
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 465, 2017 Ç.N. BogoliubovCONTINUOUS TIME MULTIDIMENSIONAL WALKSAS AN INTEGRABLE MODELAbstrat. Continuous time walks in multidimensional sympleti-al latties are onsidered. It is shown that the generating fun-tions of random walks and the transition amplitudes of ontinuoustime quantum walks are expressed through the dynamial orrela-tion funtions of the exatly solvable model desribing strongly or-related bosons on a hain, the so-alled phase model. The number ofrandom lattie paths of �xed number of steps onneting the start-ing and ending points of the multidimensional lattie is expressedthrough the solutions of Bethe equations of the phase model. Itsasymptoti is obtained in the limit of the large number of steps.
§1. IntrodutionClassial random walks on a one-dimensional lattie have been inten-sively investigated for many years in mathematis and physis [1{6℄. Quan-tum walks are unitary proesses that desribe the quantum-mehanialanalogue of the lassial random walk proess. Two mathematial mod-els for quantum walks have been developed: the disrete-time quantumwalks [7℄, in whih the partile takes disrete steps in a diretion given bya dynami internal degree of freedom (a oin), and the ontinuous-timequantum walks [8℄, in whih the dynamis are desribed by Hamilton-ian evolution on a lattie in the tight-binding representation. The reentinterest to the theory of quantum walks arose in onnetion with the devel-opment of quantum information proessing [9{13℄. Random and quantumwalks on multi-dimensional latties were studied by many authors [14{19℄.In our paper we shall onsider the exatly solvable model, known asphase model, desribing strongly orrelated bosons on a hain with Dnodes [20,21℄. The dynamial variables of this model are the so-alled phaseoperators introdued in quantum optis in onnetion with the quantumKey words and phrases: ontinuous time walks, random walks, quantum walks,multidimensional lattie, integrable models, orrelation funtions, Shur funtions.Partially supported by RFBR grant no. 16-01-00296.13



14 N. BOGOLIUBOVphase problem [22℄. We shall demonstrate that this model provides a natu-ral desription of the ontinuous time quantum and random single-partilewalks on (D−1)-dimensional sympleti latties with vanishing boundaryonditions. The asymptoti of the number of lattie random paths in thelimit of suÆiently large number of steps is alulated.The paper is organised as follows. In Setion 2 the random walks ina (D − 1)-dimensional sympleti lattie lattie with vanishing boundaryonditions are introdued. In Setion 3 the phase model is onsidered, andthe answers for generating funtions of \ontinuous time" random andquantum walks are expressed in terms of the solutions of Bethe equations.
§2. Random walksWe onsider a graph embedded in the Eulidean spae and the assoi-ated random walk. The random walk takes plae on the nodes (verties)of the graph and jumps along the edges with the equal weight.Consider �rst a partile (walker) that hops at disrete time-steps be-tween neighboring sites on a one-dimensional hain with unit spaing. LetGn(j; l) be the number of random paths made by a partile in n steps withthe ending nodes j and l. The evolution of this funtion is desribed bythe master equationGn(j; l) = Gn−1(j − 1; l) +Gn−1(j + 1; l) : (1)This states that the number of paths made by a partile from the node l toj in n steps is simply the sum of paths made by a partile from the nodel to j− 1 (ontribution of a step from the left) and to j+1 (step from theright) in n − 1 steps see Fig. 1. The initial ondition G0(j; l) = Æjl. Thevanishing boundary onditions are Gn(j; l) = 0 for j; l = −1; N + 1 for arandom walk on a segment [0; N ℄.

