
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 465, 2017 Ç.ð. á. ÷ÁÌÉÎÅ×ÉÞ, C. ü. äÅÒËÁÞÅ×, á. ð. éÓÁÅ×,á. ÷. ëÏÍÉÓÁÒÞÕËïò�ïçïîáìøîùå ðïìéîïíù, 6J-óéí÷ïìù éó�á�éó�éþåóëéå ÷åóá SOS-íïäåìåê
§1. óÏÏÔ×ÅÔÓÔ×ÉÅ ÍÅÖÄÕ ×ÅÒÛÉÎÎÙÍÉ ÔÏÞÎÏÒÅÛÁÅÍÙÍÉ ÍÏÄÅÌÑÍÉ É ÍÏÄÅÌÑÍÉ SOS�ÏÞÎÏ ÒÅÛÁÅÍÙÅ ×ÅÒÛÉÎÎÙÅ ÍÏÄÅÌÉ [1,2℄ Ï�ÒÅÄÅÌÑÀÔÓÑ ËÁË ÍÏÄÅÌÉÎÁ Ä×ÕÍÅÒÎÏÊ ÒÅÛÅÔËÅ, ÇÄÅ ËÁÖÄÏÊ ×ÅÒÛÉÎÅ �ÒÉ�ÉÓÙ×ÁÅÔÓÑ ÓÔÁÔÉÓÔÉ-ÞÅÓËÉÊ ×ÅÓ Rm′1m′2m1m2(u) (R-ÍÁÔÒÉ�Á), ËÏÔÏÒÙÊ ÚÁ×ÉÓÉÔ ÏÔ �ÁÒÁÍÅÔÒÁ u É×ÅÌÉÞÉÎ m1;m2;m′1;m′2; ÈÁÒÁËÔÅÒÉÚÕÀÝÉÈ ÓÏÓÔÏÑÎÉÅ ÞÅÔÙÒÅÈ ÒÅÂÅÒ,ÓÏÅÄÉÎÑÀÝÉÈ ÜÔÕ ×ÅÒÛÉÎÕ Ó ÓÏÓÅÄÎÉÍÉ. óÏÇÌÁÓÎÏ Ë×ÁÎÔÏ×ÏÍÕ ÍÅÔÏÄÕÏÂÒÁÔÎÏÊ ÚÁÄÁÞÉ [2, 3, 13℄ ÓÔÁÔÉÓÔÉÞÅÓËÁÑ ÓÕÍÍÁ ÔÁËÏÊ ÍÏÄÅÌÉ ÍÏÖÅÔÂÙÔØ ÎÁÊÄÅÎÁ ÔÏÞÎÏ, ÅÓÌÉ ÄÌÑ R-ÍÁÔÒÉ�Ù ×Ù�ÏÌÎÅÎÏ ÕÒÁ×ÎÅÎÉÅ ñÎÇÁ{âÁËÓÔÅÒÁ

∑m′1;m′2;m′3Rm′′1m′′2m′1m′2 (u)Rm′1m′′3m1m′3 (u+ v)Rm′2m′3m2m3(v)= ∑m′1;m′2;m′3Rm′′2m′′3m′2m′3 (v)Rm′′1m′3m′1m3 (u+ v)Rm′1m′2m1m2(u): (1)éÚ×ÅÓÔÅÎ ÏÂÛÉÒÎÙÊ ËÌÁÓÓ ÒÅÛÅÎÉÊ ÜÔÏÇÏ ÕÒÁ×ÎÅÎÉÑ, ËÏÔÏÒÙÊ Ó×ÑÚÁÎ ÓÁÌÇÅÂÒÁÍÉ ìÉ ËÌÁÓÓÉÞÅÓËÉÈ ÓÅÒÉÊ, ÉÌÉ ñÎÇÉÁÎÁÍÉ Y (s`(N)), Y (so(N))É Y (sp(2N)). îÁ�ÒÉÍÅÒ, SL(N) (ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ SU(N)) ÓÉÍÍÅÔÒÉÞ-ÎÁÑ R-ÍÁÔÒÉ�Á ÉÍÅÅÔ ×ÉÄRm′1m′2m1m2 (u) = uÆm′1m1Æm′2m2 + Æm′1m2 Æm′2m1 ; (2)ÇÄÅ ÉÎÄÅËÓÙ (�ÁÒÁÍÅÔÒÙ ÓÏÓÔÏÑÎÉÑ ÒÅÂÅÒ) mi;m′i �ÒÏÂÅÇÁÀÔ N ÚÎÁ-ÞÅÎÉÊ: mi;m′i = 1; 2; : : : ; N . òÅÛÅÎÉÑ (2) { ÜÔÏ R-ÍÁÔÒÉ�Ù ÉÎÔÅÇÒÉ-ÒÕÅÍÙÈ Ó�ÉÎÏ×ÙÈ �Å�ÏÞÅË SU(N)-ÔÉ�Á. ÷ �ÒÏÓÔÅÊÛÅÍ ÓÌÕÞÁÅ, ËÏÇÄÁëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÕÒÁ×ÎÅÎÉÅ ñÎÇÁ{âÁËÓÔÅÒÁ, 6j−ÓÉÍ×ÏÌÙ, ÓÔÁÔÉÓÔÉÞÅÓËÉÅ ÔÏÞ-ÎÏ ÒÅÛÁÅÍÙÅ ÍÏÄÅÌÉ.òÁÂÏÔÁ ð.÷. É á.é. ÂÙÌÁ �ÏÄÄÅÒÖÁÎÁ ÇÒÁÎÔÏÍ òîæ 14-11-00598. ó.ä. É á.ë.ÂÌÁÇÏÄÁÒÎÙ òææé ÚÁ ÆÉÎÁÎÓÏ×ÕÀ �ÏÄÄÅÒÖËÕ (�ÒÏÅËÔ 17-01-00283 á) .105



106ð.á.÷áìéîå÷éþ, C.ü.äåòëáþå÷, á.ð.éóáå÷, á.÷.ëïíéóáòþõëN = 2, É �ÁÒÁÍÅÔÒ ÓÏÓÔÏÑÎÉÑ ÒÅÂÒÁ ÍÏÖÅÔ �ÒÉÎÉÍÁÔØ ÔÏÌØËÏ Ä×Á ÚÎÁ-ÞÅÎÉÑ, ÒÅÛÅÎÉÅ (1) Ñ×ÌÑÅÔÓÑ ÍÁÔÒÉ�ÅÊ 4×4; É ×ÏÚÎÉËÁÅÔ �ÒÉ Ï�ÉÓÁÎÉÉXXX ÍÁÇÎÅÔÉËÁ çÅÊÚÅÎÂÅÒÇÁ.éÓÈÏÄÑ ÉÚ ÒÅÛÅÎÉÑ (2) ÍÏÖÎÏ Ó �ÏÍÏÝØÀ �ÒÏ�ÅÄÕÒÙ ÓÌÉÑÎÉÑ (fu-sion) [8℄ �ÏÓÔÒÏÉÔØ �ÅÌÕÀ ÓÅÒÉÀ SU(N)-ÓÉÍÍÅÔÒÉÞÎÙÈ ÒÅÛÅÎÉÊ ÕÒÁ×-ÎÅÎÉÑ (1). ÷ ÞÁÓÔÎÏÍ ÓÌÕÞÁÅ N = 2 × ÒÅÚÕÌØÔÁÔÅ ÜÔÏÊ �ÒÏ�ÅÄÕÒÙ �Ï-ÌÕÞÁÀÔÓÑ ÍÏÄÅÌÉ, ÄÌÑ ËÏÔÏÒÙÈ ÓÔÁÔÉÓÔÉÞÅÓËÉÊ ×ÅÓ ÕÚÌÁ ÄÁÅÔÓÑ �ÒÅÄ-ÓÔÁ×ÌÅÎÉÑÍÉ R(j1j2)(u) ÕÎÉ×ÅÒÓÁÌØÎÏÊ R-ÍÁÔÒÉ�Ù, ÄÅÊÓÔ×ÕÀÝÉÍÉ ×ÔÅÎÚÏÒÎÏÍ �ÒÏÉÚ×ÅÄÅÎÉÉ Vj1 ⊗ Vj2 Ä×ÕÈ �ÒÏÓÔÒÁÎÓÔ× �ÒÅÄÓÔÁ×ÌÅÎÉÊÇÒÕ��Ù SU(2) (j1 É j2 { Ó�ÉÎÙ �ÒÅÄÓÔÁ×ÌÅÎÉÊ). üÔÏ ÍÏÄÅÌÉ, ËÏÔÏÒÙÅÍÏÇÕÔ ÉÎÔÅÒ�ÒÅÔÉÒÏ×ÁÔØÓÑ ËÁË ÍÏÄÅÌÉ XXX ÍÁÇÎÅÔÉËÁ çÅÊÚÅÎÂÅÒÇÁ,Õ ËÏÔÏÒÏÇÏ × ÕÚÌÁÈ �Å�ÏÞËÉ ÎÁÈÏÄÑÔÓÑ ÁÔÏÍÙ ÓÏ Ó�ÉÎÏÍ j1 É Ó×ÑÚØÀ,Ï�ÉÓÙ×ÁÅÍÏÊ ÓÏÓÔÏÑÎÉÑÍÉ ÓÏ Ó�ÉÎÏÍ j2. äÒÕÇÁÑ ÉÎÔÅÒ�ÒÅÔÁ�ÉÑ ÜÔÏÊÓÉÓÔÅÍÙ { ×ÅÒÛÉÎÎÁÑ ÍÏÄÅÌØ ÎÁ Ä×ÕÍÅÒÎÏÊ ÒÅÛÅÔËÅ, �ÒÉ ÜÔÏÍ ËÁ-ÖÄÏÍÕ ÒÅÂÒÕ ÒÅÛÅÔËÉ �ÒÉ�ÉÓÙ×ÁÅÔÓÑ �ÁÒÁÍÅÔÒ ÓÏÓÔÏÑÎÉÑ, ËÏÔÏÒÙÊÍÏÖÅÔ �ÒÉÎÉÍÁÔØ ÚÎÁÞÅÎÉÑ ÏÔ −j1 ÄÏ +j1 ÄÌÑ ×ÅÒÔÉËÁÌØÎÙÈ ÒÅÂÅÒ ÉÏÔ −j2 ÄÏ +j2 ÄÌÑ ÇÏÒÉÚÏÎÔÁÌØÎÙÈ; R(j1j2)(u) ÂÕÄÅÔ ÍÁÔÒÉ�ÅÊ ÒÁÚÍÅÒÁ(2j1 + 1)(2j2 + 1)× (2j1 + 1)(2j2 + 1):úÁ�ÉÛÅÍ ÕÒÁ×ÎÅÎÉÅ ñÎÇÁ{âÁËÓÔÅÒÁ (1) ÄÌÑ R-Ï�ÅÒÁÔÏÒÏ× R(jj′)(u)× ÓÌÅÄÕÀÝÅÍ ×ÉÄÅR12(u)R13(u+ v)R23(v) = R23(v)R13(u+ v)R12(u): (3)ï�ÅÒÁÔÏÒÙ Rkl(w) = R(jkjl)(w) × ÌÅ×ÏÊ É �ÒÁ×ÏÊ ÞÁÓÔÉ ÜÔÏÇÏ ÕÒÁ×-ÎÅÎÉÑ ÄÅÊÓÔ×ÕÀÔ × �ÒÏÓÔÒÁÎÓÔ×Å Vj1 ⊗ Vj2 ⊗ Vj3 , ÇÄÅ Vj | �ÒÏÓÔÒÁÎ-ÓÔ×Ï �ÒÅÄÓÔÁ×ÌÅÎÉÑ ÇÒÕ��Ù SU(2) ÓÏ Ó�ÉÎÏÍ j, �ÒÉ ÜÔÏÍ, �Ï Ï�ÒÅ-ÄÅÌÅÎÉÀ, Rkl ÄÅÊÓÔ×ÕÅÔ ÎÅÔÒÉ×ÉÁÌØÎÏ ÔÏÌØËÏ ÎÁ Vjk ⊗ Vjl : ÷ÙÂÅÒÅÍ× ÔÅÎÚÏÒÎÏÍ �ÒÏÉÚ×ÅÄÅÎÉÉ �ÒÏÓÔÒÁÎÓÔ× Vj1 ⊗ Vj2 ÎÅÓ×ÑÚÁÎÎÙÊ ÂÁÚÉÓ
|j1;m1〉 ⊗ |j2;m2〉. ÷ ÜÔÏÍ ÂÁÚÉÓÅ ÍÁÔÒÉÞÎÙÅ ÜÌÅÍÅÎÔÙ R-Ï�ÅÒÁÔÏÒÁÏ�ÒÅÄÅÌÑÀÔÓÑ ÓÔÁÎÄÁÒÔÎÙÍ ÏÂÒÁÚÏÍR12(u) (|j1;m1〉 ⊗ |j2;m2〉) = ∑m′1;m′2 (|j1;m′1〉 ⊗ |j2;m′2〉) Rm′1m′2m1m2(u) : (4)úÁ�ÉÓÙ×ÁÑ Ï�ÅÒÁÔÏÒÎÏÅ ÕÒÁ×ÎÅÎÉÅ (3) × ÍÁÔÒÉÞÎÏÍ ×ÉÄÅ, ÍÙ �ÏÌÕÞÁÅÍÕÒÁ×ÎÅÎÉÅ (1), ÇÄÅ ÎÅÏÂÈÏÄÉÍÏ �ÏÍÎÉÔØ, ÞÔÏ mk;m′k;m′′k = (−jk;−jk +1; : : : ; jk).íÏÄÅÌÉ SOS (Solid-on-Solid) [1, 4, 5℄ ÏÔÎÏÓÑÔÓÑ Ë Ä×ÕÍÅÒÎÙÍ ÒÅÛÅ-ÔÏÞÎÙÍ ÍÏÄÅÌÑÍ ÓÔÁÔÉÓÔÉÞÅÓËÏÊ ÆÉÚÉËÉ, × ËÏÔÏÒÙÈ ÄÉÓËÒÅÔÎÙÊ ÎÁ-ÂÏÒ ÓÏÓÔÏÑÎÉÊ, ÎÁ�ÒÉÍÅÒ ÚÁÄÁ×ÁÅÍÙÈ �ÅÌÙÍ ÞÉÓÌÏÍ, �ÒÉ�ÉÓÙ×ÁÅÔÓÑ



ïò�ïçïîáìøîùå ðïìéîïíù 107×ÅÒÛÉÎÁÍ (ÕÚÌÁÍ) ÒÅÛÅÔËÉ, Á ÎÅ ÒÅÂÒÁÍ, ËÁË × ×ÅÛÉÎÎÏÊ ÍÏÄÅÌÉ. �Á-ËÉÍ ÏÂÒÁÚÏÍ, ÓÔÁÔÉÓÔÉÞÅÓËÉÊ ×ÅÓ W (a; b; ; d|u), ÚÁ×ÉÓÑÝÉÊ ÏÔ Ó�ÅË-ÔÒÁÌØÎÏÇÏ �ÁÒÁÍÅÔÒÁ u, �ÒÉ�ÉÓÙ×ÁÅÔÓÑ ËÁÖÄÏÊ ÜÌÅÍÅÎÔÁÒÎÏÊ ÑÞÅÊËÅË×ÁÄÒÁÔÎÏÊ ÒÅÛÅÔËÉ É Ï�ÒÅÄÅÌÑÅÔÓÑ ÓÏÓÔÏÑÎÉÑÍÉ a; b; ; d ÞÅÔÙÒÅÈ ÅÅ×ÅÒÛÉÎ1. õËÁÚÁÎÎÏÅ ÏÔÌÉÞÉÅ ×ÅÒÛÉÎÎÙÈ É SOS ÍÏÄÅÌÅÊ �ÒÉ×ÏÄÉÔ ËÔÏÍÕ, ÞÔÏ × ÍÏÄÅÌÑÈ SOS ÓÏÓÔÏÑÎÉÅ, �ÒÉ�ÉÓÙ×ÁÅÍÏÅ ÏÄÎÏÊ ×ÅÒÛÉÎÅ,×ÓÔÒÅÞÁÅÔÓÑ × ÓÔÁÔÉÓÔÉÞÅÓËÉÈ ×ÅÓÁÈ ÞÅÔÙÒÅÈ ÓÍÅÖÎÙÈ ÑÞÅÅË, ÔÏÇÄÁËÁË × ×ÅÒÛÉÎÎÙÈ ÍÏÄÅÌÑÈ ÓÏÓÔÏÑÎÉÅ ÏÄÎÏÇÏ ÒÅÂÒÁ ×ÌÉÑÅÔ ÎÁ ÓÔÁÔÉ-ÓÔÉÞÅÓËÉÊ ×ÅÓ ÔÏÌØËÏ Ä×ÕÈ ×ÅÒÛÉÎ, ËÏÔÏÒÙÅ ÏÎÏ ÓÏÅÄÉÎÑÅÔ. ïÔÍÅÔÉÍ,ÞÔÏ ÓÔÁÔÉÓÔÉÞÅÓËÉÊ ×ÅÓ W ×ÓÅÊ ÒÅÛÅÔËÉ �ÏÌÕÞÁÅÔÓÑ ËÁË �ÒÏÉÚ×ÅÄÅ-ÎÉÅ ÓÔÁÔÉÓÔÉÞÅÓËÉÈ ×ÅÓÏ× ×ÓÅÈ ÜÌÅÍÅÎÔÁÒÎÙÈ ÑÞÅÅË, Á ÓÔÁÔÉÓÔÉÞÅÓËÁÑÓÕÍÍÁ ÍÏÄÅÌÉ SOS ÒÁ×ÎÁ ÓÕÍÍÅ ×ÅÓÏ× W �Ï ×ÓÅÍ ÓÏÓÔÏÑÎÉÑÍ ×ÅÒÛÉÎÒÅÛÅÔËÉ.äÌÑ ÍÏÄÅÌÉ, �ÒÅÄÌÏÖÅÎÎÏÊ × [4℄, ÎÁ �ÁÒÁÍÅÔÒÙ a; b; ; d; ÈÁÒÁËÔÅÒÉ-ÚÕÀÝÉÅ ÓÏÓÔÏÑÎÉÑ ×ÅÒÛÉÎ (ÕÚÌÏ×) ÒÅÛÅÔËÉ, ÎÁËÌÁÄÙ×ÁÅÔÓÑ ÄÏ�ÏÌÎÉ-ÔÅÌØÎÏÅ ÕÓÌÏ×ÉÅ, �ÒÉ ËÏÔÏÒÏÍ �ÅÒÅÈÏÄ Ë ÓÏÓÅÄÎÅÊ ×ÅÒÛÉÎÅ ÓÏ�ÒÏ×Ï-ÖÄÁÅÔÓÑ ÉÚÍÅÎÅÎÉÅÍ �ÁÒÁÍÅÔÒÁ ÎÁ ±1; (ÔÏ ÅÓÔØ, a − b = ±1; b −  =
±1;  − d = ±1; d − a = ±1). äÒÕÇÉÍÉ ÓÌÏ×ÁÍÉ, ÅÓÌÉ ÜÔÉ ÕÓÌÏ×ÉÑ ÎÅ×Ù�ÏÌÎÅÎÙ, ÔÏ ÓÔÁÔÉÓÔÉÞÅÓËÉÊ ×ÅÓ W (a; b; ; d|u) ÒÁ×ÅÎ ÎÕÌÀ.íÏÄÅÌØ ÂÕÄÅÔ ÔÏÞÎÏ ÒÅÛÁÅÍÏÊ, ÅÓÌÉ ×ÅÓÁ ÕÄÏ×ÌÅÔ×ÏÒÑÀÔ ÓÏÏÔÎÏÛÅ-ÎÉÀ \Ú×ÅÚÄÁ-ÔÒÅÕÇÏÌØÎÉË" [5℄

