
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 464, 2017 Ç.÷. á. âÕÓÌÏ×ï ó÷ñúé ëòá�îïó�åê óðåë�òá óï úîáëáíéóìáçáåíùè ÷ ëïíðïîåî�áè óïâó�÷åîîùè÷åë�ïòï÷ ÷ äòå÷ï÷éäîïê ó�òõë�õòå÷×ÅÄÅÎÉÅíÉÎÏÒÙ É ËÏÜÆÆÉ�ÉÅÎÔÙ ÈÁÒÁËÔÅÒÉÓÔÉÞÅÓËÏÇÏ ÍÎÏÇÏÞÌÅÎÁ �ÒÏÉÚ-×ÏÌØÎÏÊ Ë×ÁÄÒÁÔÎÏÊ N × N ËÏÍ�ÌÅËÓÎÏÊ ÍÁÔÒÉ�Ù G �ÒÅÄÓÔÁ×ÌÑÀÔ-ÓÑ × ×ÉÄÅ ÚÎÁËÏ�ÅÒÅÍÅÎÎÙÈ ÓÕÍÍ �ÒÏÉÚ×ÅÄÅÎÉÊ ÍÁÔÒÉÞÎÙÈ ÜÌÅÍÅÎÔÏ×gij , ×ÚÑÔÙÈ �Ï ÎÅËÏÔÏÒÙÍ ÏÒÉÅÎÔÉÒÏ×ÁÎÎÙÍ ÇÒÁÆÁÍ Ó ÄÕÇÁÍÉ (i; j). ÷ÞÁÓÔÎÏÓÔÉ, × ÓÔÁÎÄÁÒÔÎÏÊ ÚÁ�ÉÓÉ Ï�ÒÅÄÅÌÉÔÅÌÑ ÞÌÅÎ, �ÒÅÄÓÔÁ×ÌÑÀÝÉÊ�ÒÏÉÚ×ÅÄÅÎÉÅ ÄÉÁÇÏÎÁÌØÎÙÈ ÜÌÅÍÅÎÔÏ× N
∏i=1 gii, ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ ÇÒÁÆÕ,ÓÏÓÔÏÑÝÅÍÕ ÉÚ ÏÄÎÉÈ �ÅÔÅÌØ: (1; 1), (2; 2), : : : (N;N). ðÒÏÓÔÁÑ �ÅÒÅÚÁ-�ÉÓØ [1℄ ÏÂÙÞÎÙÈ ÆÏÒÍÕÌ ÄÌÑ ÍÉÎÏÒÏ× × ×ÉÄÅ �ÒÏÉÚ×ÅÄÅÎÉÊ �Ï ÓÏÏÔ-×ÅÔÓÔ×ÕÀÝÉÍ ÇÒÁÆÁÍ �ÒÉ×ÏÄÉÔ Ë ÆÏÒÍÕÌÁÍ, ÕÄÏÂÎÙÍ ÄÌÑ ÉÓÓÌÅÄÏ×Á-ÎÉÑ �ÉËÌÏ×ÉÄÎÏÊ ÓÔÒÕËÔÕÒÙ ÇÒÁÆÁ. ÷ ËÁÞÅÓÔ×Å ÍÁÔÒÉ�Ù, ÏÔ×ÅÞÁÀÝÅÊÉÓÓÌÅÄÕÅÍÏÍÕ ÇÒÁÆÕ, ×ÙÓÔÕ�ÁÅÔ ÍÁÔÒÉ�Á ÓÍÅÖÎÏÓÔÉ.äÌÑ ÌÁ�ÌÁÓÏ×ÓËÉÈ ÍÁÔÒÉ� (ÓÕÍÍÁ ÜÌÅÍÅÎÔÏ× ËÁÖÄÏÊ ÓÔÒÏËÉ ÒÁ×ÎÁÎÕÌÀ) ÉÎÆÏÒÍÁ�ÉÑ, ÓÏÄÅÒÖÁÝÁÑÓÑ ×Ï ×ÓÅÈ ÜÌÅÍÅÎÔÁÈ ÍÁÔÒÉ�Ù, ÉÚÂÙ-ÔÏÞÎÁ { ÞÁÓÔØ ÜÌÅÍÅÎÔÏ× ÍÏÖÎÏ ÕÄÁÌÉÔØ ÉÚ ÒÁÓÓÍÏÔÒÅÎÉÑ. \ìÉÛÎÉÍÉ"ÏÂßÑ×ÌÑÀÔÓÑ ÄÉÁÇÏÎÁÌØÎÙÅ ÜÌÅÍÅÎÔÙ. ÷ ÆÏÒÍÕÌÙ ÄÌÑ ÍÉÎÏÒÏ× ×ÍÅÓÔÏÄÉÁÇÏÎÁÌØÎÙÈ ÜÌÅÍÅÎÔÏ× gii �ÏÄÓÔÁ×ÌÑÀÔÓÑ ÉÈ ×ÙÒÁÖÅÎÉÑ (− ∑j 6=i gij).ðÒÅÄÓÔÁ×ÌÅÎÉÅ, ×ÏÚÎÉËÁÀÝÅÅ �ÒÉ ÒÁÓËÒÙÔÉÉ ÓËÏÂÏË É �ÒÏ×ÅÄÅÎÉÉ ×ÏÚ-ÎÉËÁÀÝÉÈ ÓÏËÒÁÝÅÎÉÊ, ÕÄÏÂÎÏ ÄÌÑ ÉÓÓÌÅÄÏ×ÁÎÉÑ ÄÒÅ×Ï×ÉÄÎÏÊ ÓÔÒÕË-ÔÕÒÙ [3,11℄ ÇÒÁÆÁ.áÎÁÌÏÇÉÞÎÙÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ ÍÏÖÎÏ ÓÏ×ÅÒÛÉÔØ É ÄÌÑ ÍÁÔÒÉ�, ÎÅÑ×ÌÑÀÝÉÈÓÑ ÌÁ�ÌÁÓÏ×ÓËÉÍÉ. éÍÅÎÎÏ, ××ÏÄÑÔÓÑ [6℄ ×ÅÌÉÞÉÎÙgi0 = −

N
∑j=1 gij :ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ×Ú×ÅÛÅÎÎÙÊ ÏÒÇÒÁÆ, ÍÁÔÒÉÞÎÙÊ Ó�ÅËÔÒ, ÓÏÂÓÔ×ÅÎÎÏÅ�ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï. 5



6 ÷. á. âõóìï÷úÁÔÅÍ, × ÆÏÒÍÕÌÙ ÄÌÑ ÍÉÎÏÒÏ× ×ÍÅÓÔÏ ÄÉÁÇÏÎÁÌØÎÙÈ ÜÌÅÍÅÎÔÏ× gii�ÏÄÓÔÁ×ÌÑÀÔÓÑ ×ÙÒÁÖÅÎÉÑ (− N
∑j=0j 6=i gij). �ÅÍ ÓÁÍÙÍ, ÆÏÒÍÕÌÙ ÄÒÅ×Ï×ÉÄ-ÎÏÇÏ �ÒÅÄÓÔÁ×ÌÅÎÉÑ, ËÌÁÓÓÉÞÅÓËÉ ÏÔÎÏÓÑÝÉÅÓÑ ÌÉÛØ Ë ÌÁ�ÌÁÓÏ×ÓËÉÍÍÁÔÒÉ�ÁÍ, ÒÁÓ�ÒÏÓÔÒÁÎÑÀÔÓÑ ÎÁ �ÒÏÉÚ×ÏÌØÎÙÅ Ë×ÁÄÒÁÔÎÙÅ.âÏÌÅÅ ÔÏÇÏ, ÄÒÅ×Ï×ÉÄÎÏÅ (ÌÅÓÎÏÅ [11℄) �ÒÅÄÓÔÁ×ÌÅÎÉÅ, × ÎÅËÏÔÏÒÏÍÓÍÙÓÌÅ, ÂÏÌÅÅ ÏÂÝÅÅ, ÞÅÍ �ÉËÌÏ×ÉÄÎÏÅ, �ÏÓËÏÌØËÕ ÄÁÌÅËÏ ÎÅ ×ÓÅ ÍÉÎÏ-ÒÙ × ÓÔÁÎÄÁÒÔÎÏÊ (�ÉËÌÏ×ÉÄÎÏÊ) ÆÏÒÍÅ ÚÁ�ÉÓÉ ÆÏÒÍÉÒÕÀÔÓÑ ÉÚ ÓÌÁ-ÇÁÅÍÙÈ, �ÒÅÄÓÔÁ×ÌÑÀÝÉÈ �ÒÏÉÚ×ÅÄÅÎÉÅ ÍÁÔÒÉÞÎÙÈ ÜÌÅÍÅÎÔÏ×, ×ÚÑÔÙÈ�Ï ÇÒÁÆÁÍ, ÓÏÓÔÏÑÝÉÍ ÉÚ �ÉËÌÏ× (ÔÏÞÎÅÅ, ËÏÎÔÕÒÏ×) É ÄÁÖÅ ÍÏÇÕÔ ×Ï-×ÓÅ ÉÈ ÎÅ ÓÏÄÅÒÖÁÔØ. æÁËÔÉÞÅÓËÉ ÔÏÌØËÏ ÇÌÁ×ÎÙÅ ÍÉÎÏÒÙ �ÒÅÄÓÔÁ-×ÌÑÀÔÓÑ × ×ÉÄÅ ÓÕÍÍ �ÒÏÉÚ×ÅÄÅÎÉÊ, ×ÚÑÔÙÈ �Ï ÇÒÁÆÁÍ, ÓÏÓÔÏÑÝÉÍ ÉÈËÏÎÔÕÒÏ×. ðÒÉ ÚÁ�ÉÓÉ ÖÅ × ÄÒÅ×Ï×ÉÄÎÏÊ ÆÏÒÍÅ ÌÀÂÙÅ ÍÉÎÏÒÙ ÆÏÒ-ÍÉÒÕÀÔÓÑ ÉÚ ÓÌÁÇÁÅÍÙÈ, Ñ×ÌÑÀÝÉÈÓÑ �ÒÏÉÚ×ÅÄÅÎÉÅÍ ÍÁÔÒÉÞÎÙÈ ÜÌÅ-ÍÅÎÔÏ×, ×ÚÑÔÙÈ �Ï ÎÅËÏÔÏÒÙÍ ÌÅÓÁÍ.óÕÝÅÓÔ×ÅÎÎÏÊ ÏÓÏÂÅÎÎÏÓÔØÀ ÚÁ�ÉÓÉ ÈÁÒÁËÔÅÒÉÓÔÉÞÅÓËÏÇÏ ÍÎÏÇÏ-ÞÌÅÎÁ × ÄÒÅ×Ï×ÉÄÎÏÊ ÆÏÒÍÅ Ñ×ÌÑÅÔÓÑ ÚÎÁËÏ-�ÏÓÔÏÑÎÓÔ×Ï ÓÌÁÇÁÅÍÙÈ,ÓÏÓÔÁ×ÌÑÀÝÉÈ ËÏÜÆÆÉ�ÉÅÎÔÙ �ÒÉ Ó�ÅËÔÒÁÌØÎÏÍ �ÁÒÁÍÅÔÒÅ. üÔÏ ÏÓÏ-ÂÅÎÎÏ ×ÁÖÎÏ × ÁÎÁÌÉÚÅ ÄÉÆÆÕÚÉÉ × ÓÉÌØÎÙÈ �ÏÌÑÈ ÓÎÏÓÁ, ÉÌÉ, ÞÔÏ ÔÏÖÅ ÓÁÍÏÅ, �ÒÉ ÍÁÌÏÊ ÄÉÆÆÕÚÉÉ [8,9℄, × ÄÉÎÁÍÉÞÅÓËÉÈ ÓÉÓÔÅÍÁÈ �ÒÉ ÍÁ-ÌÙÈ ÓÌÕÞÁÊÎÙÈ ×ÏÚÂÕÖÄÅÎÉÑÈ É, Ó×ÑÚÁÎÎÙÈ Ó ÎÉÍÉ, �Å�ÑÈ íÁÒËÏ×Á [7℄.úÎÁËÏ-�ÏÓÔÏÑÎÓÔ×Ï ÒÁÓ�ÒÏÓÔÒÁÎÑÅÔÓÑ É ÎÁ ÆÏÒÍÕÌÙ ÄÌÑ ÁÌÇÅÂÒÁÉÞÅ-ÓËÉÈ ÄÏ�ÏÌÎÅÎÉÊ ÜÌÅÍÅÎÔÏ× ÍÁÔÒÉ�Ù.1 éÓ�ÏÌØÚÕÑ ÜÔÏ ÏÂÓÔÏÑÔÅÌØÓÔ×Ï× [6℄ ×Ù×ÅÄÅÎÙ ÆÏÒÍÕÌÙ ÄÌÑ ËÏÍ�ÏÎÅÎÔ ÓÏÂÓÔ×ÅÎÎÙÈ ×ÅËÔÏÒÏ× �ÒÉ ÅÄÉ-ÎÉÞÎÏÊ ÇÅÏÍÅÔÒÉÞÅÓËÏÊ2 ËÒÁÔÎÏÓÔÉ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÇÏ ÓÏÂÓÔ×ÅÎÎÏÇÏÚÎÁÞÅÎÉÑ.÷ ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÅ �ÏÌÕÞÅÎÏ �ÁÒÁÍÅÔÒÉÞÅÓËÏÅ �ÒÅÄÓÔÁ×ÌÅÎÉÅ ×ÄÒÅ×Ï×ÉÄÎÏÊ ÆÏÒÍÅ (�ÅÏÒÅÍÁ 1) ÄÌÑ ÌÅ×ÙÈ É �ÒÁ×ÙÈ ÓÏÂÓÔ×ÅÎÎÙÈ �ÏÄ-ÒÏÓÔÒÁÎÓÔ× ËÏÍ�ÌÅËÓÎÏÊ ÍÁÔÒÉ�Ù G �ÒÉ �ÒÏÉÚ×ÏÌØÎÏÊ ÇÅÏÍÅÔÒÉÞÅ-ÓËÏÊ 3 ËÒÁÔÎÏÓÔÉ k ËÏÒÎÑ �, ÅÓÌÉ ÓÕÝÅÓÔ×ÕÅÔ ÇÌÁ×ÎÙÊ (ÄÉÁÇÏÎÁÌØÎÙÊ)1óÁÍÙÊ ÉÚ×ÅÓÔÎÙÊ ÞÁÓÔÎÙÊ ÓÌÕÞÁÊ { ÚÎÁÍÅÎÉÔÁÑ ÍÁÔÒÉÞÎÁÑ ÔÅÏÒÅÍÁ ëÉÒÈÇÏÆÁ[2℄ Ï ÞÉÓÌÅ ÏÓÔÏ×ÎÙÈ ÄÅÒÅ×ØÅ× ÎÅÏÒÉÅÎÔÉÒÏ×ÁÎÎÏÇÏ ÇÒÁÆÁ ÂÅÚ �ÅÔÅÌØ.2÷ ÆÏÒÍÕÌÉÒÏ×ËÁÈ ÔÅÏÒÅÍ 3,4 × [6℄ ÔÒÅÂÏ×ÁÎÉÅ ÅÄÉÎÉÞÎÏÊ ÁÌÇÅÂÒÁÉÞÅÓËÏÊ ËÒÁÔ-ÎÏÓÔÉ ÉÚÌÉÛÎÅ (ÄÏÓÔÁÔÏÞÎÏ ÇÅÏÍÅÔÒÉÞÅÓËÏÊ). åÄÉÎÉÞÎÁÑ ÁÌÇÅÂÒÁÉÞÅÓËÁÑ ËÒÁÔ-ÎÏÓÔØ ÌÉÛØ ÇÁÒÁÎÔÉÒÕÅÔ, ÞÔÏ ÓÕÝÅÓÔ×ÕÅÔ ÇÌÁ×ÎÙÊ ÂÁÚÉÓÎÙÊ ÍÉÎÏÒ.3ðÏÄ ÁÌÇÅÂÒÁÉÞÅÓËÏÊ ËÒÁÔÎÏÓÔØÀ ÓÏÂÓÔ×ÅÎÎÏÇÏ ÚÎÁÞÅÎÉÑ � �ÏÎÉÍÁÅÔÓÑ ËÒÁÔ-ÎÏÓÔØ ËÏÒÎÑ ÈÁÒÁËÔÅÒÉÓÔÉÞÅÓËÏÇÏ ÍÎÏÇÏÞÌÅÎÁ det(G− �E), Á �ÏÄ ÇÅÏÍÅÔÒÉÞÅÓËÏÊ{ ÒÁÚÍÅÒÎÏÓÔØ �ÒÏÓÔÒÁÎÓÔ×Á ÒÅÛÅÎÉÊ ÏÄÎÏÒÏÄÎÏÊ ÓÉÓÔÅÍÙ (G− �E)~v = 0.