Fig. 1. The hopping proesses for the one-dimensionalnearest-neighbor random walk.For the partile that hops between neighboring sites on a triangularlattie (Fig. 2) the di�erene equation for the funtion Gjl;pq(n) equal to



CONTINUOUS TIME MULTIDIMENSIONAL WALKS 15a number of random paths from the node with the oordinates l1; l2 to thenode j1; j2 in n steps takes the formGn(j1; j2; l1; l2) = Gn−1(j1 + 1; j2 − 1; l1; l2) +Gn−1(j1 − 1; j2 + 1; l1; l2)+Gn−1(j1 + 1; j2; l1; l2) +Gn−1(j1 − 1; j2; l1; l2)+Gn−1(j1; j2 + 1; l1; l2) +Gn−1(j1; j2 − 1; l1; l2) : (2)The initial ondition G0(j1; j2; l1; l2) = Æj1l1Æj2l2 , and the vanishing bound-ary onditions areGn(−1; j2; l1; l2) = Gn(j1;−1; l1; l2) = Gn(j1; N + 1− j1; l1; l2)= Gn(N + 1− j2; j2; l1; l2) = 0:

Fig. 2. The hopping proesses on the triangular lattiewith the vanishing boundary onditions.The random walks on the introdued latties with the vanishing bound-ary onditions are speial ases of random walks in the sympleti lattie.Consider a D-dimensional integer lattie n ≡ (n1; n2; : : : ; nD) ∈ Z
D , ly-ing in the non-negative orthant N

D0 : 0 6 ni and satisfying the ondition∑ni = N .Random walks over sites of the sympleti lattie Symp(N)(ZD) arede�ned by a set of admissible steps 
D so that at eah step an ith oor-dinate ni inreases by unity, while the nearest neighboring one dereasesby unity. Namely, eah element of 
D is given by sequene (e1; e2; : : : ; eD)
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Fig. 3. A two-dimensional triangular simpliial lattie.so that ei = ±1, ei+1 = ∓1 for all pairs (i; i + 1) with 1 6 i 6 D andD + 1 = 1(mod 2), and ej = 0 for all 1 6 j 6 D and j 6= i; i + 1. Thestep set 
D ≡ 
D(m0) ensures that trajetory of a random walk deter-mined by the starting point m0 lies in D-dimensional set Symp(N)(ZD).A two-dimensional triangular simpliial lattie is presented in Fig. 3The desribed walks lie on a bounded domain and the behaviour of thewalker depends on a boundary onditions. If at least one of the oordinatesni = 0, a partile is said to be on a boundary of a sympleti lattie. Theboundary of the simpliial lattie onsists of D faes of highest dimension-ality D − 2. Under the free boundary onditions we shall understand theonditions under whih the walker happened to be on a border ontinuesto move aording the step-sets 
D . The random lattie path of a partileon a two-dimensional sympleti lattie is presented in Fig. 4.The oordinates of the partile n≡(n1; n2; : : : ; nD), n1+n2+: : :+nD=Nin the sympleti lattie Symp(N)(ZD) may be expressed as partitions� = (DnD ; (D − 1)nD−1 ; : : : ; 1n1) ;where eah number S appears nS times, and hene as Young diagrams.There are N rows in diagram, the row of S squares orresponds to numberS and appears ns times (see Fig. 5).



CONTINUOUS TIME MULTIDIMENSIONAL WALKS 17

Fig. 4. The path of 9 steps between nodes with oordi-nates (0; 5; 0) and (1; 3; 1).

Fig. 5. Walkers with oordinates (1; 2; 2) → � =(32; 22; 11) (A), (0; 5; 0) → � = (30; 25; 10) (B), and(2; 0; 3) → � = (33; 20; 12) (C) on Symp(5)(Z3), and or-responding Young diagrams.
§3. Quantum integrable modelTo study random walks in a general (D−1)-dimensional sympleti lat-tie we shall onsider the quantum exatly solvable phase model [20, 21℄.The dynamial variables of the model are operators of the \exponentialphase" �n; �†n and the number operator Nj satisfying ommutation rela-tions: [Ni; �j ℄ = −�iÆij ; [Ni; �†j ℄ = �†i Æij ; [�i; �†j ℄ = �iÆij ; (3)