∑g W (a; b; g; f |u− v)W (b; ; d; g|u)W (g; d; e; f |v)= ∑g′ W (b; ; g; a|v)W (a; g; e; f |u)W (g; ; d; e|u− v): (5)îÅÎÕÌÅ×ÙÅ ËÏÍ�ÏÎÅÎÔÙ ×ÅÓÁ W , ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÅÇÏ ÕËÁÚÁÎÎÙÍ ×Ù-ÛÅ ÕÓÌÏ×ÉÑÍ, ÍÏÖÎÏ �ÒÅÄÓÔÁ×ÉÔØ × ×ÉÄÅ ÍÁÔÒÉ�Ù 4 × 4: äÌÑ ÔÁËÏÊÍÏÄÅÌÉ ÒÅÛÅÎÉÅ ÕÒÁ×ÎÅÎÉÑ (5) ×�ÅÒ×ÙÅ ÂÙÌÏ ÄÁÎÏ × [4℄. ó �ÏÍÏÝØÀ�ÒÏ�ÅÄÕÒÙ ÓÌÉÑÎÉÑ ÍÏÖÎÏ �ÏÌÕÞÉÔØ ×ÅÓÁ WN1N2 (a; b; ; d|u) ÄÌÑ ÂÏÌÅÅÏÂÝÉÈ ÍÏÄÅÌÅÊ, × ËÏÔÏÒÙÈ �ÒÉ Ä×ÉÖÅÎÉÉ ×ÄÏÌØ ÇÏÒÉÚÏÎÔÁÌØÎÙÈ ÒÅ-ÂÅÒ �ÁÒÁÍÅÔÒ ÓÏÓÔÏÑÎÉÑ ×ÅÒÛÉÎÙ ÍÅÎÑÅÔÓÑ ÎÅ ÂÏÌÅÅ ÞÅÍ ÎÁ N1, Á �ÒÉ1âÕÄÅÍ ÓÞÉÔÁÔØ, ÞÔÏ ×ÅÒÛÉÎÙ ÜÌÅÍÅÎÔÁÒÎÏÊ ÑÞÅÊËÉ × ÏÂÏÚÎÁÞÅÎÉÉ W (a; b; ; d)ÚÁ�ÉÓÁÎÙ × �ÏÒÑÄËÅ ÉÈ ÏÂÈÏÄÁ �ÒÏÔÉ× ÞÁÓÏ×ÏÊ ÓÔÒÅÌËÉ ÎÁÞÉÎÁÑ Ó ÌÅ×ÏÇÏ ÎÉÖÎÅÇÏÕÇÌÁ.



108ð.á.÷áìéîå÷éþ, C.ü.äåòëáþå÷, á.ð.éóáå÷, á.÷.ëïíéóáòþõëÄ×ÉÖÅÎÉÉ ×ÄÏÌØ ×ÅÒÔÉËÁÌØÎÙÈ ÒÅÂÅÒ { ÎÅ ÂÏÌÅÅ ÞÅÍ ÎÁ N2:(a− b); (− d) = −N1; −N1 + 2; : : : ; N1(a− d); (b− ) = −N2;−N2 + 2; : : : ; N2: (6)�ÁËÉÅ ×ÅÓÁ ÂÕÄÕÔ ÕÄÏ×ÌÅÔ×ÏÒÑÔØ ÕÒÁ×ÎÅÎÉÀ
∑g WN2N3 (a; b; g; f |u− v)WN1N3 (b; ; d; g|u)WN1N2 (g; d; e; f |v)= ∑g′ WN1N2 (b; ; g; a|v)WN1N3 (a; g; e; f |u)WN2N3 (g; ; d; e|u− v); (7)ðÒÅÏÂÒÁÚÏ×ÁÎÉÅ, ËÏÔÏÒÏÅ �ÏÚ×ÏÌÑÅÔ Ó×ÑÚÁÔØ R(j1j2) ÉWN1N2 Ï�ÉÓÁÎÏ× ÒÁÂÏÔÅ [14℄. ÷ ÓÌÅÄÕÀÝÅÍ ÒÁÚÄÅÌÅ ÍÙ ÉÚÌÏÖÉÍ ÉÄÅÀ [14℄ É �ÒÅÄÌÏÖÉÍÕÄÏÂÎÙÊ ÄÉÁÇÒÁÍÍÎÙÊ ÍÅÔÏÄ ÕÓÔÁÎÏ×ÌÅÎÉÑ ÜÔÏÊ Ó×ÑÚÉ.1.1. óÏÏÔ×ÅÔÓÔ×ÉÅ ÍÅÖÄÕ ×ÅÒÛÉÎÎÙÍÉ É SOS ÍÏÄÅÌÑÍÉ. òÁÓ-ÓÍÏÔÒÉÍ R-Ï�ÅÒÁÔÏÒ, ÄÅÊÓÔ×ÕÀÝÉÊ × Vj1 ⊗ Vj2 É ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÉÊ(3), ÍÁÔÒÉÞÎÙÅ ÜÌÅÍÅÎÔÙ ËÏÔÏÒÏÇÏ Ï�ÒÅÄÅÌÑÀÔÓÑ ÓÏÇÌÁÓÎÏ (4). äÏÂÁ-×ÉÍ ×Ó�ÏÍÏÇÁÔÅÌØÎÏÅ �ÒÏÓÔÒÁÎÓÔ×Ï Vj4 ; É × ÔÅÎÚÏÒÎÏÍ �ÒÏÉÚ×ÅÄÅÎÉÉVjk ⊗ Vjl ⊗ Vj4 �ÅÒÅÊÄÅÍ Ë Ó×ÑÚÁÎÎÏÍÕ ÂÁÚÉÓÕ.äÌÑ ÜÔÏÇÏ �ÏÎÁÄÏÂÑÔÓÑ ËÏÜÆÆÉ�ÉÅÎÔÙ ëÌÅÂÛÁ{çÏÒÄÁÎÁ

〈j12;m|j1;m1; j2;m2〉 É 〈j1;m1; j2;m2|j12;m〉;ËÏÔÏÒÙÅ Ï�ÒÅÄÅÌÑÀÔÓÑ ÓÔÁÎÄÁÒÔÎÙÍ ÏÂÒÁÚÏÍ:
|j1;m1〉 ⊗ |j2;m2〉 =∑j12;m〈j12;m|j1;m1; j2;m2〉|(j1j2) j12;m〉; (8)

|(j1j2); j12;m〉 = ∑m1;m2m1+m2=m〈j1;m1; j2;m2|j12;m〉 |j1;m1〉 ⊗ |j2;m2〉; (9)ÇÄÅ |(j1j2); j12;m〉 { ÂÁÚÉÓ × �ÒÏÓÔÒÁÎÓÔ×ÁÈ Vj12 , ×ÏÚÎÉËÁÀÝÉÈ �ÒÉ ÒÁÚ-ÌÏÖÅÎÉÉ Vj1 ⊗ Vj2 ÎÁ ÎÅ�ÒÉ×ÏÄÉÍÙÅ ËÏÍ�ÏÎÅÎÔÙ:Vj1 ⊗ Vj2 = j1+j2⊕j12=|j1−j2|Vj12 :÷ ÔÒÏÊÎÏÍ ÔÅÎÚÏÒÎÏÍ �ÒÏÉÚ×ÅÄÅÎÉÉ Ë Ó×ÑÚÁÎÎÏÍÕ ÂÁÚÉÓÕ ÍÏÖÎÏ �Å-ÒÅÊÔÉ ÎÅÓËÏÌØËÉÍÉ Ó�ÏÓÏÂÁÍÉ. åÓÌÉ ÓÎÁÞÁÌÁ ÎÁÊÄÅÍ ×ÅËÔÏÒÁ
|(j2j4); j24;m〉 × �ÒÅÄÓÔÁ×ÌÅÎÉÉ Vj24 ; ËÏÔÏÒÏÅ ×ÙÄÅÌÑÅÔÓÑ × Vj2 ⊗ Vj4 ;



ïò�ïçïîáìøîùå ðïìéîïíù 109Á ÚÁÔÅÍ × Vj1 ⊗ Vj24 �ÏÓÔÒÏÉÍ Ó×ÑÚÁÎÎÙÊ ÂÁÚÉÓ, ÔÏ �ÏÌÕÞÉÍ ×ÅËÔÏ-ÒÁ, ËÏÔÏÒÙÅ ÏÂÏÚÎÁÞÉÍ |(j2j4); j1; j24; J;M〉: íÏÖÎÏ ÄÅÊÓÔ×Ï×ÁÔØ É �Ï-ÄÒÕÇÏÍÕ: × Vj1 ⊗ Vj4 ÓÔÒÏÉÍ |(j1j4); j14;m〉; Á ÕÖÅ ÉÚ ÎÉÈ { ×ÅËÔÏÒÁ
|(j1j4); j2; j14; J;M〉 × Vj2 ⊗ Vj14 :îÁÓ ÂÕÄÕÔ ÉÎÔÅÒÅÓÏ×ÁÔØ ÍÁÔÒÉÞÎÙÅ ÜÌÅÍÅÎÔÙ

〈(j1j4)j2; j14; J;M |R12(u)|(j2j4)j1; j24; J ′;M ′〉:÷ ÓÉÌÕ SL(2)-ÉÎ×ÁÒÉÁÎÔÎÏÓÔÉ R-Ï�ÅÒÁÔÏÒÁ ÏÎÉ ÂÕÄÕÔ �ÒÏ�ÏÒ�ÉÏÎÁÌØ-ÎÙ ÆJJ′ÆMM ′ É ÎÅ ÂÕÄÕÔ ÚÁ×ÉÓÅÔØ ÏÔM . ðÏÜÔÏÍÕ ÎÅÔÒÉ×ÉÁÌØÎÙÍ ÂÕÄÅÔÔÏÌØËÏ ÜÌÅÍÅÎÔRj2j4j24j1Jj14 (u) = 〈(j1j4)j2; j14; J |R12(u)|(j2j4)j1; j24; J〉; (10)çÄÅ |(j1j4)j2; j14; J〉 ≡ |(j1j4)j2; j14; J;−J〉 { ÍÌÁÄÛÉÊ ×ÅËÔÏÒ. ðÏÓÌÅÄÎÅÅÒÁ×ÅÎÓÔ×Ï ÍÏÖÎÏ ÚÁ�ÉÓÁÔØ × ×ÉÄÅ, ÁÎÁÌÏÇÉÞÎÏÍ (4):R12(u)|(j1j4); j2; j14; J;M〉= ∑j14 |(j2j4); j1; j24; J ′;M ′〉Rj2j4j24j1Jj14 (u)ÆMM ′ÆJJ′ : (11)éÍÅÎÎÏ ÜÔÉ ÍÁÔÒÉÞÎÙÅ ÜÌÅÍÅÎÔÙ, ÓÏÇÌÁÓÎÏ [14℄, ÂÕÄÕÔ ÕÄÏ×ÌÅÔ×Ï-ÒÑÔØ ÔÒÅÂÕÅÍÏÍÕ ÓÏÏÔÎÏÛÅÎÉÀ \Ú×ÅÚÄÁ-ÔÒÅÕÇÏÌØÎÉË". îÉÖÅ ÍÙ �ÒÅÄ-ÌÁÇÁÅÍ ÇÒÁÆÉÞÅÓËÉÊ Ó�ÏÓÏÂ ×Ù×ÏÄÁ ÜÔÉÈ ÓÏÏÔÎÏÛÅÎÉÊ, ÏÓÎÏ×ÁÎÎÙÊ ÎÁÄÉÁÇÒÁÍÍÎÏÊ ÔÅÈÎÉËÅ, ÉÓ�ÏÌØÚÏ×ÁÎÎÏÊ × [6,7,15℄ ÄÌÑ ÎÁÇÌÑÄÎÏÇÏ �ÒÅÄ-ÓÔÁ×ÌÅÎÉÑ Ë×ÁÎÔÏ×ÙÈ 6j-ÓÉÍ×ÏÌÏ×.÷ÓÅ �ÏÌÕÞÅÎÎÙÅ ÎÁÍÉ ÓÏÏÔÎÏÛÅÎÉÑ ÔÁËÖÅ �ÅÒÅÎÏÓÑÔÓÑ É ÎÁ 6j−ÓÉÍ-×ÏÌÙ { j2 j4 j24j1 J j14 } ; ËÏÔÏÒÙÅ, Ó ÔÏÞÎÏÓÔØÀ ÄÏ ËÏÎÓÔÁÎÔÙ, Ï�ÒÅÄÅÌÑÀÔÓÑÆÏÒÍÕÌÏÊ (10), ÅÓÌÉ �ÏÌÏÖÉÔØ × ÎÅÊ R(u) = 1l :
|(j1j4); j2; j14; J;M〉= ∑j24 (−1)j1+j2+j14+j24√(2j24 + 1)(2j14 + 1) { j2 j4 j24j1 J j14 }

× |(j2j4)j1; j24; J〉: (12)áÎÁÌÏÇÏÍ ÓÏÏÔÎÏÛÅÎÉÑ \Ú×ÅÚÄÁ-ÔÒÅÕÇÏÌØÎÉË" ÂÕÄÅÔ ÒÁ×ÅÎÓÔ×Ï ÄÌÑÓÕÍÍÙ �ÒÏÉÚ×ÅÄÅÎÉÊ ÔÒ£È 6j-ÓÉÍ×ÏÌÏ×, ËÏÔÏÒÏÅ ÉÚ×ÅÓÔÎÏ × ÔÅÏÒÉÉÕÇÌÏ×ÏÇÏ ÍÏÍÅÎÔÁ [9℄.åÓÌÉ ÄÌÑ ÍÁÔÒÉÞÎÏÇÏ ÜÌÅÍÅÎÔÁ Rm′1m′2m1m2(u) ÉÓ�ÏÌØÚÏ×ÁÔØ ÇÒÁÆÉÞÅÓËÏÅÉÚÏÂÒÁÖÅÎÉÅ:
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u

j1

m1 m2

m'1m'2

j2

= R (u)m m

m' m'

1

2

2

1

ÔÏ ÔÏÇÄÁ ÕÒÁ×ÎÅÎÉÅ (1) ÂÕÄÅÔ ÍÏÖÎÏ ÉÚÏÂÒÁÚÉÔØ ÔÁË:
u

v

u+v

u v

u+v

j1

j1

j1

j1

m1

m1

m1

m1

m''1

m'1
m3

m'3

m''3

m2

m2

m2

m'2

m''2

j3

j3

j2j2 j2j2

=

m2m2

m3

m1m1

m'3

m2m'2

m1m'1

m1m''1

m''2

m''3

úÄÅÓØ Ó�ÉÎÙ �ÒÅÄÓÔÁ×ÌÅÎÉÊ j1; j2; j3 ÓÏÏÔ×ÅÔÓÔ×ÕÀÔ ÌÉÎÉÑÍ, Á ×ÅÓÁm - ÏÔÒÅÚËÁÍ ÉÌÉ ÌÕÞÁÍ ÜÔÉÈ ÌÉÎÉÊ. ðÏ ÔÅÍ ×ÅÓÁÍ, ËÏÔÏÒÙÅ ÓÔÏÑÔ ÎÁÏÔÒÅÚËÁÈ (ÎÁ �ÒÅÄÙÄÕÝÅÍ ÒÉÓÕÎËÅ ÜÔÏ m′1; m′2; m′3), �ÒÅÄ�ÏÌÁÇÁÅÔÓÑÓÕÍÍÉÒÏ×ÁÎÉÅ.ó×ÑÚØ ÍÅÖÄÕ Rm′1m′2m1m2(u) É Rj2j4j24j1Jj14 (u) ÍÏÖÎÏ �ÏÌÕÞÉÔØ, ÅÓÌÉ × �ÒÁ-×ÏÊ É ÌÅ×ÏÊ ÞÁÓÔÉ ÒÁ×ÅÎÓÔ×Á (11) �ÅÒÅÊÔÉ Ë ÎÅÓ×ÑÚÁÎÎÏÍÕ ÂÁÚÉÓÕ Ó�ÏÍÏÝØÀ ËÏÜÆÆÉ�ÉÅÎÔÏ× ëÌÅÂÛÁ{çÏÒÄÁÎÁ:
∑m′1;m′2;mRm1m2m′1m′2(u; j1; j2) 〈j2;m′2; j4;m4|j24;m〉 〈j1;m′1; j24;m|J;M〉= ∑j14;m′