ï ó÷ñúé ëòá�îïó�åê óðåë�òá óï úîáëáíé óìáçáåíùè 7ÂÁÚÉÓÎÙÊ ÍÉÎÏÒ �ÏÒÑÄËÁ k Õ ÍÁÔÒÉ�Ù G − �E. ÷ ÞÁÓÔÎÏÓÔÉ, �ÒÉ ÒÁ-×ÅÎÓÔ×Å ÇÅÏÍÅÔÒÉÞÅÓËÏÊ É ÁÌÇÅÂÒÁÉÞÅÓËÏÊ ËÒÁÔÎÏÓÔÅÊ � ÔÁËÏÊ ÍÉÎÏÒ×ÓÅÇÄÁ ÅÓÔØ. ëÏÜÆÆÉ�ÉÅÎÔÙ �ÒÉ ÓÔÅ�ÅÎÑÈ Ó�ÅËÔÒÁÌØÎÏÇÏ �ÁÒÁÍÅÔÒÁ× ËÏÍ�ÏÎÅÎÔÁÈ ÓÏÂÓÔ×ÅÎÎÙÈ ×ÅËÔÏÒÏ×, �ÒÅÄÓÔÁ×ÌÑÀÔ ÓÏÂÏÊ ÚÎÁËÏ�Ï-ÓÔÏÑÎÎÙÅ ÓÕÍÍÙ �ÒÏÉÚ×ÅÄÅÎÉÊ ÍÁÔÒÉÞÎÙÈ ÜÌÅÍÅÎÔÏ×. ÷ÏÚÍÏÖÎÏÓÔØÔÁËÏÊ ÚÁ�ÉÓÉ ÏÂÕÓÌÏ×ÌÅÎÁ ÚÎÁËÏ-�ÏÓÔÏÑÎÓÔ×ÏÍ ÓÌÁÇÁÅÍÙÈ × ÆÏÒÍÕÌÁÈÄÒÅ×Ï×ÉÄÎÏÊ ÓÔÒÕËÔÕÒÙ ÄÌÑ ÍÉÎÏÒÏ× ÍÁÔÒÉ�Ù, ËÏÇÄÁ ×ÙÞÅÒËÉ×ÁÅÍÙÅÓÔÒÏËÉ É ÓÔÏÌÂ�Ù ÓÏ×�ÁÄÁÀÔ, ËÒÏÍÅ, ÍÏÖÅÔ ÂÙÔØ, ÏÄÎÏÇÏ ÓÔÏÌÂ�Á ÉÓÔÒÏËÉ, ÎÏÍÅÒÁ ËÏÔÏÒÙÈ ÒÁÚÌÉÞÎÙ. îÁ ÜÔÏÍ ÉÓÞÅÒ�Ù×ÁÀÔÓÑ ×ÁÒÉÁÎÔÙÆÉËÓÉÒÏ×ÁÎÎÏÓÔÉ ÚÎÁËÁ ÓÌÁÇÁÅÍÙÈ ËÁË × ÆÏÒÍÕÌÁÈ ÄÌÑ ÍÉÎÏÒÏ×, ÔÁËÉ × ÆÏÒÍÕÌÁÈ ÄÌÑ ËÏÍ�ÏÎÅÎÔ ÓÏÂÓÔ×ÅÎÎÙÈ ×ÅËÔÏÒÏ× �ÒÉ ÚÁ�ÉÓÉ ÉÈ ×ÄÒÅ×Ï×ÉÄÎÏÊ ÆÏÒÍÅ.ï ÓÔÒÕËÔÕÒÅ ÒÁÂÏÔÙ. ÷ 1-ÏÍ �ÁÒÁÇÒÁÆÅ �ÒÉ×ÏÄÑÔÓÑ ÎÅÏÂÈÏÄÉÍÙÅÏ�ÒÅÄÅÌÅÎÉÑ É ÏÂÏÚÎÁÞÅÎÉÑ. ÷Ï 2-ÏÍ �ÁÒÁÇÒÁÆÅ ××ÏÄÉÔÓÑ ËÏÎÕÓ [10,11℄ÓÏ Ó�Å�ÉÁÌØÎÙÍÉ ×ÅÓÁÍÉ [6℄, �ÏÚ×ÏÌÑÀÝÉÊ ÄÒÅ×Ï×ÉÄÎÕÀ ÆÏÒÍÕ ÚÁ�ÉÓÉÍÉÎÏÒÏ× [3{5℄, Ó�ÒÁ×ÅÄÌÉ×ÕÀ ÄÌÑ ÌÁ�ÌÁÓÏ×ÓËÉÈ ÍÁÔÒÉ�, ÒÁÓ�ÒÏÓÔÒÁ-ÎÉÔØ ÎÁ �ÒÏÉÚ×ÏÌØÎÙÅ [6℄. 3-Ê �ÁÒÁÇÒÁÆ �ÏÓ×ÑÝÅÎ ÒÁÚÂÏÒÕ ×ÓÅÈ ÓÌÕÞÁ-Å×, ËÏÇÄÁ × ÄÒÅ×Ï×ÉÄÎÏÍ �ÒÅÄÓÔÁ×ÌÅÎÉÉ ÍÉÎÏÒÏ× ×ÓÅ ÓÌÁÇÁÅÍÙÅ ×ÈÏÄÑÔÓ ÏÄÎÉÍ ÚÎÁËÏÍ (ìÅÍÍÁ 1). ÷ 4-ÏÍ �ÁÒÁÇÒÁÆÅ ÄÏËÁÚÙ×ÁÅÔÓÑ ÏÓÎÏ×ÎÏÅÕÔ×ÅÒÖÄÅÎÉÅ ÓÔÁÔØÉ (�ÅÏÒÅÍÁ 1), Ï ÔÏÍ, ËÏÇÄÁ �ÁÒÁÍÅÔÒÉÞÅÓËÏÅ �ÒÅÄ-ÓÔÁ×ÌÅÎÉÅ × ÄÒÅ×Ï×ÉÄÎÏÊ ÆÏÒÍÅ ÓÏÂÓÔ×ÅÎÎÙÈ �ÏÄ�ÒÏÓÔÒÁÎÓÔ× (ÔÏÞÎÅÅËÏÍ�ÏÎÅÎÔ ÓÏÂÓÔ×ÅÎÎÙÈ ×ÅËÔÏÒÏ×) ×ÓÅ ÓÌÁÇÁÅÍÙÅ ×ÈÏÄÑÔ Ó ÏÄÎÉÍ ÚÎÁ-ËÏÍ. üÔÁ ÔÅÏÒÅÍÁ Ñ×ÌÑÅÔÓÑ ÏÂÏÂÝÅÎÉÅÍ ÏÓÎÏ×ÎÏÇÏ ÒÅÚÕÌØÔÁÔÁ [6℄. ÷5-ÏÍ �ÁÒÁÇÒÁÆÅ ÒÅÚÕÌØÔÁÔÙ �ÅÒÅÆÏÒÍÕÌÉÒÏ×ÁÎÙ (ÌÅÍÍÁ 2, ÔÅÏÒÅÍÁ 2)ÄÌÑ ÌÁ�ÌÁÓÏ×ÓËÉÈ ÍÁÔÒÉ�. ÷ �ÏÓÌÅÄÎÅÍ �ÁÒÁÇÒÁÆÅ ÒÁÓÓÍÏÔÒÅÎ ÞÁÓÔ-ÎÙÊ ÓÌÕÞÁÊ (�ÒÅÄÌÏÖÅÎÉÅ 1), ËÏÇÄÁ ÔÏÌØËÏ ÏÄÉÎ ÓÏÂÓÔ×ÅÎÎÙÊ ×ÅËÔÏÒ ×ÄÒÅ×Ï×ÉÄÎÏÍ �ÒÅÄÓÔÁ×ÌÅÎÉÉ ÉÍÅÅÔ ËÏÍ�ÏÎÅÎÔÙ, ÓÏÓÔÏÑÝÉÅ ÉÚ ÓÌÁÇÁÅ-ÍÙÈ, ×ÚÑÔÙÈ Ó ÏÄÎÉÍ ÚÎÁËÏÍ. �ÁËÖÅ ÒÁÚÏÂÒÁÎ �ÒÉÍÅÒ, ÄÅÍÏÎÓÔÒÉÒÕ-ÀÝÉÊ ×ÏÚÍÏÖÎÙÅ ×ÁÒÉÁÎÔÙ.
§1. éÓ�ÏÌØÚÕÅÍÙÅ ÏÂÏÚÎÁÞÅÎÉÑ É Ï�ÒÅÄÅÌÅÎÉÑðÕÓÔØ G = (VG;AG; g) { ×Ú×ÅÛÅÎÎÙÊ ÏÒÇÒÁÆ: VG=N ={1; 2; : : :N}{ ÍÎÏÖÅÓÔ×Ï ×ÅÒÛÉÎ, ÍÎÏÖÅÓÔ×Ï ÄÕÇ AG ⊆ VG × VG { ÎÅËÏÔÏÒÏÅ�ÏÄÍÎÏÖÅÓÔ×Ï ÍÎÏÖÅÓÔ×Á Õ�ÏÒÑÄÏÞÅÎÎÙÈ �ÁÒ ×ÅÒÛÉÎ, g : AG → C(R){ ×ÅÓÏ×ÁÑ ËÏÍ�ÌÅËÓÎÁÑ ÉÌÉ ×ÅÝÅÓÔ×ÅÎÎÁÑ ÆÕÎË�ÉÑ, ÚÁÄÁÎÎÁÑ ÎÁ ÄÕÇÁÈ



8 ÷. á. âõóìï÷ÏÒÇÒÁÆÁ. ÷Ú×ÅÛÅÎÎÕÀ ÍÁÔÒÉ�Õ ÓÍÅÖÎÏÓÔÉG = 









g11 g12 : : : g1Ng21 a22 : : : a2N... ... . . . ...gN1 gN2 : : : gNN









; gij = {g((i; j)); ÅÓÌÉ (i; j) ∈ AG;0; ÅÓÌÉ (i; j) =∈ AG;ÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØ ÔÏÊ ÖÅ ÂÕË×ÏÊ, ÞÔÏ É ÓÁÍ ÏÒÇÒÁÆ G. äÏ�ÕÓËÁÀÔÓÑÉ ÄÕÇÉ ÎÕÌÅ×ÏÇÏ ×ÅÓÁ. ðÒÉ ÜÔÏÍ, ÒÁÚÎÙÍ ÇÒÁÆÁÍ (ÉÍÅÀÝÉÍ ÎÕÌÅ×ÙÅÄÕÇÉ É ÂÅÚ ÎÉÈ) ÍÏÇÕÔ ÓÏÏÔ×ÅÔÓÔ×Ï×ÁÔØ ÏÄÉÎÁËÏ×ÙÅ ×Ú×ÅÛÅÎÎÙÅ ÍÁ-ÔÒÉ�Ù ÓÍÅÖÎÏÓÔÉ. ÷ ÎÁÛÅÍ ÓÌÕÞÁÅ ÜÔÏ ÏÂÓÔÏÑÔÅÌØÓÔ×Ï ÎÅ �ÒÉ×ÏÄÉÔË ÎÅÄÏÒÁÚÕÍÅÎÉÑÍ, �ÏÓËÏÌØËÕ ÄÕÇÉ ÎÕÌÅ×ÏÇÏ ×ÅÓÁ ÎÁ ÄÁÀÔ ×ËÌÁÄÁ ×ÉÓ�ÏÌØÚÕÅÍÙÅ ÆÏÒÍÕÌÙ.íÁÔÒÉ�Á ìÁ�ÌÁÓÁ L ×Ú×ÅÛÅÎÎÏÇÏ ÏÒÇÒÁÆÁ G ÂÅÚ �ÅÔÅÌØ Ï�ÒÅÄÅÌÑ-ÅÔÓÑ ËÁË ÍÁÔÒÉ�Á Ó ÜÌÅÍÅÎÔÁÍÉ: lij = −gij ; i 6= j; lii = ∑j 6=i gij .íÁÒÛÒÕÔ ÄÌÉÎÙ k × ÏÒÇÒÁÆÅ { ÞÅÒÅÄÕÀÝÁÑÓÑ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ×ÅÒÛÉÎ vi É ÄÕÇ ai = (vi−1; vi): v0; a1; v1; : : : ; ak; vk. ëÏÎÔÕÒ { ÍÁÒÛÒÕÔ,ÇÄÅ v0 = vk , Á ÏÓÔÁÌØÎÙÅ ×ÅÒÛÉÎÙ ÒÁÚÌÉÞÎÙ É ÏÔÌÉÞÎÙ ÏÔ v0.ðÒÏÄÕËÔÉ×ÎÏÓÔØÀ ÏÒÇÒÁÆÁ ÎÁÚÏ×£Í ×ÅÌÉÞÉÎÕ, ÒÁ×ÎÕÀ �ÒÏÉÚ×ÅÄÅ-ÎÉÀ ×ÅÓÏ× ×ÓÅÈ ÅÇÏ ÄÕÇ: �G = ∏(i;j)∈AG gij :äÌÑ �ÕÓÔÏÇÏ ÇÒÁÆÁ (ÇÒÁÆÁ ÂÅÚ ÄÕÇ) �ÒÏÄÕËÔÉ×ÎÏÓÔØ �ÏÌÁÇÁÅÔÓÑ ÒÁ×-ÎÏÊ ÅÄÉÎÉ�Å, ËÁË �ÒÏÉÚ×ÅÄÅÎÉÅ Ó ÎÕÌÅ×ÙÍ ËÏÌÉÞÅÓÔ×ÏÍ ÓÏÍÎÏÖÉÔÅÌÅÊ.þÅÒÅÚ �(B) ÏÂÏÚÎÁÞÉÍ ÓÕÍÍÁÒÎÕÀ �ÒÏÄÕËÔÉ×ÎÏÓÔØ4 ÎÅËÏÔÏÒÏÇÏ ÍÎÏ-ÖÅÓÔ×Á B �ÏÄÇÒÁÆÏ× ÏÇÒÇÁÆÁ G:�(B) = ∑B∈B

�B :÷ ËÁÞÅÓÔ×Å �ÏÄÇÒÁÆÏ× × ÄÁÌØÎÅÊÛÅÍ ×ÙÓÔÕ�ÁÀÔ ÔÏÌØËÏ ÏÓÔÏ×ÎÙÅ (ÓÏ-ÄÅÒÖÁÝÉÅ ×ÓÅ ×ÅÒÛÉÎÙ ÉÓÈÏÄÎÏÇÏ ÏÒÇÒÁÆÁ) ÚÁÈÏÄÑÝÉÅ ÌÅÓÁ. úÁÈÏÄÑ-ÝÉÊ ÌÅÓ { ÏÒÇÒÁÆ ÂÅÚ ËÏÎÔÕÒÏ×, × ËÏÔÏÒÏÍ ÉÚ ËÁÖÄÏÊ ×ÅÒÛÉÎÙ ÉÓÈÏ-ÄÉÔ ÎÅ ÂÏÌÅÅ ÏÄÎÏÊ ÄÕÇÉ. ëÏÒÎÉ ÄÅÒÅ×ØÅ× ÌÅÓÁ (Ó×ÑÚÎÙÈ ËÏÍ�ÏÎÅÎÔ) {×ÅÒÛÉÎÙ, ÉÚ ËÏÔÏÒÙÈ ÄÕÇÉ ÎÅ ÉÓÈÏÄÑÔ.ðÕÓÔØ I ⊆ N É 0 6 k 6 N − |I|. þÅÒÅÚ Fk
I ÏÂÏÚÎÁÞÁÅÍ ÍÎÏÖÅÓÔ×ÏÏÓÔÏ×ÎÙÈ ÚÁÈÏÄÑÝÉÈ ÌÅÓÏ× ÏÒÇÒÁÆÁ G, ÓÏÓÔÏÑÝÉÈ ÉÚ (k+ |I|) ÄÅÒÅ×ØÅ×,4üÔÕ ÓÕÍÍÕ ÔÁËÖÅ ÎÁÚÙ×ÁÀÔ ×ÅÓÏÍ ÍÎÏÖÅÓÔ×Á �ÏÄÇÒÁÆÏ× [11℄.