18 N. BOGOLIUBOVwhere �j is the loal vauum projetor �j�j = �j�†j = 0. On a loalorthonormal Fok states |nj〉j ( k〈nm|ni〉j = ÆimÆkj):�j |0〉j = 0;�j |nj〉j = |nj − 1〉j ; �†j |nj〉j = |nj + 1〉j ; (4)Nj |nj〉j = nj |nj〉j ; �j |0〉j = |0〉j :The introdued phase operators are the q → ∞ limit of the q-boson algebraformed by operators Bj ; B†j and Nj :[Ni; Bj ℄ = −BiÆij ; [Ni; B†j ℄ = B†i Æij ; [Bi; B†j ℄ = q−2NjÆij : (5)In the loal Fok spae the phase operators may be represented as�j = ∞∑nj=0(|nj〉〈nj+1|)j ; �†j = ∞∑nj=0(|nj+1〉〈nj |)j ; Nj = ∞∑nj=0nj(|nj〉〈nj |)j :The integrable phase model on a one-dimensional lattie of D+1 nodes isde�ned by the Hamiltonian [20℄:ĤD = D∑n=1(�†n�n+1 + �n�†n+1) : (6)The periodi boundary onditions are imposed: D + 1 = 0 (mod2). ThisHamiltonian ommutes with the total number operator N̂ = D∑n=0Nn:[ĤD; N̂ ℄ = 0 . It ats on the Fok spae formed from the normalized states
|n0; : : : ; nD〉 = D∏j=1 (�†j)nj |0〉; 0 6 nj 6 N; D∑j=1 nj = N;and |0〉 is given by equation |0〉 = |0; : : : ; 0〉 ≡∏Dj=1 |0〉j .We an interpret oupation numbers n = (n1; n2; : : : ; nD) as oor-dinates of a partile in Symp(N)(ZD) and desribe the dynamis of thepartile with the help of Fok vetors |n1; n2; : : : ; nD〉. Operator �j shiftsthe value of the jth oordinate downwards nj → nj − 1, while �†j upwardsnj → nj + 1. The number operator Nj ats as the oordinate operatorNj |n1; n2; : : : ; nj ; : : : ; nD〉 = nj |n1; n2; : : : ; nj ; : : : ; nD〉. Sine the oupa-tion numbers are non-negative integers and their sum is onserved we anregard ĤD as a generator of steps of a partile on a (D − 1)-dimensionalsympleti lattie with the reetive boundary onditions.



CONTINUOUS TIME MULTIDIMENSIONAL WALKS 19The number of random paths made by a partile in K steps inSymp(N)(ZD) between the nodes with oordinates j and l is given by theexpression:GK(j1; j2; : : : ; jD; l1; l2; : : : ; lD)= 〈j1; j2; : : : ; jD|Ĥk|l1; l2; : : : ; lD〉 ;j1 + j2 + : : :+ jD = l1 + l2 + : : :+ lD = N : (7)The random walks of the partile on a segment [0; N ℄ (see Fig. 6) isgenerated by the HamiltonianĤ1 = (�†1�2 + �1�†2) :

Fig. 6. The hopping proesses for the one-dimensionalnearest-neighbor random walk on a segment [0,N℄.The equation for the number of random paths funtion (1) is derived inthe following wayGn(j1; l2) = 〈j1; j2|(�†1�2 + �1�†2)Hn−11 |l1; l2〉= {〈j1 − 1; N − j1 + 1|+ 〈j1 + 1; N − j1 − 1)|}Hn−11 |l1; N − l1〉= {Gn−1(j1 − 1; l1) +Gn−1(j1 + 1; l1)} : (8)



20 N. BOGOLIUBOVRandom walks of a partile on two-dimensional simplex like lattie(a triangular lattie) (see Fig. 4) is generated by the HamiltonianĤ2 = (�†1�2 + �†2�3 + �†3�1 + �1�†2 + �2�†3 + �3�†1) :Substituting this expression into (7) we obtain equation (2).The model was solved for its eigenstates and eigenvetors in [20,21℄ bythe Quantum Inverse Method [23,24℄. The state vetors of the phase modelare expressed in the form [25,26℄:
|	N (u1; : : : ; uN )〉= ∑�⊆{DN}