Rj2j4j24j1Jj14 (u) 〈j1;m1; j4;m4|j14;m′〉 〈j2;m2; j14;m′|J;M〉: (13)þÔÏÂÙ �ÒÅÄÓÔÁ×ÉÔØ ÜÔÏ ÕÒÁ×ÎÅÎÉÅ ÇÒÁÆÉÞÅÓËÉ, ××ÅÄÅÍ ÄÉÁÇÒÁÍÍ-ÎÏÅ ÉÚÏÂÒÁÖÅÎÉÅ ÄÌÑ ËÏÜÆÆÉ�ÉÅÎÔÁ ëÌÅÂÛÁ{çÏÒÄÁÎÁ
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jj2

j1

j12

m2m2

mm1

m = j , m , j , m  | j  , má ñ1 1 2 2 12úÄÅÓØ ×ÅÓÁ ÏÔÎÏÓÑÔÓÑ ÔÏÌØËÏ Ë Ó�ÌÏÛÎÙÍ ÌÉÎÉÑÍ, Á Ó�ÉÎÙ ÌÅÖÁÔ ÎÁ�ÕÎËÔÉÒÎÙÈ ÌÉÎÉÑÈ ÉÌÉ ÎÁ ÕÞÁÓÔËÁÈ, ÏÇÒÁÎÉÞÅÎÎÙÈ ÌÉÎÉÑÍÉ. õÒÁ×-ÎÅÎÉÅ (13) ÔÏÇÄÁ ÍÏÖÎÏ ÉÚÏÂÒÁÚÉÔØ ÔÁË:
j2

j1

m4

M

j2

=

m
m'1

m'2
m4

u

J

j14

j24

j2

m1

m'
m2

j24

j4

j1

m1

j2

m2

u

M

J

j4

j1

j1

úÄÅÓØ �ÒÅÄ�ÏÌÁÇÁÅÔÓÑ ÓÕÍÍÉÒÏ×ÁÎÉÅ �Ï ×ÅÓÁÍ, ÌÅÖÁÝÉÍ ÎÁ ÚÁÍËÎÕ-ÔÙÈ ÏÔÒÅÚËÁÈ, É �Ï Ó�ÉÎÁÍ, �ÒÉÎÁÄÌÅÖÁÝÉÍ ÚÁÍËÎÕÔÙÍ ÏÂÌÁÓÔÑÍ. ÷ÔÏÞËÅ �ÅÒÅÓÅÞÅÎÉÑ ×Ù�ÏÌÎÑÅÔÓÑ \ÚÁËÏÎ ÓÏÈÒÁÎÅÎÉÑ" m1+m2 = m: ðÅ-ÒÅÓÅÞÅÎÉÅ Ä×ÕÈ �ÕÎËÔÉÒÎÙÈ ÌÉÎÉÊ ÏÂÏÚÎÁÞÁÅÔ Rj2j4j24j1Jj14 (u) :
u

j1 j2

= R j J1 41j

j j j2 4 24 (u)

j24

j14

j4 J



112ð.á.÷áìéîå÷éþ, C.ü.äåòëáþå÷, á.ð.éóáå÷, á.÷.ëïíéóáòþõëüÔÁ ÄÉÁÇÒÁÍÍÎÁÑ ÔÅÈÎÉËÁ �ÏÚ×ÏÌÉÔ ÌÅÇËÏ �ÏÌÕÞÉÔØ ÁÎÁÌÏÇ ÕÒÁ×ÎÅ-ÎÉÑ ñÎÇÁ{âÁËÓÔÅÒÁ ÄÌÑ Rj2j4j24j1Jj14 (u): òÁÓÓÍÏÔÒÉÍ ÓÌÅÄÕÀÝÕÀ �Å�ÏÞËÕ�ÒÅÏÂÒÁÚÏ×ÁÎÉÊ ÄÉÁÇÒÁÍÍ (ÄÌÑ ÕÄÏÂÓÔ×Á ×ÏÓ�ÒÉÑÔÉÑ × ÎÅÊ ÎÅ ÕËÁÚÁÎÙÚÎÁÞÅÎÉÑ Ó�ÅËÔÒÁÌØÎÙÈ �ÁÒÁÍÅÔÒÏ×, ËÏÔÏÒÙÅ ÌÅÇËÏ ×ÏÓÓÔÁÎÁ×ÌÉ×ÁÀÔ-ÓÑ):
m'1

m''2

m4

j14

j1

m1

j2

M

j1

j2

M

Jj4

j4

=

=

=
j4

j3

m2

m3

m'
m''

J
j124

m'2

m'3

m''3

m''1
m''3

j3

j2

j1

j14

j124

j34 j234

m''2
m''1

j !

m4

j4

j14

j124
J

m4

j3

m''3
m''2

m''1

j3

j2

j1

m4

Mj234

j34

j J

j124

j14

m''3 m''2

m''1

M

÷ ÌÅ×ÏÍ ×ÅÒÈÎÅÍ ÕÇÌÕ ÉÚÏÂÒÁÖÅÎÁ ÌÅ×ÁÑ ÞÁÓÔØ ÕÒÁ×ÎÅÎÉÑ ñÎÇÁ{âÁËÓÔÅÒÁ (1) ∑m′1;m′2;m′3Rm′′1m′′2m′1m′2 (u)Rm′1m′′3m1m′3 (u + v)Rm′2m′3m2m3(v); ÕÍÎÏÖÅÎÎÁÑÎÁ �ÒÏÉÚ×ÅÄÅÎÉÅ ËÏÜÆÆÉ�ÉÅÎÔÏ× ëÌÅÂÛÁ{çÏÒÄÁÎÁ
〈j1m1; j4m4|j14m′〉 〈j2m2; j14m′|j124m′′〉〈j3m3; j124m′′|JM〉Ó ÓÕÍÍÉÒÏ×ÁÎÉÅÍ �Ï m′;m′′: äÉÁÇÒÁÍÍÁ × �ÒÁ×ÏÍ ×ÅÒÈÎÅÍ ÕÇÌÕ �ÏÌÕ-ÞÁÅÔÓÑ, ÅÓÌÉ ÔÒÉÖÄÙ ÉÓ�ÏÌØÚÏ×ÁÔØ (13), ÞÔÏ ×ÙÌØÅÔÓÑ × �ÁÒÁÌÌÅÌØÎÙÊ�ÅÒÅÎÏÓ Ó�ÌÏÛÎÏÊ ÌÉÎÉÉ ÞÅÒÅÚ ÔÒÉ ÔÏÞËÉ �ÅÒÅÓÅÞÅÎÉÑ.ó ÄÒÕÇÏÊ ÓÔÏÒÏÎÙ, ÉÚ ÉÓÈÏÄÎÏÊ ÄÉÁÇÒÁÍÍÙ Ó �ÏÍÏÝØÀ ÕÒÁ×ÎÅÎÉÑñÎÇÁ{âÁËÓÔÅÒÁ ÍÏÖÎÏ �ÏÌÕÞÉÔØ ÄÉÁÇÒÁÍÍÕ × ÌÅ×ÏÍ ÎÉÖÎÅÍ ÕÇÌÕ, Á



ïò�ïçïîáìøîùå ðïìéîïíù 113ÚÁÔÅÍ ÉÓ�ÏÌØÚÕÑ (13) { ÄÉÁÇÒÁÍÍÕ × �ÒÁ×ÏÍ ÎÉÖÎÅÍ ÕÇÌÕ. õÂÉÒÁÑ ËÏ-ÜÆÆÉ�ÉÅÎÔÙ ëÌÅÂÛÁ{çÏÒÄÁÎÁ, �ÏÌÕÞÁÅÍ ÓÏÏÔÎÏÛÅÎÉÅ, ËÏÔÏÒÏÅ ÉÍÅÅÔ×ÉÄ
j1

=

u
Jj

j14

j2

j14

j4

j1

j2

Jj4

v

u+v

u

v

j3

j3

u+v

j124

j !

j34

j34

j234

j124

j234åÇÏ ÒÁÓÛÉÆÒÏ×ËÁ ×ÙÇÌÑÄÉÔ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ:
∑j Rj2 j4 j14j1 j124 j (u)Rj3 j j124j1 J; j234(u+ v)Rj3 j4 jj2 j234 j34(v)= ∑j̃ Rj3 j14 j124j2 J; j̃ (v)Rj3 j4 j14j1 j̃ j34 (u+ v)Rj2 j34 j̃j1 J j234(u): (14)åÓÌÉ ÔÅ�ÅÒØ �ÏÌÏÖÉÔØWKN (a; b; ; d|u) = RN2 b aK2 d (u); (15)ÔÏ (14) �ÅÒÅÊÄÅÔ × (7), É ÔÅÍ ÓÁÍÙÍ ÍÙ �ÏÌÕÞÁÅÍ ÓÔÁÔÉÓÔÉÞÅÓËÉÅ ×ÅÓÁSOS ÍÏÄÅÌÅÊ × ×ÉÄÅ (11). ïÇÒÁÎÉÞÅÎÉÑ (6) ÂÕÄÕÔ Ñ×ÌÑÔØÓÑ ÓÌÅÄÓÔ×ÉÅÍÚÁËÏÎÏ× ÓÌÏÖÅÎÉÑ ÕÇÌÏ×ÙÈ ÍÏÍÅÎÔÏ×.áÎÁÌÏÇÉÞÎÙÅ ×ÙÞÉÓÌÅÎÉÑ ÍÏÖÎÏ �ÒÏ×ÅÓÔÉ É ÄÌÑ 6j-ÓÉÍ×ÏÌÏ×. ÷ ÒÅ-ÚÕÌØÔÁÔÅ �ÏÌÕÞÉÔÓÑ ÁÎÁÌÏÇ ÓÏÏÔÎÏÛÅÎÉÑ (14), ËÏÔÏÒÙÊ × ÔÅÏÒÉÉ ÕÇÌÏ-×ÏÇÏ ÍÏÍÅÎÔÁ ×Ù×ÏÄÉÔÓÑ Ó �ÏÍÏÝØÀ ÂÏÌÅÅ ÓÌÏÖÎÙÈ ÒÁÓÓÕÖÄÅÎÉÊ [9℄.ïÓÔÁ×ÛÁÑÓÑ ÞÁÓÔØ ÒÁÂÏÔÙ �ÏÓ×ÑÝÅÎÁ ÎÁÈÏÖÄÅÎÉÀ ÓÔÁÔÉÓÔÉÞÅÓËÉÈ×ÅÓÏ× WKN �Ï Ï�ÉÓÁÎÎÏÊ ×ÙÛÅ �ÒÏ�ÅÄÕÒÅ. ïËÏÎÞÁÔÅÌØÎÙÅ ÏÔ×ÅÔÙÕÄÁÅÔÓÑ �ÏÌÕÞÉÔØ ÄÌÑ ÞÁÓÔÎÏÇÏ ÓÌÕÞÁÑ N = 1 É �ÒÏÉÚ×ÏÌØÎÏÇÏ K:÷ ÏÂÝÅÍ ÓÌÕÞÁÅ �ÏÌÕÞÅÎÁ ÆÏÒÍÕÌÁ ÄÌÑ WKN × ×ÉÄÅ ÓËÁÌÑÒÎÏÇÏ �ÒÏ-ÉÚ×ÅÄÅÎÉÑ Ä×ÕÈ �ÏÌÉÎÏÍÏ×. �ÁËÏÇÏ ÖÅ ÔÉ�Á ÆÏÒÍÕÌÁ �ÏÌÕÞÅÎÁ É ÄÌÑ6j-ÓÉÍ×ÏÌÏ×. ó �ÏÍÏÝØÀ ÎÅÅ ×ÏÓ�ÒÏÉÚ×ÅÄÅÎÙ ÉÚ×ÅÓÔÎÙÅ ÏÔ×ÅÔÙ ÄÌÑÓÌÕÞÁÑ, ËÏÇÄÁ ÏÄÉÎ ÉÚ Ó�ÉÎÏ× ÒÁ×ÅÎ 12 ; Á Ä×Á ÄÒÕÇÉÈ { �ÒÏÉÚ×ÏÌØÎÙÅ.



114ð.á.÷áìéîå÷éþ, C.ü.äåòëáþå÷, á.ð.éóáå÷, á.÷.ëïíéóáòþõëóÕÝÅÓÔ×ÅÎÎÏ ÏÂÌÅÇÞÁÅÔ ×ÙÞÉÓÌÅÎÉÑ ÉÓ�ÏÌØÚÏ×ÁÎÉÅ ÒÅÁÌÉÚÁ�ÉÉ ÁÌ-ÇÅÂÒÙ SU(2) ÎÁ �ÒÏÓÔÒÁÎÓÔ×Å �ÏÌÉÎÏÍÏ× ÏÄÎÏÊ �ÅÒÅÍÅÎÎÏÊ, ËÏÔÏÒÁÑÏ�ÉÓÁÎÁ × ÓÌÅÄÕÀÝÅÍ ÒÁÚÄÅÌÅ.
§2. òÅÁÌÉÚÁ�ÉÑ �ÒÅÄÓÔÁ×ÌÅÎÉÊ SU(2) × ÎÁ �ÒÏÓÔÒÁÎÓÔ×Å�ÏÌÉÎÏÍÏ×2.1. ðÒÏÓÔÒÁÎÓÔ×Ï �ÒÅÄÓÔÁ×ÌÅÎÉÑ É Ó�ÉÎÏ×ÙÅ Ï�ÅÒÁÔÏÒÙ.äÌÑ ×ÙÞÉÓÌÅÎÉÊ ÍÁÔÒÉÞÎÙÈ ÜÌÅÍÅÎÔÏ× ÔÉ�Á (10) ÂÕÄÅÍ �ÏÌØÚÏ×ÁÔØ-ÓÑ ÒÅÁÌÉÚÁ�ÉÅÊ ÇÒÕ��Ù SU(2) ÎÁ �ÒÏÓÔÒÁÎÓÔ×Å �ÏÌÉÎÏÍÏ× ÏÄÎÏÊ ËÏÍ-�ÌÅËÓÎÏÊ �ÅÒÅÍÅÎÎÏÊ z [10, 11℄. äÌÑ ÜÌÅÍÅÎÔÁ ÇÒÕ��Ù g = ( a b d ) ÅÇÏÄÅÊÓÔ×ÉÅ ÎÁ ÆÕÎË�ÉÀ f(z) Ï�ÒÅÄÅÌÑÅÔÓÑ �Ï ÆÏÒÍÕÌÅT (j)(g) f(z) = (d− bz)2jf (

−+ azd− bz ) ; (16)ÇÄÅ j { Ó�ÉÎ �ÒÅÄÓÔÁ×ÌÅÎÉÑ. ðÒÏÓÔÒÁÎÓÔ×ÏÍ �ÒÅÄÓÔÁ×ÌÅÎÉÑ Vj ÒÁÚÍÅÒ-ÎÏÓÔÉ 2j+1 Ñ×ÌÑÅÔÓÑ �ÒÏÓÔÒÁÎÓÔ×Ï �ÏÌÉÎÏÍÏ× ÓÔÅ�ÅÎÉ, ÎÅ ÂÏÌØÛÅÊ 2j:éÚ (16) ×ÉÄÎÏ, ÞÔÏ ÄÅÊÓÔ×ÉÅ T (j)(g) ÎÅ ×Ù×ÏÄÉÔ ÉÚ ÜÔÏÇÏ �ÒÏÓÔÒÁÎÓÔ×Á.ðÒÅÄÓÔÁ×ÌÅÎÉÅ ÇÅÎÅÒÁÔÏÒÏ× ÁÌÇÅÂÒÙ ìÉ su(2), ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÅÄÅÊÓÔ×ÉÀ ÇÒÕ��Ù (16), ÉÍÅÅÔ ×ÉÄS+ = −z2 �z + 2jz; S3 = z �z − j; S− = �z; (17)ÇÄÅ �z ≡ ��z : óËÁÌÑÒÎÏÅ �ÒÏÉÚ×ÅÄÅÎÉÅ, ÏÔÎÏÓÉÔÅÌØÎÏ ËÏÔÏÒÏÇÏ �ÒÅÄ-ÓÔÁ×ÌÅÎÉÅ (16) Ñ×ÌÑÅÔÓÑ ÕÎÉÔÁÒÎÙÍ, ÚÁ�ÉÓÙ×ÁÅÔÓÑ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁ-ÚÏÍ
〈f(z)|g(z)〉 = ∫ D(j)z f(z)g(z); D(j)z = 2j + 1� d2z(1 + |z|2)2j+2 ; (18)ÇÄÅ ÉÎÔÅÇÒÉÒÏ×ÁÎÉÅ ×ÅÄÅÔÓÑ �Ï ×ÓÅÊ ËÏÍ�ÌÅËÓÎÏÊ �ÌÏÓËÏÓÔÉ. ðÒÉ ÔÁ-ËÏÍ ×ÙÂÏÒÅ ÓËÁÌÑÒÎÏÇÏ �ÒÏÉÚ×ÅÄÅÎÉÑ ×Ù�ÏÌÎÅÎÙ ÓÔÁÎÄÁÒÔÎÙÅ �ÒÁ×É-ÌÁ ÓÏ�ÒÑÖÅÎÉÑ ÄÌÑ ÇÅÎÅÒÁÔÏÒÏ× (S±)† = S∓; (S3)† = S3; Á ÎÏÒÍÉÒÏ-×ÁÎÎÙÊ ÂÁÚÉÓ × �ÒÏÓÔÒÁÎÓÔ×Å Vj ÓÏÓÔÏÉÔ ÉÚ ×ÅËÔÏÒÏ×

|j;m〉 = √ (2j)!(j −m)!(j +m)! zj+m; (19)Ô.Å. ÎÏÒÍÁ ÍÏÎÏÍÁ zk ÒÁ×ÎÁ ‖zk‖2 = [(2j)!℄−1(2j − k)!k!:



ïò�ïçïîáìøîùå ðïìéîïíù 115äÅÊÓÔ×ÉÅ ÜËÓ�ÏÎÅÎ�ÉÁÌØÎÙÈ ÏÔÏÂÒÁÖÅÎÉÊ ÇÅÎÅÒÁÔÏÒÏ× (17) × �ÒÏ-ÓÔÒÁÎÓÔ×Å ÆÕÎË�ÉÊ ÏÔ z ÌÅÇËÏ ÎÁÈÏÄÉÔÓÑ ÉÚ ÆÏÒÍÕÌÙ (16):e�S+f(z) =(1 + �z)2jf ( z1 + �z) ; e�S−f(z) = f(z + �);�2S3f(z) = �−2jf(�2z): (20)éÓ�ÏÌØÚÕÑ ÜÔÉ ÓÏÏÔÎÏÛÅÎÉÑ É ÆÏÒÍÕÌÕ (16), ÍÏÖÎÏ ÎÁ�ÉÓÁÔØ ÒÁÚÌÏ-ÖÅÎÉÅ ÌÀÂÏÇÏ ÜÌÅÍÅÎÔÁ g ÇÒÕ��Ù SU(2) ÎÁ �ÒÏÉÚ×ÅÄÅÎÉÅ ÜËÓ�ÏÎÅÎ�É-ÁÌØÎÙÈ ÏÔÏÂÒÁÖÅÎÉÊ ÇÅÎÅÒÁÔÏÒÏ×, ÎÁ�ÒÉÍÅÒe�S−e�S+ = e �1+��S+(1 + ��)−2S3e �1+��S− ; (21)ÇÄÅ �; � { �ÒÏÉÚ×ÏÌØÎÙÅ �ÁÒÁÍÅÔÒÙ.2.2. ðÒÏÉÚ×ÏÄÑÝÁÑ ÆÕÎË�ÉÑ ËÏÜÆÆÉ�ÉÅÎÔÏ× ëÌÅÂÛÁ{çÏÒÄÁ-ÎÁ. ðÕÓÔØ ÔÅ�ÅÒØ ÉÍÅÅÔÓÑ Ä×Á �ÒÅÄÓÔÁ×ÌÅÎÉÑ: �ÒÅÄÓÔÁ×ÌÅÎÉÅ × �ÒÏ-ÓÔÒÁÎÓÔ×Å Vj1 , ÒÅÁÌÉÚÏ×ÁÎÎÏÍ ËÁË �ÒÏÓÔÒÁÎÓÔ×Ï �ÏÌÉÎÏÍÏ× ÏÔ �ÅÒÅ-ÍÅÎÎÏÊ z1 ÓÔÅ�ÅÎÉ ÎÅ ×ÙÛÅ 2j1, É �ÒÅÄÓÔÁ×ÌÅÎÉÅ × �ÒÏÓÔÒÁÎÓÔ×Å Vj2�ÏÌÉÎÏÍÏ× ÏÔ z2 ÓÔÅ�ÅÎÉ ÎÅ ×ÙÛÅ 2j2: ðÏÓÔÒÏÉÍ Ó×ÑÚÁÎÎÙÊ ÂÁÚÉÓ
|(j1j2); j;m〉 × ÔÅÎÚÏÒÎÏÍ �ÒÏÉÚ×ÅÄÅÎÉÉ Vj1 ⊗ Vj2 : äÌÑ ÜÔÏÇÏ ÒÁÓÓÍÏ-ÔÒÉÍ �ÒÏÓÔÒÁÎÓÔ×Ï �ÏÌÉÎÏÍÏ× �ÅÒÅÍÅÎÎÏÊ z3; ÎÁ ËÏÔÏÒÏÍ ÄÅÊÓÔ×ÕÅÔ�ÒÅÄÓÔÁ×ÌÅÎÉÅ Vj3 : ï�ÒÅÄÅÌÉÍ Ï�ÅÒÁÔÏÒ P (j1 j2|j3) : Vj1 ⊗ Vj2 → Vj3 ;ËÏÔÏÒÙÊ ÆÕÎË�ÉÉ �(z1; z2) �ÒÏÅ�ÉÒÕÅÔ ÎÁ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï Ó�ÉÎÁ j3 ×Vj1⊗Vj2 ; Á ÚÁÔÅÍ |(j1j2); j3;m〉 �ÅÒÅ×ÏÄÉÔ × ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÅ ÂÁÚÉÓÎÙÅ×ÅËÔÏÒÁ √(2j3)![(j3 +m)!(j3 −m)!℄−1 zj3+m3 × �ÒÏÓÔÒÁÎÓÔ×Å Vj3 : äÅÊ-ÓÔ×ÉÅ ÜÔÏÇÏ Ï�ÅÒÁÔÏÒÁ ÍÏÖÎÏ �ÒÅÄÓÔÁ×ÉÔØ × ×ÉÄÅ�(z1; z2) 7→ [P (j1j2|j3)�℄(z3) = ∫ D(j1)z1D(j2)z2 �(z1z2)W ( j1 j2 j3z1 z2 z3 );(22)ÇÄÅ ÍÅÒÁ ÂÙÌÁ Ï�ÒÅÄÅÌÅÎÁ × (18), Á ÆÕÎË�ÉÑW { ÑÄÒÏ ÜÔÏÇÏ Ï�ÅÒÁÔÏÒÁ.æÕÎË�ÉÑ W ÎÁÈÏÄÉÔÓÑ ÉÚ ÕÓÌÏ×ÉÑ SU(2)−ÉÎ×ÁÒÉÁÎÔÎÏÓÔÉ:T (j3)(g) �(z3) = 〈(T (j1)(g)⊗ T (j2)(g))�(z1; z2)|W ( j1 j2 j3z1 z2 z3 )〉12:ðÅÒÅÈÏÄÑ Ë ÉÎÆÉÎÉÔÅÚÉÍÁÌØÎÙÍ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑÍ T (j)(g) = 1 +�i Si + : : : , ÇÄÅ i = {±; 3}, É ÉÓ�ÏÌØÚÕÑ �ÒÁ×ÉÌÁ ÓÏ�ÒÑÖÅÎÉÑ (S±)† =



116ð.á.÷áìéîå÷éþ, C.ü.äåòëáþå÷, á.ð.éóáå÷, á.÷.ëïíéóáòþõëS∓; (S3)† = S3 �ÏÌÕÞÁÅÍ ÓÉÓÔÅÍÕ ÕÒÁ×ÎÅÎÉÊ ÎÁ ÆÕÎË�ÉÀ W :
[S(1)

− + S(2)
− − S(3)+ ]W = 0;

[S(1)+ + S(2)+ − S(3)
−

]W = 0; (23)
[S(1)3 + S(2)3 − S(3)3 ]W = 0:å£ ÒÅÛÅÎÉÅ ÎÁÈÏÄÉÔÓÑ ÏÄÎÏÚÎÁÞÎÏ Ó ÔÏÞÎÏÓÔØÀ ÄÏ ËÏÎÓÔÁÎÔÙ:W ( j1 j2 j3z1 z2 z3 ) = A (z1−z2)j1+j2−j3(1+z1z3)j1+j3−j2(1+z2z3)j2+j3−j1 ; (24)ÇÄÅ A ÆÉËÓÉÒÕÅÔÓÑ ÕÓÌÏ×ÉÅÍ, ÞÔÏ ÍÌÁÄÛÉÊ ×ÅËÔÏÒ |(j1j2); j3;−j3〉 ÉÚ�ÒÏÓÔÒÁÎÓÔ×Á Vj3 ÄÏÌÖÅÎ  �ÏÍÏÝØÀ (22) �ÅÒÅ×ÏÄÉÔØÓÑ × ÍÌÁÄÛÉÊ×ÅËÔÏÒ × �ÒÏÓÔÒÁÎÓÔ×Å ÆÕÎË�ÉÊ ÏÔ �ÅÒÅÍÅÎÎÏÊ z3; Ô.Å. × �(z3) ≡ 1:íÌÁÄÛÉÅ ×ÅËÔÏÒÁ |(j1j2); j3;−j3〉 ∈ Vj1 ⊗ Vj2 ÎÅ�ÒÉ×ÏÄÉÍÙÈ �ÒÅÄ-ÓÔÁ×ÌÅÎÉÊ T (j3) ÌÅÇËÏ Ï�ÒÅÄÅÌÑÀÔÓÑ ËÁË ÒÅÛÅÎÉÑ2 ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÙÈÕÒÁ×ÎÅÎÉÊS(12)

− |(j1j2); j3;−j3〉 = 0; S(12)3 |(j1j2); j3;−j3〉 = −j3 |(j1j2); j3;−j3〉:ïÎÉ ÉÍÅÀÔ ×ÉÄ |(j1j2); j3;−j3〉 = Cj1;j2;j3zj1+j2−j312 ; ÇÄÅ ÎÏÒÍÉÒÏ×ÏÞÎÙÊÍÎÏÖÉÔÅÌØCj1;j2;j3= √ (2j1)!(2j2)!(2j3 + 1)!(j1 + j2 − j3)!(j1 + j3 − j2)!(j2 + j3 − j1)!(j1 + j2 + j3 + 1)! : (25)�ÁËÉÍ ÏÂÒÁÚÏÍ, ÄÏÌÖÎÏ ×Ù�ÏÌÎÑÔØÓÑCj1;j2;j3zj1+j2−j312 P (j1j2|j3)
−−−−−−→ 1æÕÎË�ÉÀW; ÉÓ�ÏÌØÚÕÑ ÆÏÒÍÕÌÙ ÄÌÑ ÇÌÏÂÁÌØÎÙÈ �ÒÅÏÂÒÁÚÏ×ÁÎÉÊ (20),ÍÏÖÎÏ �ÒÅÄÓÔÁ×ÉÔØ × ×ÉÄÅW ( j1 j2 j3z1 z2 z3 ) = Aez3S(12)+ zj1+j2−j312 : (26)2úÄÅÓØ É ÄÁÌÅÅ × ÔÅËÓÔÅ ÂÕÄÕÔ ÉÓ�ÏÌØÚÏ×ÁÔØÓÑ ÓÏËÒÁÝÅÎÎÙÅ ÏÂÏÚÎÁÞÅÎÉÑ zij =zi − zj ÄÌÑ ÒÁÚÎÏÓÔÉ �ÅÒÅÍÅÎÎÙÈ É S(12)

±
= S(1)

±
+S(2)

±
; S(12)3 = S(1)3 +S(2)3 ; S(123)

±
=S(1)

±
+ S(2)

±
+ S(3)

±
É Ô.�. ÄÌÑ Ï�ÅÒÁÔÏÒÏ×, ÄÅÊÓÔ×ÕÀÝÉÈ × ÔÅÎÚÏÒÎÏÍ �ÒÏÉÚ×ÅÄÅÎÉÉ�ÒÅÄÓÔÁ×ÌÅÎÉÊ.



ïò�ïçïîáìøîùå ðïìéîïíù 117�ÏÇÄÁ ÉÚ �Å�ÏÞËÉ ÒÁ×ÅÎÓÔ×1 = 〈Cj1;j2;j3zj1+j2−j312 |W ( j1 j2 j3z1 z2 z3 )〉12= Cj1;j2;j3A〈zj1+j2−j312 |ez3S(12)+ zj1+j2−j312 〉12= Cj1;j2;j3A〈e�z3S(12)− zj1+j2−j312 |zj1+j2−j312 〉12= Cj1;j2;j3A‖zj1+j2−j312 ‖212 = Cj1;j2;j3A ·
1C2j1;j2;j3�ÏÌÕÞÁÅÍ, ÞÔÏ A = Cj1;j2;j3 :ïÂÒÁÔÎÙÊ Ï�ÅÒÁÔÏÒ P (j3|j1j2) : Vj3 → Vj1 ⊗ Vj2 Ï�ÒÅÄÅÌÑÅÔÓÑ �ÏÆÏÒÍÕÌÅ�(z3) 7→ [P (j3|j1j2)�℄(z1; z2) = 〈�(z3)|W ( j1 j2 j3z1 z2 z3 )〉3= ∫ Dz3�(z3)W ( j1 j2 j3z1 z2 z3 ):ñÄÒÏ ÜÔÏÇÏ Ï�ÅÒÁÔÏÒÁ ÂÕÄÅÔ ÔÅÍ ÖÅ ÓÁÍÙÍ, ÔÁË ËÁË ÓÎÏ×Á ÏÎÏ Ï�ÒÅÄÅ-ÌÑÅÔÓÑ ÉÚ SU(2){ÉÎ×ÁÒÉÁÎÔÎÏÓÔÉ É ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÔÅÍ ÖÅ ÕÒÁ×ÎÅÎÉÑÍ(23). íÏÖÎÏ ÕÂÅÄÉÔØÓÑ, ÞÔÏ Ó ÔÁËÉÍ ÖÅ ÎÏÒÍÉÒÏ×ÏÞÎÙÍ ÍÎÏÖÉÔÅÌÅÍÏÂÒÁÔÎÏÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÅ �ÅÒÅ×ÏÄÉÔ ÍÌÁÄÛÉÊ ×ÅËÔÏÒ × Vj3 × ÓÏÏÔ×ÅÔ-ÓÔ×ÕÀÝÉÊ ÍÌÁÄÛÉÊ ×ÅËÔÏÒ ÎÁ �ÒÏÓÔÒÁÎÓÔ×Å Ä×ÕÈ �ÅÒÅÍÅÎÎÙÈ z1; z2 :1 P (j3|j1j2)

−−−−−−→ Cj1;j2;j3zj1+j2−j312 :ñÄÒÏW Ñ×ÌÑÅÔÓÑ �ÒÏÉÚ×ÏÄÑÝÅÊ ÆÕÎË�ÉÅÊ ÄÌÑ ËÏÜÆÆÉ�ÉÅÎÔÏ× ëÌÅÂ-ÛÁ|çÏÒÄÁÎÁ [11℄. äÌÑ ÔÏÇÏ, ÞÔÏÂÙ ÜÔÏ Õ×ÉÄÅÔØ, �ÒÉÍÅÎÉÍ Ë �ÒÁ×ÏÊÉ ÌÅ×ÏÊ ÞÁÓÔÉ (8) Ï�ÅÒÁÔÏÒ P (j1j2|j12): üÌÅÍÅÎÔ Ó×ÑÚÁÎÎÏÇÏ ÂÁÚÉÓÁ ×�ÒÁ×ÏÊ ÞÁÓÔÉ �ÏÓÌÅ ÄÅÊÓÔ×ÉÑ ÎÁ ÎÅÇÏ P (j1j2|j12) �ÅÒÅÊÄÅÔ × ÔÁËÏÊ ÖÅ×ÅËÔÏÒ × �ÒÏÓÔÒÁÎÓÔ×Å Vj12 ÆÕÎË�ÉÊ ÏÄÎÏÊ �ÅÒÅÍÅÎÎÏÊ, É ÍÙ �ÏÌÕÞÉÍ
√ (2j2)!(2j1)!(j1 +m1)!(j1 −m1)!(j2 +m2)!(j2 −m2)!

×

∫ D(j1)z1D(j2)z2W ( j1 j2 j12z1 z2 z3 )�zj1+m11 �zj2+m22= √ (2j12)!(j12 +m)!(j12 −m)! ∑m1;m2〈j12;m|j1;m1; j2;m2〉 zj12+m3 ; (27)



118ð.á.÷áìéîå÷éþ, C.ü.äåòëáþå÷, á.ð.éóáå÷, á.÷.ëïíéóáòþõëÏÔËÕÄÁ, ÕÍÎÏÖÁÑ �ÒÁ×ÕÀ É ÌÅ×ÕÀ ÞÁÓÔØ ÎÁ zk3 É ÉÎÔÅÇÒÉÒÕÑ �Ï D(j3)z3;�ÏÌÕÞÁÅÍ
〈j12;m|j1;m1; j2;m2〉= √ (2j1)!(2j2)!(2j12)!(j1 +m1)!(j1 −m1)!(j2 +m2)!(j2 −m2)!(j12 +m)!(j12 −m)!