ï ó÷ñúé ëòá�îïó�åê óðåë�òá óï úîáëáíé óìáçáåíùè 9�ÒÉÞ£Í ×ÓÅ ×ÅÒÛÉÎÙ ÍÎÏÖÅÓÔ×Á I Ñ×ÌÑÀÔÓÑ ËÏÒÎÑÍÉ. ïÓÔÁÌØÎÙÅ kËÏÒÎÅÊ { �ÒÏÉÚ×ÏÌØÎÙÅ ×ÅÒÛÉÎÙ ÉÚ N \ I. �ÁËÖÅ FI ≡ F0
I , Fk ≡ Fk

∅
.þÅÒÅÚ Fk

I (j → i) ÏÂÏÚÎÁÞÁÅÍ �ÏÄÍÎÏÖÅÓÔ×Ï ÍÎÏÖÅÓÔ×Á ÌÅÓÏ× Fk
I , ×ËÏÔÏÒÙÈ ×ÅÒÛÉÎÁ i ÄÏÓÔÉÖÉÍÁ ÉÚ j;äÁÌÅÅ × ËÁÞÅÓÔ×Å ÍÎÏÖÅÓÔ×Á ×ÅÒÛÉÎ ÇÒÁÆÁ ÉÓ�ÏÌØÚÕÀÔÓÑ Ä×Á ÍÎÏ-ÖÅÓÔ×Á { ÍÎÏÖÅÓÔ×Ï N = {1; 2; : : : ; N} É ÍÎÏÖÅÓÔ×Ï N0 = N ∪ {0}Ó ÄÏ�ÏÌÎÉÔÅÌØÎÏÊ ×ÅÒÛÉÎÏÊ 0. õÓÌÏ×ÉÍÓÑ �ÏÄÍÎÏÖÅÓÔ×Ï ÍÎÏÖÅÓÔ×Á×ÅÒÛÉÎ ÓÎÁÂÖÁÔØ ÉÎÄÅËÓÏÍ 0, ÅÓÌÉ ÏÎÏ ÓÏÄÅÒÖÉÔ ÜÔÕ ×ÅÒÛÉÎÕ: I0 =

I ∪ {0}.G(I|J ) { ÍÁÔÒÉ�Á, �ÏÌÕÞÁÅÍÁÑ ÉÚ G ×ÙÞ£ÒËÉ×ÁÎÉÅÍ ÓÔÒÏË Ó ÎÏÍÅ-ÒÁÍÉ ÉÚ I É ÓÔÏÌÂ�Ï× Ó ÎÏÍÅÒÁÍÉ ÉÚ J , G(I) =G(I|I).íÉÎÏÒÙ detG(I) ÎÁÚÙ×ÁÀÔÓÑ ÇÌÁ×ÎÙÍÉ. íÁËÓÉÍÁÌØÎÙÅ �Ï �ÏÒÑÄËÕÏÔÌÉÞÎÙÅ ÏÔ ÎÕÌÑ ÍÉÎÏÒÙ { ÂÁÚÉÓÎÙÅ.
§2. ðÏÓÔÒÏÅÎÉÅ ËÏÎÕÓÁ ÓÏ Ó�Å�ÉÁÌØÎÙÍÉ ×ÅÓÁÍÉÚÁÈÏÄÁ × ÎÏ×ÕÀ ×ÅÒÛÉÎÕåÓÌÉ G = (VG;AG; g) { ×Ú×ÅÛÅÎÎÙÊ ÏÒÇÒÁÆ ÂÅÚ �ÅÔÅÌØ, ÔÏ ÅÇÏ ËÏ-ÎÕÓÏÍ �ÒÉÎÑÔÏ [10℄, [11℄ ÓÞÉÔÁÔØ ÏÒÇÒÁÆ, �ÏÌÕÞÁÀÝÉÊÓÑ ÄÏÂÁ×ÌÅÎÉÅÍË ÉÓÈÏÄÎÏÍÕ ÏÒÇÒÁÆÕ ÎÏ×ÏÊ ×ÅÒÛÉÎÙ É ÄÏÂÁ×ÌÅÎÉÅÍ ÄÕÇ, ÚÁÈÏÄÑÝÉÈ× ÎÅ£, Ó ×ÅÓÁÍÉ ÒÁ×ÎÙÍÉ 1. òÁÓÛÉÒÉÍ ÜÔÏ �ÏÎÑÔÉÅ ÂÅÚÏÔÎÏÓÉÔÅÌØÎÏÎÁÌÉÞÉÑ Õ ÉÓÈÏÄÎÏÇÏ ÇÒÁÆÁ �ÅÔÅÌØ { ×ÓÅ ÏÎÉ ÕÄÁÌÑÀÔÓÑ. éÎÆÏÒÍÁ�ÉÀÖÅ Ï ×ÅÓÁÈ ÕÄÁÌÑÅÍÙÈ �ÅÔÅÌØ ÔÒÅÂÕÅÔÓÑ ÓÏÈÒÁÎÉÔØ. üÔÉ ×ÅÓÁ ÍÏÖÎÏÕÞÅÓÔØ × ×ÅÓÁÈ ÄÏÂÁ×ÌÑÅÍÙÈ ÄÕÇ.ðÕÓÔØ G = (VG;AG; g) { ×Ú×ÅÛÅÎÎÙÊ ÏÒÇÒÁÆ. OÒÇÒÁÆG0 = (VG0;AG0; g0)ÎÁÚÏ×£Í ×Ú×ÅÛÅÎÎÙÍ ËÏÎÕÓÏÍ G, ÅÓÌÉ VG0 = VG∪{0}, ÍÎÏÖÅÓÔ×Ï ÄÕÇ

AG0 = {(i; 0) : i ∈ VG}∪AG\{(i; i) : i ∈ VG}, ×ÅÓÁ �ÏÌÁÇÁÀÔÓÑ ÒÁ×ÎÙÍÉÓÌÅÄÕÀÝÉÍ ×ÅÌÉÞÉÎÁÍ: g0(a) = g(a) �ÒÉ a ∈ AG0 ∩ AG, g0((i; 0)) =
−

∑j∈VG g((i; j)). äÁÌÅÅ ÏÂÏÚÎÁÞÁÅÍ gi0 = g0((i; 0)).úÁÍÅÔÉÍ, ÞÔÏ ×ÅÒÛÉÎÁ 0 × ÌÀÂÏÍ ÏÓÔÏ×ÎÏÍ ÚÁÈÏÄÑÝÅÍ ÌÅÓÅ ÇÒÁ-ÆÁ G0 Ñ×ÌÑÅÔÓÑ ËÏÒÎÅÍ. õÓÌÏ×ÉÍÓÑ, ÅÓÌÉ × ÆÏÒÍÕÌÅ ÆÉÇÕÒÉÒÕÅÔ ×ÅÒ-ÛÉÎÁ 0, ÔÏ ÒÅÞØ ÉÄ£Ô ÏÂ ÏÒÇÒÁÆÅ G0 É ÅÇÏ �ÏÄÇÒÁÆÁÈ É ÓÓÙÌËÕ ÎÁ ÓÁÍÇÒÁÆ G0 ÂÕÄÅÍ Ï�ÕÓËÁÔØ.÷ÏÚÍÏÖÎÁ ÓÉÔÕÁ�ÉÑ, ËÏÇÄÁ × ÍÁÔÒÉ�Å G ÓÕÍÍÁ ÜÌÅÍÅÎÔÏ× ËÁÖÄÏÊÓÔÒÏËÉ ÒÁ×ÎÁ ÎÕÌÀ, ÔÏ ÅÓÔØ G Ñ×ÌÑÅÔÓÑ ÌÁ�ÌÁÓÏ×ÓËÏÊ. äÌÑ ÓÏÏÔ×ÅÔ-ÓÔ×ÕÀÝÅÇÏ ÏÒÇÒÁÆÁ G × ÔÁËÏÍ ÓÌÕÞÁÅ �ÏÓÔÒÏÅÎÉÅ ×Ú×ÅÛÅÎÎÏÇÏ ËÏÎÕÓÁ,



10 ÷. á. âõóìï÷Ó ÕËÁÚÁÎÎÙÍÉ ×ÙÛÅ ×ÅÓÁÍÉ, ÓÔÁÎÏ×ÉÔÓÑ ÉÚÌÉÛÎÉÍ { ÄÏ�ÏÌÎÉÔÅÌØÎÁÑ×ÅÒÛÉÎÁ 0 ÏËÁÚÙ×ÁÅÔÓÑ ×ÅÒÛÉÎÏÊ, × ËÏÔÏÒÕÀ ÚÁÈÏÄÑÔ ÌÉÛØ ÄÕÇÉ ÓÎÕÌÅ×ÙÍÉ ×ÅÓÁÍÉ. �ÅÍ ÓÁÍÙÍ, ÌÀÂÏÊ �ÏÄÇÒÁÆ F ÇÒÁÆÁ G0, × ËÏÔÏ-ÒÏÍ ×ÅÒÛÉÎÁ 0 ÎÅ Ñ×ÌÑÅÔÓÑ ÉÚÏÌÉÒÏ×ÁÎÎÙÍ ËÏÒÎÅÍ, ÉÍÅÅÔ �ÒÏÄÕËÔÉ×-ÎÏÓÔØ �F ÒÁ×ÎÕÀ ÎÕÌÀ. ïÄÎÁËÏ �ÒÉ ÜÔÏÍ G = −L, ÇÄÅ L { ÍÁÔÒÉ�ÁìÁ�ÌÁÓÁ ÏÒÇÒÁÆÁ G, ÒÁÓÓÍÁÔÒÉ×ÁÅÍÏÇÏ ÂÅÚ �ÅÔÅÌØ. üÔÏ ÏÂÓÔÏÑÔÅÌØ-ÓÔ×Ï �ÏÚ×ÏÌÑÅÔ ÓÒÁÚÕ ÉÓ�ÏÌØÚÏ×ÁÔØ ÉÚ×ÅÓÔÎÙÅ ÆÏÒÍÕÌÙ ÄÌÑ ÌÁ�ÌÁÓÏ×-ÓËÉÈ ÍÁÔÒÉ�. æÏÒÍÕÌÙ ÖÅ, ×Ù×ÏÄÉÍÙÅ ÎÉÖÅ, ÄÁÀÔ ÔÏÔ ÖÅ ÒÅÚÕÌØÔÁÔ.�ÏÌØËÏ ÆÁËÔÉÞÅÓËÉ × ÜÔÏÍ ÓÌÕÞÁÅ × ÎÉÈ ×ÍÅÓÔÏ ×Ú×ÅÛÅÎÎÏÇÏ ËÏÎÕÓÁG0 ÉÓ�ÏÌØÚÕÅÔÓÑ ÓÁÍ ÏÒÇÒÁÆ G ÂÅÚ Ó×ÏÉÈ �ÅÔÅÌØ.
§3. óÌÕÞÁÉ ÆÉËÓÉÒÏ×ÁÎÎÏÇÏ ÚÎÁËÁ ÓÌÁÇÁÅÍÙÈ ×ÄÒÅ×Ï×ÉÄÎÏÊ ÓÔÒÕËÔÕÒÅ �ÒÅÄÓÔÁ×ÌÅÎÉÑ ÍÉÎÏÒÏ×ðÕÓÔØ I = {i1; i2; : : : ; ik} É J = {j1; j2; : : : ; jk} { k-ÜÌÅÍÅÎÔÎÙÅ �ÏÄ-ÍÎÏÖÅÓÔ×Á ÍÎÏÖÅÓÔ×Á ×ÅÒÛÉÎ N . ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ FI0;J0 ÍÎÏÖÅÓÔ×ÏÏÓÔÏ×ÎÙÈ ÚÁÈÏÄÑÝÉÈ ÌÅÓÏ× ÏÒÇÒÁÆÁ G0, ÓÏÓÔÏÑÝÉÈ ÉÚ ÒÏ×ÎÏ k + 1 ÄÅ-ÒÅ×Á, ËÏÒÎÑÍÉ ËÏÔÏÒÙÈ Ñ×ÌÑÀÔÓÑ ×ÅÒÛÉÎÙ ÍÎÏÖÅÓÔ×Á I0 = I ∪ {0},�ÒÉÞÅÍ ËÁÖÄÏÅ ÄÅÒÅ×Ï ÓÏÄÅÒÖÉÔ ÒÏ×ÎÏ ÏÄÎÕ ×ÅÒÛÉÎÕ ÉÚ ÍÎÏÖÅÓÔ×Á

J0 = J ∪{0}. âÕÄÅÍ ÓÞÉÔÁÔØ, ÞÔÏ ÉÎÄÅËÓÙ Õ�ÏÒÑÄÏÞÅÎÙ: 0 = i0 < i1 <i2 < : : : < ik É 0 = j0 < j1 < j2 < : : : < jk. ÷ÓÑËÉÊ ÌÅÓ F ∈ FI0;J0 �ÏÒÏ-ÖÄÁÅÔ �ÅÒÅÓÔÁÎÏ×ËÕ pF ÉÎÄÅËÓÏ× {0; 1; 2; : : : ; k} �Ï �ÒÁ×ÉÌÕ pF (m) = l,ÅÓÌÉ × ÌÅÓÅ F ×ÅÒÛÉÎÁ jm �ÒÉÎÁÄÌÅÖÉÔ ÄÅÒÅ×Õ Ó ËÏÒÎÅÍ × ×ÅÒÛÉÎÅ il.ðÕÓÔØ "(pF ) { ÓÉÇÎÁÔÕÒÁ ÜÔÏÊ �ÅÒÅÓÔÁÎÏ×ËÉ. �ÏÇÄÁ, ÔÁË ÎÁÚÙ×ÁÅÍÁÑÆÏÒÍÕÌÁ ×ÓÅÈ ÍÉÎÏÒÏ× [3{5℄, Ó�ÒÁ×ÅÄÌÉ×ÁÑ ÄÌÑ ÌÁ�ÌÁÓÏ×ÓËÉÈ ÍÁÔÒÉ�,ÄÌÑ �ÒÏÉÚ×ÏÌØÎÙÈ ÍÁÔÒÉ� �ÒÉÎÉÍÁÅÔ ×ÉÄ [6℄detG(I|J )) = (−1)N−|I|"(I;J ) ∑F∈FI0;J0 "(pF )�F ;"(I;J ) = (−1) |I|
∑m=1(im+jm): (1)úÎÁËÉ, Ó ËÏÔÏÒÙÍÉ ×ÈÏÄÑÔ �ÒÏÄÕËÔÉ×ÎÏÓÔÉ �F × (1) Ï�ÒÅÄÅÌÑÀÔÓÑ ÓÉÇ-ÎÁÔÕÒÁÍÉ �ÅÒÅÓÔÁÎÏ×ÏË "(pF ), �ÏÒÏÖÄÁÅÍÙÈ ÌÅÓÁÍÉ F . úÁÍÅÔÉÍ, ÞÔÏÓÉÇÎÁÔÕÒÙ �ÅÒÅÓÔÁÎÏ×ÏË

( 1 2 : : : km1 m2 : : : mk) É (0 1 2 : : : k0 m1 m2 : : : mk)



ï ó÷ñúé ëòá�îïó�åê óðåë�òá óï úîáëáíé óìáçáåíùè 11ÏÄÉÎÁËÏ×ÙÅ. �ÅÍ ÓÁÍÙÍ, ÎÁÌÉÞÉÅ ÄÏÂÁ×ÌÅÎÎÏÊ ×ÅÒÛÉÎÙ ÎÉËÁË ÎÅ ÓËÁ-ÚÙ×ÁÅÔÓÑ ÎÁ ÓÉÇÎÁÔÕÒÅ, ÈÏÔÑ ÓÁÍÉ ÌÅÓÁ (Ó ×ÅÒÛÉÎÏÊ 0 É ÂÅÚ ÎÅ£), ÏÔ-×ÅÞÁÀÝÉÅ ÜÔÉÍ �ÅÒÅÓÔÁÎÏ×ËÁÍ (ÉÚ ËÁÖÄÏÊ ×ÅÒÛÉÎÙ j� ÄÏÓÔÉÖÉÍ ÓÏ-ÏÔ×ÅÔÓÔ×ÕÀÝÉÊ ËÏÒÅÎØ im�), ÏÔÌÉÞÁÀÔÓÑ. ïÔÍÅÔÉÍ ÔÁËÖÅ, ÞÔÏ ÏÂÝÉÊÚÎÁË �ÅÒÅÄ ÓÕÍÍÏÊ × (1) ÔÏÖÅ ÎÅ Ó×ÑÚÁÎ Ó ÎÏ×ÏÊ ×ÅÒÛÉÎÏÊ 0, É ×ÅÌÉÞÉÎÁ"(I;J ) ÍÏÖÅÔ ÂÙÔØ ÚÁÍÅÎÅÎÁ ÎÁ "(I0;J0).åÓÌÉ ÍÎÏÖÅÓÔ×Á I É J ÓÏ×�ÁÄÁÀÔ, ÔÏ ×ÓÅ ÓÌÁÇÁÅÍÙÅ ×ÈÏÄÑÔ Ó ÏÄÎÉÍÚÎÁËÏÍ. ÷ ÞÁÓÔÎÏÓÔÉ, ÄÌÑ ÇÌÁ×ÎÙÈ ÍÉÎÏÒÏ×detG(I) = (−1)N−|I|�(FI0); (2)ÇÄÅ FI0 { ÍÎÏÖÅÓÔ×Ï |I0|-ËÏÍ�ÏÎÅÎÔÎÙÈ ÏÓÔÏ×ÎÙÈ ÚÁÈÏÄÑÝÉÈ ÌÅÓÏ×ÏÒÇÒÁÆÁ G0, ËÏÒÎÑÍÉ ËÏÔÏÒÙÈ Ñ×ÌÑÀÔÓÑ ×ÅÒÛÉÎÙ ÉÚ I0 = I ∪ {0}.ðÏÓËÏÌØËÕ ËÏÜÆÆÉ�ÉÅÎÔÙ �ÒÉ ÓÔÅ�ÅÎÑÈ Ó�ÅËÔÒÁÌØÎÏÇÏ �ÁÒÁÍÅÔÒÁ ×ÈÁÒÁËÔÅÒÉÓÔÉÞÅÓËÏÍ ÍÎÏÇÏÞÌÅÎÅ ÓÏÓÔÁ×ÌÅÎÙ ÉÚ ÇÌÁ×ÎÙÈ ÍÉÎÏÒÏ× (2),ÔÏ ÏÎ ÍÏÖÅÔ ÂÙÔØ ÚÁ�ÉÓÁÎ × ×ÉÄÅ [6℄:det(�E−G) = N
∑k=0�k�(