S�(u21; : : : ; u2N)(�†D)nD : : : (�†1)n2(�†0)n1 |0〉 ; (9)where the Shur funtionS�(x1; x2; :::; xN ) = det(xN−i+�ij )

V(x) :Here � denotes the partition (�1; :::; �N ) of non-inreasing non-negativeintegers, D > �1 > �2 > ::: > �N > 0, and the sum in equation is takenover all partitions � into at mostN parts eah of whih is less or equal toD.The Vandermonde determinant V(x) =∏16i<j6N (xi−xj). There is a one-to-one orrespondene between the on�guration of oupation numbersn = (n1; n2; : : : ; nD); 0 6 n1; n2; : : : ; nD 6 N ; n1 + n2 + : : : + nD = N ,and the partition � = (DnD ; (D − 1)nD−1 ; : : : ; 1n1), where eah number Sappears nS times.The state vetors are the eigenvetors of the Hamiltonian ĤD, if theparameters u1; : : : ; uN satisfy the Bethe equationsu2(D+N)n = (−1)N−1 N∏j=1u2j ≡ (−1)N−1U2: (10)Using the parametrization u2 = exp(−ip) in whih p appears as a momen-tum variable, the Bethe equations take the formeipn(D+N) = (−1)N−1eiP ; P = N∑j=1 pj ; (11)where P is the total momentum of the system. These equations are in-variant under the transformation pn → pn + 2�; P → P + 2�, and wean thus restrit the onsideration into the domain −� 6 pn < �. The
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Fig. 7. The on�guration of oupation numbersn = (1; 3; 0; 0; 0; 2; 0; 1) orresponding partition � =(81; 70; 62; 50; 40; 30; 23; 11) ≡ (8; 6; 6; 2; 2; 2; 1) and itsYoung diagram.solutions pn to the Bethe equations (11) are real numbers and an be pa-rameterized so that pn = (2�In + P )=(D + N): Here In are integers orhalf-integers depending on whether N is odd or even, and satisfy the on-dition D + N − 1 > I1 > I2 > ::: > IN > 0. From (11) it follows inpartiular that eiPD = 1.The eigenenergies of the Hamiltonian are given byEN = 2 N∑k=1 os pk: (12)Consider now the proess in whih the disreet number of steps is re-plaed by a ontinuous parameter, whih will be alled \time". We de-�ne the \time"-dependent orrelation funtion that desribes a ontinuous\time" walks of a partile in a Symp(N)(ZD) as
F� (j1; j2; : : : ; jD ; l1; l2; : : : ; lD) = 〈j1; j2; : : : ; jD|e�ĤD |l1; l2; : : : ; lD〉 ;j1 + j2 + : : :+ jD = l1 + l2 + : : :+ lD = N : (13)

• If � = t, then Ft is the generating funtion of random lattie walksbetween the nodes with oordinates (j1;j2; :::;jD) and (l1;l2; :::;lD).



22 N. BOGOLIUBOV
• If � = it, then Fit ≡ Ft is a transition amplitude of ontinuoustime quantum walker from state |l1; l2; : : : ; lD〉 at time 0 to state
|j1; j2; : : : ; jD〉 at time t.Sine eigenvetors of the phase model (9) form a omplete orthogonalset [21℄ we obtain the expliit expression for the orrelation funtion:

F� (j1; j2; : : : ; jD ; l1; l2; : : : ; lD)= ∑

{p1;:::;pN}

e�EN
N 2(eip1 ; : : : ; eipN )S�L(eip1 ; : : : ; eipN )S�R(e−ip1 ; : : : ; e−ipN ):(14)The summation is over all independent sets of the solutions of Bethe equa-tions. The partition �L = (DjD ; (D − 1)jD−1 ; : : : ; 1j1) where eah num-ber S appears jS times, and j1 + j2 + : : : + jD = N . The partition�R = (DlD ; (D − 1)lD−1 ; : : : ; 1l1 ; 0l0) and l1 + l2 + : : : + lD = N . Thenorm is equal to [21℄:

N 2(eip1 ; : : : ; eipN ) = ∑�⊆{DN}

S�(eip1 ; : : : ; eipN )S�(e−ip1 ; : : : ; e−ipN )= D(D +N)N−1
∏16k<j6N |eipk − eipj |2 :Note that ontinuous time is not a simple ontinuum formed by thedisrete variables n, but F� inludes proesses with all number of steps.In fat Ft an be represented in a form

F� (j1; j2; : : : ; jD ; l1; l2; : : : ; lD) = ∞∑m=0Gm(j1; j2; : : : ; jD; l1; l2; : : : ; lD)�mm! ;where Gm is (7).Let us onsider the ase when the walker in Symp(N)(ZD) starts at thenode (N; 0; : : : ; 0) and �nishes the walk at the same node. The orrespond-ing partition of this node is �1 = (D0; : : : ; 20; 1N) and S�1(eip1 ; : : : ; eipN ) =eiPD = 1. From (14) it follows that the generating funtion of these walks



CONTINUOUS TIME MULTIDIMENSIONAL WALKS 23is:
F� (N; 0; : : : ; 0;N; 0; : : : ; 0)= ∑

{p1;:::;pN}

e�EN
N 2(eip1 ; : : : ; eipN ) ∣∣S�1(eip1 ; : : : ; eipN )∣∣2= 1D(D +N)N−1 ∑

{p1;:::;pN}

e2�∑Nk=1 os pk ∏16k<j6N |eipk − eipj |2 : (15)The number of random paths made by a partile in K steps inSymp(N)(ZD) (7) whih starts at the node (N; 0; : : : ; 0) and �nishes thewalk at the same node is:GK(N; 0; : : : ; 0;N; 0; : : : ; 0)= 2KD(D +N)N−1 ∑

{p1;:::;pN}

( N∑k=1 os pk)K ∏16k<j6N |eipk − eipj |2 : (16)It is of interest to obtain approximate expression of (16) in the limitwhen K and N are suÆiently large, and K ≫ N . In this limit, thesolutions (11) with suÆiently large N �ll a losed interval of length 2�.Hene, a passage from sums to integrals in (16) yields the estimate:GK(N; 0; : : : ; 0;N; 0; : : : ; 0)
≃

2KND �∫
−� �∫

−� : : : �∫
−� ( N∑k=1 os pk)K ∏16k<j6N|eipk − eipj |2 dp1dp2 : : : dpN(2�)N :(17)The main ontribution to the integrals in this expression omes from nearthe points pj = 0 (j = 1; : : : ; : : : N) [28℄, and, therefore, we an replae the�rst fator of the integrand in (16) by its approximation near the origin ofintegration variables:

( N∑k=1 os pk)K
∝ NK exp(− K2N N∑k=1 p2k) :



24 N. BOGOLIUBOVThe leading term of (16) an be expressed asGK(N; 0; : : : ; 0;N; 0; : : : ; 0)
∼

2KNK+1D ∞∫

−∞

∞∫

−∞

: : : ∞∫

−∞

e− K2N ∑Nk=1 p2k ∏16k<j6N(pk−pj)2 dp1dp2 : : : dpN(2�)N :The integral is the Mehta integral of the gaussian unitary ensemble ofrandom matries and an be evaluated expliitly:
∞∫

−∞

∞∫

−∞

: : : ∞∫

−∞

e− K2N ∑Nk=1 p2k ∏16k<j6N(pk − pj)2 dp1dp2 : : : dpN(2�)N= NN2=2∏Nm=1m!(2�)N=2KN2=2 :Finally, we obtain that the leading term of GK (16) in the onsidered limitsales as GK(N; 0; : : : ; 0;N; 0; : : : ; 0) ∼ AN;D(2N)KK−N2=2 (18)with
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