×

∫ D(j1)z1D(j2)z2D(j3)z3 W ( j1 j2 j12z1 z2 z3 ) �zj1+m11 �zj2+m22 �zj12+m3 : (28)ðÒÉ ÜÔÏÍ ×Ù�ÏÌÎÅÎÉÅ \ÚÁËÏÎÁ ÓÏÈÒÁÎÅÎÉÑ" m = m1 +m2 ÂÕÄÅÔ Á×ÔÏ-ÍÁÔÉÞÅÓËÉ ÓÌÅÄÏ×ÁÔØ ÉÚ ÏÄÎÏÒÏÄÎÏÓÔÉ ÆÕÎË�ÉÉ W:äÌÑ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÏÇÏ ÓËÁÌÑÒÎÏÇÏ �ÒÏÉÚ×ÅÄÅÎÉÑ Ï�ÒÅÄÅÌÉÍ ÁÎÁÌÏÇÆ{ÆÕÎË�ÉÉ { ×ÏÓ�ÒÏÉÚ×ÏÄÑÝÅÅ ÑÄÒÏ �(z1; z2) :�(x2) = ∫ D(j)x1 �(x2; x1) �(x1) = 〈�(x2; x1)|�(x1)〉1:ìÅÇËÏ �ÏÌÕÞÉÔØ, ÞÔÏ ÄÌÑ (18)�(x2; x1) = (1 + x1�x2)2j : (29)õÓÌÏ×ÉÑ ÏÒÔÏÇÏÎÁÌØÎÏÓÔÉ É �ÏÌÎÏÔÙ ËÏÜÆÆÉ�ÉÅÎÔÏ× ëÌÅÂÛÁ{çÏÒ-ÄÁÎÁ
∑m1;m2〈j3;m3|j1;m1; j2;m2〉 〈j1;m1; j2;m2|j′3;m′3〉 = Æj3j′3Æm3m′3 (30)

∑j3;m〈j1;m1; j2;m2|j3;m3〉 〈j3;m3|j1;m′1; j2;m′2〉 = Æm1m′1Æm2m′2 : (31)× ÔÅÒÍÉÎÁÈ W ÉÍÅÀÔ �ÒÉÎÉÍÁÀÔ ÓÌÅÄÕÀÝÉÊ ×ÉÄ
∫ Dz1Dz2W ( j1 j2 j3z1 z2 z3 )W ( j1 j2 j′3z1 z2 z′3 ) = Æj3j′3(1 + �z3z′3)2j3 ; (32)

∑j3 ∫ Dz3W ( j1 j2 j3z1 z2 z3 )W ( j1 j2 j3z′1 z′2 z3 ) = (1 + z′2�z2)2j2 (1 + z′1�z1)2j1 : (33)éÎÔÅÇÒÁÌØÎÙÅ ÓÏÏÔÎÏÛÅÎÉÑ (32){(33) ÍÏÖÎÏ ÄÏËÁÚÁÔØ É ÎÅ�ÏÓÒÅÄ-ÓÔ×ÅÎÎÏ, ÎÅ �ÒÉÂÅÇÁÑ Ë Ó×ÑÚÉ W Ó ËÏÜÆÆÉ�ÉÅÎÔÁÍÉ ëÌÅÂÛÁ{çÏÒÄÁÎÁ(ÓÍ. ðÒÉÌÏÖÅÎÉÅ 1).



ïò�ïçïîáìøîùå ðïìéîïíù 1192.3. íÌÁÄÛÉÅ ×ÅËÔÏÒÁ × ÔÅÎÚÏÒÎÏÍ �ÒÏÉÚ×ÅÄÅÎÉÉ ÔÒÅÈ �ÒÅÄ-ÓÔÁ×ÌÅÎÉÊ. òÁÓÓÍÏÔÒÉÍ ÔÅÎÚÏÒÎÏÅ �ÒÏÉÚ×ÅÄÅÎÉÅ ÔÒÅÈ �ÒÅÄÓÔÁ×ÌÅÎÉÊVj1⊗Vj2⊗Vj3 ; ÇÄÅ Vjk ÒÅÁÌÉÚÏ×ÁÎÏ ËÁË �ÒÏÓÔÒÁÎÓÔ×Ï �ÏÌÉÎÏÍÏ× ÓÔÅ�Å-ÎÉ ÎÅ ÂÏÌØÛÅÊ 2jk ÏÔ �ÅÒÅÍÅÎÎÏÊ zk; k = 1; 2; 3: ðÕÓÔØ |(j2j3); j1; j23; J〉{ ÍÌÁÄÛÉÅ ×ÅËÔÏÒÁ, ËÏÔÏÒÙÅ �ÏÌÕÞÁÀÔÓÑ �ÒÉ ÉÓ�ÏÌØÚÏ×ÁÎÉÉ ÒÁÚÌÏÖÅ-ÎÉÑ Vj2 ⊗ Vj3 = ⊕j23 Vj23 ; Vj1 ⊗ Vj23 = ⊕J VJ : ðÒÉ ÉÓ�ÏÌØÚÏ×ÁÎÉÉ ÄÒÕÇÏ-ÇÏ �ÏÒÑÄËÁ ×ÙÞÉÓÌÅÎÉÑ ÔÅÎÚÏÒÎÏÇÏ �ÒÏÉÚ×ÅÄÅÎÉÑ �ÒÅÄÓÔÁ×ÌÅÎÉÊ Vj1 ⊗Vj3 = ⊕j13 Vj13 ; Vj2⊗Vj13 = ⊕J VJ �ÏÌÕÞÁÅÍ ÄÒÕÇÏÊ ÎÁÂÏÒ |(j1j3); j2; j13; J〉:éÓ�ÏÌØÚÏ×ÁÎÉÅ ÒÅÁÌÉÚÁ�ÉÉ ÁÌÇÅÂÒÙ ÎÁ �ÒÏÓÔÒÁÎÓÔ×Å �ÏÌÉÎÏÍÏ× �Ï-Ú×ÏÌÑÅÔ �ÏÌÕÞÉÔØ ËÏÍ�ÁËÔÎÙÅ ×ÙÒÁÖÅÎÉÑ ÄÌÑ ÜÔÉÈ ×ÅËÔÏÒÏ×.÷ Vj2 ⊗ Vj3 ÍÌÁÄÛÉÅ ×ÅËÔÏÒÁ |(j2j3); j23;−j23〉 = Cj23zj2+j3−j2323 ; ÚÎÁ-ÞÉÔ �ÒÏÉÚ×ÏÌØÎÙÊ ×ÅËÔÏÒ × Vj23 ÂÅÚ ÕÞÅÔÁ ÎÏÒÍÉÒÏ×ËÉ ÉÍÅÅÔ ×ÉÄ
|(j2j3); j23;m〉

∼
[S(23)+ ]j23+m (z2 − z3)j2+j3−j23 = �j23+m� e�S(23)+ zj2+j3−j2323 ∣∣∣�=0= �j23+m� (1 + �z2)j2−j3+j23(1 + �z3)j3−j2+j23zj2+j3−j2323 ∣∣∣�=0 ;éÓËÏÍÙÊ ÍÌÁÄÛÉÊ ×ÅËÔÏÒ |(j2j3); j1; j23; J;−J〉 ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕÒÁ×ÎÅ-ÎÉÑÍ S(123)

− |(j2j3); j1; j23; J;−J〉 = 0;S(123)3 |(j2j3); j1; j23; J;−J〉 = −J |(j2j3); j1; j23; J;−J〉;Ô.Å. (�z1 + �z2 + �z3)|(j2j3); j1; j23; J;−J〉 = 0 (34)(z1�z1 + z2�z2 + z3�z3)|(j2j3); j1; j23; J;−J〉= (j1 + j2 + j3 − J)| (j2j3); j1; j23; J;−J〉; (35)É �ÒÉÎÁÄÌÅÖÉÔ �ÒÏÓÔÒÁÎÓÔ×Õ Vj1 ⊗ Vj23 ; ×ÓÅ ×ÅËÔÏÒÁ ËÏÔÏÒÏÇÏ ÍÏÖÎÏ�ÒÅÄÓÔÁ×ÉÔØ × ×ÉÄÅ j23∑m=−j23 2j1∑k=0Cm;k |(j2j3); j23;m〉 · zk1 : (36)õÓÌÏ×ÉÅ (35) ÆÉËÓÉÒÕÅÔ ÓÔÅ�ÅÎØ ÏÄÎÏÒÏÄÎÏÓÔÉ �ÏÌÉÎÏÍÁ × �ÒÁ×ÏÊ ÞÁ-ÓÔÉ (36). ðÒÉÎÉÍÁÑ ÜÔÏ ×Ï ×ÎÉÍÁÎÉÅ (ÉÌÉ ÕÞÉÔÙ×ÁÑ ÔÏ, ÞÔÏ ×ÅÓ ×ÅËÔÏÒÁ



120ð.á.÷áìéîå÷éþ, C.ü.äåòëáþå÷, á.ð.éóáå÷, á.÷.ëïíéóáòþõëzk ÒÁ×ÅÎ (k − j1)), �ÏÌÕÞÁÅÍ
|(j2j3); j1; j23; J;−J〉 = ∑k Ck|(j2j3); j23; j1 − J − k〉 · zk1 : (37)õÓÌÏ×ÉÅ (34) ÏÚÎÁÞÁÅÔ, ÞÔÏ ×ÅËÔÏÒ

|(j2j3); j1; j23; J〉 := | (j2j3); j1; j23; J;−J〉ËÁË ÆÕÎË�ÉÑ z1; z2; z3 ÉÎ×ÁÒÉÁÎÔÅÎ ÏÔÎÏÓÉÔÅÌØÎÏ ÏÄÎÏ×ÒÅÍÅÎÎÏÇÏÓÄ×ÉÇÁ ×ÓÅÈ �ÅÒÅÍÅÎÎÙÈ ÎÁ ÏÄÎÕ É ÔÕ ÖÅ ×ÅÌÉÞÉÎÕ, Ô.Å. ÅÓÌÉ�(z1; z2; z3) = |(j2j3); j1; j23; J〉; ÔÏ �(z1; z2; z3) = �(z1−�; z2−�; z3−�)ÄÌÑ ÌÀÂÏÇÏ �: åÓÌÉ ×ÙÂÒÁÔØ � = z1; ÔÏ ÉÚ ÓÕÍÍÙ (37) ×ÙÖÉ×ÅÔ ÔÏÌØËÏÓÌÁÇÁÅÍÏÅ Ó k = 0: �ÁËÉÍ ÏÂÒÁÚÏÍ
|(j2j3); j1; j23; J〉= (−1)j23+j1−J�j23+j1−J� (1+�z21)j2+j23−j3(1+�z31)j3+j23−j2zj2+j3−j2323 ∣∣∣�=0= B �j23+j1−J� W ( j2 j3 j23z21 z31 −� )∣∣∣�=0 ; (38)ÇÄÅ ÚÎÁËÏ×ÙÊ ÍÎÏÖÉÔÅÌØ × �ÅÒ×ÏÊ ÓÔÒÏËÅ ÏÂÕÓÌÏ×ÌÅÎ ×ÙÂÏÒÏÍ �ÏÒÑÄËÁÔÅÎÚÏÒÎÙÈ ÓÏÍÎÏÖÉÔÅÌÅÊ × Vj1 ⊗ Vj23 :îÏÒÍÉÒÏ×ÏÞÎÙÊ ÍÎÏÖÉÔÅÌØ B; ÚÁ×ÉÓÑÝÉÊ ÏÔ ×ÓÅÈ ×ÈÏÄÑÝÉÈ × Ï�ÒÅ-ÄÅÌÅÎÉÅ ÍÌÁÄÛÅÇÏ ×ÅËÔÏÒÁ Ó�ÉÎÏ× j1; j2; j3; j23; J , ÎÁÈÏÄÉÔÓÑ Ó ÉÓ�ÏÌØ-ÚÏ×ÁÎÉÅÍ Ó×ÏÊÓÔ× ÆÕÎË�ÉÉ W: åÇÏ ×ÙÞÉÓÌÅÎÉÅ �ÒÉ×ÅÄÅÎÏ × ðÒÉÌÏÖÅ-ÎÉÉ 2.æÏÒÍÕÌÕ (38) ÍÏÖÎÏ �ÒÅÏÂÒÁÚÏ×ÁÔØ ÄÁÌÅÅ, ÅÓÌÉ �ÅÒÅÊÔÉ ÏÔ ÄÉÆÆÅ-ÒÅÎ�ÉÒÏ×ÁÎÉÑ �Ï � Ë �̃ = �z21: �ÏÇÄÁ (�ÅÒÅÏÂÏÚÎÁÞÁÑ �̃ → z) �ÏÌÕÞÁÅÍ

|(j2j3); j1; j23; J〉 = B(z2−z1)j1+j2+j3−J�j23+j1−Jz W ( j2 j3 j231 � −z )∣∣∣z=0 ; (39)ÇÄÅ � = z31z21 :þÔÏÂÙ �ÏÌÕÞÉÔØ ×ÙÒÁÖÅÎÉÅ ÄÌÑ |(j1j3); j2; j13; J〉 ÎÕÖÎÏ × (39) ÓÄÅ-ÌÁÔØ ÚÁÍÅÎÙ j1 ↔ j2; z1 ↔ z2; j23 → j13 :
|(j1j3); j2; j13; J〉 = B′(z1 − z2)j1+j2+j3−J�j13+j2−Jz′ W ( j1 j3 j131 1−� −z′ )∣∣∣z′=0 :(40)úÄÅÓØ B′ { ÎÏÒÍÉÒÏ×ÏÞÎÙÊ ÍÎÏÖÉÔÅÌØ, ËÏÔÏÒÙÊ �ÏÌÕÞÁÅÔÓÑ ÉÚ B ÚÁ-ÍÅÎÏÊ j1 → j2; j2 → j1; j23 → j13:�ÁËÉÍ ÏÂÒÁÚÏÍ, ÍÙ �ÏÌÕÞÉÌÉ ×ÙÒÁÖÅÎÉÑ ÄÌÑ ÍÌÁÄÛÉÈ ×ÅËÔÏÒÏ×,ËÏÔÏÒÙÅ ÍÏÖÎÏ ÉÓ�ÏÌØÚÏ×ÁÔØ ÄÌÑ ×ÙÞÉÓÌÅÎÉÑ 6j-ÓÉÍ×ÏÌÏ× (12) É ÍÁ-ÔÒÉÞÎÙÈ ÜÌÅÍÅÎÔÏ× R-Ï�ÅÒÁÔÏÒÁ (11).
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§3. ÷ÙÞÉÓÌÅÎÉÅ 6j-ÓÉÍ×ÏÌÏ×ðÏÄÓÔÁ×ÌÑÑ (39),(40) × Ï�ÒÅÄÅÌÅÎÉÅ 6j-ÓÉÍ×ÏÌÏ× (12) �ÏÌÕÞÁÅÍ ÕÒÁ×-ÎÅÎÉÅw( j1 j31 1−� ; j13; j2 − J)=∑j23 (−1)j3+J−j13−j23√(2j13+1)(2j23+1){ j2 j3 j23j1 J j13 }

·w( j2 j31 � ; j23; j1−J);(41)ÇÄÅ ××ÅÄÅÎÏ ÏÂÏÚÎÁÞÅÎÉÅw( j1 j2z1 z2 ; j3; A) = B �j3+Az W ( j1 j3 j3z1 z2 −z )∣∣z=0 ; (42)éÚ ÕÒÁ×ÎÅÎÉÉÑ (41) ×ÉÄÎÏ, ÞÔÏ 6j−ÓÉÍ×ÏÌÙ { ÜÔÏ ËÏÜÆÆÉ�ÉÅÎÔÙ ÒÁÚ-ÌÏÖÅÎÉÑ ÓÅÍÅÊÓÔ×Á �ÏÌÉÎÏÍÏ× w( j1 j31 1−� ; j13; j2 − J) �Ï �ÅÒÅÍÅÎÎÏÊ �ÓÔÅ�ÅÎÉ (j1 + j2 + j3 − J); ÎÕÍÅÒÕÅÍÙÈ �ÁÒÁÍÅÔÒÏÍ j13; �Ï ÄÒÕÇÏÍÕÓÅÍÅÊÓÔ×Õ �ÏÌÉÎÏÍÏ× w( j2 j31 � ; j23; j1 − J) ÔÏÊ ÖÅ ÓÔÅ�ÅÎÉ, ÚÁ×ÉÓÑÝÉÈÏÔ �ÁÒÁÍÅÔÒÁ j23: äÌÑ ÞÁÓÔÎÙÈ ÓÌÕÞÁÅ× ÍÁÌÙÈ Ó�ÉÎÏ× ÉÈ ÍÏÖÎÏ ÎÁÊÔÉ�ÒÑÍÙÍ ×ÙÞÉÓÌÅÎÉÅÍ.3.1. þÁÓÔÎÙÅ ÓÌÕÞÁÉ.
• j1 = j2 = 12 ; j3 = jîÅÔÒÉ×ÉÁÌØÎÙÍÉ Ñ×ÌÑÀÔÓÑ ÔÏÌØËÏ ËÏÜÆÆÉ�ÉÅÎÔÙ Ó J = 12 : ÷ (41)× �ÒÁ×ÏÊ ÞÁÓÔÉ ÂÕÄÕÔ ×ÓÔÒÅÞÁÔØÓÑ ÆÕÎË�ÉÉw( 12 j1 � ; j + 12 ;−j − 12 ) = 1;w( 12 j1 � ; j + 12 ;−j + 12 ) = −1− 2j�√(2j + 1)(2j + 2) ; (43)w( 12 j1 � ; j − 12 ;−j + 12 ) = √ 2j2j + 1(1− �);w( 12 j1 � ; j − 12 ;−j + 32 ) = −

√2j − 12j + 1�(1− �): (44)ÆÕÎË�ÉÉ × ÌÅ×ÏÊ ÞÁÓÔÉ ÂÕÄÕÔ ÏÔÌÉÞÁÔØÓÑ ÚÁÍÅÎÏÊ ÁÒÇÕÍÅÎÔÁ � → 1−�.ðÏÄÓÔÁ×ÌÑÑ ÜÔÏ × (41) �ÏÌÕÞÁÅÍ ÚÎÁÞÅÎÉÑ
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{ 12 j j+1212 j j+12 } = (−1)2j+1(2j + 1)(2j + 2) ;
{ 12 j j± 1212 j j∓ 12 } = (−1)2j+12j + 1 ; { 12 j j− 1212 j j− 12 } = (−1)2j2j(2j + 1) ; (45)ËÏÔÏÒÙÅ ÓÏ×�ÁÄÁÀÔ Ó ÉÚ×ÅÓÔÎÙÍÉ ÔÁÂÌÉÞÎÙÍÉ [16℄.