Fk
{0}): (3)úÄÅÓØ, Fk

{0} { ÍÎÏÖÅÓÔ×Ï ×ÓÅÈ ÏÓÔÏ×ÎÙÈ ÚÁÈÏÄÑÝÉÈ ÌÅÓÏ× ÏÒÇÒÁÆÁ G0,ÓÏÓÔÏÑÝÉÈ ÉÚ k + 1 ÄÅÒÅ×Á, ËÏÒÎÅÍ ÏÄÎÏÇÏ ÉÚ ËÏÔÏÒÙÈ Ñ×ÌÑÅÔÓÑ ×ÅÒ-ÛÉÎÁ 0.èÁÒÁËÔÅÒÉÓÔÉÞÅÓËÉÊ ÍÎÏÇÏÞÌÅÎ ÇÌÁ×ÎÏÊ �ÏÄÍÁÔÒÉ�Ù G(I) ÔÁËÖÅÉÍÅÅÔ ÂÅÚÚÎÁËÏ×ÕÀ ÆÏÒÍÕ [6℄:det(�E−G(I)) = N−|I|
∑k=0 �k�(Fk

I0); (4)ÇÄÅ Fk
I0 { ÍÎÏÖÅÓÔ×Ï (|I0|+ k)-ËÏÍ�ÏÎÅÎÔÎÙÈ ÏÓÔÏ×ÎÙÈ ÚÁÈÏÄÑÝÉÈ ÌÅ-ÓÏ× ÏÒÇÒÁÆÁ G0, × ËÏÔÏÒÙÈ ×ÓÅ ×ÅÒÛÉÎÙ ÍÎÏÖÅÓÔ×Á I0 = I ∪{0} Ñ×ÌÑ-ÀÔÓÑ ËÏÒÎÑÍÉ; ÏÓÔÁ×ÛÉÅÓÑ k ËÏÒÎÅÊ { �ÒÏÉÚ×ÏÌØÎÙÅ, ÎÅ ÓÏ×�ÁÄÁÀÝÉÅÓ ÎÉÍÉ.åÓÌÉ I = {i}, J = {j}, ÔÏ �ÅÒÅÓÔÁÎÏ×ËÁ, �ÏÒÏÖÄÁÅÍÁÑ ÌÀÂÙÍ ÌÅÓÏÍÉÚ F{0;i};{0;j}, ×ÓÅÇÄÁ ÞÅÔÎÁÑ. �ÅÍ ÓÁÍÙÍ, ×ÙÒÁÖÅÎÉÅ (1) ÄÌÑ ÍÉÎÏÒÏ×Mij = detG({i}|{j}) ÍÁËÓÉÍÁÌØÎÏÇÏ �ÏÒÑÄËÁ ÓÏÓÔÏÉÔ ÉÚ ÓÌÁÇÁÅÍÙÈ,×ÚÑÔÙÈ Ó ÏÄÎÉÍ ÚÎÁËÏÍ:Mij = (−1)N−1+i+j�(F{0;i}(j → i)): (5)



12 ÷. á. âõóìï÷úÄÅÓØ ÕÞÔÅÎÏ, ÞÔÏ × ÉÓ�ÏÌØÚÕÅÍÙÈ ÏÂÏÚÎÁÞÅÎÉÑÈ ÍÎÏÖÅÓÔ×Ï ÏÓÔÏ×ÎÙÈÄ×ÕÈËÏÍ�ÏÎÅÎÔÎÙÈ ÌÅÓÏ× F{0;i}(j → i) Ó ËÏÒÎÑÍÉ × ×ÅÒÛÉÎÁÈ 0; i, × ËÏ-ÔÏÒÙÈ ×ÅÒÛÉÎÁ i ÄÏÓÔÉÖÉÍÁ ÉÚ j, ÓÏ×�ÁÄÁÅÔ Ó ÍÎÏÖÅÓÔ×ÏÍ F{0;i};{0;j}.ðÒÉ ÎÅÓÏ×�ÁÄÅÎÉÉ ÎÏÍÅÒÏ× ×ÙÞÅÒËÉ×ÁÅÍÙÈ ÓÔÒÏË É ÓÔÏÌÂ�Ï× ÎÁÅÄÉÎÉ�Õ (|I \ J | = |J \ I| = 1), ÓÌÁÇÁÅÍÙÅ ÔÁËÖÅ ×ÈÏÄÑÔ Ó ÏÄÎÉÍÚÎÁËÏÍ. ï�ÒÅÄÅÌÉÍ ÅÇÏ.ìÅÍÍÁ 1. ðÕÓÔØ G { N × N ÍÁÔÒÉ�Á, R { �ÏÄÍÎÏÖÅÓÔ×Ï ÍÎÏÖÅ-ÓÔ×Á ÉÎÄÅËÓÏ× N , {i; j} ∈ N \ R. ðÕÓÔØ ÄÌÑ Ï�ÒÅÄÅÌ£ÎÎÏÓÔÉ j < i, Áz { ÞÉÓÌÏ ÉÎÄÅËÓÏ× ÍÎÏÖÅÓÔ×Á R, ÍÅÖÄÕ ÞÉÓÌÁÍÉ j É i. �ÏÇÄÁdetG(X|X ′) = (−1)N−|X |+i+j+z�(FX0(j → i)) ; (6)ÇÄÅ X = R∪ {i}, X ′ = R∪ {j}, X0 = X ∪ {0}.äÏËÁÚÁÔÅÌØÓÔ×Ï. ï�ÒÅÄÅÌÉÍ ÚÎÁËÉ ÓÏÍÎÏÖÉÔÅÌÅÊ × ÏÂÏÂÝ£ÎÎÏÊÆÏÒÍÕÌÅ ×ÓÅÈ ÍÉÎÏÒÏ× (1). éÍÅÅÍ, "(X ;X ′) = (−)1i+j . þÅÔÎÏÓÔØ �Å-ÒÅÓÔÁÎÏ×ËÉ "(pF ), �ÏÒÏÖÄÁÅÍÏÊ ÌÅÓÏÍ F , ÏÄÎÁ É ÔÁ ÖÅ ÄÌÑ ×ÓÅÈ F ∈
FX0;X ′0 . äÅÊÓÔ×ÉÔÅÌØÎÏ, ×Ï ×ÓÑËÏÍ ÌÅÓÅ ÉÚ ÕËÁÚÁÎÎÏÇÏ ÍÎÏÖÅÓÔ×Á ËÁ-ÖÄÁÑ ×ÅÒÛÉÎÁ ÉÚ X ′0 = R0 ∪ {j} ÄÏÌÖÎÁ ÏËÁÚÁÔØÓÑ ÒÏ×ÎÏ × ÏÄÎÏÍ ÄÅ-ÒÅ×Å, ËÏÒÎÑÍÉ ËÏÔÏÒÏÇÏ Ñ×ÌÑÀÔÓÑ ×ÅÒÛÉÎÙ ÍÎÏÖÅÓÔ×Á X0 = R0 ∪ {i}.ðÕÓÔØ ÉÎÄÅËÓÙ {r1; r2; : : : ; r|R|} ÍÎÏÖÅÓÔ×Á R Õ�ÏÒÑÄÏÞÅÎÙ �Ï ×ÏÚÒÁ-ÓÔÁÎÉÀ. ðÕÓÔØ rs { ÍÉÎÉÍÁÌØÎÙÊ ÉÎÄÅËÓ, ËÏÔÏÒÙÊ ÂÏÌØÛÅ j, Á rt {ÍÁËÓÉÍÁÌØÎÙÊ ÉÎÄÅËÓ, ËÏÔÏÒÙÊ ÍÅÎØÛÅ i. ÷Ù�ÉÛÅÍ ÔÁÂÌÉ�Õ, × �ÅÒ×ÏÊÓÔÒÏËÅ ËÏÔÏÒÏÊ �ÅÒÅÞÉÓÌÅÎÙ �Ï ×ÏÚÒÁÓÔÁÎÉÀ ÜÌÅÍÅÎÔÙ ÍÎÏÖÅÓÔ×Á J0,Á �ÏÄ ÎÉÍÉ ÕËÁÚÁÎÙ ËÏÒÎÉ ÄÅÒÅ×ØÅ× (ÜÌÅÍÅÎÔÙ ÍÎÏÖÅÓÔ×Á I0), ËÏÔÏ-ÒÙÍ ÜÔÉ ×ÅÒÛÉÎÙ �ÒÉÎÁÄÌÅÖÁÔ × ÌÅÓÅ F . åÓÌÉ s 6 t, ÔÁÂÌÉ�Á ÉÍÅÅÔ×ÉÄ:

[ O r1 : : : rs−1 j rs : : : rt : : : r|R|O r1 : : : rs−1 i rs : : : rt : : : r|R|

] :þ£ÔÎÏÓÔØ �ÅÒÅÓÔÁÎÏ×ËÉ pF Ï�ÒÅÄÅÌÑÅÔÓÑ ÞÉÓÌÏÍ ÉÎ×ÅÒÓÉÊ ÜÌÅÍÅÎÔÏ××ÔÏÒÏÊ ÓÔÒÏËÉ. ÷ ÎÉÖÎÅÊ ÓÔÒÏËÅ ÉÎÄÅËÓ i ÂÏÌØÛÅ �ÏÓÌÅÄÕÀÝÉÈ ÎÏÍÅ-ÒÏ× rs; : : : ; rt. �ÅÍ ÓÁÍÙÍ, �ÅÒÅÓÔÁÎÏ×ËÁ ÓÏÄÅÒÖÉÔ t − s + 1 ÉÎ×ÅÒÓÉÊ.üÔÏ ÞÉÓÌÏ ÒÁ×ÎÏ ÞÉÓÌÕ z ÉÎÄÅËÓÏ× ÍÎÏÖÅÓÔ×Á R, ÒÁÓ�ÏÌÏÖÅÎÎÙÈ ÍÅÖ-ÄÕ j É i. åÓÌÉ s > t, ÔÏ ÍÅÖÄÕ ÉÎÄÅËÓÁÍÉ i É j ÎÅÔ ÎÏÍÅÒÏ× ÉÚ R,ÔÏ ÅÓÔØ z = 0, Á ÓÁÍÁ �ÅÒÅÓÔÁÎÏ×ËÁ Þ£ÔÎÁÑ. áÎÁÌÏÇÉÞÎÏ �ÒÉ j > i.ðÒÉ ÒÁ×ÅÎÓÔ×Å i = j �ÅÒÅÓÔÁÎÏ×ËÁ ÔÏÖÄÅÓÔ×ÅÎÎÁÑ. �ÁËÉÍ ÏÂÒÁÚÏÍ,"(pF ) = (−1)z. ðÏÓËÏÌØËÕ × ÒÁÓÓÍÁÔÒÉ×ÁÅÍÙÈ ÌÅÓÁÈ ×ÅÒÛÉÎÙ ÍÎÏÖÅ-ÓÔ×Á R0 ∪ {i} { ËÏÒÎÉ, Á ËÏÒÅÎØ i ÄÏÓÔÉÖÉÍ ÉÚ j, ÔÏ ÍÎÏÖÅÓÔ×Á FX0;X ′0É FX0(j → i) ÓÏ×�ÁÄÁÀÔ. �



ï ó÷ñúé ëòá�îïó�åê óðåë�òá óï úîáëáíé óìáçáåíùè 13ëÏÇÄÁ ÍÎÏÖÅÓÔ×Á ×ÙÞÅÒËÉ×ÁÅÍÙÈ ÉÎÄÅËÓÏ× I É J ÏÔÌÉÞÁÀÔÓÑ ÂÏÌØ-ÛÅ, ÞÅÍ ÎÁ ÏÄÉÎ ÜÌÅÍÅÎÔ (|I \ J | = |J \ I| > 1), ÓÉÇÎÁÔÕÒÙ "(pF ) �ÅÒÅ-ÓÔÁÎÏ×ÏË, �ÏÒÏÖÄÁÅÍÙÈ ÌÅÓÁÍÉ ÉÚ FI0;J0 , ÕÖÅ ÚÁ×ÅÄÏÍÏ ÎÅ Ñ×ÌÑÀÔÓÑÆÉËÓÉÒÏ×ÁÎÎÙÍÉ É ÓÕÍÍÙ × (1) ÓÔÁÎÏ×ÑÔÓÑ ÚÎÁËÏ�ÅÒÅÍÅÎÎÙÍÉ.
§4. ëÏÍ�ÏÎÅÎÔÙ ÓÏÂÓÔ×ÅÎÎÙÈ ×ÅËÔÏÒÏ×äÏËÁÚÁÎÎÁÑ ÌÅÍÍÁ �ÏÚ×ÏÌÑÅÔ �ÏÌÕÞÉÔØ ÂÅÚÚÎÁËÏ×ÕÀ ÆÏÒÍÕ ÄÌÑ ËÏÍ-�ÏÎÅÎÔ ÓÏÂÓÔ×ÅÎÎÙÈ ×ÅËÔÏÒÏ×, ÏÔ×ÅÞÁÀÝÉÈ ÓÏÂÓÔ×ÅÎÎÏÍÕ ÚÎÁÞÅÎÉÀ Ó�ÒÏÉÚ×ÏÌØÎÏÊ ÇÅÏÍÅÔÒÉÞÅÓËÏÊ ËÒÁÔÎÏÓÔØÀ × ÓÌÕÞÁÅ, ÅÓÌÉ ÓÕÝÅÓÔ×ÕÅÔÇÌÁ×ÎÙÊ ÂÁÚÉÓÎÙÊ ÍÉÎÏÒ.�ÅÏÒÅÍÁ 1. ðÕÓÔØ � { ÓÏÂÓÔ×ÅÎÎÏÅ ÞÉÓÌÏ N × N ÍÁÔÒÉ�Ù G ÇÅÏ-ÍÅÔÒÉÞÅÓËÏÊ ËÒÁÔÎÏÓÔÉ k, É ÇÌÁ×ÎÙÊ ÍÉÎÏÒ ÍÁÔÒÉ�Ù G − �E, ÓÏ-ÏÔ×ÅÔÓÔ×ÕÀÝÉÊ ×ÙÞÅÒËÉ×ÁÎÉÀ ÉÎÄÅËÓÏ× ÉÚ ÍÎÏÖÅÓÔ×Á I, |I| = k,Ñ×ÌÑÅÔÓÑ ÂÁÚÉÓÎÙÍ. �ÏÇÄÁ ×ÅËÔÏÒÁ ~v(i), i ∈ I, Ó ËÏÍ�ÏÎÅÎÔÁÍÉv(i)i = 1; v(i)j = 0; j ∈ I \ {i};v(i)j = N−k−1

∑l=0 �l�(F l
I0(j → i))N−k

∑l=0 �l�(F l
I0) ; j =∈ I; (7)ÏÂÒÁÚÕÀÔ ÂÁÚÉÓ × �ÒÁ×ÏÍ ÓÏÂÓÔ×ÅÎÎÏÍ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Å, ÏÔ×ÅÞÁÀ-ÝÅÍ �. úÄÅÓØ F l

I0 { ÍÎÏÖÅÓÔ×Ï (l+ |I0|)-ËÏÍ�ÏÎÅÎÔÎÙÈ ÏÓÔÏ×ÎÙÈ ÌÅ-ÓÏ× ÏÒÇÒÁÆÁ G0, × ËÏÔÏÒÙÈ ×ÓÅ ×ÅÒÛÉÎÙ ÍÎÏÖÅÓÔ×Á I0 Ñ×ÌÑÀÔÓÑËÏÒÎÑÍÉ. F l
I0(j → i) { ÅÇÏ �ÏÄÍÎÏÖÅÓÔ×Ï, × ÌÅÓÁÈ ËÏÔÏÒÏÇÏ i ÄÏÓÔÉ-ÖÉÍÁ ÉÚ j.÷ ÌÅ×ÏÍ ÓÏÂÓÔ×ÅÎÎÏÍ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Å ÂÁÚÉÓ ÏÂÒÁÚÕÀÔ ×ÅËÔÏÒÁ~u(i) Ó ËÏÍ�ÏÎÅÎÔÁÍÉu(i)i = 1; u(i)j = 0; j ∈ I \ {i};u(i)j = N−k−1

∑l=0 �l�(F l
I′0(i → j))N−k

∑l=0 �l�(F l
I0) ; j =∈ I; I ′0 = {j} ∪ I0 \ {i}: (8)



