅÎÉÑ �u�t = �22 �u Ó ËÏÍ�ÌÅËÓÎÙÍ �ÁÒÁÍÅÔÒÏÍ �. | úÁ�. ÎÁÕÞÎ. ÓÅÍÉÎ.ðïíé 420 (2013), 88{102.
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