• j1 = 12 ; j2 { �ÒÏÉÚ×ÏÌØÎÙÊ.üÔÏÔ ÓÌÕÞÁÊ Ñ×ÌÑÅÔÓÑ ÏÂÏÂÝÅÎÉÅÍ �ÒÅÄÙÄÕÝÅÇÏ. ÷ �ÒÁ×ÏÊ ÞÁÓÔÉ(41) ÂÕÄÕÔ ×ÓÔÒÅÞÁÔØÓÑ ÆÕÎË�ÉÉw( j2 j31 � ; j3 + k;−j3 − k)= [ (2j2)!(2j3)!(2j3+2k+1)!(j2+k)!(j2−k)!(2j3−j2+k)!(2j3+j2+k+1)!] 12 (1− �)j2−k; (46)w( j2 j31 � ; j3 + k;−j3 − k + 1)= [ (2j2)!(2j3)!(2j3+2k−1)!(j2+k)!(j2−k)!(2j3−j2+k)!(2j3+j2+k+1)!] 12 (1−�)j2−k(−j2−k−(2j3−j2+k)�);(47)ÇÄÅ k = −j2;−j2+1; : : : ; j2: ÷ ÌÅ×ÏÊ ÞÁÓÔÉ ÂÕÄÕÔ ×ÓÔÒÅÞÁÔØÓÑ ÆÕÎË�ÉÉw( 12 j31 1−� ; j3 − 12 ; j2 − j3 + 12 −k)= [ (2j2)!(2j3)!(2j3+2k)!(j2+k)!(j2−k)!(2j3−j2+k−1)!(2j3+j2+k)!(2j3+1)] 12 �(� − 1)j2−k; (48)w( 12 j31 1−� ; j3 + 12 ; j2 − j3 − 12 −k)= [ (2j2)!(2j3)!(2j3+2k+2)!(j2+k)!(j2−k)!(2j3−j2+k+1)!(2j3+j2+k+2)!(2j3+1)] 12
× (� − 1)j2−k−1((2j3 − j2 + k + 1)(� − 1)− j2 + k): (49)ðÏÓÌÅ �ÏÄÓÔÁÎÏ×ËÉ × (41) ÆÕÎË�ÉÊ (46){(49) ÍÏÖÎÏ ÚÁÍÅÔÉÔØ, ÞÔÏ ×�ÒÁ×ÏÊ É ÌÅ×ÏÊ ÞÁÓÔÉ ÍÏÖÎÏ ÓÏËÒÁÔÉÔØ ÏÂÝÉÊ ÍÎÏÖÉÔÅÌØ (1−�)j2−k−1;�ÏÓÌÅ ÞÅÇÏ ÚÁÄÁÞÁ ×ÙÞÉÓÌÅÎÉÑ 6j− ÓÉÍ×ÏÌÏ× Ó×ÏÄÉÔÓÑ Ë ÎÁÈÏÖÄÅÎÉÀËÏÜÆÆÉ�ÉÅÎÔÏ× ÒÁÚÌÏÖÅÎÉÑ ÌÉÎÅÊÎÏÊ �Ï � ÆÕÎË�ÉÉ ÎÁ ÓÕÍÍÕ Ä×ÕÈ
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{ j2 j3 j3+k12 j3+k+12 j3+12 }=(−1)2j3+j2+k+1[ (2j3+j2+k+2)(2j3−j2+k+1)(2j3+1)(2j3+2)(2j3+2k+1)(2j3+2k+2)]12 ;

{ j2 j3 j3+k+112 j3+k+12 j3+12 }=(−1)2j3+j2+k+1[ (j2+k+1)(j2−k)(2j3+1)(2j3+2)(2j3+2k+2)(2j3+2k+3)]12 ;
{ j2 j3 j3+k+112 j3+k+12 j3−12 } = (−1)2j3+j2+k+1[ (2j3+j2+k+2)(2j3−j2+k+1)(2j3)(2j3+1)(2j3+2k+2)(2j3+2k+3)] 12 ;

{ j2 j3 j3+k12 j3+k+12 j3− 12 } = (−1)2j3+j2+k[ (j2+k+1)(j2−k)(2j3)(2j3+1)(2j3+2k+1)(2j3+2k+2)]12 ;ÞÔÏ ÓÏ×�ÁÄÁÅÔ Ó ÔÁÂÌÉÞÎÙÍÉ ÚÎÁÞÅÎÉÑÍÉ [16℄.3.2. ïÂÝÉÊ ÓÌÕÞÁÊ. ÷ ÏÂÝÅÍ ÓÌÕÞÁÅ ÍÏÖÎÏ �ÏÓÔÒÏÉÔØ �ÏÌÉÎÏÍÙ ŵ,ÏÒÔÏÇÏÎÁÌØÎÙÅ Ë �ÏÌÉÎÏÍÁÍ × �ÒÁ×ÏÊ ÞÁÓÔÉ, Ô.Å. ÔÁËÉÅ, ÞÔÏ
∫ D�w( j2 j31 � ; j23; j1 − J) ŵ( j2 j31 � ; j′23; j1 − J) ≃ Æj23j′23 (50)(ÇÄÅ Ï�ÒÅÄÅÌÅÎÉÀ �ÏÄÌÅÖÉÔ ÔÁËÖÅ ÍÅÒÁ ÉÎÔÅÇÒÉÒÏ×ÁÎÉÑ D�). �ÏÇÄÁ6j− ÓÉÍ×ÏÌ �ÒÅÄÓÔÁ×ÌÑÅÔÓÑ × ×ÉÄÅ ÓËÁÌÑÒÎÏÇÏ �ÒÏÉÚ×ÅÄÅÎÉÑ Ä×ÕÈ �Ï-ÌÉÎÏÍÏ×:

{ j2 j3 j23j1 J j13 }
≃

∫ D�w( j1 j31 1−� ; j13; j2 − J) ŵ( j2 j31 � ; j23; j1 − J): (51)ï�ÉÛÅÍ ÍÅÔÏÄ, ËÏÔÏÒÙÊ �ÏÚ×ÏÌÑÅÔ �ÏÓÔÒÏÉÔØ ÔÁËÉÅ �ÏÌÉÎÏÍÙ ŵ:îÁÍ �ÏÎÁÄÏÂÉÔÓÑ ÄÏ�ÏÌÎÉÔÅÌØÎÁÑ ËÏÎÓÔÒÕË�ÉÑ { Ó�ÏÓÏÂ ××ÅÄÅÎÉÑ ÓËÁ-ÌÑÒÎÏÇÏ �ÒÏÉÚ×ÅÄÅÎÉÑ ÎÁ �ÒÏÓÔÒÁÎÓÔ×Å ÏÄÎÏÒÏÄÎÙÈ �ÏÌÉÎÏÍÏ× ÆÉË-ÓÉÒÏ×ÁÎÎÏÊ ÓÔÅ�ÅÎÉ ÏÄÎÏÒÏÄÎÏÓÔÉ.âÕÄÅÍ ÒÁÓÓÍÁÔÒÉ×ÁÔØ �ÏÌÉÎÏÍÙ Ä×ÕÈ �ÅÒÅÍÅÎÎÙÈ f(z1; z2); g(z1; z2):ëÒÏÍÅ ÉÓ�ÏÌØÚÏ×Á×ÛÅÇÏÓÑ ÒÁÎÅÅ ÓËÁÌÑÒÎÏÇÏ �ÒÏÉÚ×ÅÄÅÎÉÑ
〈f(z1; z2)|g(z1; z2)〉 = ∫ D(j1)z1D(j2)z2 f(z1; z2) g(z1; z2);D(j)z = (2j + 1)!� ·

d2z(1 + |z|2)2j+2 (52)



124ð.á.÷áìéîå÷éþ, C.ü.äåòëáþå÷, á.ð.éóáå÷, á.÷.ëïíéóáòþõëÎÁÍ �ÏÎÁÄÏÂÉÔÓÑ ÅÝÅ ÏÄÎÏ, ËÏÔÏÒÏÅ ÂÕÄÅÔ ÏÂÏÚÎÁÞÁÔØÓÑ ËÒÕÇÌÙÍÉÓËÏÂËÁÍÉ:(f(x1; x2)|g(x1; x2)) = 1�2 ∫ d2x1 d2x2 e−|x1|2−|x2|2 f(x1; x2) g(x1; x2):(53)óËÁÌÑÒÎÏÅ �ÒÏÉÚ×ÅÄÅÎÉÅ ÂÁÚÉÓÎÙÈ ×ÅËÔÏÒÏ× ÄÌÑ ËÁÖÄÏÇÏ ÉÚ ÎÉÈ ÉÍÅÅÔ×ÉÄ
〈zk11 zk22 |zl11 zl22 〉 = (2j1 − k1)!k1!(2j1)! ·

(2j2 − k2)!k2!(2j2)! Æk1l1Æk2l2 ; (54)
(xk11 xk22 |xl11 xl22 ) = k1! k2! Æk1l1Æk2l2 : (55)äÌÑ ËÁÖÄÏÇÏ ÉÚ ÓËÁÌÑÒÎÙÈ �ÒÏÉÚ×ÅÄÅÎÉÊ ÓÕÝÅÓÔ×ÕÅÔ Ó×Ï£ ×ÏÓ�ÒÏ-ÉÚ×ÏÄÑÝÅÅ ÑÄÒÏ:

〈f(z1; z2) | (1 + z1�z′1)2j1 (1 + z2�z′2)2j2〉 = f(z′1; z′2); (56)
(f(x1; x2) | ex1�x′1+x2�x′2) = f(x′1; x′2): (57)ï�ÒÅÄÅÌÉÍ ÔÅ�ÅÒØ �ÒÅÏÂÒÁÚÏ×ÁÎÉÅ f → f̂ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ:f̂(x1; x2) = 〈f(z1; z2) | ez1�x1+z2�x2〉 = ∫ D(j1)z1D(j2)z2 f(z1; z2) ex1�z1+x2�z2 :(58)�ÏÇÄÁ ÏÂÒÁÔÎÏÅ ÚÁ�ÉÛÅÔÓÑ ËÁËf(z1; z2) = (f̂(x1; x2) | (1 + x1�z1)2j1(1 + x2�z2)2j2)= 1�2 ∫ d2x1 d2x2 e−|x1|2−|x2|2 f̂(x1; x2) (1 + �x1z1)2j1(1 + �x2z2)2j2 : (59)ðÏÌØÚÕÑÓØ Ó×ÏÊÓÔ×ÁÍÉ ×ÏÓ�ÒÏÉÚ×ÏÄÑÝÉÈ ÑÄÅÒ (56) É (57), ÉÚ ÜÔÉÈ Ï�ÒÅ-ÄÅÌÅÎÉÊ ÍÏÖÎÏ �ÏÌÕÞÉÔØ, ÞÔÏ

〈f(z1; z2) | g(z1; z2)〉 = (f̂(x1; x2) | g(x1; x2)) ; (60)ÇÄÅ × �ÒÁ×ÏÊ ÞÁÓÔÉ ÓÔÏÉÔ ÔÁ ÖÅ ÆÕÎË�ÉÑ g, ÞÔÏ É × ÌÅ×ÏÊ ÞÁÓÔÉ.ïÔÓÀÄÁ ÓÌÅÄÕÅÔ, ÎÁ�ÒÉÍÅÒ, ÔÏ, ÞÔÏ ÅÓÌÉ g ÂÙÌÁ ÏÒÔÏÇÏÎÁÌØÎÁ f ÏÔ-ÎÏÓÉÔÅÌØÎÏ ÓËÁÌÑÒÎÏÇÏ �ÒÏÉÚ×ÅÄÅÎÉÑ 〈 | 〉; ÔÏ g ÂÕÄÅÔ ÏÒÔÏÇÏÎÁÌØÎÁ f̂ÏÔÎÏÓÉÔÅÌØÎÏ ( | ):ðÒÅÄ�ÏÌÏÖÉÍ ÔÅ�ÅÒØ, ÞÔÏ f É g Ñ×ÌÑÀÔÓÑ ÏÄÎÏÒÏÄÎÙÍÉ �ÏÌÉÎÏÍÁÍÉÓÔÅ�ÅÎÉ N :f(z1; z2) = zN1 f(1; z2=z1) ; g(z1; z2) = zN1 g(1; z2=z1) :



ïò�ïçïîáìøîùå ðïìéîïíù 125�ÏÇÄÁ × Ï�ÒÅÄÅÌÅÎÉÉ (58) ÉÚ ÜËÓ�ÏÎÅÎÔÙ ÎÅÎÕÌÅ×ÏÊ ×ËÌÁÄ × ÓËÁÌÑÒ-ÎÏÅ �ÒÏÉÚ×ÅÄÅÎÉÅ ÄÁÓÔ ÔÏÌØËÏ ÞÌÅÎ ÓÔÅ�ÅÎÉ ÏÄÎÏÒÏÄÎÏÓÔÉ N �Ï �z1; �z2.ðÏÌÕÞÉÍf̂(x1; x2) = 1N ! ∫ D(j1)z1D(j2)z2 f(z1; z2) (x1�z1 + x2�z2)N : (61)ïÔÓÀÄÁ ×ÉÄÎÏ, ÞÔÏ f̂(x1; x2) ÔÁËÖÅ Ñ×ÌÑÅÔÓÑ ÏÄÎÏÒÏÄÎÏÊ ÆÕÎË�ÉÅÊÓÔÅ�ÅÎÉ N: �ÏÇÄÁ (f̂(x1; x2) | g(x1; x2)) ÍÏÖÎÏ �ÒÅÏÂÒÁÚÏ×ÁÔØ ÄÁÌÅÅ,×ÏÓ�ÏÌØÚÏ×Á×ÛÉÓØ Ó×ÏÊÓÔ×ÏÍ ÏÄÎÏÒÏÄÎÏÓÔÉ:
(f̂(x1; x2) | g(x1; x2))= 1�2 ∫ d2x1 d2x2 e−|x1|2−|x2|2 xN1 f̂(1; x2=x1) �xN1 g(1; x2=x1):ðÏÓÌÅ ÚÁÍÅÎÙ �ÅÒÅÍÅÎÎÏÊ x′2 = x2=x1 �ÏÌÕÞÉÍ
(f̂(x1; x2) | g(x1; x2))= 1�2 ∫ d2x2 f̂(1; x2) g(1; x2) ∫ d2x1 |x1|2N+2 e−|x1|2(1+|x2|2):÷ÔÏÒÏÊ ÉÎÔÅÇÒÁÌ ÍÏÖÎÏ ×ÙÞÉÓÌÉÔØ Ñ×ÎÏ; × ÒÅÚÕÌØÔÁÔÅ
(f̂(x1; x2) | g(x1; x2)) = (N + 1)!� ∫ d2x2(1 + |x2|2)N+2 f̂(1; x2) g(1; x2):íÅÒÁ ÉÎÔÅÇÒÉÒÏ×ÁÎÉÑ ÚÄÅÓØ ÔÁ ÖÅ, ÞÔÏ É × (52), ÎÏ ÓÏ Ó�ÉÎÏÍN=2:ðÒÉ-ÎÉÍÁÑ ×Ï ×ÎÉÍÁÎÉÅ ×ÓÅ ×ÙÛÅÓËÁÚÁÎÎÏÅ, �ÏÌÕÞÁÅÍ ÓÌÅÄÕÀÝÅÅ ÕÔ×ÅÒÖÄÅ-ÎÉÅ:õÔ×ÅÒÖÄÅÎÉÅ. åÓÌÉ f(z1; z2) É g(z1; z2) { ÏÄÎÏÒÏÄÎÙÅ ÆÕÎË�ÉÉ ÓÔÅ-�ÅÎÉ N; ÔÏ ÆÏÒÍÕÌÕ (60) ÍÏÖÎÏ �ÒÅÄÓÔÁ×ÉÔØ × ×ÉÄÅ:

〈f(z1; z2) | g(z1; z2)〉 = ∫ D(N2 )� f̂(�) g(�); (62)ÇÄÅ g(�) ≡ g(1; �); f̂(�) ≡ f̂(1; �); Á f̂(z1; z2) ÄÁÅÔÓÑ ÆÏÒÍÕÌÏÊ (58).�ÁËÉÍ ÏÂÒÁÚÏÍ, ÄÌÑ ÏÄÎÏÒÏÄÎÙÈ �ÏÌÉÎÏÍÏ× ÉÍÅÅÔÓÑ ×ÏÚÍÏÖÎÏÓÔØ�ÅÒÅÊÔÉ ÏÔ ÓËÁÌÑÒÎÏÇÏ �ÒÏÉÚ×ÅÄÅÎÉÑ �Ï Ä×ÕÍ �ÅÒÅÍÅÎÎÙÍ Ë ÓËÁÌÑÒÎÏ-ÍÕ �ÒÏÉÚ×ÅÄÅÎÉÀ �Ï ÏÄÎÏÊ ÏÄÎÏÒÏÄÎÏÊ �ÅÒÅÍÅÎÎÏÊ � ÓÏ Ó�ÉÎÏÍ, ÒÁ×-ÎÙÍÉ �ÏÌÏ×ÉÎÅ ÓÔÅ�ÅÎÉ ÏÄÎÏÒÏÄÎÏÓÔÉ.