14 ÷. á. âõóìï÷äÏËÁÚÁÔÅÌØÓÔ×Ï. äÌÑ ÈÁÒÁËÔÅÒÉÓÔÉÞÅÓËÏÊ ÍÁÔÒÉ�Ù B = G − �E,ÎÏÌØ Ñ×ÌÑÅÔÓÑ ËÏÒÎÅÍ ÔÏÊ ÖÅ ÁÌÇÅÂÒÁÉÞÅÓËÏÊ É ÇÅÏÍÅÔÒÉÞÅÓËÏÊ ËÒÁÔ-ÎÏÓÔÉ, ÞÔÏ É ÓÏÂÓÔ×ÅÎÎÏÅ ÞÉÓÌÏ � ÄÌÑ ÉÓÈÏÄÎÏÊ. æÕÎÄÁÍÅÎÔÁÌØÎÁÑ ÓÉ-ÓÔÅÍÁ ÒÅÛÅÎÉÊ ÏÄÎÏÒÏÄÎÏÊ ÚÁÄÁÞÉB~v = ~0 ; (9)ÏÂÒÁÚÕÅÔ k-ÍÅÒÎÏÅ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï. îÁÊÄ£Í k ×ÅËÔÏÒÏ×, ÌÉÎÅÊÎÏÊÏÂÏÌÏÞËÏÊ ËÏÔÏÒÙÈ ÏÎÏ Ñ×ÌÑÅÔÓÑ.ðÕÓÔØ N { ÍÎÏÖÅÓÔ×Ï ÉÎÄÅËÓÏ× ÉÓÈÏÄÎÏÊ ÍÁÔÒÉ�Ù, J = N \ I,
P = I \ {i} �ÒÉ i ∈ I. íÁÔÒÉ�Á B(P) ×ÙÒÏÖÄÅÎÁ, ÉÍÅÅÔ �ÏÒÑÄÏËN − k + 1 É ÍÁËÓÉÍÁÌØÎÏ ×ÏÚÍÏÖÎÙÊ �ÒÉ ÜÔÏÍ ÒÁÎÇ m = N − k. äÌÑÕÄÏÂÓÔ×Á × ÓÁÍÏÊ ÍÁÔÒÉ�Å B(P) ÓÔÒÏËÉ É ÓÔÏÌÂ�Ù ÂÕÄÅÍ ÎÕÍÅÒÏ×ÁÔØÜÌÅÍÅÎÔÁÍÉ ÍÎÏÖÅÓÔ×Á N \ P . äÌÑ ÜÔÏÊ ÍÁÔÒÉ�Ù ×ÓÅ ÒÅÛÅÎÉÑ ÚÁÄÁÞÉB(P)~y = ~0N−k+1 (10)�ÒÏ�ÏÒ�ÉÏÎÁÌØÎÙ ×ÅËÔÏÒÕ Ó ËÏÍ�ÏÎÅÎÔÁÍÉ, ÒÁ×ÎÙÍÉ ÁÌÇÅÂÒÁÉÞÅÓËÉÍÄÏ�ÏÌÎÅÎÉÑÍ ÌÀÂÏÊ ÓÔÒÏËÉ ÍÁÔÒÉ�Ù B(P), × ËÏÔÏÒÏÊ ÅÓÔØ ÎÅÎÕÌÅ×ÏÊÍÉÎÏÒ �ÏÒÑÄËÁ N − k. äÅÊÓÔ×ÉÔÅÌØÎÏ, ×ÅËÔÏÒ ÁÌÇÅÂÒÁÉÞÅÓËÉÈ ÄÏ�ÏÌ-ÎÅÎÉÊ ~y ÔÁËÏÊ ÓÔÒÏËÉ ÎÅ ÎÕÌÅ×ÏÊ. õÍÎÏÖÁÑ ÅÇÏ ÓËÁÌÑÒÎÏ ÎÁ ÜÔÕ ÖÅÓÔÒÏËÕ, �ÏÌÕÞÁÅÍ detB(P) = 0. óËÁÌÑÒÎÏÅ �ÒÏÉÚ×ÅÄÅÎÉÅ ÜÔÏÇÏ ×ÅËÔÏ-ÒÁ Ó ÌÀÂÏÊ ÄÒÕÇÏÊ ÓÔÒÏËÏÊ ÒÁ×ÎÏ ÎÕÌÀ × ÓÉÌÕ Ó×ÏÊÓÔ×Á ÁÌÇÅÂÒÁÉÞÅ-ÓËÉÈ ÄÏ�ÏÌÎÅÎÉÊ. ÷ ËÁÞÅÓÔ×Å ÔÁËÏÊ ×ÙÄÅÌÅÎÎÏÊ ÓÔÒÏËÉ ×ÙÂÉÒÁÅÍ i-ÕÀÓÔÒÏËÕ.÷ÙÒÁÖÅÎÉÅ ÄÌÑ ÁÌÇÅÂÒÁÉÞÅÓËÏÇÏ ÄÏ�ÏÌÎÅÎÉÑ ÄÉÁÇÏÎÁÌØÎÏÇÏ ÜÌÅÍÅÎ-ÔÁ ÍÁÔÒÉ�Ù ÓÉÓÔÅÍÙ (10) ÓÌÅÄÕÅÔ ÉÚ (4):det(G(I)− �E)(−1)N−k det (�E−G(I))= (−1)N−k N−k

∑l=0 �l�(F l
I0): (11)úÁÍÅÔÉÍ, ÞÔÏ ÜÔÏ ÁÌÇÅÂÒÁÉÞÅÓËÏÅ ÄÏ�ÏÌÎÅÎÉÅ ÏÔÌÉÞÎÏ ÏÎ ÎÕÌÑ, �Ï-ÓËÏÌØËÕ ÏÔ×ÅÞÁÅÔ ÇÌÁ×ÎÏÍÕ ÍÉÎÏÒÕ, ËÏÔÏÒÙÊ �Ï ÕÓÌÏ×ÉÀ ÔÅÏÒÅÍÙ Ñ×-ÌÑÅÔÓÑ ÂÁÓÉÓÎÙÍ.âÕÄÅÍ ÓÞÉÔÁÔØ, ÞÔÏ ÜÌÅÍÅÎÔÙ ÍÎÏÖÅÓÔ×Á J = {j1; j2; : : : ; jm}, Õ�Ï-ÒÑÄÏÞÅÎÙ �Ï ×ÏÚÒÁÓÔÁÎÉÀ. ðÕÓÔØ j�−1 < i < j� . áÌÇÅÂÒÁÉÞÅÓËÏÅ ÄÏ-�ÏÌÎÅÎÉÅ ÜÌÅÍÅÎÔÁ ÍÁÔÒÉ�Ù B(P), ÓÔÏÑÝÅÇÏ ÎÁ �ÅÒÅÓÅÞÅÎÉÉ �ÒÏÉÚ-×ÏÌØÎÏÇÏ ÓÔÏÌÂ�Á j = j� (�ÕÓÔØ ÄÌÑ Ï�ÒÅÄÅÌ£ÎÎÏÓÔÉ j < i) É ÓÔÒÏËÉ Ó



ï ó÷ñúé ëòá�îïó�åê óðåë�òá óï úîáëáíé óìáçáåíùè 15ÎÏÍÅÒÏÍ i, ÒÁ×ÎÏ
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∣
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∣
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∣

∣

∣

∣

∣

∣
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: (12)
îÅ�ÏÓÒÅÄÓÔ×ÅÎÎÏÅ �ÒÅÄÓÔÁ×ÌÅÎÉÅ (12) × ×ÉÄÅ ÍÎÏÇÏÞÌÅÎÁ �Ï ÓÔÅ�ÅÎÑÍ� ×ÙÚÙ×ÁÅÔ ÚÁÔÒÕÄÎÅÎÉÑ, �ÏÓËÏÌØËÕ �ÒÉ �ÏÄÓÔÁÎÏ×ËÅ bnl = gnl − �ÆnlÓ�ÅËÔÒÁÌØÎÙÊ �ÁÒÁÍÅÔÒ × ÍÁÔÒÉ�Å ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÇÏ Ï�ÒÅÄÅÌÉÔÅÌÑÏËÁÚÙ×ÁÅÔÓÑ ÎÅ ÔÏÌØËÏ ÎÁ ÇÌÁ×ÎÏÊ ÄÉÁÇÏÎÁÌÉ, ÎÏ É ×ÎÅ Å£. þÔÏÂÙ ÏÂÏÊ-ÔÉ ÜÔÕ ÓÌÏÖÎÏÓÔØ, �ÏÓÔÕ�ÉÍ ÁÎÁÌÏÇÉÞÎÏ [6℄. ðÒÅÄÓÔÁ×ÉÍ (12) × ×ÉÄÅËÒÁÍÅÒÏ×ÓËÏÇÏ Ï�ÒÅÄÅÌÉÔÅÌÑ �′j , ÒÁ×ÎÏÇÏ Ï�ÒÅÄÅÌÉÔÅÌÀ ÍÁÔÒÉ�Ù, �Ï-ÌÕÞÁÀÝÅÊÓÑ ÉÚ ÍÁÔÒÉ�Ù B(I) ÚÁÍÅÎÏÊ ÓÔÏÌÂ�Á Ó ÉÎÄÅËÓÏÍ j = j� ÎÁi-ÙÊ ÓÔÏÌÂÅ� Ó ÉÚÍÅÎÅÎÉÅÍ ÚÎÁËÁ:�′j =
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bj1j1 ::: bj1j�−1 −bj1i bj1j�+1 ::: bj1j�−1 bj1j� ::: bj1jmbj2j1 ::: bj2j�−1 −bj2i bj2j�+1 ::: bj2j�−1 bj2j� ::: bj2jm... ... ... ... ... ... ... ... ... ...bj�j1 ::: bj�j�−1 −bj�i bj�j�+1 ::: bj�j�−1 bj�j� ::: bj�jm... ... ... ... ... ... ... ... ... ...bj�−1j1 ::: bj�−1j�−1 −bj�−1i bj�−1j�+1 ::: bj�−1j�−1 bj�−1j� ::: bj�−1jmbj�j1 ::: bj�j�−1 −bj�i bj�j�+1 ::: bj�j�−1 bj�j� ::: bj�jm... ... ... ... ... ... ... ... ... ...bjmj1 ::: bjmj�−1 −bjmi bjmj�+1 ::: bjmj�−1 bjmj� ::: bjmjm
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∣
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∣

∣

∣

∣

:
äÅÊÓÔ×ÉÔÅÌØÎÏ, ÞÔÏÂÙ ×ÓÅ ÉÎÄÅËÓÙ ÓÔÏÑÌÉ �Ï ×ÏÚÒÁÓÔÁÎÉÀ ÔÒÅÂÕÅÔÓÑ
|�−�|−1 ÔÒÁÎÓ�ÏÚÉ�ÉÑ ÓÔÏÌÂ�Á (−bj1i; : : : ;−bjmi)T . íÅÎÑÑ ÔÅ�ÅÒØ ÚÎÁËÜÔÏÇÏ ÓÔÏÌÂ�Á, �ÏÌÕÞÁÅÍ ÍÉÎÏÒ ÍÁÔÒÉ�Ù B(P), ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÊ ÕÄÁ-ÌÅÎÉÀ i-ÏÊ ÓÔÒÏËÉ É j-ÇÏ ÓÔÏÌÂ�Á. �ÅÍ ÓÁÍÙÍ, Ï�ÒÅÄÅÌÉÔÅÌØ �′j ÒÁ×ÅÎ�ÒÏÉÚ×ÅÄÅÎÉÀ ÜÔÏÇÏ ÍÉÎÏÒÁ ÎÁ (−1)�−� = (−1)�+� , ÔÏ ÅÓÔØ ÓÏ×�ÁÄÁÅÔÓ ÉÓËÏÍÙÍ ÁÌÇÅÂÒÁÉÞÅÓËÉÍ ÄÏ�ÏÌÎÅÎÉÅÍ (12).



16 ÷. á. âõóìï÷�Å�ÅÒØ Ó�ÅËÔÒÁÌØÎÙÊ �ÁÒÁÍÅÔÒ �ÒÉÓÕÔÓÔ×ÕÅÔ ÔÏÌØËÏ ÎÁ ÇÌÁ×ÎÏÊÄÉÁÇÏÎÁÌÉ. ðÒÉ ÜÔÏÍ, ÏÄÉÎ ÜÌÅÍÅÎÔ, ÓÔÁ×ÛÉÊ ÄÉÁÇÏÎÁÌØÎÙÍ, � ÎÅ ÓÏ-ÄÅÒÖÉÔ: −bj�i = −gji. �ÅÍ ÓÁÍÙÍ, �ÒÉ �ÏÄÓÔÁÎÏ×ËÅ bnl = gnl − �Ænl,ËÒÁÍÅÒÏ×ÓËÉÊ Ï�ÒÅÄÅÌÉÔÅÌØ �ÒÅÄÓÔÁ×ÌÑÅÔÓÑ × ×ÉÄÅ:�′j = N−k−1
∑l=0 (−�)l
l; (13)ÇÄÅ ËÏÜÆÆÉ�ÉÅÎÔÙ 
l Ñ×ÌÑÀÔÓÑ ÓÕÍÍÏÊ ÇÌÁ×ÎÙÈ ÍÉÎÏÒÏ× �ÏÒÑÄËÁ(N − k − 1− l) ÍÁÔÒÉ�Ù



























gj1j1 ::: gj1j�−1 −gj1i gj1j�+1 ::: gj1j�−1 gj1j� ::: gj1jmgj2j1 ::: gj2j�−1 −gj2i gj2j�+1 ::: gj2j�−1 gj2j� ::: gj2jm... ... ... ... ... ... ... ... ... ...gjj1 ::: gjj�−1 −gji gjj�+1 ::: gjj�−1 gjj� ::: gjjm... ... ... ... ... ... ... ... ... ...gj�−1j1 ::: gj�−1j�−1 −gj�−1i gj�−1j�+1 ::: gj�−1j�−1 gj�−1j� ::: gj�−1jmgj�j1 ::: gj�j�−1 −gj�i gj�j�+1 ::: gj�j�−1 gj�j� ::: gj�jm... ... ... ... ... ... ... ... ... ...gjmj1 ::: gjmj�−1 −gjmi gjmj�+1 ::: gjmj�−1 gjmj� ::: gjmjm


























;
ËÏÔÏÒÕÀ ÏÂÏÚÎÁÞÉÍ ÞÅÒÅÚ C. ëÏÜÆÆÉ�ÉÅÎÔÙ 
l ÆÏÒÍÉÒÕÀÔÓÑ ÎÅ ×ÓÅÍÉÇÌÁ×ÎÙÍÉ ÍÉÎÏÒÁÍÉ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÇÏ �ÏÒÑÄËÁ, Á ÌÉÛØ ÔÅÍÉ, ËÏÔÏ-ÒÙÅ ×ËÌÀÞÁÀÔ ÉÎÄÅËÓ j = j�, �ÏÓËÏÌØËÕ × �′j ÉÚ ÜÌÅÍÅÎÔÁ −gji, ËÏ-ÔÏÒÙÊ ÓÔÏÉÔ ÎÁ �ÅÒÅÓÅÞÅÎÉÉ ÓÔÏÌÂ�Á j É ÓÔÒÏËÉ Ó ÔÅÍ ÖÅ ÎÏÍÅÒÏÍ, �ÎÅ ×ÙÞÉÔÁÅÔÓÑ. óÁÍÁ ÖÅ ÍÁÔÒÉ�Á C ÏÔÌÉÞÁÅÔÓÑ ÏÔ ÍÁÔÒÉ�Ù G(I|I ′),ÇÄÅ I ′ = {j} ∪ I \ {i} = P ∪ {j}, ÔÅÍ, ÞÔÏ i-ÙÊ ÓÔÏÌÂÅ� ÓÔÏÉÔ ÎÁ ÍÅÓÔÅÓÔÏÌÂ�Á j É ÉÍÅÅÔ �ÒÏÔÉ×Ï�ÏÌÏÖÎÙÊ ÚÎÁË. �ÒÅÂÕÅÍÙÅ ÍÉÎÏÒÙ, ÔÁËÉÍÏÂÒÁÚÏÍ, Ó ÔÏÞÎÏÓÔØÀ ÄÏ ÚÎÁËÁ ÒÁ×ÎÙ �ÏÄÈÏÄÑÝÉÍ ÍÉÎÏÒÁÍ ÉÓÈÏÄÎÏÊÍÁÔÒÉ�Ù G.äÌÑ ×ÙÞÉÓÌÅÎÉÑ (13) × ×ÉÄÅ ÍÎÏÇÏÞÌÅÎÁ �Ï ÓÔÅ�ÅÎÑÍ Ó�ÅËÔÒÁÌØÎÏÇÏ�ÁÒÁÍÅÔÒÁ (−�), ÎÅÏÂÈÏÄÉÍÏ ÄÌÑ ËÁÖÄÏÇÏ l = 0; 1 : : : ; N − k − 1 ×Ù-ÂÒÁÔØ l-ÜÌÅÍÅÎÔÎÏÅ ÍÎÏÖÅÓÔ×Ï ÉÎÄÅËÓÏ× L, L∩ (I ∪ {j}) = ∅, ÉÚ ÓÔÒÏËÉ ÓÔÏÌÂ�Ï× ËÏÔÏÒÏÇÏ Ó ÓÏ×�ÁÄÁÀÝÉÍÉ ÎÏÍÅÒÁÍÉ É ÂÅÒ£ÔÓÑ (−�), ÕÍÎÏ-ÖÉÔØ (−�)l ÎÁ detC(L) É �ÅÒÅÂÒÁÔØ ×ÓÅ ÍÎÏÖÅÓÔ×Á L Ó ÕËÁÚÁÎÎÙÍÉÓ×ÏÊÓÔ×ÁÍÉ. �Ï ÅÓÔØ ËÏÜÆÆÉ�ÉÅÎÔÙ 
l × (13) ÒÁ×ÎÙ
l = ∑

|L|=l;
L∩(I∪{j})=∅

detC(L): (14)



ï ó÷ñúé ëòá�îïó�åê óðåë�òá óï úîáëáíé óìáçáåíùè 17ðÒÉ ×ÙÂÒÁÎÎÏÍ L ×ÅÌÉÞÉÎÕ detC(L) ÍÏÖÎÏ �ÏÌÕÞÉÔØ ÓÌÅÄÕÀÝÉÍ ÏÂ-ÒÁÚÏÍ. õÄÁÌÉÔØ ÉÚ ÍÁÔÒÉ�Ù G(I|I ′) ÓÔÒÏËÉ É ÓÔÏÌÂ�Ù Ó ÎÏÍÅÒÁÍÉÉÚ L. äÁÌÅÅ, �ÅÒÅÓÔÁ×ÉÔØ i-ÙÊ ÓÔÏÌÂÅ� ÎÁ j-ÏÅ ÍÅÓÔÏ, �ÏÍÅÎÑÔØ ÅÇÏÚÎÁË É ×ÚÑÔØ Ï�ÒÅÄÅÌÉÔÅÌØ. õËÁÚÁÎÎÏÅ ÕÄÁÌÅÎÉÅ ÓÔÏÌÂ�Ï× É ÓÔÒÏË ÉÚG(I|I ′) �ÒÅ×ÒÁÝÁÅÔ Å£ ÍÁÔÒÉ�ÕG(X |X ′), ÇÄÅ X = R∪{i}, X ′ = R∪{j},
R = L∪P . åÓÌÉ ÍÅÖÄÕ ÎÏÍÅÒÁÍÉ j É i ÎÅÔ ×ÙÞÅÒËÉ×ÁÅÍÙÈ ÎÏÍÅÒÏ× (ÔÏÅÓÔØ ÎÏÍÅÒÏ× ÉÚ R), ÔÏ ÔÒÅÂÕÅÔÓÑ i− j − 1 ÔÒÁÎÓ�ÏÚÉ�ÉÑ, ÞÔÏÂÙ �ÅÒÅ-ÓÔÁ×ÉÔØ i-ÙÊ ÓÔÏÌÂÅ� ÎÁ j-ÏÅ ÍÅÓÔÏ. åÓÌÉ ÖÅ ÔÁËÉÈ ÎÏÍÅÒÏ× z, ÔÏ ÎÁ ÜÔÏÖÅ ÞÉÓÌÏ ÕÍÅÎØÛÁÅÔÓÑ ËÏÌÉÞÅÓÔ×Ï ÎÅÏÂÈÏÄÉÍÙÈ ÔÒÁÎÓ�ÏÚÉ�ÉÊ. úÎÁËÏ�ÒÅÄÅÌÉÔÅÌÑ �ÒÉ ËÁÖÄÏÊ ÔÒÁÎÓ�ÏÚÉ�ÉÉ ÍÅÎÑÅÔÓÑ. éÚÍÅÎÅÎÉÅ ÚÎÁËÁ�ÅÒÅÎÏÓÉÍÏÇÏ ÓÔÏÌÂ�Á ÄÏÂÁ×ÌÑÅÔ ÅÝÅ ÏÄÉÎ ÍÉÎÕÓ. �ÅÍ ÓÁÍÙÍ,detC(L) = (−1)i−j−z detG(X|X ′):õÞÉÔÙ×ÁÑ, ÞÔÏ |X | = l + k, ÓÏÇÌÁÓÎÏ ÌÅÍÍÅ 1 �ÏÌÕÞÁÅÍdetC(L) = (−1)N−l−k�(FX0(j → i)): (15)úÁÍÅÔÉÍ ÞÔÏ X = L ∪ P ∪ {i} = L ∪ I. �ÅÍ ÓÁÍÙÍ, ÆÉÇÕÒÉÒÕÀÝÉÅ ×(15) ÌÅÓÁ ÓÏÓÔÁ×ÌÑÀÔ ÏÂßÅÄÉÎÅÎÉÅ:

⋃

|L|=l;
L∩(I∪{j})=∅

FL∪I0(j → i) = F l
I0(j → i): (16)ïËÏÎÞÁÔÅÌØÎÏ, ÉÚ (14){(16) �ÏÌÕÞÁÅÍ, ÞÔÏ
l = (−1)N−l−k�(F l

I0(j → i));Á ÔÒÅÂÕÅÍÏÅ ÁÌÇÅÂÒÁÉÞÅÓËÏÅ ÄÏ�ÏÌÎÅÎÉÅ ÏËÁÚÙ×ÁÅÔÓÑ ÒÁ×ÎÙÍ�′j = (−1)N−k N−|I0|
∑l=0 �l�(F l

I0(j → i)): (17)�ÁËÉÍ ÏÂÒÁÚÏÍ Ó ÕÞ£ÔÏÍ (11), ÏÂÝÅÅ ÒÅÛÅÎÉÅ ÚÁÄÁÞÉ (10), �ÒÏ�ÏÒ�ÉÏ-ÎÁÌØÎÏ ×ÅËÔÏÒÕ ~y Ó ËÏÍ�ÏÎÅÎÔÁÍÉy(i)i = 1; y(i)j = N−|I0|
∑l=0 �l�(F l

I0(j → i))N−|I|
∑l=0 �l�(F l

I0) ; j =∈ I:



18 ÷. á. âõóìï÷äÏ�ÏÌÎÑÑ ÜÔÏÔ ×ÅËÔÏÒ ÎÕÌÅ×ÙÍÉ ËÏÍ�ÏÎÅÎÔÁÍÉ, ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÍÉÉÎÄÅËÓÁÍ ÉÚ ÍÎÏÖÅÓÔ×Á I \ {i}, �ÏÌÕÞÁÅÍ ÒÅÛÅÎÉÅ ÚÁÄÁÞÉ (9). ðÅÒÅ-ÂÉÒÁÑ ÉÎÄÅËÓÙ i ∈ I, �ÏÌÕÞÁÅÍ �ÏÌÎÙÊ ÎÁÂÏÒ ÌÉÎÅÊÎÏ ÎÅÚÁ×ÉÓÉÍÙÈÒÅÛÅÎÉÊ ÓÉÓÔÅÍÙ (9) É ÆÏÒÍÕÌÙ (7).ðÒÉ ÔÒÁÎÓ�ÏÎÉÒÏ×ÁÎÉÉ ÍÁÔÒÉ�Ù ÎÁ�ÒÁ×ÌÅÎÉÑ ÄÕÇ ÉÚÍÅÎÑÀÔÓÑ, ÔÏÅÓÔØ ×ÅÒÛÉÎÙ i É j ÍÅÎÑÀÔÓÑ ÒÏÌÑÍÉ, �ÏÜÔÏÍÕ ËÏÍ�ÏÎÅÎÔÙ ×ÅËÔÏ-ÒÏ× ~u(i), ÌÉÎÅÊÎÁÑ ÏÂÏÌÏÞËÁ ËÏÔÏÒÙÈ ÏÂÒÁÚÕÅÔ ÌÅ×ÏÅ ÓÏÂÓÔ×ÅÎÎÏÅ �ÏÄ-�ÒÏÓÔÒÁÎÓÔ×Ï, ÒÁ×ÎÙ (8). �óÌÅÄÓÔ×ÉÅ 1. ðÕÓÔØ ÁÌÇÅÂÒÁÉÞÅÓËÁÑ É ÇÅÏÍÅÔÒÉÞÅÓËÁÑ ËÒÁÔÎÏÓÔÉÓÏÂÓÔ×ÅÎÎÏÇÏ ÞÉÓÌÁ � ÍÁÔÒÉ�Ù G ÓÏ×�ÁÄÁÀÔ É ÒÁ×ÎÙ k. �ÏÇÄÁ ÎÁÊ-Ä£ÔÓÑ ÔÁËÏÅ ÍÎÏÖÅÓÔ×Ï ÉÎÄÅËÓÏ× I, |I| = k, ÞÔÏ × �ÒÁ×ÏÍ (ÌÅ×ÏÍ)ÓÏÂÓÔ×ÅÎÎÏÍ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Å, ÏÔ×ÅÞÁÀÝÅÍ �, ÂÁÚÉÓ ÏÂÒÁÚÕÀÔ ×ÅË-ÔÏÒÁ ~v(i) (~u(i)), i ∈ I, ËÏÍ�ÏÎÅÎÔÙ ËÏÔÏÒÙÈ Ï�ÉÓÙ×ÁÀÔÓÑ (7)((8)).äÏËÁÚÁÔÅÌØÓÔ×Ï. äÌÑ ÍÁÔÒÉ�ÙB = G−�E ÎÏÌØ Ñ×ÌÑÅÔÓÑ ËÏÒÎÅÍ ÁÌ-ÇÅÂÒÁÉÞÅÓËÏÊ É ÇÅÏÍÅÔÒÉÞÅÓËÏÊ ËÒÁÔÎÏÓÔÉ k. ÷ ÞÁÓÔÎÏÓÔÉ, �ÏÓËÏÌØËÕk { ÁÌÇÅÂÒÁÉÞÅÓËÁÑ ËÒÁÔÎÏÓÔØ, ÔÏ ËÒÁÔÎÏÓÔØ ÎÕÌÅ×ÏÇÏ ËÏÒÎÑ ÈÁÒÁËÔÅ-ÒÉÓÔÉÞÅÓËÏÇÏ ÍÎÏÇÏÞÌÅÎÁ det(B − �E) = N
∑n=0(−�)n
n ÒÁ×ÎÁ k. �ÁËÉÍÏÂÒÁÚÏÍ, 
n = 0 �ÒÉ n = 0; 1; : : : k−1, Á 
k 6= 0. óÁÍÉ ÖÅ ËÏÜÆÆÉ�ÉÅÎÔÙ
n �ÒÉ ÓÔÅ�ÅÎÑÈ Ó�ÅËÔÒÁÌØÎÏÇÏ �ÁÒÁÍÅÔÒÁ ÓÏÓÔÏÑÔ ÉÚ ÇÌÁ×ÎÙÈ ÍÉÎÏ-ÒÏ× ÍÁÔÒÉ�Ù B �ÏÒÑÄËÁ N−n, �ÏÜÔÏÍÕ Õ ÍÁÔÒÉ�ÙG−�E ÓÕÝÅÓÔ×ÕÅÔÈÏÔÑ ÂÙ ÏÄÉÎ ÎÅÒÁ×ÎÙÊ ÎÕÌÀ ÇÌÁ×ÎÙÊ ÍÉÎÏÒ �ÏÒÑÄËÁ N −k. ðÕÓÔØ ÏÎÓÏÏÔ×ÅÔÓÔ×ÕÅÔ ×ÙÞÅÒËÉ×ÁÎÉÀ ÓÔÒÏË É ÓÔÏÌÂ�Ï× ÉÚ ÍÎÏÖÅÓÔ×Á I. õÓÌÏ-×ÉÑ ÔÅÏÒÅÍÙ 1 ×Ù�ÏÌÎÅÎÙ. �

§5. ï ÌÁ�ÌÁÓÏ×ÓËÉÈ ÍÁÔÒÉ�ÁÈóÏ�ÏÓÔÁ×ÉÍ ×Ú×ÅÛÅÎÎÏÍÕ ÏÒÇÒÁÆÕ G ÂÅÚ �ÅÔÅÌØ ÏÒÇÒÁÆ G� Ó �Å-ÔÌÑÍÉ �Ï �ÒÁ×ÉÌÕ:VG� = VG, AG� = AG ∪ {(i; i) : i ∈ VG}, ×ÅÓÁÄÕÇ ÉÓÈÏÄÎÏÇÏ ÇÒÁÆÁ ÏÓÔÁÀÔÓÑ �ÒÅÖÎÉÍÉ: g�ij = gij ; i 6= j; ×ÅÓÁ �Å-ÔÅÌØ Ï�ÒÅÄÅÌÉÍ ËÁË g�ii = −
∑j 6=i gij . äÌÑ ×Ú×ÅÛÅÎÎÏÊ ÍÁÔÒÉ�Ù ÓÍÅÖÎÏ-ÓÔÉ �ÏÓÔÒÏÅÎÎÏÇÏ ÇÒÁÆÁ, ÏÞÅ×ÉÄÎÏ, ×Ù�ÏÌÎÅÎÏ G� = −L. ðÒÉ ÜÔÏÍ,×Ï ×Ú×ÅÛÅÎÎÏÍ ËÏÎÕÓÅ G�0 ÇÒÁÆÁ G� ÄÏ�ÏÌÎÉÔÅÌØÎÁÑ ×ÅÒÛÉÎÁ 0 ÏËÁ-ÚÙ×ÁÅÔÓÑ ×ÅÒÛÉÎÏÊ, × ËÏÔÏÒÕÀ ÚÁÈÏÄÑÔ ÌÉÛØ ÄÕÇÉ ÎÕÌÅ×ÏÇÏ ×ÅÓÁ, ÁÉÓÈÏÄÑÝÉÈ ÉÚ ÎÅ£ ÄÕÇ ÎÅÔ �Ï Ï�ÒÅÄÅÌÅÎÉÀ. �ÁËÉÍ ÏÂÒÁÚÏÍ, ×ËÌÁÄÁ ×ÄÅÔÅÒÍÉÎÁÎÔÎÙÅ ÆÏÒÍÕÌÙ ×ÅÒÛÉÎÁ 0 ÎÅ ÄÁ£Ô É ÍÏÖÅÔ ÂÙÔØ ÉÓËÌÀÞÅÎÁ



ï ó÷ñúé ëòá�îïó�åê óðåë�òá óï úîáëáíé óìáçáåíùè 19ÉÚ ÒÁÓÓÍÏÔÒÅÎÉÑ. ïÓÔÁÌØÎÙÅ ÄÕÇÉ ×Ú×ÅÛÅÎÎÏÇÏ ËÏÎÕÓÁ G�0 ÓÏ×�ÁÄÁÀÔÓ ÄÕÇÁÍÉ ÉÓÈÏÄÎÏÇÏ ÏÒÇÒÁÆÁ G. õÔ×ÅÒÖÄÅÎÉÅ ÌÅÍÍÙ 1 �ÒÉÎÉÍÁÅÔ ×ÉÄìÅÍÍÁ 2. ðÕÓÔØ L { ÍÁÔÒÉ�Á ìÁ�ÌÁÓÁ ×Ú×ÅÛÅÎÎÏÇÏ ÏÒÇÒÁÆÁ ÂÅÚ �Å-ÔÅÌØ, R { �ÏÄÍÎÏÖÅÓÔ×Ï ÍÎÏÖÅÓÔ×Á ÉÎÄÅËÓÏ× N , {i; j} ∈ N \ R.ðÕÓÔØ ÄÌÑ Ï�ÒÅÄÅÌ£ÎÎÏÓÔÉ j < i, Á z { ÞÉÓÌÏ �ÏÒÑÄËÏ×ÙÈ ÉÎÄÅËÓÏ×ÍÎÏÖÅÓÔ×Á R, ÍÅÖÄÕ j É i. �ÏÇÄÁdetL(X |X ′) = (−1)i+j+z�(FX (j → i));ÇÄÅ X = R∪ {i}, X ′ = R∪ {j}.äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÏÓËÏÌØËÕ L = −G�, ÔÏdetL(X |X ′) = (−1)N−|X | detG�(X |X ′):ðÏÄÓÔÁ×ÌÑÑ ÜÔÏ ×ÙÒÁÖÅÎÉÅ × (6) É ÕÞÉÔÙ×ÁÑ, ÞÔÏ ×ÅÒÛÉÎÁ 0 ÎÅ ÄÁ£Ô×ËÌÁÄÁ (g�i0 = 0), �ÏÌÕÞÁÅÍ ÔÒÅÂÕÅÍÏÅ ÕÔ×ÅÒÖÄÅÎÉÅ. ��ÅÏÒÅÍÁ 2. ðÕÓÔØ G { ×Ú×ÅÛÅÎÎÙÊ ÏÒÇÒÁÆ ÂÅÚ �ÅÔÅÌØ, L { ÅÇÏ ÍÁ-ÔÒÉ�Á ìÁ�ÌÁÓÁ, � { Å£ ÓÏÂÓÔ×ÅÎÎÏÅ ÞÉÓÌÏ, ÇÅÏÍÅÔÒÉÞÅÓËÏÊ ËÒÁÔÎÏ-ÓÔÉ k, É �ÕÓÔØ ÇÌÁ×ÎÙÊ ÍÉÎÏÒ ÍÁÔÒÉ�Ù L− �E, ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÊ×ÙÞÅÒËÉ×ÁÎÉÀ ÉÎÄÅËÓÏ× ÉÚ ÍÎÏÖÅÓÔ×Á I, |I| = k, Ñ×ÌÑÅÔÓÑ ÂÁÚÉÓÎÙÍ.�ÏÇÄÁ ×ÅËÔÏÒÁ ~v(i), i ∈ I, Ó ËÏÍ�ÏÎÅÎÔÁÍÉv(i)i = 1; v(i)j = 0; j ∈ I \ {i};v(i)j = N−k−1
∑l=0 (−�)l�(F l

I(j → i))N−k
∑l=0 (−�)l�(F l

I) ; j =∈ I; (18)ÏÂÒÁÚÕÀÔ ÂÁÚÉÓ × �ÒÁ×ÏÍ ÓÏÂÓÔ×ÅÎÎÏÍ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Å, ÏÔ×ÅÞÁÀ-ÝÅÍ �. úÄÅÓØ F l
I { ÍÎÏÖÅÓÔ×Ï (l + |I|)-ËÏÍ�ÏÎÅÎÔÎÙÈ ÏÓÔÏ×ÎÙÈ ÌÅ-ÓÏ× ÏÒÇÒÁÆÁ G, �ÒÉÞÅÍ ×ÓÅ ×ÅÒÛÉÎÙ ÍÎÏÖÅÓÔ×Á I Ñ×ÌÑÀÔÓÑ ËÏÒÎÑÍÉ.