126ð.á.÷áìéîå÷éþ, C.ü.äåòëáþå÷, á.ð.éóáå÷, á.÷.ëïíéóáòþõëòÁÓÓÍÏÔÒÉÍ ÔÅ�ÅÒØ ÆÕÎË�ÉÉ w ÏÔ Ä×ÕÈ �ÅÒÅÍÅÎÎÙÈ z1; z2, Ï�ÒÅÄÅ-ÌÅÎÎÙÅ × (42). úÁ�ÉÛÅÍ ÓÏÏÔÎÏÛÅÎÉÅ ÏÒÔÏÇÏÎÁÌØÎÏÓÔÉ ÄÌÑ W
∫ D(j1)z1D(j2)z2W ( j1 j2 j3z1 z2 −z )W ( j1 j2 j3z1 z2 −z′ ) = Æj3j′3(1 + z�z′)2j3 ; (63)�ÒÉÍÅÎÉÍ Ë �ÒÁ×ÏÊ É ÌÅ×ÏÊ ÅÇÏ ÞÁÓÔÉ �A+j3z �A+j′3�z′ ; �ÏÓÌÅ ÞÅÇÏ �ÏÌÏÖÉÍz = �z′ = 0: ÷ ÒÅÚÕÌØÔÁÔÅ �ÏÌÕÞÉÍ

∫ D(j1)z1D(j2)z2 w( j1 j2z1 z2 ; j3; A)w( j1 j2z1 z2 ; j′3; A)=Æj3j′3BB′(2j3)! (j3 +A)!(j3 −A)! ;(64)ÇÄÅ B - ÎÏÒÍÉÒÏ×ÏÞÎÙÊ ÍÎÏÖÉÔÅÌØ (ÓÍ. (39)), Á B′ ÏÔÌÉÞÁÅÔÓÑ ÏÔ BÚÁÍÅÎÏÊ j3 → j′3: ëÒÏÍÅ ÔÏÇÏ, w( j1 j2z1 z2 ; j3; A) Ñ×ÌÑÅÔÓÑ ÏÄÎÏÒÏÄÎÙÍ �Ï-ÌÉÎÏÍÏÍ ÓÔÅ�ÅÎÉ j1 + j2 +A; �ÏÜÔÏÍÕ Ë ÓÉÓÔÅÍÅ ÜÔÉÈ ÆÕÎË�ÉÊ �ÒÉÍÅ-ÎÉÍÏ ÕÔ×ÅÒÖÄÅÎÉÅ ÉÚ �ÒÅÄÙÄÕÝÅÇÏ �ÕÎËÔÁ. úÎÁÞÉÔ ÍÏÖÎÏ �ÅÒÅÊÔÉ ËÏÄÎÏÒÏÄÎÏÊ �ÅÒÅÍÅÎÎÏÊ � = z2=z1; É
∫ D(N2 )� w( j1 j21 � ; j3; A) ŵ( j1 j21 � ; j′3; A) = Æj3j′3BB′(2j3)! (j3 +A)!(j3 −A)! ; (65)ÇÄÅ N = j1 + j2 +A; Á ŵ Ï�ÒÅÄÅÌÑÅÔÓÑ �Ï (58) ÉÌÉ ÅÇÏ ÓÌÅÄÓÔ×ÉÀ (61):ŵ( j1 j2x1 x2 ; j3; A)= B(j1 + j2 +A)! ∫ D(j1)z1D(j2)z2 w( j1 j21 � ; j3; A) (x1�z1+x2�z2)j1+j2+A:(66)åÓÌÉ ÔÅ�ÅÒØ ×ÏÓ�ÏÌØÚÏ×ÁÔØÓÑ �ÒÅÄÓÔÁ×ÌÅÎÉÅÍ (26) ÄÌÑW; ÔÏ �ÒÅÄÙ-ÄÕÝÕÀ ÆÏÒÍÕÌÕ ÍÏÖÎÏ �ÒÅÏÂÒÁÚÏ×ÁÔØ Ë ÂÏÌÅÅ ËÏÍ�ÁËÔÎÏÍÕ ×ÉÄÕŵ( j1 j2x1 x2 ; j3; A) = BCj1;j2;j3(j1 + j2 − j3)! (x1 + x2)A+j3

×

∫ D(j1)z1D(j2)z2 zj1+j2−j312 (x1�z1 + x2�z2)j1+j2−j3 : (67)ðÏÄÓÔÁ×ÌÑÑ ÜÔÏ ×ÙÒÁÖÅÎÉÅ × (51), �ÏÌÕÞÁÅÍ �ÒÅÄÓÔÁ×ÌÅÎÉÅ ÄÌÑ 6j-ÓÉÍ×ÏÌÁ × ×ÉÄÅ ÓËÁÌÑÒÎÏÇÏ �ÒÏÉÚ×ÅÄÅÎÉÑ Ä×ÕÈ �ÏÌÉÎÏÍÏ× ÏÄÉÎÁËÏ×ÏÊÓÔÅ�ÅÎÉ.
§4. ÷ÙÞÉÓÌÅÎÉÅ ÍÁÔÒÉÞÎÙÈ ÜÌÅÍÅÎÔÏ× R-Ï�ÅÒÁÔÏÒÁîÁÊÄÅÍ ×ÙÒÁÖÅÎÉÑ ÄÌÑ ÍÁÔÒÉÞÎÙÈ ÜÌÅÍÅÎÔÏ× R-Ï�ÅÒÁÔÏÒÁ (11), ÉÓ-�ÏÌØÚÕÑ ×ÙÒÁÖÅÎÉÑ ÄÌÑ ÍÌÁÄÛÉÈ ×ÅËÔÏÒÏ×. ñ×ÎÁÑ ÆÏÒÍÕÌÁ ÄÌÑ



ïò�ïçïîáìøîùå ðïìéîïíù 127R(j1j2)(u) ÄÌÑ �ÒÏÉÚ×ÏÌØÎÙÈ j1; j2 × ×ÉÄÅ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÏÇÏ Ï�ÅÒÁÔÏ-ÒÁ, ÄÅÊÓÔ×ÕÀÝÅÇÏ ÎÁ �ÒÏÓÔÒÁÎÓÔ×Å �ÏÌÉÎÏÍÏ×, ÍÏÖÅÔ ÂÙÔØ ÎÁÊÄÅÎÁ,ÎÁ�ÒÉÍÅÒ, × [12℄. ïÔÌÉÞÉÔÅÌØÎÏÊ ÏÓÏÂÅÎÎÏÓÔØÀ ÜÔÏÇÏ Ï�ÅÒÁÔÏÒÁ Ñ×ÌÑ-ÅÔÓÑ ÔÏ, ÞÔÏ ÏÎ ÎÅ ÍÅÎÑÅÔ ÓÔÅ�ÅÎØ ÏÄÎÏÒÏÄÎÏÓÔÉ �ÏÌÉÎÏÍÁ, �ÏÜÔÏÍÕ,�Ï ÁÎÁÌÏÇÉÉ Ó (41) ÍÏÖÎÏ ÚÁ�ÉÓÁÔØ:w̃( j1 j31 � ; j13; j2 − J) = ∑j23 Rj2j3j23j1Jj13 (−1)j1+j2+j3−J · w( j2 j31 � ; j23; j1 − J);(68)ÇÄÅ �ÏÌÉÎÏÍ × ÌÅ×ÏÊ ÞÁÓÔÉw̃( j1 j31 � ; j13; j2 − J) = (z12)J−j1−j2−j3R(j1j2)(u)|(j1j3); j2; j13; J〉: (69)äÌÑ ÞÁÓÔÎÙÈ ÓÌÕÞÁÅ× ËÏÜÆÆÉ�ÉÅÎÔÙ × (68) ÍÏÖÎÏ ÎÁÊÔÉ ÎÅ�ÏÓÒÅÄ-ÓÔ×ÅÎÎÏ ÁÎÁÌÏÇÉÞÎÏ ÔÏÍÕ, ËÁË ÜÔÏ ÄÅÌÁÌÏÓØ ÄÌÑ 6j−ÓÉÍ×ÏÌÏ× × �ÒÅÄÙ-ÄÕÝÅÍ ÒÁÚÄÅÌÅ.
• j1 = j2 = 12 ; j3 = j÷ ÜÔÏÍ ÓÌÕÞÁÅ R-Ï�ÅÒÁÔÏÒ ÓÏ×�ÁÄÁÅÔ Ó ÆÕÎÄÁÍÅÎÔÁÌØÎÏÊ R-ÍÁÔÒÉ-�ÅÊ (2); ËÁË Ï�ÅÒÁÔÏÒ ÎÁ �ÒÏÓÔÒÁÎÓÔ×Å V 12 ⊗ V 12 ÏÎ ÚÁ�ÉÓÙ×ÁÅÔÓÑ ËÁËR(u) = u+ 12 +2(z1�1− 12 )(z2�2− 12 )−z1�2(z1�1−1)−z2�1(z2�2−1): (70)äÅÊÓÔ×ÕÑ R(u) ÎÁ ÆÕÎË�ÉÉ (44), �ÏÌÕÞÁÅÍ ÓÌÅÄÕÀÝÉÅ ÎÅÎÕÌÅ×ÙÅ ËÏÜÆ-ÆÉ�ÉÅÎÔÙ × (68):R 12 ; j; j± 1212 ; j±1; j± 12 = u+ 1; R 12 ; j; j± 1212 ; j; j± 12 = 2j + 1± u2j + 1 ;R 12 ; j; j± 1212 ; j; j∓ 12 = u√2j(2j + 2)2j + 1 ; (71)üÔÉ ×ÙÒÁÖÅÎÉÑ ÓÏ×�ÁÄÁÀÔ Ó ÞÁÓÔÎÙÍ ÓÌÕÞÁÅÍ, ÒÁÓÓÍÏÔÒÅÎÎÙÍ × [14℄.
• j1 = 12 ; j2 { �ÒÏÉÚ×ÏÌØÎÙÊ÷ ÜÔÏÍ ÓÌÕÞÁÅ R-Ï�ÅÒÁÔÏÒ ÓÏ×�ÁÄÁÅÔ Ó Ï�ÅÒÁÔÏÒÏÍ ìÁËÓÁ É ÉÍÅÅÔ×ÉÄR(u) = u+2(z1�1− 12 )(z2�2−j3)−z1�2(z1�1−1)−z2�1(z2�2−2j3) (72)(ÄÌÑ ÕÄÏÂÓÔ×Á ÚÄÅÓØ Ó�ÅËÔÒÁÌØÎÙÊ �ÁÒÁÍÅÔÒ ÓÄ×ÉÎÕÔ ÎÁ 12 �Ï ÓÒÁ×ÎÅ-ÎÉÀ Ó (70)). äÅÊÓÔ×ÉÅ R(u) ÎÁ ÍÌÁÄÛÉÅ ×ÅËÔÏÒÁ �ÏÒÏÖÄÁÅÔ ÓÌÅÄÕÀÝÉÅ



128ð.á.÷áìéîå÷éþ, C.ü.äåòëáþå÷, á.ð.éóáå÷, á.÷.ëïíéóáòþõëÆÕÎË�ÉÉ w̃ :w̃( 12 j31 � ; j3 − 12 ; j2 − j3 + 12 −k)= [ (2j2)!(2j3)!(2j3+2k)!(j2+k)!(j2−k)!(2j3−j2+k−1)!(2j3+j2+k)!(2j3+1)] 12
× (� − 1)j2−k(u− k − (u+ j2)(1− �)); (73)w( 12 j31 � ; j3 + 12 ; j2 − j3 − 12 −k)= [ (2j2)!(2j3)!(2j3+2k+2)!(j2+k)!(j2−k)!(2j3−j2+k+1)!(2j3+j2+k+2)!(2j3+1)] 12

×(�−1)j2−k−1((j2−k)(2j3+k−u+ 2)−(u+j2)(2j3−j2+k+1)(1−�)):(74)ëÁË É �ÒÉ ×ÙÞÉÓÌÅÎÉÉ 6j−ÓÉÍ×ÏÌÏ×, �ÏÓÌÅ �ÏÄÓÔÁÎÏ×ËÉ × (68), �ÒÏÉÓ-ÈÏÄÉÔ ÓÏËÒÁÝÅÎÉÅ ÍÎÏÖÉÔÅÌÅÊ (1 − �)j2−k−1 × �ÒÁ×ÏÊ É ÌÅ×ÏÊ ÞÁÓÔÉ,�ÏÓÌÅ ËÏÔÏÒÏÇÏ ÏÓÔÁÅÔÓÑ ÓÏÏÔÎÏÛÅÎÉÅ ÎÁ ÌÉÎÅÊÎÙÅ �Ï � ÆÕÎË�ÉÉ. ÷ÒÅÚÕÌØÔÁÔÅ �ÏÌÕÞÁÅÍRj2; j3; j3+k12 ;j3+k+12 ;j3+12 (u) = (u+ k)[ (2j3+j2+k+2)(2j3−j2+k+1)(2j3+1)(2j3+2k+2) ]12 ;Rj2; j3; j3+k+112 ;j3+k+12 ;j3+12 (u) = (2j3 + k − u+ 2)[ (j2+k+1)(j2−k)(2j3+1)(2j3+2k+2)]12 ;Rj2; j3; j3+k12 ;j3+k+12 ;j3− 12 (u) = (2j3 + k + u+ 1)[ (j2+k+1)(j2−k)(2j3+1)(2j3+2k+2)]12 ;Rj2; j3; j3+k+112 ;j3+k+12 ;j3− 12 (u) = (u− k − 1)[ (2j3+j2+k+2)(2j3−j2+k+1)(2j3+1)(2j3+2k+2) ]12 :üÔÉ ÆÕÎË�ÉÉ, ÓÏÇÌÁÓÎÏ (15), Ï�ÒÅÄÅÌÑÀÔ ÓÔÁÔÉÓÔÉÞÅÓËÉÅ ×ÅÓÁ SOS ÍÏ-ÄÅÌÉ Ó K = 1 É �ÒÏÉÚ×ÏÌØÎÙÍ N:
§5. úÁËÌÀÞÅÎÉÅòÅÁÌÉÚÁ�ÉÑ ÇÒÕ��Ù SU(2) ÎÁ �ÒÏÓÔÒÁÎÓÔ×Å �ÏÌÉÎÏÍÏ× ÏÄÎÏÊ �ÅÒÅ-ÍÅÎÎÏÊ �ÏÚ×ÏÌÑÅÔ �ÏÌÕÞÉÔØ ËÏÍ�ÁËÔÎÙÅ ÆÏÒÍÕÌÙ ÄÌÑ ÍÌÁÄÛÉÈ ×ÅË-ÔÏÒÏ× × ÔÅÎÚÏÒÎÏÍ �ÒÏÉÚ×ÅÄÅÎÉÉ ÔÒÅÈ �ÒÅÄÓÔÁ×ÌÅÎÉÊ É ÉÓ�ÏÌØÚÏ×ÁÔØÉÈ ÄÌÑ ×ÙÞÉÓÌÅÎÉÑ 6j-ÓÉÍ×ÏÌÏ×. ðÏÓÌÅÄÎÉÅ × ÔÁËÏÍ �ÏÄÈÏÄÅ �ÒÅÄÓÔÁ-×ÌÑÀÔÓÑ × ×ÉÄÅ ÓËÁÌÑÒÎÏÇÏ �ÒÏÉÚ×ÅÄÅÎÉÑ Ä×ÕÈ �ÏÌÉÎÏÍÏ×. óÌÅÄÕÀÝÉÍ



ïò�ïçïîáìøîùå ðïìéîïíù 129ÛÁÇÏÍ ÄÏÌÖÎÏ ÓÔÁÔØ ÕÓÔÁÎÏ×ÌÅÎÉÅ Ó×ÑÚÉ �ÒÅÄÌÏÖÅÎÎÏÇÏ ÍÅÔÏÄÁ ×ÙÞÉ-ÓÌÅÎÉÑ Ó ËÌÁÓÓÉÞÅÓËÉÍ ÍÅÔÏÄÏÍ [16℄, × ÒÁÍËÁÈ ËÏÔÏÒÏÇÏ �ÏÌÕÞÁÀÔÓÑ×ÙÒÁÖÅÎÉÑ ÄÌÑ 6j-ÓÉÍ×ÏÌÏ× × ×ÉÄÅ ÏÂÒÙ×ÁÀÝÅÇÏÓÑ ÇÉ�ÅÒÇÅÏÍÅÔÒÉ-ÞÅÓËÏÇÏ ÒÑÄÁ. �ÅÍ ÓÁÍÙÍ ÏÔËÒÏÅÔÓÑ �ÕÔØ Ë ×ÙÞÉÓÌÅÎÉÀ ÓËÁÌÑÒÎÙÈ�ÒÏÉÚ×ÅÄÅÎÉÊ ÄÌÑ �ÏÌÉÎÏÍÏ× ×ÉÄÁ (42) É (67).÷ÙÞÉÓÌÅÎÉÑ ÓÔÁÔÉÓÔÉÞÅÓËÉÈ ×ÅÓÏ×WKN SOS-ÍÏÄÅÌÉ ÄÌÑ �ÒÏÉÚ×ÏÌØ-ÎÙÈ ÚÎÁÞÅÎÉÊ �ÁÒÁÍÅÔÒÏ× K;N Ó ÎÅËÏÔÏÒÙÍÉ ÕÓÌÏÖÎÅÎÉÑÍÉ �Ï×ÔÏ-ÒÑÀÔ ×ÙÞÉÓÌÅÎÉÑ 6j−ÓÉÍ×ÏÌÏ×. óÏÏÔ×ÅÔÓÔ×ÅÎÎÏ, ÓÔÁÔÉÓÔÉÞÅÓËÉÊ ×ÅÓWKN ÔÁËÖÅ �ÒÅÄÓÔÁ×ÌÑÅÔÓÑ × ×ÉÄÅ ÓËÁÌÑÒÎÏÇÏ �ÒÏÉÚ×ÅÄÅÎÉÑ Ä×ÕÈ �Ï-ÌÉÎÏÍÏ× (51). á×ÔÏÒÙ ÎÁÄÅÀÔÓÑ, ÞÔÏ ÒÁÚ×ÉÔÙÊ × ÒÁÂÏÔÅ ÍÅÔÏÄ �ÏÚ×Ï-ÌÉÔ �ÏÌÕÞÉÔØ É ÄÌÑ ×ÅÓÁ WKN ÚÁÍËÎÕÔÏÅ ×ÙÒÁÖÅÎÉÅ ÇÉ�ÅÒÇÅÏÍÅÔÒÉ-ÞÅÓËÏÇÏ ÔÉ�Á.ðÒÉÌÏÖÅÎÉÅ 1. äÏËÁÚÁÔÅÌØÓÔ×Ï �ÏÌÎÏÔÙ ÉÏÒÔÏÇÏÎÁÌØÎÏÓÔÉ ÓÉÓÔÅÍÙ ÆÕÎË�ÉÊ W:äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÏÒÔÏÇÏÎÁÌØÎÏÓÔÉ �ÒÏÅËÔÏÒÏ× W ÌÅ×ÕÀ ÞÁÓÔØ(32) Ó �ÏÍÏÝØÀ (26) �ÒÅÄÓÔÁ×ÉÍ × ×ÉÄÅCj1;j2;j3Cj1;j2;j′3 〈ez3S(12)+ zj1+j2−j312 |ez′3S(12)+ zj1+j2−j′312 〉12:äÁÌÅÅ �ÅÒÅÎÏÓÉÍ ÏÂÅ ÜËÓ�ÏÎÅÎÔÙ × ÏÄÎÕ ÓÔÏÒÏÎÕ ÓËÁÌÑÒÎÏÇÏ �ÒÏÉÚ×Å-ÄÅÎÉÑ É �ÏÌØÚÕÅÍÓÑ ÆÏÒÍÕÌÏÊ (21). ðÏÓËÏÌØËÕS(23)
− zj2+j3−j2323 = 0; S(23)3 zj2+j3−j2323 = −j23zj2+j3−j2323 ;ÓËÁÌÑÒÎÏÅ �ÒÏÉÚ×ÅÄÅÎÉÅ �ÒÅ×ÒÁÝÁÅÔÓÑ ×Cj1;j2;j3Cj1;j2;j′3 (1 + �z3z′3)2j3‖zj1+j2−j312 ‖2Æj3j′3 ;ÞÔÏ ÓÏ×�ÁÄÁÅÔ Ó �ÒÁ×ÏÊ ÞÁÓÔØÀ (32).äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á �ÏÌÎÏÔÙ (33) �ÒÅÄÓÔÁ×ÉÍ ÑÄÒÏ W × ×ÉÄÅW ( j1 j2 j3z1 z2 z3 ) = Cj1;j2;j3 zj1+j212 T (z3)(g) zj1+j3−j23 ;g = z− 1212 ( z1 −z2