F l
I(j → i) { ÅÇÏ �ÏÄÍÎÏÖÅÓÔ×Ï, × ÌÅÓÁÈ ËÏÔÏÒÏÇÏ ×ÅÒÛÉÎÁ i ÄÏÓÔÉ-ÖÉÍÁ ÉÚ j.



20 ÷. á. âõóìï÷÷ ÌÅ×ÏÍ ÓÏÂÓÔ×ÅÎÎÏÍ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Å ÂÁÚÉÓ ÏÂÒÁÚÕÀÔ ×ÅËÔÏÒÁ~u(i) Ó ËÏÍ�ÏÎÅÎÔÁÍÉu(i)i = 1; u(i)j = 0; j ∈ I \ {i};u(i)j = N−k−1
∑l=0 (−�)l�(F l

I′(i → j))N−k
∑l=0 (−�)l�(F l

I) ; j =∈ I; I ′ = {j} ∪ I \ {i}: (19)äÏËÁÚÁÔÅÌØÓÔ×Ï. äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÄÏÓÔÁÔÏÞÎÏ ÚÁÍÅÔÉÔØ, ÞÔÏ ×ÓÉÌÕ ÒÁ×ÅÎÓÔ×Á L = −G�, ÄÌÑ ÈÁÒÁËÔÅÒÉÓÔÉÞÅÓËÏÇÏ ÍÎÏÇÏÞÌÅÎÁ ×Ù-�ÏÌÎÅÎÏdet(L− �E) = det(−G� − �E) = (−1)N det(G� − (−�)E):�ÅÍ ÓÁÍÙÍ, ÍÏÖÎÏ ×ÏÓ�ÏÌØÚÏ×ÁÔØÓÑ ÒÅÚÕÌØÔÁÔÏÍ ÔÅÏÒÅÍÙ 1 ÄÌÑ ÍÁ-ÔÒÉ�Ù G�, ÉÚÍÅÎÉ× ÚÎÁË �ÒÉ Ó�ÅËÔÒÁÌØÎÏÍ �ÁÒÁÍÅÔÒÅ É ÕÄÁÌÉ× ÉÚÆÏÒÍÕÌ ÓÓÙÌËÕ ÎÁ ÉÎÄÅËÓ 0. �úÁÍÅÞÁÎÉÅ 1. áÎÁÌÏÇÉÞÎÏ ÓÌÅÄÓÔ×ÉÀ 1, ÅÓÌÉ ÇÅÏÍÅÔÒÉÞÅÓËÁÑ ËÒÁÔ-ÎÏÓÔØ k ÒÁ×ÎÁ ÁÌÇÅÂÒÁÉÞÅÓËÏÊ, ÔÏ ÓÕÝÅÓÔ×ÕÅÔ ÇÌÁ×ÎÙÊ ÂÁÚÉÓÎÙÊ ÍÉ-ÎÏÒ �ÏÒÑÄËÁ N − k ÍÁÔÒÉ�Ù L − �E. åÓÌÉ I { ÍÎÏÖÅÓÔ×Ï ÓÔÒÏË ÉÓÔÏÌÂ�Ï× �ÒÉ ×ÙÞ£ÒËÉ×ÁÎÉÉ ËÏÔÏÒÙÈ, ÏÂÒÁÚÕÅÔÓÑ ÍÁÔÒÉ�Á ÂÁÚÉÓÎÏ-ÇÏ ÍÉÎÏÒÁ, ÔÏ ×ÅËÔÏÒÁ ~v(i) É ~u(i), i ∈ I, Ó ËÏÍ�ÏÎÅÎÔÁÍÉ (18), (19),Ï�ÉÓÙ×ÁÀÔ ÂÁÚÉÓ × �ÒÁ×ÏÍ É ÌÅ×ÏÍ ÓÏÂÓÔ×ÅÎÎÙÈ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×ÁÈ,ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ.
§6. åÝÅ Ï ÚÎÁËÁÈåÓÌÉ ÓÕÝÅÓÔ×ÕÅÔ ÇÌÁ×ÎÙÊ (ÄÉÁÇÏÎÁÌØÎÙÊ) ÂÁÚÉÓÎÙÊ ÍÉÎÏÒ ÍÁÔÒÉ-�Ù B = G− �E, ÔÏ ËÏÍ�ÏÎÅÎÔÙ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÈ ÓÏÂÓÔ×ÅÎÎÙÈ ×ÅË-ÔÏÒÏ× (7) ÍÏÇÕÔ ÂÙÔØ �ÒÅÄÓÔÁ×ÌÅÎÙ × ×ÉÄÅ ÚÎÁËÏ-�ÏÓÔÏÑÎÎÙÈ ÓÕÍÍ.üÔÏ ÏÂÓÔÏÑÔÅÌØÓÔ×Ï ÏÂÕÓÌÏ×ÌÅÎÏ ÔÅÍ, ÞÔÏ ÓÏÇÌÁÓÎÏ ìÅÍÍÅ 1, ÅÓÌÉ ÍÎÏ-ÖÅÓÔ×Á ×ÙÞ£ÒËÉ×ÁÅÍÙÈ ÓÔÒÏË É ÓÔÏÌÂ�Ï× ÏÔÌÉÞÁÀÔÓÑ ÎÅ ÂÏÌÅÅ ÞÅÍ ÎÁÏÄÉÎ ÜÌÅÍÅÎÔ, ÔÏ �ÅÒÅÓÔÁÎÏ×ËÉ pF , �ÏÒÏÖÄÁÅÍÙÅ ÌÅÓÁÍÉ F , �Ï ËÏÔÏ-ÒÙÍ �ÒÏÉÓÈÏÄÉÔ ÓÕÍÍÉÒÏ×ÁÎÉÅ × (6), ÉÍÅÀÔ ÏÄÉÎÁËÏ×ÕÀ ÓÉÇÎÁÔÕÒÕ"(pF ). îÁÌÉÞÉÅ ÖÅ ÇÌÁ×ÎÏÇÏ ÂÁÚÉÓÎÏÇÏ ÍÉÎÏÒÁ, × ÞÁÓÔÎÏÓÔÉ, �ÏÚ×ÏÌÑ-ÅÔ × ÔÅÏÒÅÍÅ 1 ÚÁ�ÉÓÁÔØ ËÏÜÆÆÉ�ÉÅÎÔÙ �ÒÉ ÓÔÅ�ÅÎÑÈ Ó�ÅËÔÒÁÌØÎÏÇÏ�ÁÒÁÍÅÔÒÁ × ×ÉÄÅ ÓÕÍÍÙ �Ï ÓÌÁÇÁÅÍÙÍ ×ÉÄÁ (6).ðÒÉ ÎÕÌÅ×ÙÈ ÇÌÁ×ÎÙÈ ÍÉÎÏÒÁÈ ÅÄÉÎÓÔ×ÅÎÎÁÑ ×ÏÚÍÏÖÎÏÓÔØ ÄÌÑ ÂÅÚ-ÚÎÁËÏ×ÏÊ ÚÁ�ÉÓÉ ËÏÍ�ÏÎÅÎÔ ÓÏÂÓÔ×ÅÎÎÏÇÏ ×ÅËÔÏÒÁ ×ÏÚÎÉËÁÅÔ, ËÏÇÄÁ



ï ó÷ñúé ëòá�îïó�åê óðåë�òá óï úîáëáíé óìáçáåíùè 21ÓÕÝÅÓÔ×ÕÅÔ ÎÅÎÕÌÅ×ÏÊ ÍÉÎÏÒ Ó ÎÅÓÏ×�ÁÄÁÀÝÉÍÉ ÎÁ ÏÄÉÎ ÜÌÅÍÅÎÔ ÍÎÏ-ÖÅÓÔ×ÁÍÉ ×ÙÞÅÒËÉ×ÁÅÍÙÈ ÓÔÒÏË É ÓÔÏÌÂ�Ï×.ðÒÅÄÌÏÖÅÎÉÅ 1. ðÕÓÔØ � { ÓÏÂÓÔ×ÅÎÎÏÅ ÞÉÓÌÏ N ×N ÍÁÔÒÉ�Ù GÇÅÏÍÅÔÒÉÞÅÓËÏÊ ËÒÁÔÎÏÓÔÉ k, É ÍÉÎÏÒ ÍÁÔÒÉ�Ù G − �E, ÓÏÏÔ×ÅÔ-ÓÔ×ÕÀÝÉÊ ×ÙÞÅÒËÉ×ÁÎÉÀ ÓÔÒÏË Ó ÎÏÍÅÒÁÍÉ ÉÚ I = P∪{i}, É ÓÔÏÌÂ�Ï×Ó ÎÏÍÅÒÁÍÉ ÉÚ P ∪{n}, {i; n}∩P = ∅, |P| = k−1, Ñ×ÌÑÅÔÓÑ ÂÁÚÉÓÎÙÍ.�ÏÇÄÁ ×ÅËÔÏÒ ~v, Ó ËÏÍ�ÏÎÅÎÔÁÍÉvj = N−k−1
∑l=0 �l�(F l

I0(j → i)); j =∈ P ∪ {i};vi = N−k
∑l=0 �l�(F l

I0); vj = 0; j ∈ P ; (20)Ñ×ÌÑÅÔÓÑ (�ÒÁ×ÙÍ) ÓÏÂÓÔ×ÅÎÎÙÍ É ÅÇÏ n-ËÏÍ�ÏÎÅÎÔÁ ÏÔÌÉÞÎÁ ÏÔ ÎÕ-ÌÑ.äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÕÓÔØ B = G− �E, ÔÏÇÄÁ �Ï ÕÓÌÏ×ÉÀdetB(P ∪ {i}|P ∪ {n}) 6= 0: (21)áÎÁÌÏÇÉÞÎÏ ÔÅÏÒÅÍÅ 1, ÄÌÑ ÎÁÈÏÖÄÅÎÉÑ ËÏÍ�ÏÎÅÎÔ (�ÒÁ×ÙÈ) ÓÏÂÓÔ×ÅÎ-ÎÙÈ ×ÅËÔÏÒÏ× ÎÅÏÂÈÏÄÉÍÏ ÒÅÛÉÔØ ÏÄÎÏÒÏÄÎÕÀ ÚÁÄÁÞÕB~v = ~0:ðÅÒÅÍÅÎÎÙÅ, ËÏÜÆÆÉ�ÉÅÎÔÙ �ÒÉ ËÏÔÏÒÙÈ ÎÅ ×ÈÏÄÑÔ × ÂÁÚÉÓÎÙÊ ÍÉ-ÎÏÒ (21), Ñ×ÌÑÀÔÓÑ Ó×ÏÂÏÄÎÙÍÉ (ÏÓÎÏ×ÎÙÍÉ). üÔÏ �ÅÒÅÍÅÎÎÙÅ Ó ÎÏ-ÍÅÒÁÍÉ ×ÙÞÅÒËÉ×ÁÅÍÙÈ ÓÔÏÌÂ�Ï×, ÔÏ ÅÓÔØ Ó ÉÎÄÅËÓÁÍÉ ÉÚ P ∪ {n}.ïÓÔÁÌØÎÙÅ �ÅÒÅÍÅÎÎÙÅ { ÚÁ×ÉÓÉÍÙÅ. ðÏÌÁÇÁÑ ×ÓÅ ËÏÍ�ÏÎÅÎÔÙ Ó ÎÏ-ÍÅÒÁÍÉ ÉÚ P ÒÁ×ÎÙÍÉ ÎÕÌÀ, ÄÌÑ ÎÁÈÏÖÄÅÎÉÑ ÏÓÔÁÌØÎÙÈ ËÏÍ�ÏÎÅÎÔ�ÏÌÕÞÁÅÍ ÓÉÓÔÅÍÕ B(P)~y = ~0N−k+1;ÁÎÁÌÏÇÉÞÎÕÀ (10). å£ ÏÂÝÅÅ ÒÅÛÅÎÉÅ ÏÄÎÏÍÅÒÎÏ É �ÒÏ�ÏÒ�ÉÏÎÁÌØÎÏ×ÅËÔÏÒÕ ÉÚ ÁÌÇÅÂÒÁÉÞÅÓËÉÈ ÄÏ�ÏÌÎÅÎÉÊ i-ÏÊ ÓÔÒÏËÉ, �ÏÓËÏÌØËÕ × ÎÅÊÅÓÔØ ÎÅÎÕÌÅ×ÏÊ ÍÉÎÏÒ, Á ÉÍÅÎÎÏ (21). ÷ ÔÅÏÒÅÍÅ 1 �ÏÌÕÞÅÎÙ ÓÏÏÔ×ÅÔ-ÓÔ×ÕÀÝÉÅ ×ÙÒÁÖÅÎÉÑ (11), (17) ÄÌÑ ÁÌÇÅÂÒÁÉÞÅÓËÉÈ ÄÏ�ÏÌÎÅÎÉÊ i-ÏÊÓÔÒÏËÉ ÍÁÔÒÉ�Ù B(P). åÄÉÎÓÔ×ÅÎÎÏÅ ÉÚÍÅÎÅÎÉÅ ËÁÓÁÅÔÓÑ ÔÏÇÏ, ÞÔÏÔÅ�ÅÒØ ÇÌÁ×ÎÙÊ ÍÉÎÏÒ (11), ÏÔ×ÅÞÁÀÝÉÊ ×ÙÞÅÒËÉ×ÁÎÉÀ ÉÚ B(P) i-ÏÊÓÔÒÏËÉ É i-ÇÏ ÓÔÏÌÂ�Á, ÍÏÖÅÔ ÒÁ×ÎÑÔØÓÑ ÎÕÌÀ É ÎÁ ÔÁËÏÊ ÍÎÏÖÉÔÅÌØÄÅÌÉÔØ ÎÅÌØÚÑ. ÷ÓÅ ÏÓÔÁÌØÎÙÅ ÁÌÇÅÂÒÁÉÞÅÓËÉÅ ÄÏ�ÏÌÎÅÎÉÑ i-ÏÊ ÓÔÒÏËÉ



22 ÷. á. âõóìï÷ÍÁÔÒÉ�Ù B(P) Ï�ÉÓÙ×ÁÀÔÓÑ ÆÏÒÍÕÌÁÍÉ (17), ÇÄÅ j =∈ P ∪{i}. èÏÔÑ ÂÙÏÄÎÏ ÉÚ ÎÉÈ ÎÅÎÕÌÅ×ÏÅ. éÍÅÎÎÏ, �ÒÉ j = n, ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÅ ÁÌÇÅÂÒÁ-ÉÞÅÓËÏÅ ÄÏ�ÏÌÎÅÎÉÅ Ó ÔÏÞÎÏÓÔØÀ ÄÏ ÚÎÁËÁ ÓÏ×�ÁÄÁÅÔ Ó ÍÉÎÏÒÏÍ (21),ËÏÔÏÒÙÊ ÎÕÌÀ ÎÅ ÒÁ×ÅÎ �Ï ÕÓÌÏ×ÉÀ. �ÁËÉÍ ÏÂÒÁÚÏÍ, ÄÌÑ ÓÏÂÓÔ×ÅÎÎÏÇÏ×ÅËÔÏÒÁ, Ï�ÒÅÄÅÌÑÅÍÏÇÏ ÏÓÎÏ×ÎÏÊ �ÅÒÅÍÅÎÎÏÊ n, Ó�ÒÁ×ÅÄÌÉ×Ï �ÒÅÄÓÔÁ-×ÌÅÎÉÅ (20), × ËÏÔÏÒÏÍ ÓÁÍ ÉÎÄÅËÓ n ÈÏÔØ É ÎÅ ÆÉÇÕÒÉÒÕÅÔ, ÎÏ n-ÁÑËÏÍ�ÏÎÅÎÔÁ ×ÅËÔÏÒÁ ÚÁ×ÅÄÏÍÏ ÏÔÌÉÞÎÁ ÏÔ ÎÕÌÑ × ÓÉÌÕ (21). äÌÑ ÏÓÔÁÌØ-ÎÙÈ ÓÏÂÓÔ×ÅÎÎÙÈ ×ÅËÔÏÒÏ×, Ï�ÒÅÄÅÌÑÅÍÙÈ ÏÓÎÏ×ÎÙÍÉ �ÅÒÅÍÅÎÎÙÍÉ ÓÎÏÍÅÒÁÍÉ ÉÚ P , �ÒÅÄÓÔÁ×ÌÅÎÉÅ × ÄÒÅ×Ï×ÉÄÎÏÊ ÆÏÒÍÅ, ÕÖÅ Ñ×ÌÑÅÔÓÑÚÎÁËÏ�ÅÒÅÍÅÎÎÙÍ. �÷ ÞÁÓÔÎÏÓÔÉ, × ÓÌÕÞÁÅ ÅÓÌÉ ÖÏÒÄÁÎÏ×Á ËÌÅÔËÁ ÌÉÛØ ÏÄÎÁ, ÔÏ ÅÓÔØÓÏÂÓÔ×ÅÎÎÏÅ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï ÏÄÎÏÍÅÒÎÏ, ÔÏ ×ÙÒÁÖÅÎÉÅ (20) ÄÌÑ ËÏÍ-�ÏÎÅÎÔ �ÒÁ×ÏÇÏ ÓÏÂÓÔ×ÅÎÎÏÇÏ ×ÅËÔÏÒÁ �ÒÉÎÉÍÁÅÔ ×ÉÄvi = N−1
∑l=0 �l�(F l