−1 1 ) ; (75)ÇÄÅ T (z3) { Ï�ÅÒÁÔÏÒ �ÒÅÄÓÔÁ×ÌÅÎÉÑ SU(2); Ï�ÒÅÄÅÌÅÎÎÙÊ ÆÏÒÍÕÌÏÊ(16), ÄÅÊÓÔ×ÕÀÝÉÊ �Ï �ÅÒÅÍÅÎÎÏÊ z3:åÓÌÉ �ÅÒ×ÙÊ ÉÚ ÓÏÍÎÏÖÉÔÅÌÅÊ × (33) �ÒÅÄÓÔÁ×ÉÔØ × ÔÁËÏÍ ×ÉÄÅ, ÔÏÄÅÊÓÔ×ÉÅ T (z3) ÍÏÖÎÏ �ÅÒÅÎÅÓÔÉ ÎÁ ×ÔÏÒÏÊ ÓÏÍÎÏÖÉÔÅÌØ, �ÒÉ ÜÔÏÍ g



130ð.á.÷áìéîå÷éþ, C.ü.äåòëáþå÷, á.ð.éóáå÷, á.÷.ëïíéóáòþõëÉÚÍÅÎÉÔÓÑ ÎÁ g+: ðÏÓÌÅ �ÒÉÍÅÎÅÎÉÑ Ï�ÅÒÁÔÏÒÁ T (z3)(g+); ÓËÁÌÑÒÎÏÅ�ÒÏÉÚ×ÅÄÅÎÉÅ �Ï �ÅÒÅÍÅÎÎÏÊ z3 × ÌÅ×ÏÊ ÞÁÓÔÉ (33) �ÒÉÍÅÔ ×ÉÄ
〈W ( j1 j2 j3z1 z2 z3 ) |W ( j1 j2 j3z′1 z′2 z3 ) 〉3 = C2j1;j2;j3(�z12z′12)j123
〈zj1323 |[1 + z′2�z2 + (1 + z′2�z1)z3℄j231 [1 + z′1�z2 + (1 + z′1�z1)z3℄j132 〉3; (76)ÇÄÅ ××ÅÄÅÎÙ ËÒÁÔËÉÅ ÏÂÏÚÎÁÞÅÎÉÑ ÄÌÑ ÌÉÎÅÊÎÙÈ ËÏÍÂÉÎÁ�ÉÊ Ó�ÉÎÏ×j�� = j�+ j� − j ; �; �;  = 1; 2; 3: óÄÅÌÁÅÍ ÔÅ�ÅÒØ ÍÁÓÛÔÁÂÎÕÀ ÚÁÍÅ-ÎÕ �ÅÒÅÍÅÎÎÏÊ z3 → z3 1+z′1�z11+z′1�z2 ; �z3 → z3 1+z′1�z21+z′1�z1 ; ËÏÔÏÒÁÑ ÎÅ ÉÚÍÅÎÉÔ ÍÅÒÕÉÎÔÅÇÒÉÒÏ×ÁÎÉÑ D(j3)z3 × ÓËÁÌÑÒÎÏÍ �ÒÏÉÚ×ÅÄÅÎÉÉ. ðÏÓÌÅ �ÒÅÏÂÒÁÚÏ-×ÁÎÉÊ �ÏÌÕÞÉÍ

〈W ( j1 j2 j3z1 z2 z3 ) |W ( j1 j2 j3z′1 z′2 z3 ) 〉3= C2j1;j2;j3(�z12z′12)j123 (1 + z′2�z2)j231(1 + z′1�z1)j132
〈 zj1323 | (1 + z3)j132 (1 + �z3)j231 〉3; (77)ÇÄÅ � = (1+z′2�z1)(1+z′1 �z2)(1+z′1�z1)(1+z′2�z2) { \ÁÎÇÁÒÍÏÎÉÞÅÓËÏÅ ÏÔÎÏÛÅÎÉÅ".ðÏÄÓÔÁ×ÌÑÑ (77) × (33) ×ÉÄÉÍ, ÞÔÏ ×ÓÅ ÏÓÔÁÌØÎÙÅ ÓÏÍÎÏÖÉÔÅÌÉ ËÏÍ-ÂÉÎÉÒÕÀÔÓÑ × ×ÙÒÁÖÅÎÉÑ, ÓÏÄÅÒÖÁÝÉÅ ÔÏÌØËÏ �: �ÏÇÄÁ ÕÓÌÏ×ÉÅ �ÏÌ-ÎÏÔÙ �ÒÉÍÅÔ ×ÉÄ

∑j3 C2j1;j2;j3 〈zj1323 | (1− �)j123 (1 + z3)j132 (1 + �z3)j231 〉3 = 1: (78)÷ÙÞÉÓÌÅÎÉÅ ÓËÁÌÑÒÎÏÇÏ �ÒÏÉÚ×ÅÄÅÎÉÑ ÆÕÎË�ÉÉ (1−�)j123 (1+z3)j132 (1+�z3)j231 É ÍÏÎÏÍÁ zj1323 ÒÁ×ÎÏÓÉÌØÎÏ ÎÁÈÏÖÄÅÎÉÀ ËÏÜÆÆÉ�ÉÅÎÔÁ �ÒÉzj1323 × ÜÔÏÊ ÆÕÎË�ÉÉ Ó �ÏÓÌÅÄÕÀÝÉÍ ÕÍÎÏÖÅÎÉÅÍ ÅÇÏ ÎÁ ÎÏÒÍÕ ‖zj1323 ‖2:ðÏÓÌÅÄÎÑÑ ÒÁ×ÎÁ (j132)!(j231)![(2j3)!℄−1; É ÜÔÏ ÓÏËÒÁÔÉÔ ÞÁÓÔØ ÍÎÏÖÉ-ÔÅÌÅÊ × C2j1;j2;j3 : éÓËÏÍÙÊ ÖÅ ËÏÜÆÆÉ�ÉÅÎÔ ÍÏÖÅÔ ÂÙÔØ ×ÙÒÁÖÅÎ �ÒÉ�ÏÍÏÝÉ ËÏÎÔÕÒÎÏÇÏ ÉÎÔÅÇÒÁÌÁ, ÅÓÌÉ ÉÓ�ÏÌØÚÏ×ÁÔØ ÓÌÅÄÕÀÝÅÅ ÉÚ×ÅÓÔ-ÎÏÅ ÕÔ×ÅÒÖÄÅÎÉÅ: ÄÌÑ �ÒÏÉÚ×ÏÌØÎÏÊ ÆÕÎË�ÉÉ ×ÉÄÁ f(z) = ∑nAnznËÏÜÆÆÉ�ÉÅÎÔ Ak ÄÁÅÔÓÑ ÆÏÒÍÕÌÏÊAk = ∮C dz2�iz z−kf(z);ÇÄÅ C { ÍÁÌÙÊ ËÏÎÔÕÒ, ÏÂÈÏÄÑÝÉÊ ÔÏÞËÕ z = 0 �ÒÏÔÉ× ÞÁÓÏ×ÏÊ ÓÔÒÅÌ-ËÉ.



ïò�ïçïîáìøîùå ðïìéîïíù 131÷ÓÅ ÜÔÉ ÓÏÏÂÒÁÖÅÎÉÑ �ÏÚ×ÏÌÑÀÔ �ÒÉ×ÅÓÔÉ ÕÓÌÏ×ÉÅ �ÏÌÎÏÔÙ Ë ×ÉÄÕ(2j1)!(2j2)!(2j1 + 2j2 + 1)! j1+j2∑j3=j1−j2(2j3 + 1)Cj1232j1+2j2+1
×

∮C dz2�iz z−j132(1− �)j123 (1 + z)j132(1 + �z)j231 = 1; (79)ÇÄÅ Cj1232j1+2j2+1 { ÂÉÎÏÍÉÁÌØÎÙÊ ËÏÜÆÆÉ�ÉÅÎÔ.ðÏÓÌÅ ÚÁÍÅÎÙ ÉÎÄÅËÓÁ ÓÕÍÍÉÒÏ×ÁÎÉÑ j3 ÎÁ n = j1+j2−j3 ÏÎÏ �ÒÉÍÅÔ×ÉÄ
∮C dz2�iz (1 + zz )2j1 (1 + �z)2j2

×

2j1∑n=0(2j1 + 2j2 − 2n+ 1)Cn2j1+2j2+1 [ z(1− �)(1 + �z)(1 + z)]n= (2j1 + 2j2 + 1)!(2j1)!(2j2)! : (80)óÕÍÍÉÒÏ×ÁÎÉÅ ÍÏÖÎÏ ÒÁÓ�ÒÏÓÔÒÁÎÉÔØ É ÎÁ ÂÏÌÅÅ ÛÉÒÏËÕÀ ÏÂÌÁÓÔØn = 0; : : : ; (2j1 + 2j2 + 1); ÔÁË ËÁË �ÒÉ n > 2j1 × �ÏÄÙÎÔÅÇÒÁÌØÎÏÍ×ÙÒÁÖÅÎÉÉ �ÒÏ�ÁÄÁÅÔ ÏÓÏÂÁÑ ÔÏÞËÁ �ÒÉ z = 0; É ÓÁÍ ËÏÎÔÕÒÎÙÊ ÉÎ-ÔÅÇÒÁÌ ÓÔÁÎÏ×ÉÔÓÑ ÒÁ×ÅÎ ÎÕÌÀ. ðÏÓÌÅ ÜÔÏÇÏ ÓÕÍÍÕ ÍÏÖÎÏ ×ÙÞÉÓÌÉÔØÑ×ÎÏ, ×ÏÓ�ÏÌØÚÏ×Á×ÛÉÓØ ÆÏÒÍÕÌÏÊA∑n=0(A− 2n)CnA xn = A(1 + x)A−1(1− x); (81)É × ÌÅ×ÏÊ ÞÁÓÔÉ (80) ÏÓÔÁÎÅÔÓÑ ÔÏÌØËÏ ËÏÎÔÕÒÎÙÊ ÉÎÔÅÇÒÁÌ:
∮C dz2�iz (1 + zz )2j1 (1 + �z)2j2 (1 + z(1− �)(1 + �z)(1 + z))2j1+2j2

×

(1− z(1− �)(1 + �z)(1 + z)) = (2j1 + 2j2)!(2j1)!(2j2)! : (82)



132ð.á.÷áìéîå÷éþ, C.ü.äåòëáþå÷, á.ð.éóáå÷, á.÷.ëïíéóáòþõëúÁÍÅÎÁ �ÅÒÅÍÅÎÎÏÊ t = z(1+�z)1+z �ÒÉ×ÏÄÉÔ ÅÇÏ Ë
∮C dt2�it t−2j1(1 + t)2j1+2j2(ËÏÎÔÕÒ C ÏÂÈÏÄÉÔ ÔÏÞËÕ t = 0). üÔÏÔ ÉÎÔÅÇÒÁÌ ÒÁ×ÅÎ (2j1+2j2)!(2j1)!(2j2)! ; ÞÔÏÓÏ×�ÁÄÁÅÔ Ó �ÒÁ×ÏÊ ÞÁÓÔØÀ. �ÁËÉÍ ÏÂÒÁÚÏÍ, (82) ÄÏËÁÚÁÎÏ, Á ×ÍÅÓÔÅ ÓÎÉÍ É ÉÓÈÏÄÎÏÅ ÕÓÌÏ×ÉÅ �ÏÌÎÏÔÙ (33).ðÒÉÌÏÖÅÎÉÅ 2. ÷ÙÞÉÓÌÅÎÉÅ ÎÏÒÍÉÒÏ×ÏÞÎÏÇÏÍÎÏÖÉÔÅÌÑ ÄÌÑ ÍÌÁÄÛÉÈ ×ÅËÔÏÒÏ×îÏÒÍÉÒÏ×ÏÞÎÙÊ ÍÎÏÖÉÔÅÌØ B × (38) ÎÁÈÏÄÉÔÓÑ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁ-ÚÏÍ. ðÒÅÄÓÔÁ×ÉÍ |(j2j3); j1; j23; J〉 Ó �ÏÍÏÝØÀ (20) × ×ÉÄÅ

|(j2j3); j1; j23; J〉 = B �j23+j1−J� {e−z1S(23)− e−�S(23)+ zj2+j3−j2323 }∣∣∣�=0 ;ÞÔÏ �Ï (21) ÍÏÖÅÔ ÂÙÔØ �ÒÅÏÂÒÁÚÏ×ÁÎÏ Ë
|(j2j3); j1; j23; J〉= B�j23+j1−J� {(1 + �z1)2j23e− �1+�z1 S(23)+ zj2+j3−j2323 }∣∣∣�=0 ; (83)ÔÁË ËÁË S(23)

− zj2+j3−j2323 = 0 É S(23)3 zj2+j3−j2323 = −j23zj2+j3−j2323 :îÁÊÄÅÍ ÔÅ�ÅÒØ ÎÏÒÍÕ ÜÔÏÇÏ ×ÅËÔÏÒÁ × �ÒÏÓÔÒÁÎÓÔ×Å Vj2 ⊗ Vj3 ËÁËÆÕÎË�ÉÀ �ÅÒÅÍÅÎÎÙÈ z1; �z1 :
〈(j2j3); j1; j23; J | (j2j3); j1; j23; J〉23= B2�j23+j1−J� �j23+j1−J� (1 + �z1)2j23 (1 + ��z1)2j23

×〈e− �1+�z1 S(23)+ zj2+j3−j2323 |e− �1+�z1 S(23)+ zj2+j3−j2323 〉23∣∣∣ �=0�=0 (84)÷ÏÚÎÉËÛÅÅ × �ÒÁ×ÏÊ ÞÁÓÔÉ ÓËÁÌÑÒÎÏÅ �ÒÏÉÚ×ÅÄÅÎÉÅ ×ÙÞÉÓÌÑÅÔÓÑ �ÕÔÅÍ�ÅÒÅÎÏÓÁ ÜËÓ�ÏÎÅÎÔ × ÏÄÎÕ ÞÁÓÔØ É ÉÓ�ÏÌØÚÏ×ÁÎÉÑ (21):
〈e− �1+�z1 S(23)+ zj2+j3−j2323 |e− �1+�z1 S(23)+ zj2+j3−j2323 〉23= 〈zj2+j3−j2323 |e− �1+��z1 S(23)− e− �1+�z1 S(23)+ zj2+j3−j2323 〉23= [1 + �1 + ��z1 �1 + �z1 ]2j23

· ‖zj2+j3−j2323 ‖223: (85)



ïò�ïçïîáìøîùå ðïìéîïíù 133�Å�ÅÒØ �ÏÄÓÔÁ×ÉÍ ÜÔÏ × (84) É �ÒÏÉÎÔÅÇÒÉÒÕÅÍ �Ï z1: îÏÒÍÁ ÍÌÁÄÛÅÇÏ×ÅËÔÏÒÁ ÄÏÌÖÎÁ ÂÙÔØ ÒÁ×ÎÁ 1; ÏÔËÕÄÁ ÎÏÒÍÉÒÏ×ÏÞÎÙÊ ÍÎÏÖÉÔÅÌØB−2 = �j23+j1−J� �j23+j1−J� ∫ D(j1)z1 [��+ (1 + ��z1)(1 + �z1)℄2j23 ∣∣∣ �=0�=0
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