{0;i}) ; vj = N−2
∑l=0 �l�(F l

{0;i}(j → i)); j 6= i; (22)ÚÁÍÅÎÑÀÝÉÊ (7). üÔÏ ÓÏ×�ÁÄÁÅÔ Ó �ÏÌÕÞÅÎÎÙÍ × [6℄ ×ÙÒÁÖÅÎÉÅÍ ÄÌÑËÏÍ�ÏÎÅÎÔ ÓÏÂÓÔ×ÅÎÎÏÇÏ ×ÅËÔÏÒÁ. òÁÚÎÉ�Á ÌÉÛØ × ÔÏÍ, ÞÔÏ i-Ñ ËÏÍ�Ï-ÎÅÎÔÁ × (22) ÍÏÖÅÔ ÒÁ×ÎÑÔØÓÑ ÎÕÌÀ, Á �ÒÉ ÅÄÉÎÉÞÎÏÊ ÁÌÇÅÂÒÁÉÞÅÓËÏÊËÒÁÔÎÏÓÔÉ ÏÎÁ ÏÔÌÉÞÎÁ ÏÔ ÎÕÌÑ, ÅÓÌÉ × ËÁÞÅÓÔ×Å i-ÏÊ ÓÔÒÏËÉ ×ÙÂÒÁÎÁÓÔÒÏËÁ, × ËÏÔÏÒÏÊ ÎÁÈÏÄÉÔÓÑ ÇÌÁ×ÎÙÊ ÂÁÚÉÓÎÙÊ ÍÉÎÏÒ.åÓÌÉ ÖÅ ÇÅÏÍÅÔÒÉÞÅÓËÁÑ ËÒÁÔÎÏÓÔØ ÓÏÂÓÔ×ÅÎÎÏÇÏ ÚÎÁÞÅÎÉÑ ÂÏÌØÛÅÅÄÉÎÉ�Ù É ÎÅ ÓÏ×�ÁÄÁÅÔ Ó ÁÌÇÅÂÒÁÉÞÅÓËÏÊ (ÔÏ ÅÓÔØ ËÏÒÎÅ×ÏÅ �ÏÄ�ÒÏ-ÓÔÒÁÎÓÔ×Ï ÓÏÄÅÒÖÉÔ ËÁË ÍÉÎÉÍÕÍ Ä×Å ÖÏÒÄÁÎÏ×ÙÅ ËÌÅÔËÉ), É ÎÅÔ ÄÉÁ-ÇÏÎÁÌØÎÏÇÏ ÂÁÚÉÓÎÏÇÏ ÍÉÎÏÒÁ, ÔÏ ÚÎÁËÏ-�ÏÓÔÏÑÎÓÔ×Ï × ÆÏÒÍÕÌÁÈ ÄÌÑÓÏÂÓÔ×ÅÎÎÙÈ ×ÅËÔÏÒÏ× ÚÁ×ÅÄÏÍÏ ÎÁÒÕÛÁÅÔÓÑ. üÔÏ ÏÂÕÓÌÏ×ÌÅÎÏ ÔÅÍ, ÞÔÏ× ÆÏÒÍÕÌÁÈ ËÒÁÍÅÒÏ×ÓËÏÇÏ ÔÉ�Á ÄÌÑ ÒÅÛÅÎÉÑ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÊ ÚÁÄÁ-ÞÉ (9) ×ÏÚÎÉËÁÀÔ ÍÉÎÏÒÙ ×ÉÄÁ (1), × ËÏÔÏÒÙÈ ÍÎÏÖÅÓÔ×Ï ×ÙÞÅÒËÉ×Á-ÅÍÙÈ ÓÔÒÏË I É ÍÎÏÖÅÓÔ×Ï ×ÙÞÅÒËÉ×ÁÅÍÙÈ ÓÔÏÌÂ�Ï× J , ÏÔÌÉÞÁÀÔÓÑÂÏÌÅÅ ÞÅÍ ÎÁ ÏÄÉÎ ÉÎÄÅËÓ. ÷ ÜÔÏÍ ÓÌÕÞÁÅ ÌÅÓÁ F ∈ FI0;J0 �ÏÒÏÖÄÁÀÔ�ÅÒÅÓÔÁÎÏ×ËÉ pF , ÓÉÇÎÁÔÕÒÙ "(pF ) ËÏÔÏÒÙÈ ÒÁÚÌÉÞÎÙ.ðÒÉÍÅÒ 1. ðÕÓÔØ � { ÓÏÂÓÔ×ÅÎÎÏÅ ÞÉÓÌÏ 4x4 ÍÁÔÒÉ�Ù G ÇÅÏÍÅÔÒÉ-ÞÅÓËÏÊ ËÒÁÔÎÏÓÔÉ 2, ÁÌÇÅÂÒÁÉÞÅÓËÁÑ ËÒÁÔÎÏÓÔØ ËÏÔÏÒÏÇÏ ÂÏÌØÛÅ 2-È



ï ó÷ñúé ëòá�îïó�åê óðåë�òá óï úîáëáíé óìáçáåíùè 23É B = G− �E = 







g11 − � g12 g13 g14g21 g22 − � g23 g24g31 g32 g33 − � g34g41 g42 g43 g44 − �







: (23)a) ðÕÓÔØ Õ ÍÁÔÒÉ�Ù (23) ×ÓÅ ÇÌÁ×ÎÙÅ ÍÉÎÏÒÙ ×ÔÏÒÏÇÏ �ÏÒÑÄËÁ ÒÁ×-ÎÙ ÎÕÌÀ, Á ÏÔÌÉÞÅÎ ÏÔ ÎÕÌÑ ÍÉÎÏÒ detB({3; 4}|{2; 4}) = ∣

∣

∣

∣

g11 − � g13g21 g23∣∣∣∣.�ÏÇÄÁ ÄÌÑ Ï�ÒÅÄÅÌÅÎÉÑ ÆÕÎÄÁÍÅÎÔÁÌØÎÏÊ ÓÉÓÔÅÍÙ ÒÅÛÅÎÉÊ (9) ÚÁ×É-ÓÉÍÙÍÉ �ÅÒÅÍÅÎÎÙÍÉ Ñ×ÌÑÀÔÓÑ 1-Ñ É 3-Ñ, Á ÏÓÎÏ×ÎÙÍÉ 2-Ñ É 4-Ñ. ÷Ù-ÂÅÒÅÍ 2-À ËÏÍ�ÏÎÅÎÔÕ ÚÁ ÏÓÎÏ×ÎÕÀ. óÏÇÌÁÓÎÏ (20), �ÏÌÕÞÁÅÍ (�ÒÁ×ÙÊ)ÓÏÂÓÔ×ÅÎÎÙÊ ×ÅËÔÏÒ ~v = (v1; v2; v3; 0)T , ËÏÍ�ÏÎÅÎÔÙ ËÏÔÏÒÏÇÏ Ó ÔÏÞÎÏ-ÓÔØÀ ÄÏ ÍÎÏÖÉÔÅÌÑ ÒÁ×ÎÙv1 = ∣

∣

∣

∣

g12 g13g22 − � g23∣∣∣∣ = �g13 + g13(g20 + g21 + g23 + g24) + g12g23;v2 = −

∣

∣

∣

∣

g11 − � g13g21 g23∣∣∣∣ = �g23 + g23(g10 + g12 + g13 + g14) + g21g13:ëÏÍ�ÏÎÅÎÔÁ v3 = ∣

∣

∣

∣

g11 − � g12g21 g22 − �∣

∣

∣

∣

= 0 �Ï ÕÓÌÏ×ÉÀ ÚÁÄÁÞÉ. �ÁËÉÍÏÂÒÁÚÏÍ ÄÌÑ ÜÔÏÇÏ ×ÅËÔÏÒÁ ÄÒÅ×Ï×ÉÄÎÁÑ ÆÏÒÍÁ ÚÁ�ÉÓÉ ÚÎÁËÏ-�ÏÓÔÏÑÎ-ÎÁ.åÓÌÉ ÖÅ ÚÁ ÏÓÎÏ×ÎÕÀ �ÅÒÅÍÅÎÎÕÀ ×ÚÑÔØ 4-À ËÏÍ�ÏÎÅÎÔÕ, ÔÏ ÄÒÅ×Ï-×ÉÄÎÏÅ �ÒÅÄÓÔÁ×ÌÅÎÉÅ ÓÔÁÎÏ×ÉÔÓÑ ÚÎÁËÏ�ÅÒÅÍÅÎÎÙÍ. äÅÊÓÔ×ÉÔÅÌØÎÏ,ÄÌÑ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÇÏ (�ÒÁ×ÏÇÏ) ÓÏÂÓÔ×ÅÎÎÏÇÏ ×ÅËÔÏÒÁ~v′ = (v′1; 0; v′3; v′4)T�ÅÒ×ÁÑ ËÏÍ�ÏÎÅÎÔÁ ÓÏÄÅÒÖÉÔ ÚÎÁËÏ�ÅÒÅÍÅÎÎÙÅ ÓÌÁÇÁÅÍÙÅ:v′1 = ∣

∣

∣

∣

g13 g14g23 g24∣∣∣∣ = g13g24 − g14g23:b) åÓÌÉ × ÍÁÔÒÉ�Å B (23) �Ï �ÒÅÖÎÅÍÕ ×ÓÅ ÇÌÁ×ÎÙÅ ÍÉÎÏÒÙ ×ÔÏÒÏÇÏ�ÏÒÑÄËÁ ÒÁ×ÎÙ ÎÕÌÀ, ÎÏ ÏÔÌÉÞÅÎ ÏÔ ÎÕÌÑ ÍÉÎÏÒdetB({2; 4}|{1; 3}) = ∣

∣

∣

∣

g12 g14g32 g34∣∣∣∣ = g12g34 − g14g32;ÔÏ ÕÖÅ ÅÇÏ ÚÁ�ÉÓØ Ñ×ÌÑÅÔÓÑ ÚÎÁËÏ�ÅÒÅÍÅÎÎÏÊ. ðÏÜÔÏÍÕ ÄÒÅ×Ï×ÉÄÎÁÑÆÏÒÍÁ ×ÓÅÈ ÓÏÂÓÔ×ÅÎÎÙÈ ×ÅËÔÏÒÏ× ÂÕÄÅÔ ÚÎÁËÏ�ÅÒÅÍÅÎÎÏÊ.



24 ÷. á. âõóìï÷
) ðÕÓÔØ ÍÁÔÒÉ�Á (23) ÒÁ×ÎÁB = 







1=2 1=2 0 0
−1=2 −1=2 0 00 0 1=2 1=20 0 −1=2 −1=2 :áÌÇÅÂÒÁÉÞÅÓËÁÑ ËÒÁÔÎÏÓÔØ ÎÕÌÅ×ÏÇÏ ÓÏÂÓÔ×ÅÎÎÏÇÏ ÞÉÓÌÁ ÜÔÏÊ ÍÁÔÒÉ-�Ù ÒÁ×ÎÁ 4, Á ÇÅÏÍÅÔÒÉÞÅÓËÁÑ ËÒÁÔÎÏÓÔØ ÒÁ×ÎÁ 2 (ÞÔÏ ÄÌÑ ÉÓÈÏÄÎÏÊÍÁÔÒÉ�Ù G ÏÚÎÁÞÁÅÔ, ÞÔÏ ÁÌÇÅÂÒÁÉÞÅÓËÁÑ É ÇÅÏÍÅÔÒÉÞÅÓËÁÑ ËÒÁÔÎÏ-ÓÔÉ (�ÒÁ×ÏÇÏ) ÓÏÂÓÔ×ÅÎÎÏÇÏ ÞÉÓÌÁ � ÒÁ×ÎÙ 4 É 2 ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ).îÅÓÍÏÔÒÑ ÎÁ ÎÅÓÏ×�ÁÄÅÎÉÅ ÁÌÇÅÂÒÁÉÞÅÓËÏÊ É ÇÅÏÍÅÔÒÉÞÅÓËÏÊ ËÒÁÔ-ÎÏÓÔÅÊ, ÇÌÁ×ÎÙÊ ÂÁÚÉÓÎÙÊ ÍÉÎÏÒ Õ ÜÔÏÊ ÍÁÔÒÉ�Ù ÅÓÔØ { ÎÁ�ÒÉÍÅÒ,detB({1; 4}) = ∣

∣

∣

∣

−1=2 00 1=2∣∣∣∣. ïÂÁ (�ÒÁ×ÙÈ) ÓÏÂÓÔ×ÅÎÎÙÈ ×ÅËÔÏÒÁ Ï�É-ÓÙ×ÁÀÔÓÑ ÆÏÒÍÕÌÁÍÉ (7) �ÒÉ I = {1; 4}. ÷ ÓÉÍ×ÏÌØÎÏÊ ÆÏÒÍÅ, ÓÏ-ÏÔ×ÅÔÓÔ×ÕÀÝÅÊ (23), ×ÓÅ ÓÌÁÇÁÅÍÙÅ ×ÈÏÄÑÔ Ó ÏÄÎÉÍ ÚÎÁËÏÍ. åÓÌÉ ÖÅ�Ï×ÏÒÏÔÁÍÉ ÎÁ �=4 × �ÌÏÓËÏÓÔÑÈ (1; 2) É (3; 4) ÍÁÔÒÉ�Õ B �ÒÉ×ÅÓÔÉ ËÖÏÒÄÁÎÏ×ÏÊ ÆÏÒÍÅ, ÓÏÓÔÏÑÝÅÊ ÉÚ Ä×ÕÈ ËÌÅÔÏË ÒÁÚÍÅÒÁ 2× 2:BJ = 







0 1 0 00 0 0 00 0 0 10 0 0 0 ;ÔÏ ÅÄÉÎÓÔ×ÅÎÎÙÍ ÏÔÌÉÞÎÙÍ ÏÔ ÎÕÌÑ ÍÉÎÏÒÏÍ ×ÔÏÒÏÇÏ �ÏÒÑÄËÁ ÏËÁÚÙ-×ÁÅÔÓÑ detBJ({2; 4}|{1; 3}) É ÏÎ ÕÖÅ ÎÅ Ñ×ÌÑÅÔÓÑ ÇÌÁ×ÎÙÍ. èÏÔÑ ÆÁËÔÉ-ÞÅÓËÉ × ÎÅÍ ÌÉÛØ ÏÄÎÏ ÓÌÁÇÁÅÍÏÅ, ÓÉÍ×ÏÌØÎÁÑ ÅÇÏ ÚÁ�ÉÓØ ÓÏÏÔ×ÅÔÓÔ×Õ-ÅÔ �ÕÎËÔÕ b) É Ñ×ÌÑÅÔÓÑ ÚÎÁËÏ�ÅÒÅÍÅÎÎÏÊ. �ÅÍ ÎÅ ÍÅÎÅÅ, ÅÓÌÉ ÒÁÓÓÍÁ-ÔÒÉ×ÁÔØ ÏÔÄÅÌØÎÏ ÉÎ×ÁÒÉÁÎÔÎÙÅ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Á Ó ÉÎÄÅËÓÁÍÉ (1; 2)É (3; 4), ÔÏ × ËÁÖÄÏÍ ÉÚ ÎÉÈ, ÓÏÇÌÁÓÎÏ (22), ÓÌÁÇÁÅÍÙÅ × ËÏÍ�ÏÎÅÎÔÁÈ(�ÒÁ×ÙÈ) ÓÏÂÓÔ×ÅÎÎÙÈ ×ÅËÔÏÒÏ× ×ÈÏÄÑÔ Ó ÏÄÎÉÍ ÚÎÁËÏÍ.ìÉÔÅÒÁÔÕÒÁ1. D. Cvetkovi�
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